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 with the same  and each  with ,
we see that , so , the ( )th Fibonacci
number. Now suppose that . This time, pair each  with the
same  and each  with . It
is easy to see that this gives a one-to-one correspondence between  and
the disjoint union of  and . Therefore, , so

. This way of counting  has been given in [1] and
[2], the authors of which then use induction or Binet's formulae to prove that

 and conclude that  for all .

A ∈ �n − 1 A ∈ �n A ∈ �n − 2 A ∪ {n} ∈ �n
|�n| = |�n − 1| + |�n − 2| |�n| = Fn + 2 n + 2

n ≥ 4 B ∈ �n − 1
B ∈ �n B ∈ �n − 3 {b + 1 : b ∈ B} ∪ {n} ∈ �n

�n
�n − 1 �n − 3 |�n| = |�n − 1| + |�n − 3|

|�n| = Fn + 1 + Fn − 1 |�n|

Fn + 1 + Fn − 1 = Ln |�n| = Ln n ≥ 2
Our second way of counting  is more direct, but trickier to discover.

Suppose that . Now pair each  with the same , pair
each  containing 1 with , and pair each

  not containing 1 with  . This apparent one-to-one
correspondence between  and the disjoint union of   and  implies
that , so .

|�n|
n ≥ 4 B ∈ �n − 1 B ∈ �n

B ∈ �n − 2 B ∪ {n − 1} ∈ �n
B ∈ �n − 2 B ∪ {n} ∈ �n

�n �n − 1 �n − 2
|�n| = |�n − 1| + |�n − 2| |�n| = Ln

As a consequence of counting  in two different ways, we have
 for all , without any inductive or algebraic

manipulations.

|�n|
Fn + 1 + Fn − 1 = Ln n ≥ 2
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109.50 Functions of the square matrices with distinct non-
zero eigenvalues

Introduction and main result
Finding a general formula for the th power of a square matrix A, and

then  for any function  admitting a suitable expansion, is a classical
problem with several solutions. We refer the interested reader to [1, Chap.
10], [2, Chap. 5], [3, Chap. 11], [4, Sec. 7.3, 7.9], and [5]. Also, see [6, 7, 8,
9, 10, 11] for some special matrix function computations and applications.

n
f (A) f

This paper was inspired by my attempt to obtain powers of a square matrix
of order 2 in an elementary Linear Algebra course at the University of Zanjan
for engineering students, where I developed a general elementary method based
on the Cayley-Hamilton theorem for the case that the eigenvalues of the matrix
are distinct and nonzero, hence the Vandermonde determinant of the
eigenvalues is non-zero, and I could apply Cramer's rule to solve the relevant
system of equations. Although, the following result coincides with the general
theory of finding  in the spectral theory of matrices, the proof is elementary
and only needs the above mentioned materials.

An
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Theorem: Let  be a square matrix of order  with distinct non-zero
eigenvalues , and

A m
λ1, … λm

V = V (λ1, … λm) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦m × m

1 λ1 λ2
1 … λm − 1

1

1 λ2 λ2
2 … λm − 1

2

1 λ3 λ2
3 … λm − 1

3

… … … …

1 λm λ2
m … λm − 1

m

be the square Vandermonde matrix of . Also, for  we
define the square matrices  of order  by

λ1, … λm i = 1, … , m
Ai m

Ai = ∑
m

j = 1

(−1)i + j Mi,jA
j − 1, (1)

with  and  denoting the ( )-minor of the matrix , i.e., the
determinant of the submatrix formed by deleting the -th row and -th
column of the Vandermonde matrix . Then, for any integer  we have

A0 = Im Mi,j i, j V

i j
V n ≥ 1

A
n =

1
det (V) ∑

m

i = 1

λn
i Ai. (2)

Proof: Let  be the characteristic polynomial of . Let P (λ) A

c0 + c1λ +  …  + cm − 1λ
m − 1

be the remainder polynomial when  is divided by  and define column vectorsλn P (λ)

c =
⎡

⎢
⎢
⎢

⎣

⎤

⎥
⎥
⎥

⎦

 and  v =
⎡

⎢
⎢
⎢

⎣

⎤

⎥
⎥
⎥

⎦

.
c0

:
cm − 1

λn
1

:
λn

m

Then  and, by Cramer's Rule,  where  is
the matrix formed by replacing the -th column of  by . Expanding

 by its -th column, gives

Vc = v det (V) cj − 1 = det (Vj) Vj
j V v

det (Vj) j

det (V) cj − 1 = ∑
m

i = 1

(−1)i + j Mi,jλ
n
i .

By the Cayley-Hamilton Theorem

A
n = ∑

m

j = 1

cj − 1A
j − 1

=
1

det (V) ∑
m

j = 1
(∑m

i = 1

(−1)i + j Mi,jλ
n
i ) A

j − 1

=
1

det (V) ∑
m

i = 1

λn
i (∑m

j = 1

(−1)i + j Mi,jA
j − 1)

=
1

det (V) ∑
m

i = 1

λn
i Ai.

This completes the proof.
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Corollary: If the function  is analytic on the disc  with radius
larger than , then

f (z) |z| < R R
max {|λi| , i = 1, … , m}

f (A) =
1

det (V) ∑
m

i = 1

f (λi) Ai. (3)

Proof: We mention that considering the expansion , the

matrix  is defined as . Thus, by using (2) we obtain

f (z) = ∑
n ≥ 0

anz
n

f (A) f (A) = ∑
n ≥ 0

anA
n

f (A) = ∑
n ≥ 0

an ( 1
det (V) ∑

m

i = 1

λn
i Ai) =

1
det (V) ∑

m

i = 1
( ∑

n ≥ 0

anλ
n
i ) Ai.

All of  are assumed to be inside the disk of convergence of . This
implies that , and hence (3).

λi f (z)
∑n ≥ 0 anλn

i = f (λi)

An example
As a simple example, shedding light on the above method and its

machinery, we consider the following square matrix

A =
⎡

⎢
⎢⎢

⎣

⎤

⎥
⎥⎥

⎦
.

29 −42 42
20 −29 30
4 −6 6

The characteristic polynomial of  is , and its
roots are , , . We have

A P (λ) = λ3 − 6λ2 + 11λ − 6
λ1 = 1 λ2 = 2 λ3 = 3

V = V (1, 2, 3) =
⎡

⎢
⎢⎢

⎣

⎤

⎥
⎥⎥

⎦
.

1 1 1
1 2 4
1 3 9

Since , we deduce thatadj (V) = [(−1)i + j Mi,j]T

[ ] = [ ] adj (V) .A1 A2 A3 I3 A A2

adj (V) =
⎡

⎢
⎢⎢

⎣

⎤

⎥
⎥⎥

⎦
.Also, we have

6 −6 2
−5 8 −3
1 −2 1

Thus, , , , and soA1 = 6I3 − 5A + A2 A2 = −6I3 + 8A − 2A2 Α3 = 2I3 − 3A + A2

A1 =
⎡

⎢
⎢⎢

⎣

⎤

⎥
⎥⎥

⎦
, A2 =

⎡

⎢
⎢⎢

⎣

⎤

⎥
⎥⎥

⎦
, A3 =

⎡

⎢
⎢⎢

⎣

⎤

⎥
⎥⎥

⎦
.

30 −42 0
20 −28 0
0 0 0

−112 168 −84
−80 120 −60
−8 12 −6

84 −126 84
60 −90 60
8 −12 8

Note that . By using (3) we deduce that if the function  is
analytic on the disc  for some , then

det (V) = 2 f (z)
|z| < 3 + ε ε > 0

f (A) = f (1)
⎡

⎢
⎢⎢

⎣

⎤

⎥
⎥⎥

⎦
+ f (2)

⎡

⎢
⎢⎢

⎣

⎤

⎥
⎥⎥

⎦
+ f (3)

⎡

⎢
⎢⎢

⎣

⎤

⎥
⎥⎥

⎦
.

15 −21 0
10 −14 0
0 0 0

−56 84 −42
−40 60 −30
−4 6 −3

42 −63 42
30 −45 30
4 −6 4
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More precisely, taking  we obtainf (z) = zn

A
n =

⎡

⎢
⎢
⎢⎢

⎣

⎤

⎥
⎥
⎥⎥

⎦

.
15 − 56(2n) + 42(3n) −21 + 84(2n) − 63(3n) −42(2n) + 42(3n)
10 − 40(2n) + 30(3n) −14 + 60(2n) − 45(3n) −30(2n) + 30(3n)

−4(2n) + 4(3n) 6(2n) − 6(3n) −3(2n) + 4(3n)

Further remarks

Remark 1: Let  to be the row vector consisting of the matrices
. Then (1) asserts that  is the row vector consisting of the

matrices . Hence, if , then we may
rewrite (3) as the following dot product form

A
∧

A0, … , Am − 1 A
∧

V−1

A1, … , Am Λf = (f (λ1) , … , f (λm))

f (A) = (A∧ V
−1) ·Λf .

In order to compute , we letV−1

Lj (x) = ∏
0 ≤ i ≤ m − 1

i ≠ j

x − λi + 1

λj + 1 − λi + 1
= ∑

m − 1

i = 0

vi,jx
i

be the Lagrange interpolation polynomials in . Thus, Lagrange
interpolation (for example see [12, Chap. 4]) implies  for

 and . Hence, if , then

λ1, … , λm
Lj + 1 (λi + 1) = 0

i ≠ j Lj + 1 (λj + 1) = 1 B = [vi,j]0 ≤ i,j ≤ m − 1

VB = [Lj + 1 (λi + 1)]0 ≤ i,j ≤ m − 1 = Im.
Therefore, , and this asserts that the columns of  are the
coefficients of the Lagrange polynomials .

V−1 = B V−1

Lj (x)

Remark 2: In the above example, we note that . This is
not an accidental event. In the spectral theory of matrices (for example see [4,
p. 603]), the matrices  (up to a normalizing coefficient, which here is ),
are known as the spectral projectors, having several properties including

A1 + A2 + A3 = 2I3

Ai
1

det(V)

A1 +  …  + Am = det (V) Im, (4)
and

Ai · Aj = 0m × m (i ≠ j) , (5)
where  is the square zero matrix of order . As an elementary
counterpart to spectral theory of matrices, we prove these properties. As we
showed in the above remark, the columns of  are the coefficients of the
Lagrange polynomials . Since the sum of the coefficients of the
Lagrange interpolation polynomials is equal to 1, we get (4). Also, one may
conclude (5) by using the fact that the inner product of one row (or column)
in any given square matrix with the cofactors of a different row (or column)
always is zero [4, p. 481].

0m × m m

V−1

Lj (x)

Remark 3: Another observation is that by substituting (1) in (3) we deduce
that  eventually is a linear combination of the matrices .f (A) Α0, … , Am − 1
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This property also holds in general, asserting that for a function  defined
at  there exists a polynomial  such that  (see [4, p. 606]).

f (z)
A p (z) f (A) = p (A)
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