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NOTE ON THE G//G//1 QUEUE
WITH LCFS-PR OBSERVED AT
ARBITRARY TIMES
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Consider th&s1/Gl/1 queue with the Last-Come First-Served Preemptive-Resume
service disciplineWe give intuitive explanations fdfl) the geometric nature of the
stationary queue length distribution af®lthe mutual independence of the residual
service requirements of the customers in the quboth considered at arbitrary
time points These distributions have previously been established in the literature
by either first considering the system at arrival instants or using balance equations
Our direct arguments provide further understanding of properties 1.and 2

1. INTRODUCTION

The steady-state distributions of queue length and residual service requirements of
the customers in th&l/Gl/1 queue with the LCFS-PR.ast-Come First-Served
Preemptive Resumservice discipline are well knowihe distribution of the queue
length considered onlgt arrival (or departure instantsis geometric and the re-
maining service requirements of the customers are independent and identically dis-
tributed(i.i.d.). At arbitrary time instantghe queue length distribution is geometric
too—except for the probability of an empty queue—with the same parameter as that
at arrival(and departunginstants Furthermorethe remaining service requirements
of all customers but the one in service arali with the same distribution as before
The remaining service requirement of the customer in service has the forward re-
currence distribution of the service requirements and is independent of the queue
length and the other service requirements

In the queueing literaturésee the next paragraph for a short overyiete
distributions at arbitrary times have been derived either from the steady-state dis-
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tributions at arrival angor departure instants or by solving the steady-state balance
equationsOur purpose is to give direct arguments that lead to these time-average
distributions andat the same timgorovide understanding of the resul@ur argu-
ments rely on basic renewal theory

Let us briefly review the literature on the LCFS-PR discipliRer the case of
Poisson arrivalsthe joint distribution of the number of customers in the system
and their residual service requirements was derived by K8llyFakinos[4] ex-
tended the results to general interarrival time distributions by deriving the joint
distribution of the queue length and the remaining service requirera¢atsival
instants.The proofs are based on the analysis of ascending ladder indiGgs
p. 309]. Fakinos[4] further remarked that at departure instattgse distributions
must be the same as at arrival instamat$act that was proved by YamazdKi9].
Direct and insightful arguments for these findings were provided later by Fakinos
[5]. The corresponding distributions at arbitrary time instants were first derived
by Yamazaki 20] and for a more general modelith queue-dependent serviges
by Fakinos[6] (both used balance equation§Shanthikumar and Sumitgl6]
considered generalizations in several directi¢éingerarrival times not.i.d. and
gueue-dependent acceptance probabijitiesre general service disciplines/sing
sample-path arguments and renewal thetrgy related time averages and cus-
tomer averagedart of our approach relies on similar argumeiitse analysis of
the LCFS-PR discipline proved to be very useful for studying the workload dis-
tribution in queuesFakinos[4] already observed that his results gave new insight
into the workload distribution in thesI/Gl/1 queue Cooper and Niu[3] ex-
ploited the special case with Poisson arrivals to explain Benegersion of the
Pollaczek—Khintchine formulaNiu [13] gave representations for the workload in
the GI/Gl/1 queue

The structure of the article is as followa Section 2we specify the model and
provide a preliminary analysis of the sojourn time of customers in the system
Section 3the geometric nature of the queue length distribution at arbitrary times is
explained and in Section 4we extend the analysis to the residual service require-
ments of customers$n Section 5we briefly comment on the special case of expo-
nentially distributed service requiremengection 6 concludes the article

2. DESCRIPTION OF THE MODEL AND PRELIMINARY ANALYSIS

Let the cumulative distribution functions of the interarrival times and the service
requirements be denoted Byx), x = 0, andB(x), x = 0, respectivelywith A(0+) =
B(0+) = 0. We assume that the mean interarrival timand the mean service re-
quirement are finite and that the queue is stakile., a > b).

In the LCFS-PR disciplinea newly arriving customer is immediately taken into
servicelf, upon arrival of the new customeéhere is a customer in servid@en this
service is interruptedo be resumed at the moment that the new customer leaves the
systemNote that the new customer’s service can also be interrupted by subsequently
arriving customersThe total sojourn time of a customer equals the time needed to
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decrease the amount of work in the system by a random amount distributed accord-
ing to B(x) (the customer’s service requiremgrstarting just after an arrival hus
the sojourn time of any customer is distributed as the busy period dbtf@l/1
queue andmoreovey it is independent of previous arrivals and service require-
ments In particular the sojourn time is independent of the number of customers
found in the system

To facilitate the presentatioit is convenient to decompose the sojourn tjiae
is done belowThis decomposition is well known for the busy period of GkGI/1
gueue but in order to set the notatipwe give the decomposition in detalih Fig-
ure 1 a typical sojourn time is depictedlet B be the service requirement of an
arriving customefwhich we will indicate byx) and for concretenes¢etn = 0 be
the number of customers present just previous to the arrirahediately upon
arrival, customet: is taken into servicd_et the time until the next arrival be denoted
by Ay; clearly Ag has cumulative distribution functioA(x). If B = A, then the
service of customer is not interrupted and its sojourn tingequalsB. An example
of the case wheB > A, is depicted in Figure .IThe arrow pointing upwardjust
after Ay has elapsedindicates that at that timehe number of customers in the
system is increased from+ 1 ton + 2. The service of customeyris interrupted at
that moment and is resumed as soon as the number of customers decreases again
fromn+ 2ton+1(inFig. 1, this is indicated by a downward arrour he length of
this interruptionwhich we denote b, equals the sojourn time of the customer that
entered afteA. By the arguments given abavg, is distributed as the busy period
of theGIl/Gl/1 queueAt the end ofS,, the service of customeris resumed until the
next arriva] this period of service is denoted By. Note thatin general A; is not
distributed according té\(x), since at the end of the busy peri&l part of the
current interarrival time has already elapsbttead A, is distributed as the idle
time between two busy periods in tkd/Gl/1 queue seeg for instance Cohen[1,
p. 283]. At the end ofA,, the service of customeris interrupted for a perio&,,
which is again distributed as a busy peridallowed by a periodA, of service for
customerx, which is distributed as an idle peripdnd so forth In Figure 1 the
service of customeris completed durind\s, indicated by a downward arrow marked
by (the number of customers decreases froml ton). If there was a customer in
service when customer arrived (i.e., if n = 1), then this customer’s service is
resumeclotherwise an idle period follows until the next arrival

7N 7 NN
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Ficure 1. Customer’s sojourn time
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Remark 2.1:In general the random variableg, and S, k = 1,2,3,..., are not
independenthowever the pairs(S;, A1), (S, Ay), (Ss, Az),... form an ii.d. se-
guenceThe pain(S,, Ay) constitutes a busy cycle with busy peri&dnd idle period
A, k=212,...(cf.[1, p. 283]).

Letog:=0andfork=12,3,...,

k
Oy = E Ajfl.
j=1

Furthermorelet
I (B) := sup{k: o < B}

be the number of times that the service of customerinterrupted Then the so-
journ time of customer is given by

1(B)

S=B+ > S, (1)
k=1

where by conventionwe set the empty sum equal toMote thatS has the same
marginal distribution agbut, clearly, is not independent 9fthe S..

3. GEOMETRIC QUEUE LENGTH DISTRIBUTION

We first argue that the distribution of the queue length at arbitrary time points is
geometrigapart from the probability of an empty queLi€he approach is similar to
that used by several authdesg., Kleinrock[10, p. 247], Wolff [18, p. 396], Tijms
[17, p. 128]) to determine the queue length distribution of B&M/1 queue at
arrival instantsin Section 4we show how the arguments can be extended to derive
the distribution of the residual service requirement of the customers in the system
Suppose we start at tinte= 0 with less thark € {1,2,...} customers in the
system Let T, be the first time that an arriving customer increases the number of
customers in the system frokn- 1 tok and letT, be the first momenthereafterthat
the number of customers decreases again fttok — 1. SinceT, — T, is equal to the
sojourn time of the customer that arrived at tiffig it is distributed as the busy
period of theGl/Gl/1 queug(cf. Sect 2).
Let N(t) be the queue length at tintand IetN be distributed according to the
stationary queue length distributighere defined as the Césaro lipit

1 t
P{N =k} = lim ?f PIN(u) =kldy keE{0,12,...}.
—® u=0

Before giving a formal derivatigrwe provide the following intuitive argu-
ment for the distribution oN|N > 0 to be geometricNote that immediately after
time T,, the queue length is less th&n therefore we might defineT; to be the
next time instant at which the queue length is again equé&l tdecessarilythis
must be immediately after an arrivatustomers arrive one at a time since we
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assumed thaf\(0+) = 0; see Sect6 whenA(0+) > 0). Therefore the processes
{N(T; +t),t = 0} and{N(T; + t), t = 0} have the same distribution until the next
visit to level k — 1 after time instantsl; and T, respectivelyLet k € N :=
{1,2,3,...} andm € Ny := N U {0} = {0,1,2,...}. If we “delete” all periods of
time during which the queue length is less thaand concatenate all periods with
at leastk customersin the newly formed process the steady-state probability of
k + m customers in the system is equal BN = k + m|N = k}, and by the
arguments given earliethis probability is independent &€ Therefore N|N > 0
must have a geometrical distributiosee for instance Feller[7, Sect XIII.9].

The queue length distribution may be formally derived along the following
lines Let Cy, k € N, be distributed as the amount of time between two consecutive
moments at which the queue length increases kori tok. From Remark 2L, we
know thatC, is distributed as the busy cycle in ti@&d/Gl/1 queue Since we as-
sumed the queue to be stable haveE[C, ] < oo (cf. Cohen[1, p. 286]). Let 7y j,

k € N andj € Ny, be the expected amount of time spent wkth j customers in
the system during a perio@y. By the arguments given in Section 2 ;.1 =
E[1(B)]7k+1,; (see also Remark B). Moreover 7 ; is independent of: 7, ; =: 7;.
Because of the Renewal-Reward theolseg for instance Ross[14, Thm. 3.16,

p. 52]),
: 7j
PIN=j+1}= E[C.]
Hence for anyk € N,
PN, ene =y
P{N = k} ’

so thatN|N > 0 is geometrically distributed

Remark 3.1:Note thaty is the expected number of “up-crossings” frérto k + 1
during C,. After each such up-crossinthe expected amount of time spent with
k +j + 1 customers until the next “down-crossing”kas 71 j, and sory ;.1 =
yTis1,j- Using Ty ; = 7; this directly impliesr; = yiro, j € No.

To find the complete queue length distributjoit suffices to note that
P{N =0} =1 — p, wherep := b/ais the traffic load Thus

PIN=Kl=p(l-y)y"% keN 2)

Using Little’s law the parametey can be expressed in terms of the mean busy
period(which equals the mean sojourn tire¢S]):

p 1
— = - E[S];
1-, " a [S]
hencey =1 — b/E[S].

Remark 3.2:Computing the parameteris therefore as difficult as computing the
mean busy periadsee[ 1, p. 286] for a formal expression of the latter
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4. RESIDUAL SERVICE REQUIREMENTS

We extend the results of the previous sectideriving the joint distribution of the
queue length and the residual service requirements of the customers in the. system
As earlier let N denote the queue length in equilibrium agdzen thatN =n € N,
letX,,k=1,2,...,n, bethe service requirement of tkibh customer in the systey
conventiopthekth customer in the system arrived later than (ke 1)st and prior

to the(k + 1)st

OBsERVATION 4.1: The distribution of X given that N= 1 equals the excess distri-
bution of the service requirements; that is,
- * 1-B(u)
P{X; =x|N=1}=B(x) := f —du.
u=0 b

To see thissuppose that we only monitor the queue length probEsswhen
there is exactly one customer in the system and we “delete” all periods during which
N(t) # 1. What we observe is the concatenated sequence of service periods of cus-
tomers that arrived to an empty syste(iim Fig. 1, eliminate all periods, and the
part ofA; after the departure of customemwhat remains is exactly the service time
of customet:.) The latter process is just arenewal process with renewal times drawn
from B(x).

B(x) is the distribution of the residual service requirement of the first customer
in a busy periodgiven that that customer is being servédaddition it is conve-
nient to introduce the distribution function of the residual service requirement of the
first customer in the busy period when that customer’s service has been interrupted

B| (Xl) - P{Xl = Xl| N = 2}.
Forn= 2, we write

P{N

N Xy =X, Xo0 = Xo,..., Xp = X}

PIN=NnX,=Xp,..., Xp = X,IN= 2, X; = X, }P{N=2}B,(X;). (3)

OBSERVATION 4.2: Forn= 2,

PIN=nX,=Xp,..., Xp = X, IN=2,X; = X, }
=P{N=nX,=Xp,..., Xp = X,|N= 2}
=P{IN=n—1X;=Xp,...,Xp_1 = Xs|N=1}.

The first equality(independence oX;) follows in the same way as the inde-
pendence of th&, from the state of the system in E(l) and in Figure 1 The
behavior of the queue length process above the leviekl during a service inter-
ruption of the first customeiis independent of the residual service requirement of
the first customerA constructive proof may be given as eariey considering the
system only at times when there are at least two customers in the sgatéthe
residual service requirement of the first customer is at mosthe stochastic evo-
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lution of the processe@ueue length and residual service requirements of all cus-
tomers but the firgtthat result from this construction is independent pfSimilarly,

the second equalitighift in level) follows from the fact that if we observe the system
only at times that there are at le&stustomersthe number of additional customers
(besides the firdt) and their service requirements evolve stochastically in the same
way for allk. Using Observation .2 repeatedly in Eq(3), we havefor n= 2,

P{N = n’xlsxl’XZSXZ’-“7anXn}
=PIN=n—1X;=Xp,..., X1 =X, [N=1L}P{N = 2} B, (x,)

P{N = 2}
=PIN=n—-1LX;=X,..., X1 = X} M By (x1)
P{N = 2}\n-1 n-1
=== P{X; =X, N=1 B . 4
(P{NZl}) X1 =x }k[[1 (%) (4)
Setting the empty product equal to 1 and using(pand Observation.4, we have
forn e N,
B n—1
P{N=nX; =Xq,..., X0 = X,} = p(1 = y)y" 'B(x,) ][] B, (x). (5)
k=1

Remark 4.3: B(x) can be shown to have the same distribution as the idle period in
the dual queueing modé&ee Fakino§6, Sect 3]).

5. DISCUSSION OF THE G//M/1 QUEUE

When the service requirements have an exponential distrihtkievolution of the
queue length is stochastically indistinguishable for all work-conserving service dis-
ciplines Therefore the geometric queue length distribution in G&M/1 queue
with FCFS(first-come first-servepiservices can be explained from the results for
the LCFS-PR disciplineflheGIl/M/1 queue was already extensively studied prior to
Fakinos{4] analysis of th&l1/GI/1 queue with LCFS-PR heGI/M/1 queue length
distribution at arrival epochs was first obtained by Kend@ll, and from it the
distribution at arbitrary time points could be determifgek e.g., Coher{ 1, p. 208]).
Alternative derivations using the Laplace transform with respect to time of the
transient distributionwere given by Conolly 2], Saaty[15, p. 223], and Cohen
[1, p. 222].

In this casethe parametey, which according to Remark.B equals the ex-
pected number of service interruptions of an arbitrary custpisiite unique solu-
tion to the equation

y=a(u(l-vy)), y€(@OI),

where Yu(=h) is the mean service requirement ang), Re(s) = 0, is the Laplace—
Stieltjes transform of the interarrival time distributiéx).
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As a consequence of the geometric nature of the steady-state queue length
distribution—both at arrival instants and at arbitrary time points—and the exponen-
tial service timegvarious performance measures have the same exponential distri-
bution with a possible additional atom at Bor the sojourn timé (under FCF$
the waiting timeW (under FCF$§ and the virtual waiting tim#/, we find, for x > 0,

P{S=x}=P{W=x|W>0}=P{V=x|V>0}=1—e T

All three random variable8V andV conditioned on being positiyean be written
as the sum of a geometric numk@ith mean ¥(1 — y)) of independent and iden-
tical exponentially distributed ternmigach with mean Ay).

Remark 5.1:Many results for thesl/M/1 queue easily generalize to td/M/c
gqueue withc = 1 parallel servergsee also Wolf{ 18, p. 398]). The queue length
distribution at arbitrary times is geometric for queue sizes afid largerThe pa-
rametery, of the geometric tail is determined by the equatigp = a(cu(1 —
Y©))- Also, the steady-state waiting tinW(, (FCFS and virtual waiting timeV,
are exponentially distribute@vith an atom at @

P{W) = X|We) > 0} = P{V(¢) = X|V(¢) > 0} =1 — e @ 7e)emx

The sojourn time isiot exponentially distributed/Vhen the number of other cus-
tomers upon arrival is less tham the sojourn time equals a single service time
(exponential with mean/{1); otherwisegit is the sum of a waiting timéexponential
with mean ¥((1 — y))cH) and a service time

6. CONCLUDING REMARKS

We have studied the steady-state distributions of queue length and residual service
requirements at arbitrary times in td/Gl/1 queue with LCFS-PRn the queue-
ing literature these distributions have been obtained either through the steady-state
distributions at arrival and departure times or through the balance equafians
arguments apply directly to the system in continuous {ittnes explaining the geo-
metric nature of the queue length distribution as well as the fact that residual service
requirements are independent and all but one are identically distributed

The analysis can be extended in a straightforward manner to the case where
customers arrive in batches having a geometric size distrihdthia corresponds to
allowing A(0+) € (0,1) (i.e, interarrival times may be equal t9.0n particularin
Section 3a batch arrival o customers when there akalready present must be
counted as up-crossings of the levklk + 1,...,k + m — 1. Another possible ex-
tension is to batckerviceswith general batch size distributionBhis is possible as
long as the batch sizes do not depend on the queue length except for truncation of the
batch when an attempt is made at servicing more customers than those presentin the
queue(see also Neutfl2, p. 183]). By similar arguments as those used in this
article a probabilistic treatment of the matrix-geometric theory developed by Neuts
[12] can be giverisee Latouche and Ramaswdrbi]).
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