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Abstract

Although an accurate reliability assessment is essential to build a resilient infrastructure, it
usually requires time-consuming computation. To reduce the computational burden, machine
learning-based surrogate models have been used extensively to predict the probability of fail-
ure for structural designs. Nevertheless, the surrogate model still needs to compute and assess
a certain number of training samples to achieve sufficient prediction accuracy. This paper pro-
poses a new surrogate method for reliability analysis called Adaptive Hyperball Kriging
Reliability Analysis (AHKRA). The AHKRA method revolves around using a hyperball-
based sampling region. The radius of the hyperball represents the precision of reliability anal-
ysis. It is iteratively adjusted based on the number of samples required to evaluate the prob-
ability of failure with a target coefficient of variation. AHKRA adopts samples in a hyperball
instead of an n-sigma rule-based sampling region to avoid the curse of dimensionality. The
application of AHKRA in ten mathematical and two practical cases verifies its accuracy, effi-
ciency, and robustness as it outperforms previous Kriging-based methods.

Introduction

In the development of resilient infrastructures, structures are always affected by uncertainties
from inherent natural variability, such as material properties, member sizes, and loading con-
ditions (Kiureghian, 1989). These uncertainties are related to the physical processes that are
essentially random or contain incomplete or inaccurate information. In deterministic design,
these uncertainties are represented by the partial safety factor specified in design codes. This
simplification, although practical, makes the values chosen for the partial safety factors either
too conservative and therefore costly to build or not enough to safeguard the structure against
unforeseen failures (Moustapha and Sudret, 2019). Reliability analysis is an approach that con-
siders these uncertainties to ensure high reliability is achieved.

Consider x = [x1, x2, …, xn] is an n-dimensional vector containing the random variables
which influence the performance of the structure. The reliability of the structure is measured
by the failure probability (Pf) of the structure. The failure probability is defined as a high-
dimensional integral of the joint probability density function fX(x) of random variables x in
the failure domain:

Pf = P(G(x) ≤ 0) =
∫
G(x)≤0

fX(x) dx, (1)

where G(x) is the limit state function that indicates the response of the structure. The limit
state function G(x)≤ 0 means that the structure is in the failure domain at point x.

The analytical solution shown in Eq. (1) is difficult to evaluate since it requires a high
dimensional integral of the joint probability density function fX(x) based on the limit state
function G(x). Therefore, many reliability analysis methods have been developed to calculate
the failure probability in the past few decades. Figure 1 summarizes the reliability analysis
methods. The first-order reliability method (FORM; Hasofer and Lind, 1974) and
second-order reliability method (SORM; Kiureghian et al., 1987) are widely used methods
of calculating failure probability. These methods are based on finding the most probable failure
point (MPP) in approximating the failure probability. However, the accuracy of these methods
is questionable when faced with nonlinear and high-dimensional limit state functions (Chen
et al., 2018; Zhong et al., 2020). The Monte Carlo simulation (MCS) method is another
approach to calculate the integral. The advantage of MCS is simple to implement and is widely
regarded as one of the most accurate methods for estimating failure probability (Zhu and Du,
2016). MCS does not depend on the shape of limit state functions, but the massive number of
samples is the main drawback. The computational demand of MCS is exceptionally high for
small failure probability problems with the time-consuming evaluation of limit state functions,
such as the finite element method (FEM; Echard et al., 2011).
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Several variance-reduction techniques are proposed to solve
the computational efficiency problems of MCS, such as direc-
tional sampling (DS; Bjerager, 1988), importance sampling
(Melchers, 1990), and subset simulation (Au and Beck, 2001).
The DS method estimates the failure probability by doing one-
dimensional integration on a set of direction vectors generated
in a standard normal space. Although DS is more efficient than
MCS, DS encountered difficulty dealing with a highly nonlinear
limit state and small failure probability (Shayanfar et al., 2018).
The IS method is based on sampling using IS distribution, such
that the samples are in the failure region. However, it is difficult
to determine the IS distribution since it depends on the failure
domain, which is unknown beforehand (Cadini et al., 2014). In
SS, the failure probability is computed as a product of conditional
probability, using the Markov chain Monte Carlo (MCMC) algo-
rithm. The SS is efficient at dealing with low failure probability
problems, but the performance of SS largely depends on the
parameters that govern the intermediate failure levels (Sen and
Chatterjee, 2013).

Aside from the methods mentioned above, recently, surrogate
models have been used, by using machine learning techniques, to
alleviate computational demands for reliability analysis. Some
examples of surrogate models used in the reliability field include
the response surface model (RSM; Kang et al., 2010; Allaix and
Carbone, 2011; Goswami et al., 2016), support vector machine
(SVM; Bourinet et al., 2011; Yang and Hsieh, 2013; Zhou et al.,
2013), artificial neural network (ANN; Papadopoulos et al.,
2012; Pedroni and Zio, 2017; Vazirizade et al., 2017), polynomial
chaos expansion (PCE; Hu and Youn, 2011; Hawchar et al., 2017;
Guo et al., 2018), and Kriging (Ju and Lee, 2008; Echard et al.,
2013; Huang et al., 2016).

Kriging or Gaussian process regression (GPR) will be the focus
of this paper. Kriging was first introduced by Krige and then
developed by Matheron (1973) for application in geostatistics.
Kriging is a method of interpolation which carries unique charac-
teristics compared with the other surrogate models. The Kriging
method provides the predicted value of the point of interest and
the estimated variance of the prediction. The variance dictates
the certainty of the local prediction, so a high variance signifies

a high uncertainty. The accuracy of surrogate models was closely
linked to the number of training samples used to construct the
model. Kriging’s stochastic nature allows one to select the generated
samples based on the estimated variance. This process of deliber-
ately picking samples is called active learning, which helps the
Kriging model improve its accuracy with fewer training samples.

One of the earliest contributions to the active learning Kriging
is the efficient global optimization (EGO) algorithm proposed by
Jones et al. (1998). The EGO algorithm finds the sample that
maximizes the expected improvement function (EIF) learning
function. Bichon et al. (2008), inspired by EGO, proposed a
method called Efficient Global Reliability Analysis (EGRA) and
a learning function called expected feasibility function (EFF).
Echard et al. (2011) proposed a new learning function called
the U function and an active learning reliability method combin-
ing Kriging and Monte Carlo simulation (AK-MCS). Because of
the simple implementation of MCS in the AK-MCS framework,
the MCS population can easily be replaced with any simulation-
based method. Thus recently, many combinations of active learn-
ing Kriging method and simulation-based method have been pro-
posed, which include AK-IS (Echard et al., 2013), AK-LS (Lv
et al., 2015), AK-SSIS (Tong et al., 2015), AK-SS (Huang et al.,
2016), and AK-DIS (Guo et al., 2020). These variants of
AK-MCS were proposed to increase efficiency further and reduce
the number of calls to the time-consuming evaluation of the limit
state function.

In the EGRA method, the candidate was chosen from a popu-
lation that uniformly spans over a specified interval based on the
5-sigma rule (μx ± 5σx), where μx and σx are the mean and stan-
dard deviation of random vector x. Nevertheless, it is found that
the 5-sigma rule approximates the limit state even in regions with
weak probability densities where the samples in these regions have
negligible effects on the accuracy of the result. Therefore, a Monte
Carlo population was chosen in AK-MCS because it focuses on
the area with a sufficiently high probability that significantly
affects the probability of failure. However, using the MCS popula-
tion as a sampling space is inefficient in representing low prob-
ability samples. Thus, it needs millions or even billions of
samples to simulate a rare probability event. Because of that,

Fig. 1. Classification map of reliability analysis
methods.
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even though the Kriging prediction is relatively inexpensive to
compute, the cost of computing and accessing a large number
of samples is time-consuming, mainly when dealing with a
small failure probability problem (Zhang et al., 2019b).

The size of the MCS population could severely restrict the
application of AK-MCS. A few studies have proposed using a dif-
ferent sampling space that efficiently represents the area of inter-
est to remedy this problem. Wen et al. (2016) proposed an
adaptive sampling region that changes based on the estimated
probability of failure. The adaptive sampling region is obtained
by truncating the (μx ± 5σx) region based on a certain threshold.
Zhang et al. (2020) proposed a similar truncated sampling region
as a sampling center for a smaller local sampling region that acts
as candidate points for the algorithm. Song et al. (2021) intro-
duced a uniform distributed sampling region based on the
6-sigma rule (μx ± 6σx) and proposed a framework that makes
the model refinement independent of the reliability evaluation
process. The n-sigma rule-based sampling region may face the
curse of dimensionality: the efficiency dramatically drops when
the failure probability is low, and the problem dimension is
high, as a lot of unnecessary samples would be generated.

This paper introduces a new adaptive Kriging approach called
Adaptive Hyperball Kriging Reliability Analysis (AHKRA). The
proposed method uses a novel sampling technique that is itera-
tively updated according to the estimated probability of failure.
The new sampling region is generated with no additional
unnecessary samples. The rest of this paper is structured as fol-
lows. Section “Kriging Theory and Formulation” briefly reviews
Kriging theory and its formulation. A detailed explanation of
the proposed AHKRA method is presented in the section
“Adaptive Hyperball Kriging Reliability Analysis”. Section
“Numerical Examples” provides four examples to verify the per-
formance of AKCS. Finally, this paper is concluded in the section
“Conclusion”.

Kriging theory and formulation

In regression, the primary focus is to get the target scalar value for
every input vector. The Kriging model is an interpolation tech-
nique that comprises a parametric linear regression model and
a nonparametric stochastic process.

y = F(X, w)+ 1(X), (2)

F(X, w) = f (X)Tw, (3)

where f(X, w) represents the regression model, f(X)T = [ f1(X),
f2(X), …, fk(X)] is the basis function, and wT = [w1, w2, …, wk]
is a vector of weights parameter of the model. In Ordinary
Kriging, f(X, w) is taken as w, thus Eq. (3) can be simplified as

y = w+ 1(X). (4)

Here ε(X) represents the stationary Gaussian process with zero
mean, and the covariance between two points of space Xi and
Xj is expressed by:

cov(1(Xi), 1(Xj)) = s2Ru(X i, X j), (5)

where σ2 and Ru(Xi, Xj) are the process variance and the correla-
tion function, defined by its parameter θ.

In Kriging, there are several available correlation functions.
The Gaussian or squared exponential correlative model is usually
used.

Ru(Xi, Xj) =
∏n
k=1

exp [−uk(X
k
i − Xk

j )
2
], (6)

where Xk
i , X

k
j , and θk are the kth component of Xi, Xj, and θ,

respectively.
Consider a training set D with n observation, D = [(Xi, yi) | i =

1, …, n], where Xi denotes an input vector with d-dimension and
yi denotes the scalar output of the set. The parameter w and pre-
dicted variance σ2 are estimated as

w = (1TR−1
u 1)−11TR−1

u y, (7)

s2 = 1
n
(y − 1w)TR−1

u (y − 1w), (8)

where 1 is a n × 1 unit vector and Rui,j = Ru(Xi, Xj) is the correla-
tion matrix between each pair of points in the training set.

Equations (7) and (8) both require the correlation matrix with
the correlation parameter θ. The correlation parameter θ can be
obtained through the maximum likelihood estimation expressed
below:

u = argmin
u

(|Ru|)1/ns2, (9)

For an unknown point X, the best linear unbiased predictor
(BLUP) ŷ is shown as a Gaussian random variate
ŷ � N(mŷ, sŷ) computed by the following equations:

mŷ = w+ r(X)R−1
u (y − w1), (10)

s2
ŷ = s2(1+ u(X)T(1TR−1

u 1)−1u(X)− r(X)TR−1
u r(X), (11)

where r(X) = [Ru(X, X i)]i=1,...,n is the correlation vector between
point X and points in the training set and u(X) = 1TR−1

u r(X)− 1.

The gradient of ŷ is defined as ŷ′ = ∂ŷ
∂X1

, . . . , ∂ŷ
∂Xn

[ ]T
can be

expressed as

ŷ′ = JTr R
−1
u (y − w1), (12)

where Jr is the Jacobian of r(X),

(Jr)ij =
∂Ru(X, Xi)

∂Xj
. (13)

The process of calculating Eqs (10)–(13) may be implemented
with the DACE toolbox (Lophaven et al., 2002). The toolbox has
been used in many Kriging Refs. (Kaymaz, 2005; Echard et al.,
2011; Lv et al., 2015; Song et al., 2021).

Adaptive hyperball Kriging reliability analysis

Adaptive sampling method

In AHKRA, non-normal and correlated random variables are
transformed into independent standard normal first. The adaptive
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sampling will subsequently take place in standard normal space.
Recently, many studies have proposed to use adaptive sampling
regions to replace MCS samples as the candidate samples for
adaptive Kriging. However, these adaptive sampling regions are
based on EGRA or n-sigma rule and thus have unnecessary sam-
ples that need to be removed. This problem is alleviated by remov-
ing samples with a joint probability density lower than a
particular value. The approach is commonly called rejection sam-
pling. However, rejection sampling still leads to a lot of unwanted
samples in proportion to the accepted samples. As the dimension
of the problem grows, the acceptance ratio becomes excessively
small. Figure 2 illustrates an example with a radius of one in a
unit hypercube. The acceptance rate (green area) for rejection
sampling drops significantly from ∼78% to ∼53% as the dimen-
sion increases from 2 to 3. In a 5-dimensional hypercube, the
acceptance rate further drops to merely ∼0.2%, which is highly
inefficient.

Instead of using a truncated sampling region as the candidate
pool, AHKRA adopts a hyperball as its domain. By directly sam-
pling in a hyperball, the proposed algorithm can avoid the draw-
back of using rejection sampling. Sampling uniformly distributed
random numbers inside a hyperball can be done by following
Muller’s algorithm that follows (Muller, 1959):

x = RU1/d

‖Z‖2
Z, (14)

where R is the radius of the hyperball, U is a uniformly distributed
random number, Z is a d-dimension standard normal random
number, and ‖·‖2 denotes Euclidian norm.

The radius of the hyperball is set to represent the precision of
the reliability analysis. The failure region may not be entirely rep-
resented by the hyperball with too small of a radius, resulting in
an inaccurate estimation of the probability of failure. On the other
hand, a larger radius can cover a lower joint probability density,
but it may incur unnecessary costs. Thus, a balance between
accuracy and computational cost needs to be achieved. So, in
AHKRA, the radius is determined by the number of samples
needed to calculate a probability of failure with a target coefficient

of variation (COV; Echard et al., 2011). The hyperball’s radius is
calculated by:

nreq = 1− P̂f

COV2P̂f
, (15)

R = −F−1 1
nreq

( )
, (16)

where P̂f is the estimated probability of failure, COV is the target
coefficient of variation, which in this paper is determined to be
0.05, and Φ−1( ⋅ ) denotes the inverse distribution function of
standard normal distribution.

AHKRA algorithm

The flowchart of the proposed AHKRA method is illustrated in
Figure 3. The AHKRA method is composed of a nested loop:
the inner loop deals with the active learning process of finding
samples to enrich the Kriging model, while the outer loop deals
with adjusting the region of interest that dictates the candidate
samples for the model refinement process.

The entire process of the proposed framework is composed of
the following steps:

1. Generate candidate samples inside the hyperball. N0 samples
are generated inside a sufficiently large hyperball domain.
Muller’s algorithm in Eq. (14) can be used to generate uni-
formly distributed samples inside the hyperball. In this
paper, a radius of six, which is enough to deal with a reason-
ably low failure probability, Pf≥ 10−9(Φ(− 6)), is deemed
enough to cover the area of interest. A larger hyperball may
be used depending on the need of the user. The population
size N0 of 104 samples is considered to be a good trade-off
between accuracy and computation effort.

2. Generate initial design of experiment (DoE) and construct the
Kriging model. The DoE in this study is defined as the group
of samples used to train the Kriging model. The initial DoE
consists of experimental samples constructed by generating
N1 samples using Latin Hypercube Design (LHD) in the

Fig. 2. Rejection sampling (a) 2-dimension with ∼78% acceptance rate and (b) 3-dimension with ∼53% acceptance rate.
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standard normal space. These samples are then evaluated on
the original limit state function and used to construct the
Kriging model. An ordinary Kriging model with a Gaussian
correlation function is chosen.

3. Define the region of interest for the model refinement process.
The candidate samples for the model refinement process are
chosen according to the radius computed using Eqs (15) and
(16). All the candidate samples with a radius higher than the
radius determined will be excluded from the candidate pool.
It is recommended to use a moderate value for nreq in calculat-
ing the radius for the first iteration; the value will be adjusted
automatically once the estimated probability of failure is calcu-
lated. The suggested value for the initial nreq is 10

4.
4. Identify the next optimal sample x* to enrich DoE. The learning

function is computed for every sample in the region of interest.
The learning function utilized the Kriging prediction (mĜ) and
variance (sĜ) to determine the next best point to incorporate
into the Kriging model. In this study, the ERF function is utilized
as the learning function, which is defined as (Yang et al., 2015):

ERF(x) = −sign(mĜ)mĜF −sign(mĜ)
mĜ

sĜ

( )
+ sĜw

mŷ

sŷ

( )
, (17)

where Φ( ⋅ ) and w( ⋅ ) denote the cumulative distribution func-
tion and the probability density function of standard normal dis-
tribution, respectively. The ERF function indicates the risk of a
sample being wrongly predicted by a Kriging model. Thus, the
sample with the highest ERF value is chosen as the next optimal
sample x*.

5. Check the learning stopping condition. The model refinement
phase is stopped when the learning stopping condition is
reached. The stopping condition corresponds to the learning
function value of the next optimal sample x*. For the ERF
function, the threshold value is defined as ERF(x*)≤ 1 ×
10−4. If the stopping condition is not satisfied, the optimal
sample x* is evaluated and added to DoE. Once added to the
DoE, the sample is removed from the candidate pool to
avoid duplicated samples. The method then iterates and goes
back to Step 4.

6. Estimate the probability of failure. Once the leaning stopping
condition is satisfied, the model is deemed accurate enough
to represent the area of interest. The probability of failure is
estimated using MCS, with the limit state functions replaced
by the trained Kriging model. The probability of failure is esti-
mated by the equation below:

P̂f =
nmĜ≤0

nMCS
, (18)

where nmĜ≤0 is the number of samples with Kriging prediction
(mĜ) less or equal to zero.

7. Check the coefficient of variation stopping condition. Once the
estimated probability of failure is estimated, the coefficient of
variation is checked to ensure that enough samples are gener-
ated to obtain a reliable estimation. Here, a coefficient of var-
iation lower than 0.05 is deemed acceptable (Echard et al.,
2011). The coefficient of variation is calculated by:

COV
P̂f
=

									
1− P̂f

P̂f nMCS

√
. (19)

If the stopping condition is not satisfied, nMCS is increased, and
the method returns to Step 3 to update the area of interest to
match the estimated probability of failure.

8. The AHKRA algorithm terminates. The proposed algorithm
terminates when the coefficient of variation is lower than 0.05.

Discussion

The proposed AHKRA is an active learning algorithm that uses
an adaptive hyperball as its sampling region. Other similar algo-
rithms, such as ISKRA (Wen et al., 2016), AKOIS (Zhang et al.,
2020), and AFBAM (Song et al., 2021), also generate an alterna-
tive sampling region to replace the MCS samples. Although these
algorithms appeared similar, several key features set the proposed
AHKRA apart from the previously stated algorithms. First,
AHKRA directly samples in the hyperball. This is more efficient
than generating samples in an n-sigma sampling region, especially
when the dimension is high. Second, another novel feature of
AHKRA is that it represents the precision of the reliability analysis
by using the radius of the hyperball rather than using joint prob-
ability densities. Third, AHKRA determines the radius according
to the number of samples required to calculate the estimated
probability of failure with a target coefficient of variation.

Fig. 3. A global flowchart of the proposed AHKRA algorithm.
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Sensitivity analysis of parameters

A sensitivity analysis is conducted to investigate the optimal
parameter for AHKRA. The algorithm has three parameters
that can be modified: candidate sample size (N0), initial DoE
size (N1), and the number of required MCS samples (nreq).
However, the N0 parameter has a constant value throughout
the reliability process. The N1 should start small since the addi-
tional samples will be added by the active learning process,
while the nreq will be adjusted automatically in Step 3.
Therefore, the N0 parameter has the most significant impact on
the reliability result compared with the other parameters. In
order to obtain the optimal parameter, the AHKRA will be tested
on the following reliability problem with four random variables
that follows x1…4 =N(10,3). The limit state function reads:

G(x) = x21 + 5x1 + 2x22 + 7x2 + x23 − 8x3 + x24 + 5x4

− 200. (20)

The reliability result of the problem is listed in Table 1. The
table shows that as the number of candidate samples grows, so
does the Kriging prediction. However, the computing cost of
Kriging is low, it is not completely free; hence, as the
number of candidate samples grows, the computational cost will
become increasingly evident. A larger candidate sample also
translates to more information for the Kriging model to account
for, which increases the number of DoE required, as seen in
Table 1. It is shown that after 104 samples, the improvement in
the Kriging model has no significant impact on the probability
of failure while needing a substantially larger computing cost.
As a result, the population size (N0) of 104 samples is thought
to be a suitable compromise between accuracy and computing
effort.

Numerical examples

The performance of the proposed AHKRA method is tested
on 12 reliability problems with various characteristics. The
problems consisted of ten mathematical problems with different
dimensions and two engineering practical problems. In each
case, the reference probability of failure is estimated using
crude Monte Carlo Simulation. The comparison criteria include
the total number of samples and relative error. Reliability Index
(β) is used when calculating the relative error because it empha-
sizes a low probability of failure. The reliability index can be
calculated by

b = −F−1(Pf ), (21)

where Φ−1(x) is the standard normal inverse function. The rela-
tive error using the reliability index can be calculated by

err = |b̂− bMCS|
bMCS

× 100%. (22)

For the practical case, the AHKRA method will be compared
with several recent Kriging-based methods: Adaptive Failure
Boundary Approximation Method (AFBAM; Song et al., 2021)
and AK-MCS (Echard et al., 2011) with different learning func-
tions, namely AK-MCS + ERF, AK-MCS + U, and AK-MCS + H.
For comparison, all methods start with an initial sampling
space of 104 samples and an initial DoE of 15 samples. Since
the initial DoE is random, each method is performed ten runs
to measure its robustness. The learning criterion and stopping
condition for each learning function used in this study are listed
in Table 2.

Mathematical cases

In order to validate the performance of AHKRA, ten different
mathematical problems with different dimensions are used. In
order to validate the performance of AHKRA, ten different math-
ematical problems with varying conditions are assessed over ten
runs: highly nonlinear limit state function, non-normal distribu-
tion, different dimensional problems, and multiple failure
modes with series or parallel system. The details of the problems
are shown in Table 3.

The reliability results of the mathematical cases are shown in
Table 4. As can be seen in Table 4, AHKRA can consistently
obtain a good approximation over multiple problems with fewer
samples (average of 78.38) than AFBAM (average of 211.1).
This is because AFBAM’s multiple stopping conditions hinder
its efficiency. Aside from the efficiency issue, the AFBAM also
has a difficulty in solving Case 2. The AFBAM algorithm cannot
converge and continue adding non-essential samples until no
more samples are left because the screened candidate samples
based on the distance to the classification boundary are all used
in the DoE. The convergence difficulty is caused by the ineffi-
ciency of generating important candidate samples in a high-
dimensional problem.

The process of picking and enriching samples in AHKRA is
illustrated in Figure 4 where AHKRA is applied to solve the two-
dimensional nonlinear problem in standard normal space.
AHKRA starts with 15 samples in the initial DoE, as shown in
Figure 4a. The Kriging prediction yields a dashed line as the pre-
dicted limit state function, whereas the true function is shown as a
solid line. AHKRA then finds the most informative samples to
add to the DoE, which is shown in Figure 4b. The model will
keep improving the prediction until the limit state is well-defined
enough. Here, a larger radius is needed for a low probability of

Table 1. The reliability result of the sensitivity analysis

N0 Ns Pf β err (%) Time (s)

1.00 × 10+02 24 2.115 × 10−02 2.030557 5.20718 0.3138

1.00 × 10+03 24 2.610 × 10−02 1.941481 0.59198 0.3671

1.00 × 10+04 33 2.640 × 10−02 1.936553 0.33667 1.2274

1.00 × 10+05 56 2.635 × 10−02 1.937371 0.37905 19.7129

Note: Ns is the average number of samples in the DoE; Pf is the average probability of failure;
β is the reliability index; err is the average relative error calculated in Eq. (22).

Table 2. Learning and stopping conditions for each learning function

Learning
function ERF U H

Learning
criterion

max (ERF(X)) min (U(X)) max (H(X))

Stopping
condition

max (ERF(X))≤ 0.0001 min (U(X)) ≥ 2 max (H(X)) ≤ 0.1
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failure, so AHKRA determines a suitable radius based on the esti-
mated probability of failure. Observe the increase in radius from
Figure 4b, c. By selecting an appropriate radius, the AHKRA

algorithm can concentrate on the area with enough impact on
the failure probability, thus avoiding unnecessary function
evaluation.

Table 3. Mathematical cases

Case Limit state function Random variables Description

1 G(x) = x1 + 2x2 + 2x3 + x4 − 5x5

− 5x6 + 0.001
∑6

i=1
sin(100xi)

x1...4 = LN(120, 12)

x5 = LN(50, 15)

x6 = LN(40, 12)

Multivariate linear LS with noise (Thedy and Liao, 2021)

2 G(x) = 2+ 0.015
∑9

i=1 x
2
i

( )− x10 x1…10 = N(0, 1) Multivariate quadratic LS (Thedy and Liao, 2021)

3

G(x) = max

2.677− x1 − x2
2.500− x2 − x3
2.323− x3 − x4
2.250− x4 − x5

⎧⎪⎪⎨⎪⎪⎩
⎫⎪⎪⎬⎪⎪⎭

x1…5 = N(0, 1) Parallel system with linear LS (Thedy and Liao, 2021)

4
G(x) = min −x1 − x2 − x3 + 3

		
3

√
−x3 + 3

{ }
x1…3 = N(0, 1) Series system with linear LS (Thedy and Liao, 2021)

5
G(x) = 1.2− 1

20
(x21 + 4)(x2 − 1)

+ sin
5
2
x1

( )
x1,2 = N(0, 1) Bivariate nonlinear LS (Teixeira et al., 2020)

6 G(x) = 2− (x1 + 0.25)2

+ (x1 + 0.25)3 + (x1 + 0.25)4 − x2

x1,2 = N(0, 1) Bivariate nonlinear LS (Thedy and Liao, 2021)

7

G(x) = min

3+ (x1−x2)
2

10 − (x1+x2)	
2

√

3+ (x1−x2)
2

10 + (x1+x2)	
2

√

x1 − x2 + 7/
		
2

√
x2 − x1 + 7/

		
2

√

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
x1,2 = N(0, 1) Series system with nonlinear LS (Chen et al., 2019)

8
G(x) = 0.5(x1 − 2)2 − 1.5(x2 − 5)3 − 3

x1,2 = N(0, 1) Bivariate small failure probability problem (Chen et al., 2019)

9 G(x) = x31 + x21x2 + x32 − 18 x1,2 = N(0, 1) Bivariate nonlinear LS (Peijuan et al., 2017)

10 G(x) = 0.489x1x4 + 0.843x2x3
− 0.0432x5x6 + 0.0556x5x7

+ 0.000786x27

x1...4 = N(1.38, 0.3)

x5 = N(0.3, 0.06)

x6,7 = N(0, 10)

Vehicle-side impact problem (Zhang et al., 2019a)

Table 4. The reliability result of mathematical cases

Case

MCS AHKRA AFBAM

Ns Pf Avg Ns Avg Pf Avg err (%) Avg Ns Avg Pf Avg err (%)

1 4.0 × 10+04 1.23 × 10−02 78.8 1.22 × 10−02 0.182 251.6 1.24 × 10−02 0.086

2 3.0 × 10+04 1.66 × 10−02 109.6 1.51 × 10−02 1.837 411.3 1.55 × 10−02 1.251

3 2.0 × 10+06 2.21 × 10−04 152.4 1.82 × 10−04 1.464 245.3 1.30 × 10−04 3.922

4 2.0 × 10+05 2.58 × 10−03 167.5 2.51 × 10−03 0.326 204.7 2.54 × 10−03 0.167

5 9.0 × 10+04 4.64 × 10−03 44.3 4.58 × 10−03 0.183 167.2 4.63 × 10−03 0.031

6 2.0 × 10+04 3.39 × 10−02 26.9 3.47 × 10−02 0.591 59.1 3.45 × 10−02 0.433

7 2.0 × 10+05 2.14 × 10−03 70.5 2.20 × 10−03 0.334 390.2 2.01 × 10−03 0.668

8 2.0 × 10+07 2.87 × 10−05 21.7 2.87 × 10−05 0.010 46.5 2.85 × 10−05 0.031

9 7.0 × 10+04 5.63 × 10−03 23.3 5.82 × 10−03 0.465 51.4 5.83 × 10−03 0.488

10 3.0 × 10+06 1.54 × 10−04 88.8 1.67 × 10−04 0.588 283.67 1.64 × 10−04 0.472

Average 78.38 – 0.598 211.1 – 0.755

Note: Avg Ns is the average number of samples in the DoE; Avg Pf is the average probability of failure; Avg err is the average relative error calculated in Eq. (22).
Significance of bold values are to highlight the proposed AHKRA performance.
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Practical cases

Dynamic nonlinear oscillator
The next case is the dynamic nonlinear oscillator (Pan and Dias,
2017; Kim and Song, 2020), shown in Figure 5. The parameters of
the random variables are listed in Table 5. The limit state function
is formulated as follows:

G(c1, c2, m, r, t1, F1) = 3r − |smax|, (23)

smax =
2F1
mv2

0
, t1 ≥ p

v0
,

2F1
mv2

0
sin

v0t1
2

( )
, t1 ,

p

v0
,

⎧⎪⎪⎨⎪⎪⎩ (24)

where v0 =
					
c1+c2
m

√
, smax is the maximum displacement of the

oscillator, and r is the yielding displacement of the springs.

Fig. 4. Illustration of AHKRA for the series system with
the nonlinear limit state.

Fig. 5. Dynamic nonlinear oscillator.
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The estimation results are compared in Table 6. The AHKRA
method shows excellent efficiency and consistency while attaining
high accuracy. All the other methods, except AHKRA, require a
large number of samples to perform the estimation, whereas
AHKRA only requires an average of 54.5 samples, which is less
than half of what is required for the other methods. The faster
convergence happens by using LHD to generate the initial DoE,
which covers more area than random sampling from the candi-
date pool. Although AFBAM also uses LHD for the initial DoE,
it has multiple stopping conditions aside from the usual learning
stopping condition, making it too conservative and less efficient.

Two-bay six-story steel frame structure
The application of AHKRA is further showcased in a two-bay
six-story steel frame structure (Zhang et al., 2019b). This case is
illustrated in Figure 6. Each story in the structure is 3 m in height,
and each bay is 7.5 m in width. The structure is subjected to lateral
loadings, which are applied in every story. The random variables of
the frame structure are as follows: the modulus of elasticity E, the
moment of inertia I, and lateral loads P1–P6. The details of these
random variables are listed in Table 7. The limit state function
for the structural reliability analysis is formulated as:

G(x) = d0 − Dmax(x), (25)

where d0 is the allowable drift, which is assumed to be 33 mm, and
Dmax(x) is the maximum inter-story drift obtained using a linear
finite element model assuming that all members are axially rigid.

Table 8 compares the proposed AHKRA method with
AK-MCS + U, AK-MCS + ERF, AK-MCS +H, and AFBAM.
Overall, AHKRA provides a more accurate estimation using
fewer samples than the other methods. Facing a small failure
probability, the AK-MCS approach encounters difficulties. First,

Table 5. Characteristic of random variables for the dynamic nonlinear oscillator

Random variables Distribution Mean Std

m Normal 1 0.05

c1 Normal 1 0.1

c2 Normal 0.1 0.01

R Normal 0.5 0.05

F1 Normal 0.6 0.2

t1 Normal 1 0.2

Fig. 6. Two-bay six-story steel frame structure.

Table 7. Characteristic of random variables for the two-bay six-story steel
structure

Random variables Distribution Unit Mean COV

Ebeam Lognormal N/m2 2 × 1010 0.1

Ibeam Lognormal m4 1 × 10−3 0.1

Ecolumn Lognormal N/m2 2 × 1010 0.1

Icolumn Lognormal m4 1.5 × 10−3 0.1

P1 Normal N 2.5 × 104 0.25

P2 Normal N 2.8 × 104 0.25

P3 Normal N 2.9 × 104 0.25

P4 Normal N 3.0 × 104 0.25

P5 Normal N 3.1 × 104 0.25

P6 Normal N 3.2 × 104 0.25

Table 6. Reliability results of the dynamic nonlinear oscillator

Method Avg Ns std Ns Avg Pf Avg β Avg err (%) Avg time (s)

MCS 2.00 × 10+04 – 2.86 × 10−02 1.902 – 0.58

AHKRA 54.5 2.7588 2.85 × 10−02 1.903 0.048 2.32

AK-MCS + U 147.4 6.8346 2.87 × 10−02 1.900 0.080 22.94

AK-MCS + ERF 138 4.6188 2.85 × 10−02 1.903 0.056 36.35

AK-MCS + H 173.1 8.2792 2.85 × 10−02 1.904 0.113 106.86

AFBAM 198.4 29.4249 2.83 × 10−02 1.906 0.218 95.69

Note: std Ns is the average sample standard deviation of the number of samples in the DoE; Avg β is the average reliability index; Avg time is the average computation time.
Significance of bold values are to highlight the proposed AHKRA performance.
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if the initial DoE cannot capture the failure region, even with a
large number of samples, the AK-MCS approach cannot yield
estimates of the failure probability. Second, as more samples
have to be incorporated into the DoE, the Kriging prediction
becomes more expensive and often runs out of memory quickly.
The AFBAM method, while providing a close estimate, takes 7.3
(347.5/47.6) times more samples than AHKRA. This problem is
similar to Case 2 of the mathematical case, in which not enough
candidate samples near the limit state function are generated since
the majority of the samples are generated outside the crucial area
(hyperball).

Conclusion

The present study develops an adaptive sampling approach that
focuses on a hyperball-based sampling region to estimate the
probability of failure in reliability analysis. The proposed
AHKRA method picks samples in a hyperball instead of an
n-sigma rule-based sampling region. AHKRA uses the radius of
the hyperball to express the precision of reliability analysis as
an alternative to using joint probability densities. The AHKRA
method takes samples from the hyperball, the radius of which
is determined by the number of samples needed to calculate a
probability of failure with a given coefficient of variation. The
radius of the hyperball is iteratively updated to achieve a balance
between accuracy and efficiency.

The performance of AHKRA has been tested on ten mathe-
matical cases with various characteristics and two practical
cases: a dynamic nonlinear oscillator and a two-bay six-
story steel structure. In each case, the AHKRA method consis-
tently yields a more accurate estimate of the failure probability
with relatively low computation time compared with other
Kriging-based methods. The numerical examples demonstrate
the superior performance of AHKRA to previous methods
in different circumstances: nonlinear limit state function,
non-normal distribution, small failure probability, multiple
failure modes, and practical frame structure. The case studies
confirm the promising applications of the proposed AHKRA
method.
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