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In this paper nearly unstable AR) processesin other words models with char-
acteristic roots near the unit cirglare studiedOur main aim is to describe the
asymptotic behavior of the least-squares estimators of the coeffichentnver-
gence resultis presented for the general complex-valuedHasé&mit distribution

is given by the help of some continuous time AR procesékesapply the results for
real-valued nearly unstable ARR) models In this case the limit distribution can be
identified with the maximum likelihood estimator of the coefficients of the corre-
sponding continuous time AR processes

1. INTRODUCTION
Consider the autoregressive AR model

{Xk=,81Xk_l+ ---+,8pXk_p+sk, k=L2,,

1
Xo=Xog ==X p=0, @)

whereey is the(unobservablerandom disturbanogoise at timekandgy, ..., By
are unknown parameterBhe least-squares estimatwSE) of the parameter

B = (:817---9Bp)’
based on the observatioKs,..., X, is given by

n

n -1
Bn = <2 X1 >~(|Q—1> > X X1, (2
k=1 k=1
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NEARLY UNSTABLE AR(p) PROCESSES 185
where
X = (Xios X1+ X pra)-
The polynomiakp defined by
e(2) =1=prz— - = BpzP

is called thecharacteristic polynomiabf the AR(p) model(1).

When all roots ofp are outside the unit circJehe model(1) is said to be
asymptotically stationaryUnder the assumption that thg's are independent
and identically distributedi.i.d.) with Eg, = 0, EeZ = o2, the LSE off is as-
ymptotically normal

n 1/2
<2 Xk1>~<m> (Bn—B) > N(O,1), asn— oo, (3
k=1

where-2> denotes convergence in distribution driglthe unit matrixXsee Mann
and Wald 1943 Anderson 1959. By another normalization

VA(B,— B) > N(0,371), asn— oo,

where the matri® can be expressed by the helpof and the covariance matrix
of the stationary distributian

Whene has no roots inside the unit circle but has at least one root on the unit
circle the model(1) is said to baunstablelt was shown by Whité1958) that in
the case of the unstable AR model X, = BX,_1 + &, k=1, with 8 = 1, the
variablesn(3, — 8) converge in law to a random variable

1

f W(t) dW(t)
0

N(Bn—B) = : (4)

1
f W2(t) dt
0

whereW(t), t = 0 is a standard Wiener proces$s case of the unstable AR)
model Chan and Weil988bH proved that with suitable normalizing matric&s
the sequencé; X(B, — B) converges in law and gave the representation of the
limit distribution. This representation involves multiple stochastic integrals with
respect to Wiener processes and has a very complicated form

The result(4) led to the study of the following so-called nearly nonstationary
(better to call it nearly unstabl&R (1) model

Xn,k:Ban,k—l+8n,k’ k=12,...,n, (5)
Xn,OZO,
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whereg, =1 + h/n. It was shown by Chan and WE1987, 19883 that

lY(t) dW(t)
0

1 1/2°
<f Y2(t) dt)
0

whereY(t), t € [0,1], is an Ornstein—Uhlenbeck process defined as the solution
of the stochastic differential equation

dY(t) = hY(t) dt + dW(t), Y(0)=0. (7)

By another normalization

n 1/2 R
<k21 Xr%, k1> (Bn - Bn) 2) (6)

1
Y(t) dW(t)

N(Bn— B) 2> = (8)
JYz(t)dt
0

(seee.g., Phillips, 1987 Jeganathari 991 DzhaparidzeKormos van der Meer
and van Zuijlen1994). The preceding model is also called near integrated and is
applied often in economic theorgee Phillips1987).
Recently Jeganathaii1991) has considered nearly unstable &8} models
i.e.,, AR(p) models near to an unstable madel

Xn,k: Blnxn,k—l+ +Bp,nxn,k—p+ En ks k=12,...,n,
Xno=Xn-1= -+ =Xn1-p=0,

9)
where the vector of parameters

Bn= (Bins---»Bpn)

is given by

Bn= B + &nhn,

where

B = (B, Bp)

is a vector such that the polynomial

e(2) =1—p1z— - — Bpz”

corresponds to an unstable AR mode] {5,} are the same normalizing matrices
obtained in Chan and W¢1988b, and

hn = (hil,n,-“,hp,n)’
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is a sequence of vectors withh — h. Jeganatha(l991) proved that the sequence
(Sgl(ﬁn — Bn) converges in law and gave a very complicated representation for
the limiting distribution in terms of multiple stochastic integrals with respect to
Wiener processes

One of the aims of the present paper is to find a simpler explanation for the
asymptotic behavior of the LSE’s in the nearly unstable(ARmodel(9). The
starting point of our investigation is the following equivalent formulatio®f
We consideh instead of3,, as a parametefhen the LSE oh is

ﬁn = n(,én - ,B) = n(,én - :Bn) + h,

and we have

JlY(t) dW(t) JlY(t) dy(t)
A D 0 0
oD e h= (10)

1Y2(t) dt 1Y2(t)dt
) )

where the limit distribution ir{10) turns out to be the maximum likelihood esti-
mator(MLE) of the parameten in the model7) (seg e.g., Aratd 1989. So if we
useh as a parameter then we do not have to normalize thefi,SEemark thah

is connected with the rate of convergencgin— .

In the nearly unstable AR) model(9) we suggest again using parameters that
are connected with the speed of approximation of rootg @the characteristic
polynomial of the limit unstable modgelFor the sake of simplicity we suppose
that ¢ has all its roots on the unit circlgourely unstable cageThene can be
written as

€
¢(2)=(1-2*1+2"[[(1-euz)(1-ez)™,
i=1

wherea, b, ¢, m;,j=1,...,¢ are nonnegative integerg € (0,7),j =1,...,{. We
suggest writingp in the form

q
(2 =[1A-4a2"
j=1
whereq=2+2¢, a; = e'% andd,, .. .,0q € (—m,7] are all differentWe suppose

that in the nearly unstable AR) model(9) the characteristic polynomial, can
be written as

a "
QDn(Z) = H H (1 - aj,k,nz)v
j=1k=1

wherea;  , = ek kL j=1...,0 k=1...,r, n =1 are complex
numbers such thdt , , — h; , asn — co.
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The main idea is to introduce another set of paramgtehnsch are in one-
to-one linear correspondence with the coefficights,..., 8y . Forj=1,...,q,
k=1,...,rj,n=1letg , € C be defineduniquely by

a i
H H 1 aj an) I
5 AL C az
en(2) ll; —1-> 3 e __T° . zec. (11)
§D(Z) H(l ajz)rl i=tk=1 0 (1_aj2)

In Theoren 5 a simple description of the limit distribution of the LSE , will
be given Under some natural conditiqi€) on thee, 's, we will prove

D
éj,k,nﬁéj,ky asn — oo

jointly forj=1,...,q, k=1,...,r;, where¢; = (éj,l,...,éjyrj)’ is given by

1
f Y@ dy )
0
éj = S_l . s

1
f Yj(O)(t) de("jfl)(t)
0

where

1 i
f |Yj(rj*l)(t)|2 dt f Yj(rjfl)(t)Yj(o)(t) dt
0 0

1 1
fyj<°>(t)yj“i‘”(t)dt f\Y,-(O)(t)Izdt
0 0

and the processeék),j =1...,0,k=1...,r; are given by the stochastic differ-
ential equation

{d\qm—l)(t) — (G YTV + e+ G« Yj (1) dt+ dW(t) 12)

Y0 =Y"0 = =Y""0) =
whereY,,...,Y,"""" are the derivatives of andWi(t), t €[0,1],j =1,...,qare
independent standard Wiener procesgdsch are real valued fat=0o0rf = 7

and complex valued otherwisand the characteristic polynomial of the model
(12) is given by
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Tj

1-guz— - =g, 20 = IT@—n2). (13)
k=1

(For information on continuous time autoregressive processésato, 1982)
Roughly speakinghe model12) can be written as

i

[T (d—h, )Y (t) dt = dW(t), (14)
k=1
whered s the differential operatoand for the LSE of the parametdis, , of the
discrete time modéb) we prove the joint convergencefor 1,...,q,k=1,...,r,
ﬁj,k,n_> ﬁj,k asn — oo,

Whereﬁj,k is the MLE of the parametd; , in the continuous time modél4).

In the present paper we clarify the relationship between general complex-
valued discrete and continuous time A& models As a consequence we are
able to understand and to simplify the complicated expressions of Jeganathan
(199 for the limit distribution of the LSE’s in real-valued discrete settifgse
of the advantages of our approach of studying complex-valued models is that we
avoid complicated formulas with sines and cosirte$ection 7 we show how to
use our results for real-valued AR) models Section 8 contains some examples
demonstrating how to derive limit theorems for the LSE’s of the coefficients of
the discrete time models

2. PRELIMINARIES, NOTATIONS
We shall use the notations
Xn = (Xn,lv---vxn,n)l7 €n = (Sn,ly---,gn,n),-
Let B denote then X n backshift matrixi.e., B = (by), where
1 ifj=k+1
ik {0 else
The model9) can be written in the short form
@n(B)Xn = &n.

Forg € (—m,m]let T, be then X nrotation matrix with angle-#6, i.e., T, = (ty),
where

e ™ ifj=k
t]'k =

0 else
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We have the simple commutation relation
T,B = e “BT,. (15)

For n X n matricesA; and A, with A; A;* = A;1A; we shall write sometimes
A, /A, instead ofA; Ayt or AZA,.

For a complex numbez € C we denote byh(z) and[1(z) the real and the
imaginary partrespectivelyWe shall use the compleskdimensional spacg®
endowed with the inner product

(Z,W) = Z3 Wy + -+ + Z4Wy
and with the norm
Iz] = (|1za]? + -+ + |z4]*)"?

forz=(zy,...,24) € COw=(Wy,...,Wy) € C% We denote by ([0,1] — RY) and
C([0,1] = CY) the spaces of continuous functions with valueRfhand C¢,
respectivelyendowed with the supremum norffhe supremum norm and the
Skorokhod metric on the spa@([0,1] — C9) will be denoted by - |.. andp,
respectively

For measurable mappings, ®,: D([0,1] — C¥) — D([0,1] —» C%), n =
12,... we shall write ®, ~ ® if |®,(X,) — ®(X)|, — 0 for all x, €
D([0,1] — CX), x € C([0,1] — C) with |x, — X|l,, = 0. We shall need the
following simple lemmawhich is based on the continuous mapping theorem
and the Skorokhod construction

LEMMA 1. Let ®,®,:D([0,1] —» C¥) = D([0,1] — C%), n = 1,2,...
be measurable mappings such théf ~ ®. Let ZZ,, n = 12,... be
stochastic processes withalues in D([0,1] — CX) such that Z 25 Zin
D([0,1] — CK) and almost all trajectories of Z are continuauhen
®n(Z,) = ®(Z) in D([0,1] — CY).

PROOF As a result of EheDSkorgkgod construction we can find proce&ses
and a processg, such thatz,, = Z,,Z= Zand

p(Z,,Z) -0 as

Using the fact thaZ has continuous trajectoriessa we conclude that
1Z,—Z|.,—0 as

Thus we have

”q)n(zn) - q)(Z)HOO —0 as
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and hence

®,(Z,) 2 ®(Z) inD([0,1] — CY).

The last relation implies the desired result u

3. PARAMETRIZATIONS OF THE AR( p) MODEL

In addition to the parametef ,,,...,Bpnandhj, j =1,...,9, k=1,...,r; of
the model9) we introduce two other systems of parametessich both tend to
the limitc ,j =1,...,0, k=1,...,r; (givenin(13)) asn — oo and will be useful
for the investigation of the LSE

Forj=1,...,g n=1let dj,o,n,...,d,-,,j,n € C be defineduniquely) by

j

[Ta-akn2 .

k= dn— Ej L z7EC (16)
(1—a2)" bon = k(1 - a2)% :

LEMMA2. Forj=1...,0,k=1,...,r;we hae
lim dj,k,n = Cj,ka
n—oo

where ¢, is defined by(13).

PROOF Letu € C, u# 0. Then substituting

()
z=—(1- =
a; nu

into (16) we obtain

Tj j a a
j, kn j, k.n
dion— X At = H< _"( _1>u>
k=1

k=1\ & q
Ty
> [TQ-hu=1-ciu—-—q,rh
k=1

because;  , = e"-xn/""1% — elf = g, and

a’,k,n
n< L2 1> = n(ehkn/M —1) > hy . [
g, ’
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Forj=1...,k=1...,r,n=1letg  , € C be defineduniquely by
r
]___[ 1 ajan) )
(2 L. ) K q T  n az
GD(()) j=1k=1 —1-3 Y l"lj ﬁ’ zeC. (17)
o (1-a2)" e T
1

=
I

"~

j=1

LEMMAS. Forj=1...,0,k=1,...,r;,n=1we hae

k (€)
c _ rE l;[f (aj ) d + Cj,k+Ln
i, kN ~ n(( aj)(m j,k+€,n n )

where Gr+1n= Oand

Uni(2 = 11 H(l amk“2> zEC.

l<m<q k=1 1 aJ
m#]
Forj=1,...,0,k=1,...,r; and sufficiently large r= 1 we hae

ri—kK 7 -
(2 ) O )
din= > : l

=0 m Cj,k+€,n9
wherey, (2) = 1/y(2), € C.

PROOF Forj =1,...,q let T} be a closed curve around the poiiﬁl not
containingag?, € # j. Applylng Cauchy’s integral theorem we obtain for

k=12,...,r
1 en(2) K1
— | —n*¥11-a 2 tdz
2i r o(2) i2)
1 9 M Chen  AmZ
= — k=1(7 _ A 5 k-1
2mi r<1 ,,,2”2 nt (1-an2’ )" (1-az"dz
:_i Cikn &Z Cik+1n az dz
2mi n 1-az n? (1-a2?
:i Gkn  Gkrin
aj\ n n? J
Consequently

n(z) Cj,k+:Ln
dz+
®(2) n

a 10
_ | k k—1
Ckn= o f (1-4a2)
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On the other hand

1 @n(z)
- k _ A k=1 7127
o rjn (1-4a2) o(2) dz
"
[[1-an2
N nk1-a 2t "y, () dz
2mi J; j 1-azn ™
1 j d
_ = K1 _a nk-1[~ _ _ S6n )
= Jrjn (1-32) <dj,o,n Zl n“(l—a,—z)“)l/’“"(z)dz

_ _i d 1 f l»[fn,j(z) dZ
~ 0" 27 G NRL - gyz) Rt
S uier)
= nf(—aj)“lﬂ j,k+€,n-

The second statement can be proved similarly u
REMARK 1. Forj=1,...,qwe obtain
lim (a1 = 1, (18)

because fom # j we have lim_,..(1 — ankna *)/(1 — anaj ') = 1L Moreover
forj=1...,0,¢=212,...1im,_, (ﬂr(,j‘?(afl) exists Similarly, forj =1,...,qwe
obtain

lim (a7t = 1 (19)

and forj = 1,...,0, ¢ = 1,2,... lim .. (24, ;) “(a ") exists Consequently we
have the following easy corollary

COROLLARY 1 Forj=1,...,q,k=1,...,r;we hae
lim Cj,k,n = Cj,k’
n—oo

where ¢, is defined by(13).
4. COMPLEX-VALUED AR(1) PROCESSES

In this section we collect some convergence results for nearly unstable complex-
valued AR(1) processes that will be used in the next sections
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For everyn =12,... consider the complex-valued AR model

{Xn,k = BnXnk-17T Enks k=12,...,n,

2
Xn,O = 0’ ( 0)

where{e, } is an array of complex random variables gg= e™/"*1% where
{hy} is a sequence of complex numbers such that handf € (=, 7 ]. Then

Bn—B= e’.

For#, € (—m, 7] the random step functions

1 ) 1
Yn,al(t) = \/_ﬁ eil[m]elxn,[nt] = \/_ﬁ (Telxn)[nt]’ te [O, 1]’

1 [nt] 1 [nt]

Mn,el(t) = ﬁ kE e7”«91*"‘3n,k = ﬁ kE (Telsn)kv te [0,1]
=1 =1

can be considered as random elements in the complex Skorokhod space
D([0,1] —» C).
First we investigate convergence of the sequefigen=1in D([0,1] — C).

THEOREM 1 Suppose that W 25 M in D([0,1] = C), where Mt), t €
[0,1] is a complexvalued continuous semimartingale

Then there exist measurable mappidg®,,: D([0,1] — C) — D([0,1] = C?),
n=12,...such tha(M g,Yn s) = ©n(M, 4) andd,~ &, whered (M) = (M,Y),
and Y(t), t €[0,1]is the complexwalued OrnsteirUhlenbeck process defined as
the solution of the stochastic differential equation

dY(t) = hY(t) dt + dM(t),  Y(0) = 0. 21)
Particularly, Y,y = Y in D([0,1] — C).

REMARK 2. The converse statementis also true and can be proved similarly
We also remark that convergenbg, ,, 25 M for somef, # 6 does not imply
convergence of the sequen¥g,,, rotated by a “wrong” angle

PROOF The model(20) can be written as
(1 — e/ HIB)X =g

Consequently the commutation relatidrb) implies that theotatedobservations
Z,= TyX, again form a nearly unstable complex AR model

(I - ehn/nB)Zn = {n, (22)

where{,, = T, e, contains the rotated random disturbances
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It is known that the procesé(t), t € [0,1] can be expressed as
t
Y(t) =f et dM(s), t € [0,1].
0
Itd’s formula gives also the representation
t
Y(t) = M(t) + hf e"t9M(s) ds te[0,1].
0
A similar formula holds for the random step functiovig(t), t € [0,1]:
[nt]/n
Yoo(t) = Mpy(t) + hnf e (InI/M=9IM 4 (s) ds (23)
0

becausé2?2) implies

[nt]

S eh(lntl—kimg,

Yn,e(t) = \/_ﬁ
k=1

and the discrete analogue of the partial integration yields

[nt]/n [nt] i
hnf e*hnSMn’e(S) ds= h, 2 Mno((j — 21)/n) oS ds

° =1 (j=1/n
[nt] _ -
> Moy ((j — 1)/n) (e =D/ — g=hai/n)

j=1

1 [nj-1

— —h,(j=D/n _ a—h,j/n
e 'n e
mjglkglgn,k( )

1 [nt]—1 [nt]
E E in k(e—hn(i—l)/n_e—hnj/n)

N et}

1 [nt]—1
— ﬁ 2 gn,k(efhnk/n _ efhn[nt]/n)
k=1
1 [nt]
— \/_ﬁ 2 gn’k(efhnk/n _ efhn[nt]/n)
k=1

= e MIMN(Y, (1) — My o(t)).
Hence the processédl,Y) and(M, 4, Y, ) can be expressed as

(M’Y) = (I’(M)v (Mn,67Yn,0) = (Dn(Mn,O)’ n= 152,'“,
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where the measurable mappingsb,,: D([0,1] — C) — D([0,1] —» C?),n =
12,... are defined as follows

d(x)(t) = (x(t),x(t) + hfot ent=9x(s) ds>,

[nt]/n

D (x)(t) = <x(t),x(t) + hnjo gh(Int/n=s)y(s) ds).

Applying Lemma 1 we obtain the last statement u

Consider now the random step functions

[nt]

Un,f)l(t) = m 2 e7i(k71)01xn,k71,
k=1

wheref; € (-, 7 ].

THEOREM 2 Let 6, € (—m,7]. Let us suppose thatMy, s, Mn,) —>
(M,M,) in D([0,1] — C?), where (M(t),M,(t)), t € [0,1] is a continuous
semimartingale withvalues inC2

Then there exist measurable mappidg®,: D([0,1] — C?) — D([0,1] —
C3®),n=12,..., such that(My 4, My, 5.,Upng,) = ®n(M 4, My 4,) and @, ~ @,
where

t
<M(t),M(t),f Y(s) ds), if 0, =20,
0
(M (1), M4(1),0), if 6,7 0,
and Y(t), t € [0,1] is defined by21). Particularly,

(M, My)(t) =

t
1 f Y(s)ds if 6, =6,
W E e*l(kfl)ﬂlxn’k71 2) o 1

k=1 0, if 0, # 0
in D([0,1] — C).

PROOF If 6, = 0 then

[nt] [nt] [nt]l/n
Un,e(t) = 32 2 e7|(k71)0xn,kfl = - 2 Yn,a((k_ 1)/”) :f Yn,f)(s) ds
n"s (=1 Nk=1 0

and Theorem 1 gives the result
If 6, # 6 then using

k
Xn,k = 2 Brlrj €n,j
j=1
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we obtain
[nt] [nt] k—1
2 efi(kfl)elxn’k71 _ E e-i(k=1)0 2 Brlifjflsn,j
k=1 k=1 j=1
[nt]—1 [nt]
= > 3 eikbagki-lg
j=1 k=j+1
[nt]—1 e—i[nt](?llBr[‘nt]—j _ e—ij(91
= n Eni.
j=1 eilellgn -1 .
Consequently
_ 1 i([nt]—1)(6—6y) -1 0 -1
Un,f)l(t) - n(,B’ _ eigl) (,Bne : Yn,f)(t —n ) —€ 1Mn,91(t —n )),
n
and Theorem 1 gives the result n

For everyn =1,2,... consider the complex ARMfL,1) process defined by

{én,k_ Bnén,kfl = &nk Bsn,kfl, k=12,...,n

24
&no= 0 (24)

and the random step functions

_ 1
M, (1) = T > e kg, te[01],
k=1

where, € (—m,7].

COROLLARY 2. Let6, € (—m,7]. Let us suppose thdiM, », M, ,,) 2,
(M,M,) in D([0,1] — C?), where (M(t),M(t)), t € [0,1] is a continuous
semimartingale withvalues inC2

Then there exist measurable mappidge,: D([0,1] — C?) — D([0,1] =
C3), n=12,...,such that(M, 4, Mp 4., My, 5,) = @1(Mp 9, My, ) and @, ~ @,
where

(M,M,Y), if6,=6

®M,M,) = [(M, My, My), if 6% 6

and Y(t), t € [0,1] is defined by21). Particularly,

1 Y(t), if6 =0
_ —ik0y x D
28 e {Ml(t), if 6, % 6

inD([0,1] — C).
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REMARK 3. Using the notation

&= (8nt,---s8nn)

we can write the ARMA1,1) model(24) in the form
(I = BnB)&n = (1 — BB)ey,

i.e,

| — BB
| - B.B

Corollary 2 can be interpreted in the following walie preceding ARMAL,1)
process after a “wrong” rotation has a similar property as the originall, k =
1,...,nsequencewhereas after the “appropriate” rotation it is the solution of a
stochastic differential equation governed by the prodéss

en= (I — BB)X,..

&n =

PROOF If 6, = 0 then using the commutation relati¢h5) we obtain
[nt] 1 [nt]

mn,e(t) = F |<21(T98n)k NG k21(T9(I - eieB)Xn)k

1 Y 1
2 ((l - B)TH n)k Té) Xn [nt] = n,H(t)’

and Theorem 1 gives the result
If 6, # 6 then using

gn,k = ((I - BB)Xn)k = Xn,k - eiQ(}Xn,kfl = &nk + eio(ehn/n - 1)Xn,kfl
we get

— 1 g
Mn 0. (t) = Mn 7] (t) +— elg(ehn/n - 1) 2 e7|k‘91xn k—1
, U1 , U1 \m oy ,

Mpq, (1) + n(e™ —1)e' =y, , (t).

ConsequentlyTheorem 1 Corollary 2 and Lemma 1 imply the statementsll

5. COMPLEX-VALUED AR( p) PROCESSES
For everyn =1,2,... consider the complex-valued AR) model

Xn,k: Bl,nxn,kfl*_ +Bp,nxn,kfp+ En,k» k=12,...,n,
XnO_

25
=Xp-1= " = Xq1-p=0, (3)

where{e, «} is an array of complex random variables g@hd,,..., 8, , are com-
plex numbersWe suppose that the characteristic polynomial of the model has the
form
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q
en(2) =1=Brnz— - —BpnzP =[] [1 1 - & xn2),
j=1k=1

wherea \ , = e/ h e C,j=1...,q k=1...,r;, n =1 such that
hj,xn = hj, @asn — oo, andéy,...,0, € (—m, ] are different numberClearly

q
en(2) > 0(2) = E(l— 3;2)",
=

wherea; = €' j = 1,...,q. Obviouslyp = ', ;.
Forj=1,...,0,k=0,1,...,r; — 1 consider the random step functions

1
Y W(t) = =iz (T (1 3B "e(B)Xo)ng,  tE[0,1].

THEOREM & Suppose thatMy,... ., Myg,) —> (My,...,Mg) in D([0,1] -
C9), where(My(t),...,Mq(t)), t € [0,1] is a continuous semimartingale with
values inCq,

Then
YR 2 ¥Y, asn— o (26)
jointly forj=1,...,q,k=0,1...,r; —1in D([0,1] — CP), where
= 1...,0k=01..., =1, te[01]

is the OrnsteirUhlenbeck process wittalues inCP defined as the solution of
the system of stochastic differential equations

d¥ V() = (GO + -+ 6 YO (D) dE+ dM ()
dy®) =y “"Pydt,  k=01...,r-2 (27)
0 =Y"0 = =Y""0 =0

forj=1,...,q9, where the complex number,-,slp..,cj,,j,j =1,...,q are gven by

j

1- Cj,]_z_ et T ijrj zh = H (1_ hj,kz)a ze C.

k=1

PROOEF Forj=1,...,0,k=0,1,...,r;,n=1consider the random step functions

1/ k[ |-aB a.B
U n(t) = — T PP J
J,k,n( ) \le Brl_[l I_ajm,nB 1<1;[<qvl_[ auvnB €n )
] ,
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Repeatedly using Corollary 2 we conclude that there exist measurable mappings
®,d,:D([0,1] > C%) — D([0,1] — C?9tP), n=1,2,... such that

(Mng,5 -+, Mn g, Us0ns s Ur ey nse s Ugons - Ugrgn) = @a(Mng,, ..., Mag.)
and®d, ~ @, where

Dp(My,...,Mg) = (My,...,Mg,Uso,...,Urr,....Uqo,..-,Uqr,)

andU; (1), t€[0,1],j=1,...,0,k=0,1,...,r; is given by

dy k(1) = hj U (D) dt+dU, q(t), j=1...,a, k=1...,r,
U o(t) = M;(1), i=1....9.

Particularly

Uj,k,n 2) Uj,k? asn — oo (28)

jointly for j=1,...,9,k=0,1,...,r; in D([0,1] — C%"P). Using
t

Uj k-1(t) = Upk(t) — hj,kf U k(s) ds
0

forj=1...,0, k=1...,r;,t €[0,1], we obtain

t
de,rj(t) = (Cj’lul')rj (t) + Cj’zf Uj)rj(S) ds
0

trs S-2
+ ... +Cj’rjf f ces f Uj,l’j(sfj*l) dSl.d5(11> dt+dMJ(t)
00 0

On the other handy the help of the commutation relati¢h5) we obtain forj =
1....9

YR VM) =Yl te[01], (29)

because

Y M)

1
= Ty = 3 B) e (B) Xy

[nt]
N Zl(l = B)(Ty, (I — 3 B) ¢ (B)X,),

1 [nt]
% E (T0j¢(B)Xn)€ = Uj,rj,n(t)~
=1
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Moreoverwe have fof =1,...,9,k=0,1,...,r; — 2

[nt]/n
oo = [y e s (50)
0

because by induction

*) 1 o
Yo (t) = k172 (T, (I = B) i@(B) X n)pny

[nt]
T k12 > (1= B)Ty (I — & B)“ i@ (B)Xn),
=1

[nt] [nt]/n koD
= k12 > (T (1 — & B)* 1" 1p(B) X)), =f Yi.n (s)ds
=1 0

The convergenc&8) implies

D
(ULrl,nv---aUq,rq,n) — (Ulr17~"7Uq,rq)a asn — oo,

from which together with29) and(30) we concludg26). u

Forj,€ €1{1,...,q},j # €, k=1,...,r; — 1 consider the random step functions
1
Y () = POSSYE (To, (I —a,B) 21 = 3;B)* "ip(B)X )y,  tE[0,1].

THEOREM 4 Suppose tha(ﬂvln,gl,...,Mn,,,q) N (My,...,My) inD([0,1] —
C9), where(My(t),...,Mq(t)), t € [0,1] is a continuous semimartingale with
values inCq,

Then

Y'Y, 20, asn— o (31)

jointly forj,¢ €{1,...,q},j# ¢, k=1...,r;— L

PROOEF Fork =r; —1 we have

YO P = = (T, (I —a,B) (I — aB) 1o (B)X,)
ien nd2 4 j P n/[nt]

1 [nt]
372 2 (1 =B)T,,(1 —a,B) (I — & B)™¢(B)Xn)n

[nt]
= W 2 (T(J/(I - aj B)71¢(B)Xn)m,
m=1

https://doi.org/10.1017/50266466699152034 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466699152034

202 TJACCO VAN DER MEER ET AL.

and we can apply Theorem(8sing¢(B) X, instead ofe,,), because Theorem 3
implies
o (ri—21) D (ri—21)
\/_ﬁmgl(-rﬁjq’(B)Xn)m: Yj,nJ (t)_>Yj !
and
[nt]

2 (Toe(B)Xo)n = D) 2y,
m=1

Fork=r;—2,r; —3,...,1 we have

1
Yién(t) = =z (To,(1 — acB) (1 = 8;B)* 10 (B)Xn)rng
[nt]
= nrj7k+1/2 2 ((I - B)Tﬁe(l —a B)_l(l - a-j B)k_r’(P(B)Xn)m
m=1

[nt]
7 > (Tp, (I = 3y B) In* " 1(1 — gy B)* 1" 20 (B) X)) m,
m=1

and we can apply Theorem 2 agéirsingn""*(1 — a; B)* "¢ (B) X , instead
of g,), because

[nt]
\/_ﬁ 2 (ng nk_rj+l(| — g B)k_rj+1§0(B)Xn)m
m=1
1 [nt]
= iz 2 (Ty(1 =3 B)* " 0(B)X )
m=1
[nt]

=T 2 (1 =B)T, (1 — 8B) "1¢(B)Xn)m
m=1

1 N -
T opnkv2 (To, (I — & B)< g (B)Xp)mg = Y09 2> YW

and
1 [nt]
= 2 (T, = 3 B)< e (B)X )y
m=1
[nt]
= e 2 (T, (1= 3 B) o (B) X
m=1
[nt]
= s 2 (=BT (1 —aB) (1 = & B) "o (B)Xp)m
m=1
1 -1 k—r+1 (k+1)
= k12 (Ty,(1 —a,B) (1 = B)* "0 (B)Xy)ing = Yien >
hence we can use induction for=r1; — 2,r; — 3,...,1 u
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6. CONVERGENCE OF LEAST-SQUARES ESTIMATORS

The LSE of the paramet@;, = (B n, ..., Bp.n)’ 0f the model25) can be obtained
by minimizing the sum of squares

n
E |Xnk_13:Lan,k71_ _:Bp,nxn,kfp|2
k=1

= Hxn_IBLnBXn_ _Bp,anXnHZ-

Itis known that the LSEB,, = (B1.n,. .-, Bp.n)' is the unique solution of the Yule—
Walker equations

(Xn = BraBXn— -+ = BpnBPXn,B X)) =0,  €=1,...,p, (32)

andp, can be written in the forni2).

LEMMA4. The LSEs¢ «n,j=1...,0,k=1,...,r; are the unique solutions
of the system of linear equations

Gk~ Gikn

a i 1
2 kz q;, k(B)Xn’QU U(B)Xn> —U = F <8n’qu,v(B)Xn>
j=1k=1

foru=1..,q,v=1...,r,, where
q.«(2) = a;z(1 - a;2) *p(2), ze C.

PROOEF The existence of the unique LSE, , follows from the one-to-one
correspondence between the parametgrs, j=1,...,0, k=1...,r;andB, (.,
¢=1...,p

Introduce the notation

Qan(z) = 1_B:an_ _,ép,nzpa ze C, n=1

The model25) can be written ag,(B) X, = &,, whereas the Yule—Walker equa-
tion (32) has the form{¢,(B)X,, B‘X,,) =0, ¢ =1,..., p. Consequentlythe LSE
B, can be obtained from the system of equations

((@n(B) = ¢n(B) X, B Xy) = (0,BXp),  €=1,...,p,
which is equivalent to
((¢n(B) = @n(B)) X, G (B) X1
= (&n,qu,, (B) Xp), u=1...,q, ov=41...,r,
because the polynomiatg ,, u=1,...,0,v =1,...,r,are linearly independent

From the definition of the parametets, ,,j = 1,...,0, k=1,...,r; it follows
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oD —ea2) =3 S g (1, zec. (33)

K
j=1k=1 N

Obviously we have

a 0 6,

¢(D =g =3 3 a2, zEC (34)
j=1k=1

Consequently we conclude the statement u

From now on we shall put the following condition on the random disturbances

{8n,k}-

(C) The systeme,, k=1,...,n, n =1 is a triangular array of real square
integrable martingale differences with respect to the filtratiohg)k—o,1.... n.n=1
such that for alt € [0,1]

1 [nt) .
nt > E(edl Fok-1) > 1 asn — oo
-1

and

1 [nt] P
Oa >0 E 2 E(Sﬁk/\/{|snk‘>am}|fn,k,1) — 0, asn — co.
k=1

We shall say thatV(t), t € [0,1], is astandard complex-valued Wiener pro-
cessif W(t) = Wi (t) + iWs(t), where(v2W,y(t),V2Ws(t)), t € [0,1] is a standard
Wiener process with values 2

LEMMAS5. Suppose that the arragp, ., K=1,...,n, n = 1 satisfies the con
dition (C). Then

(Mn,ﬁla CRRE] Mn,ﬁq) g (Wl9 o ,Wq)

in D([0,1] — C9), where W(t), t €[0,1], ] =1,...,q are standard Wiener pro
cessegealvalued forg; = 0 or 6; = = and complexalued otherwiseMoreaver,
W and W, are independent if; # —6, and W = W, if §, = —6,.

PROOE The statement follows from a version of the functional central limit

theorem on the spade([0,1] — RP) (Liptser and Shiryayevi989 Theo-
rem 7.11), remarking the facts that f&t+ 0, 6 # =

1" 1
lim = > cog ks = >

n—o N =1
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12 1
lim = > sin’kd = >

n—oo N =1

1 n
lim = > sinkd coskd = 0

n—o N 27

and forf,a € (—m,7], 0 # ta

n n
lim = > coskd coske = lim = >} sinkd sinka
1

n—oo N =21 n—oo N | =

1 n
= lim = > sinkd coska = 0. ]

n—oo N =57

LEMMA 6. Suppose that the arragp «, k=1,...,n, n =1 satisfies the con
dition (C). Then

1 _
f YO dy it =,
0

0, if j #u,

1 D
7 (6B X, O (B) X)) >

i D ' (ry—v)
nv <8naqu,v(B)Xn>_>fOYu (t)d\/\{J(t)

jointly forj=1,...,q,k=1...,rj,u=1...,0,v=1...,r,
PROOF If j = uthen

1
e (9,k(B) X, 0, (B) X )

1
e (aB(l — & B)fkgo(B)Xn,aj B(l — & B) e(B)Xy)

> YR~ 1/m) Y- D/n)

=1

Sl

1 -
= f AROMIOL
0

and the convergence follows from Theorem 3
If j # uthen using the decomposition

Uuo(2) = 1-a,2)Ye(2) —(1-a,2) " e(2)
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we obtain

1
o (G,k(B) X0, Gno (B)Xn)

1 a,Be(B) ¢(B) ¢(B)
= <Tg] (i-a Bk Xn,T9]<(1_ a,2)" - (1- 4 Z)v—1>xn>

o(B) »(B)
= <BT9 nk l/z(l _ a B)k X aTHj nv+1/2(| _ auB)v Xn>
1 ¢(B) #(B)
<BTH nk l/z(l aJ B)k XnaTﬁj nvfl/z(l — ay B)Ufl Xn>
- o (B) ¢(B)
= <BT9j m Xn,(I = B)Te et 2(| — a;B)(I —a,B)” Xn>

¢(B)
. <BT{9j n12(] — a B)X

¢(B) X
n'=Y2(l —aB)(I —a,B) """

(1-BT,

1 1
= fo YE() dYL V(1) — fo YO Y ),

and the convergence follows from Theorems 3 and 4 combined with Proposi-
tion 6 in Jeganathafi1991).

Finally,
1 n
<8anU u(B)Xn> - n_ len(,’(auB(l - auB)7U¢(B)Xn)€
= > N Y2(Ty en) N " Y2(BT, (I — ayB) " @(B) Xy,
=1
= > (M%) (€/n) = MP((€ = 1)/n)) Y™ ((€ = 1)/n)
(=1
B J Yor (0 A (D),
0

and the convergence follows again from Theorem 3 combined with Proposition 6
in Jeganathafnl991). |

THEOREM & Suppose that the array, ¢, k = 1,...,n, n = 1 satisfies the
condition(C). Then

A D a
CJ-,KnHCj,k, as Nn— oo
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jointly forj=1,...,9, k=1,...,r;, where¢; = (ijl""’éj,n), is given by

1
f YO dy ()
0
¢=5" : : (35)

1
f Yj(o)(t) de(fj—l)(t)
0

where

1 .
f |Yj(rrl)(t)|2 dt f Yj(rjfl)(t)Yj(o)(t) dt
0 0

1 1
fyj“))(t)Yj(ri_l)(t)dt f\Y,-(O)(t)Izdt
0 0

and the processes('?,j =1...,q,k=1...,r; are gven by(27).

PROOF Using Itd’s formula we can write

1
f Y () dw ()
0

G=¢+§" 5 :
1
[ P awe
0

wherec; = (¢ 1,...,Cjr,)"
From Lemma 4Corollary 1, and Lemma 6 we can derive

éj,k,n g éj,k: asn — oo
jointly forj=1,...,q, k=1,...,r;. u

REMARK 4. It is known that¢; is the MLE of ¢; = (cj,l,...,cj,rj)’ in the
complex-valued continuous tintg-order autoregressive model

de(rjil)(t) _ (Cj’le(rjfl)(t) 4+ oo + Cj’erj(O)(t)) dt+ dW(t),
dy“m =¥ Umdt k=0L..5-2,
vO0) = Y0 = .. =20 =0,

whereW (1), t € [0,1] is a standard complex-valued Wiener process; e.g.,
Arat6, 1989.
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7. APPLICATIONS FOR REAL-VALUED AR( p) PROCESSES

Consider now for everm = 1,2,.... the real-valued ARp) model

Xn,k = Blnxn,k—l+ +Bp,nxn,k—p+ €n,ks k=12,...,n,
Xno=Xp-1= =+ = Xn,lfp =0,

where{e, (} is an array of real random variables g8, ..., B, , are real num-
bers For the sake of simplicity we suppose that the characteristic polynomial of
the limit unstable model has all roots on the unit cirdlben the characteristic
polynomial has the form

r 2

@n(z) = H (1 - ehlkn/“z) H (]_ + ehZ,Kn/nz)

k=1 k=1

r

¢
LT ez hown itz
j=3k=1

wherery,...,r, are nonnegative integens + r, + 2(rg+ --- +r¢) =p,hj n €
C,j=1...,4,k=1...,r,n=1 such that , , = h; x, asn — oo, and

r 2

H (1- ethm/”z), H (1+ ehz,k,n/nz)

k=1 k=1

are polynomials with real coefficients adde (0,7), j = 3,...,¢ are pairwise
different We remark that for the complex conjugate pairs of roots we had to put
complex conjugate pairs of paramethys , andﬁj,k,n,j =3,...,6,k=1...,rto
assure that the polynomialhas real coefficient©bviously it implies that in the
other two parametrizations we again have complex conjugate gairs dj,k,n,
andg k n, Gkn, j =3,...,€,k=1...,r;. We shall write§; = 0, 6, = 7. Lemma 5

has the following obvious corollary

COROLLARY 3. Suppose that the arragp ., k=1,...,n, n =1 satisfies the
condition(C). Then

(Mn,ﬁla ey Mn,f)() g (Wl’ LR ’W€)

in D([0,1] — C¥), where W(t),t €[0,1],j =1,...,¢ are independent standard
Wiener processeseal valued for j= 1,2 and complexalued for j=3,...,¢.

Theorem 5 has the following corollary

COROLLARY 4. Suppose that the arragp, ., K=1,...,n, n = 1 satisfies the
condition(C). Then

A D a
Cj,KnHCj,k, as N— oo
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jointly forj=1,...,£,k=1,...,r,and forall ze C

T

[TA—-hn2) B1-6¢az— - — 6,25 asn— oo

k=1
jointly forj=1,...,€, where¢; = (¢ 4,...,G; , )" is given by(35). In other words
Gri=L1...,6,k=1...rare theMLE of the parameters;/ Q,J J, LU k=
L...,rin the contlnuous time mod€&7). Loosely speak|r1g1J kn 2 hJ K-

REMARK 5. From Corollary 4 we can derive a convergence theorem for the
LSE of the coefficient®, ,, ..., B n (see Jeganathah991 Theorem 1the sta-
ble casgi.e, whenh; , ,=0,j=1,...,¢,k=1,...,r;is treated in Chan and Wei
1988h.

From(33) we have

(B:Ln - ,81)2+ et (Bp,n - Bp)zp

& Cukn 20(2) _icz,k,n 2p(2)
SNk 1-2% & ok 1+

£ O [ Gn € JZgo(Z) Cn € zp(2)
j, k. j, ko
; El< nk (1-e'lz)k Tk (1—e gk

for z& C. Obviously for alln =1 there is an invertible re@ < p matrix A,, such
that

Bn— B = AnCy,
where
Cn=(CLns..-»Cln)
and
- {(q,],n,--.,q,r,.,n)’ forj =12,
i =

(S’t(cj,], n)vD (Cj,Ln)7 L] ’m(cj,rj,n)am(cj,rj,n))’ for ] = 37 cee 7€'
Clearly we also have

ﬁn —-B= AnCAn,

whereC,, contains the LSEUsing Corollaries 1 and 4 we conclude
A(Ba—Bn) =Cr—Cr > C—C=(61— s — €1

where

_ {(Cj,17~"7cj,rj), fOI’jZLZ,
O G.0(6 0, MGG, 006, ) forj =3,...,6.
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The vectorg; contains the MLEwhich is given by(35). Corollary 3 implies that
now the processes

2,5 1),....x" 1), te 01},  j=1...,¢

are mutually independent and real valued jfer 1,2, complex valued fof =
3,...,¢. FurthermoreG ., =1,...,¢,k=1,...,r; are the MLE of the parameters
Ckj=1L...,6,k=1...,rjin the continuous time mod¢R7). We remark that
Jeganathaf1991) and Chan and Weil988h used a slightly different normal-
ization of B, — B,, but the results are obviously equivalent

8. EXAMPLES

For illustration first we shall study real-valued AB models near to an unstable
model given by

{Xn,k = Bl,nxn,kfl + Bz,nxn,kfz + &n ks k=12,...,n,

36
Xn,O = Xn,—l =0, ( )

where{e, «} is an array of real random variables satisfying the condit@rand
B1n, B2.nare real numbers

First consider the case when the limit unstable model has complex r@ats
its characteristic polynomial is

0(2) = (1—¢€%)(1—e%2) =1— 2zcosh + z>

Then we have8; = 2 cosd andB, = —1 The characteristic polynomial of the
model(36) has the form

on(2) = (1= e"/"12)(1— M/ "1g),
whereh,, € C such thah,, — h, asn— co andf € (0, 7). Remark that13) implies
¢ = h. From(33) we have

(Bin=B1)Z+ (Bon— B2)2% = % (Crez(1—e7"2) + cre "z(1 - e2))

for z € C. Comparing the coefficients afandz? we obtain
N(Bin— B1) = 2(N(c,)cosh — O(c,)sing),

N(Bzn— B2) = —2N(cy).

Applying Theorem 5 we conclude

n(Byn— m)) D <2(iﬁ(é)cosa - D(é)sina))
H ’

(A=) = (n(éz,n - B2) ~29(e)
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where
l_
f Y(t) dY(t)
0

C=—
f [Y(t)|2 dt
0

andY(t), t € [0,1] is the continuous time complex-valued AR process given
by

dY(t) = hY(t) dt + dW(t), Y(0) =0,

whereW(t), t € [0,1] is a standard complex-valued Wiener procéssreover ¢
can be interpreted as the MLE of the paramétaiVe have also

n(BLn_IBl,n)) » <2(Eﬁ(é—c)cose— D(é—c)sin@))

(o= Bn) = <n<Bz,n —Bon)) —2%(e—o)

where by Itd’s formula we can derive

flﬁ) dW(t)
0

f [Y(t)|2 dt
0

The preceding convergence statement can be reformulated as

. _(n(Bra= B\ p_ 2 [r¥wCOSO — Iyysing
n(ﬂn ﬂn) B <n(l§z,n _Bz,n)> - S$< —r¢w >,

C—C=

where

1
S$=fo (YA(t) + Y£(1) dt,
fv+w=fo (Ya(t) dWA(t) + Yo (1) dWL (1)),

1
rYW:JO (Ya(t) dWi(t) — Ya(t) dWA(L)),

Wi (t),Ws(t), t € [0,1] are independent real-valued standard Wiener procgsses
and the procesgy,(t),Yx(t)), t € [0,1] is given by
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dy,(t) A —w\ /Y(t)dt dW(t)
= +
dYs(t) w A Y,(t) dt dWy(t) )’
with initial valuesY;(0) = Y,(0) = 0, where A = N(h) andw = O(h). We
rerr)ark that Corollary 3.8 in Chan and We{1988h contains convergence of
n(B,.n + 1) in the stable case.e.,, whenh, = 0.

Now consider the case when the limit unstable model has double roots equal to
1, i.e, its characteristic polynomial is

p(2)=(1-22=1-2z+7%

and we hav@, = 2 andB, = —1. The characteristic polynomial of the modab)
has the form

¢n(2) = (1— eMr/"z)(1 - eMnz),

whereh, ,, € C such thah, , — hy, asn — oo for k=1,2, and the polynomiap,
has real coefficientsThis implies thath, , andh, , are real numbers or conju-
gated complex numberghe same is valid foh; andh,. Remark that13) now
has the form

1-cz—c,z22=(1-h;2(1— h,2), zeC.

Hencec; = h; + h, andc, = —h;h,. From(33) we have

1 1
(Bin—B1)Z+ (Ban—B2)Z% = n CLnz(l—2) + 2 Co,nZ

for z € C. Comparing the coefficients afandz? we obtain
Cyn= —N(Boyn— Bo),
Con = N?(Bin— B1) + N*(Bon — Ba).

Applying Corollary 4 as in Remark 4 we conclude

0 —n\/Bin—B1 _ Cin EX ¢
n®> n? BZ,n - B2 Gz,n ¢)’
where

1 1 1
fOY(t)dY(t) i fO(Y(t))Zdt fOY(t)Y(t)dt

1 1 1
JOY(t)dY(t) fOY(t)Y(t)dt fO(Y(t))zdt
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and(Y(1),Y(1)), t € [0,1] is the continuous time real-valued AB process
dY(t) = ((hy + hy) Y(t) — hyh,Y(t)) dt + dW(t),
dY(t) = Y(t) dt, (37)
Y(0) = Y(0) =0,

whereW(t), t € [0,1] is a standard real-valued Wiener procédsreover ¢;, ¢,
can be interpreted as the MLE of = h; + h, andc, = —h; h,. By Itd’s formula
we can also derive

1
N /(t)d
(0 _”><,3Ln_,31,n>£)sl fom) W)

2 2 By — !
n2 n Ba2,n — Ba,n f Y(t) dW(t)
0

The case when the limit unstable model has double roots equal,tae,, its
characteristic polynomial is

0(2)=1+22%2=1+2z+72
can be handled similariand we obtain

’

1
( 0 _n>(,él.n_ﬁln>i>sl J:)Y(t)dW(t)

-2 n2J\ g, . - !
n2 n2 J\ Bon—Bon f Y(t) dW(t)
0

where(Y(1),Y(t)), t € [0,1] is the continuous time real-valued AR process
given by(37).

Now consider the case when the limit unstable model has the roots 4 &nd
i.e, its characteristic polynomial is

e(2)=1-201+20=1-73

and we havgg, = 0 andB, = 1. The characteristic polynomial of the mod8b)
has the form

¢n(2) = (1= eMo/"2)(1+ eMn'ny),
wherehy , € R such thath, , — hy, asn — oo for k = 1,2. Remark that(13)
impliesc, = h,, k=1,2. From(33) we have

1
(Bin—B1)Z+ (Ban— B2)7? = S (C1nz(1+2) — cpn2(1-2))

for z € C. Comparing the coefficients afandz? we obtain

2¢1 0 = N((Byn— B1) + (B2,n — B2)),
2C; n = N(—(Brn—B1) + (B2n— B2)).
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Applying Corollary 4 as in Remark 4 we conclude
n n BLn - Bl ZCLH D 261
A~ = R — R ,
—n n/\Bzn— P2 2€;,n 26,
where

1
fo Yie(t) dYi(t)

1
f Y2(1) dt
0

andY(t), t € [0,1], k = 1,2 are the(independentcontinuous time real-valued
AR(1) processes given by

dY(t) = hY(O) dt+dW(t), %0 =0, k=12

ék:

whereW(t), t € [0,1], k = 1,2 are independent standard real-valued Wiener
processedMoreover €, k=1,2 can be interpreted as the MLE of the parameters
he, k=1,2. We also have

2
<n n)(ﬁln—ﬁm>ﬂ) ZJO Yl(t)dvvl(t)/fo Y2(t) dt

A~ _ 1 1 ’
Ban = Ban 2J0 Yz(t)dwz(t)/fO YZ(t) dt

Next we investigate complex-valued AB models near to an unstable model

—n n

given by
Xn,k = BLan,k—l + ,BZ,an,k—Z + &n ks k=12,...,n, (38)
Xn,O = Xn,fl =0,

whereBy », B2, are complex numbers add, } is an array of real-valued ran-
dom variables satisfying the conditid@).

First consider the case where the limit unstable model has diffezentplexy
roots i.e, its characteristic polynomial is

¢(2) = (1-e%hz)(1— e %z),

whereé,,0, € (—m, 7], 6, # 6. The characteristic polynomial of the mod8B)
has the form

on(2) = (1— ehun/n+itiz) (1 4 ghan/n+itaz)

whereh, , € C such thath, , — hy, asn — o for k = 1L,2. Remark that(13)
impliesc, = h,, k=1,2. From(33) we have

(Byn = BUZ+ (Bzn—B2)2% = % (Cynez(1 - €'%2) + ¢, €'%2(1 - €"2))
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for z € C. Comparing the coefficients afandz? we obtain
(€% —€)cyy = n((Byn— B1) + (Bon— Ba)e™™M),

(€% —€)cy = N(=(Brn— B1) — (Ban— B2)e%).
Applying Theorem 5 we conclude

noone\ (BB — (i o[ 20\ oo o [ €1
<—n —ne_m?)(Bz,n_ﬁz)_(e &™) éZ,n — e e [ ’

where
1
fo Yo d¥(t)

k= T
JRZOR
0

andY,(t),t € [0,1], k= 1,2 are continuous time AR) processes given by
dY(t) = hY () dt+ dW(t), Y (0 =0, k=12,

¢

whereW(t), t € [0,1], k= 1,2 are standard Wiener processesl valued i), =
0 orf, = 7 and complex valued otherwigeurther W; and\W, are independent if
01 # _02, andWl = Wz if 01 = _92.

Moreover €., k = 1,2 can be interpreted as the MLE of the parametgrs
k=1,2. We also have

N ne' \ Bra—Bun
—-n _neimz BZ,H_IBZ,n
i 1
f Y1<t>de<t>/ f V()] o
0 0

1 1 :
f Ya(t) d\/\é(t)/f Y2(1)| dt
0 0

Now consider the case when the limit unstable model has dduabtaple®
roots equal t&@', i.e,, its characteristic polynomial is

e(2) = (1-€"2)%
wheref € (—m,7]. The characteristic polynomial of the mod@B) has the form
@n(z) — (1 _ eh;,n/m—iez)(l_ eh2,n/n+mz),

wherehy , € C such thath, , — hy, asn — o for k = 1,2. Remark that(13)
impliesc; = h; + h, andc, = —h;h,. From(33) we have

ﬂ) (eiﬁ1 _ eiez)

1 _ . 1 )
(Bin—B1)z+ (Bon— Ba2)z% = n CLnelaz(l —e'z) + n2 Cz,nelgz
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for z& C. Comparing the coefficients afandz? we obtain
Cun= —N(Bon— B2)e 2,
Con=N*(Byn— Br)e " +n?(Byn— Ba)e 2"

Applying Theorem 5 we conclude

0 —ne 2%\ (B~ B Cin\ p (&
. . . =17 |3
n%e " n%e 2% |\ Bon— B2 Con C
where

l'_ . 1 . 1._
fOY(t)dY(t) fO|Y(t)2dt fOY(t)Y(t)dt

(?) =st 7 ,os= 0 )
2 —_— . .

d d 24

fOY(t) Y (1) fov(t)v(t) t fo IY(1)|2 dt

and(Y(t),Y(1)), t € [0,1] is the continuous time AR) process

dY(t) = ((hy + hy) Y(t) — hyh,Y(t)) dt + dW(t),
dY(t) = Y(t) dt,
Y(0) = Y(0) =0,

whereW(t), t € [0,1] is a standard Wiener processal valued ifd =0 orf = 7
and complex valued otherwise

Moreover €,, €, can be interpreted as the MLEof= h; + h,andc, = —h; h,.
By I1td’s formula we can also have

< 0 —ne‘2i0> <Eln - BLn) D J; Y(t) dW(t)
—=s1

n2e-i  p2e-2i0 3, — 1
:82,n Bz,n fY(t) dW(t)
0

Comparing the complex-valued AR models with the real-valued ARr) mod-
els we observe that convergence of LSE’s in the real-valued models can be de-
rived from the complex-valued case by taking into account the extra requirement
that the coefficients should be real numbéiswever the formulations in the
context of complex-valued models are remarkably simpler

As we have seera multiple root in the model implies a higher order auto-
regressive component in the corresponding continuous time nidiffelrent but
not conjugated roots imply components driven by independent Wiener processes
in the continuous time modeln case the roots are conjugated paiten the
components are driven by conjugated complex-valued Wiener procésszs
root is connected to a real-valued Wiener processl a complex root is con-
nected to a complex-valued Wiener proges®n if the model has real coefficients!

https://doi.org/10.1017/50266466699152034 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466699152034

NEARLY UNSTABLE AR(p) PROCESSES 217

We finally note that convergence of LSE’s in models with complex-valued
disturbancese, «} can be handled similarl§see the AR1) case in Kormosvan
der Meer Pap and van Zuijlen1995.
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