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INVERSE z TRANSFORM AND
MOMENT PROBLEM

ALDO TAGLIANI

Faculty of Economics
Trento University
38100 Trento, Italy

Numerical inversion of a one-sidextransform corresponding to causal positive
sequencgs consideredlThe numerical inversion requires the availability of a finite
number of the transform’s derivative€ghe approximate analytical form is obtained
by resorting to the maximum entropy principkntropy and themh ;-norm conver-
gence are proved

1. INTRODUCTION

We consider a positive discrete functifin(typically a probability distributioh
which takes on nonzero values only for the non-negative intéger$orn=0,1,2,...
andf, = 0 forn < 0), so that> ", f, = 1. The corresponding one-sidedransform
(also known as the probability generating funclisngiven by

F(z) = i f,z" (1.2)

wherez is a complex variable an&(z) is an analytic functionOnce F(z) is
assignegdthe inverse problem consists in recoveriggFrom the adopted hypoth-
esis abouf,, F(2z) is defined at least fojz| = 1 and is infinitely differentiable for
|z| < 1.

Classical methods for carrying out the inversias power serigsnspection
method partial-fraction expansigror the inversion formula

1 F(2)

n 27Tj c zh+1

dz, n=012,..., (1.2)
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whereC is a circle defined in the counterclockwise senkege enough to enclose
the poles ofF(z), are well known | would quote even the methptased on the
intermediate value theoremiving each term of the sequenfz¢hrough the relation

n

f, =

o 47 F(z) L n=01L12,....
Efficient evaluation ofi"F(z)/dz"|,, is provided by the Lyness algorithf], for
instance

When the analytical form of (z) does not allow us to resort to the previous
methodsthen numerical methods based on the discrete inverse Fourier transform
are availablethe discrete Fourier transformfyfis simply the set oF (z) samples at
uniform spacing around a circle in tlzgplane There are some cases in which the
F(z) analytical form is notimmediately availablkes only the functional equation of
F(z) is known We are referringfor instanceto the queueing systent&leinrock
[4]). If f,indicates the probability distribution of the number of customers served in
a busy periodthen itsz transformF(z) satisfies the functional equation

F(z) = zB*[A — AF(2)], (1.3)

whereA represents the average arrival rate Bii¢t) is the Laplace transform of the
service-time distributionExcept in the cases wheBg(-) assumes a simple form
F(z) is not available from the solution @f.3). Neverthelessin such a caset is
possible to obtain the momenig of f, given by

W= 2, k=12..., Ho=1 (1.4)
n=0
and related td-(z) derivatives evaluated at = 1, through the relationship
) dk
>nn=1)(n-2) - (n—k+1f,=2“—F(2) (1.5)
n=0 dz =1

by assigning t& the successive values?].... In particular

Ho

I
M

f,=F (1), U, = > nf,=F'(1),
n=0

0

=]
[

ho= > n*fy=F"(1) + F'(1),
n=0

be= S N3, = F7(1) + 3F7 (1) + F(1). 1.6)
n=0

Thus the problem of recovering an infinite positive discrete sequence from the
knowledge of itd-(z) transform or equivalentlyof its momentgy, k=1,2,..., is
related to the classical Stielties moment prohléar practical purpose®nly a
finite number of momentg,, k=12,..., M, is assignedThe problem of recovering
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f,is then underdetermined and it is necessary to resort to choice crit€hiemax-

imum entropy(ME) principle (Jayne$2]) indicates a way to select one solution of

an underdetermined inverse problem without improperly adding information
Define the Shannon entropy][ f,] of f, sequence by

H[ f,] = —i f.Inf,. 1.7)

The use of Lagrange’s multipliers method to maximize the entf@py, subject to
constraintg1.6), provides the Lagrangian

= —i fnlnfn—()to—l)<§: fn—p0> —2)\,(% n’fn—ur>, (1.8)

from which we obtain the analytical form of tHg" approximant(Kesavan and
Kapur[3])

M
fM) = exp(—z A ni> (1.9
)

(the positivity of the approximant is thus guarantgadherea;, j =0,1,..., M, are
the Lagrange multipliers satisfying the constraints of the moments

[ee]

> M =p,  k=0,...,M (1.10)

(obviouslyAy = 0). Then the entropyH[ f{™]is given by
H[ fM)] = 2 £M) |n f(M) = 2/\ . (1.11)

From(1.10) (settingk = 0) and(1.9), Ao can be obtained as a functiondf,..., Ay

Ao = In{ 2 exp< % A;nl )}, (1.12)
=1

OnO

A is a convex function of4,..., Ay (Kesavan and KapyB]) and

io exp(—g:1 A nj>
s

Zexp(— )\Jni)
n=0 j=1
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Consequentlytaking into accoun¢1.12),

M M
H[ f™W] = poln{ 2 exp< > /\,-ni)} + DAY (1.14)

Ho n=0 j=1 j=1
is a convex function ofi4,...,Ay. Then for practical purposed.agrange’s multi-
pliers are obtained by calculating the minimumi-bf f™], asoH[ fM]/0A, = 0,
k=1...,M, provides(1.13).

Thus the unknowrf, sequence is substituted by an approxinfaht given by
(1.9), where the Lagrange’s multipliers, j = 1,..., M, are obtained by minimizing
the entropyH [ f{™] given by(1.14), whereas), is obtained by(1.12).

It will be proved that the, M approximant converges in entropyfig in the
sense that

fim H M7 = HI ] (1.15)

by assuming an infinite sequence of moments exl$te entropy convergenc#.15)
impliesL-norm convergencéCover and Thomal]):

1 1
HLEM™T = HE ] = o I = flE= o [ - G2, (L16)
Thus (1.15) and(1.16) justify the choice of (M as an approximant

2. GENERAL RESULTS OF THE STIELTUES MOMENT PROBLEM

We recall some classical results concerning the Stieltjes moment problem which will
be used in the entropy convergence pr&ich results are drawn essentially from
the classic book of Shohat and Tamarlé.

Given a setof moments, j =0,1,..., the Hankel's determinants are defined as

Ho .- Hn
No—po A= A 2.1)
0 uOv 1 |J.1 uz’ ces8n . . L ) .
Hn o - Hon
M1 .o Hnga
T I e U B (2.2)
Mz Hs
Mn+1 -+ Honta

2.1 ™ Existence
Existence conditions of aiy sequence are given by the following theorem

THEOREM 2.1: In order that there exists ap $olution not reducible to a finite set of
points it is necessary and sufficient that

A,>0, A®>0 n=041.... (2.3)
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In order that there exists aR $olution consisting of precise(k + 1) points distinct
from n= 0, it is necessary and sufficient that

A0>0""7Ak>0’ Ak+1=Ak+2="'=07

(2.4)
AY >0, ...,A0 >0 Al =AY,=---=0.

In order that there exists,fsolution consisting of preciselk + 1) points one of
them at n= 0, it is necessary and sufficient that

A0>0,...,Ak>0, Ak+1:Ak+2:"‘:O,
(1) (@] (1) (1) (2-4a)
Ay >0, ...,A2; >0, AP =AY, = =0.

From Theorem 2, concernind, existence condition$™ existence conditions are
drawn as followslf M =1 or M = 4, thenf™ existence conditions are identical
to those foif, (Tagliani[8]). If M = 2 orM = 3, upper bounds for the moments
and s increaseWhenM = 2, 4, = p2(2 + 1/M,), and whenM = 3 andp, <
Y3(2 + 1/u,), the uz upper bound is graphically provided

For convergence purposédsan infinite sequence of moments is considered
then the moment problem determinacy must be taken into account

2.2 Determinacy

Moment problem determinacy concerns one-to-one correspondence béhaadn

its infinite moments sequenc@/e bound ourselves to quote a necessary and suffi-
cient condition guaranteeing the moment problem determinatyus associate to
the following sequencéShohat and Tamarkif6]) the moments sequenge(j =
0,1...):

A
a(0) = , n=12,..., 2.5
P 3 ] 23)

Motz ... Han

and similarly, p{Y(0) corresponding to thép,, l,,...} sequenceThe following
theorem hold$Shohat and Tamarki6]).

THEOREM 2.2: A necessary and sufficient condition for the Stielties moment-prob
lem to be determined is that at least one of the quantities

p(0) = lim pa(0),  p(0) = lim pi"(0) (2.6)

be equal to zero
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2.3 Geometrical Interpretation

Onceyy, ..., Wy are assigned with = 2n without loss of generalitylet i, , be
the ug value such thad, = 0. From

Mz ... Hnta
Ap = Mol : : P | +C, 2.7)
MHn+a  --- Man
whereC = C(y, ..., Hy,) and
M2 .. Hnta
0=Hon| : : P +C, (2.8)
Mn+a .- Man
we obtain
) = ; 12 2.9)
.(0) = = Uo — Hon» n=212,..., .
P M2 Mn+1 Ho ™ Ho,
Mn+a  --- Man

which represents the distance betwggand its lower boung, .. Asimilar relation
for p(0) with M = 2n + 1 holds Then

pn(o) = Uo - HE,n, prgl)(o) = p'l - uin (210)

3. ENTROPY CONVERGENCE

Entropy convergence implies the moment problem determinafywill prove
that limy,_,,, H[ f{™] = H[ f,]. From(2.6), it is necessary to consider two cases
separately

3.1. p(0) = lim,_,.p,(0) = O.

Let M = 2N without loss of generalityLet pg, ..., Wy be fixed andy, vary contin-
uously Then from (1.9), the Lagrange multipliers; are functions ofi,. By differ-
entiating(1.10) with respect tqu,, the differential system

dAo/do
Ap- : = - , (3.1)
dAn /dpo
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where unknown momentsy. 1, . .., Ham are calculated byl.13), is obtainedFrom
(1.11), by taking into account the first equation @& 1), we get

] = ot Sy N1 (3.2)
dl-lo n 0 j:OIJJ duo 0 .
and by (2.6) and(3.1),

d? di, 1

— H[fMW]= —=— <0 3.3

ag " T 4T T (39

holds Thus H[ f{™]is a differentiable concave function gf. Let us suppose that
the relationship

fim HE M7 = Hig > HI T,] (3.4)

holds At po =1, H[ f{™]> H[ f,] holds whereH[ ™ ]is the maximum entropy
sequence consistent with the assigned constrgints. , py. AS Lo — Ho, n, all the
sequences having,..., ly degenerate in the unique sequence having a finite num-
ber of positive valuesSuch a sequence has an entrapdicated byH,,i,, with
Hnin < H[ f.], for all the sequences havingp, ..., iy assigned as a consequence
of H[ f,] concavity Thus at the edges of the intervhiliy v, lo = 1], H[ f{™'] as-
sumes respectively the valtig,, < H[ f,]and a proper valud[ fM]>H[ f,]for
each sequench satisfying the constraintg, ..., v, beingf ™’ a maximum en-
tropy sequence

By increasingM, the moment problem determinacy hypothesis implies
limy_o Moy = Mo- Thus because oH[ fM’] continuity as a function ofuo,
H;m = H[f,] holds and so the result

hLim H[ M7 =H[ f,] (3.5)
is proved

3.2. p(0) = ¢ > 0 with ca Constant and p'"(0) = lim,,_.. p!"(0) =0

Let o, Mz..., Uy be fixed andy, vary continuouslyThen A; = A;(Hy),j =0,..., M.
By differentiating(1.10) with respect tqu,, the differential system

0
dAo/diy 1
Ap- : =—|0 (3.6)
dAy, /dpy :
0]
is obtainedFrom (1.11), by taking into account the first equation (¥6), we get
M .
diul HLfM]= A+ E)uj j—$= A1 (3.7)
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then

2
d_2 H[ fM] = d_Al: _AMJ
duz dpy An

(3.8)

holds Here Ay ; is obtained from\y, by deleting the second row and coluniy ;

is positive and is the determinant of the principal maBj,[ Ay ]Pw.. of M ordet
wherePy, ; is the permutation matrix interchangingarting from the second row
every row with the successive ariéhus H[ f{]is a differentiable concave func-
tion of u,. By taking into account the Y'(0) geometrical meaninghe same con-
clusions as in the previous case can be drave obtained result can be formulated
by means of the following theorem

THeEOREM 3.1: Wheneer the moments determine uniquely thedquence then the
maximum entropy approximant’ corverges in entropy to,f
Define the directed dergence

) fn
(T ™) = 3 fuln 5 (3.9)
n=0 n

for £ M) and {, having the same moments,|1. ., ly; then the following inequalities
hold (Caver and Thomas1]):

1
(M) — = (M) — (M) _ 2
H[fn ] H[fn] D(an fn )2 2|n2” fn fn”l

1
= —— | ™M — £, 2. 1
S I = 2 (3.10)

Thus entropy comergencegor, equialently, directed diergence implies Ly-norm
and then L,-norm comwergence

4. NUMERICAL RESULTS

We illustrate through a few exampldsorrowed from queueing systenibe accu-
racy of the approximate sequené’ as the numbeM of assigned moments is
increasedFor each examplehe following will be reported

L H[fM™T—H[f]

2. ” fn(M) - fn”:l.

3. ” fn(M) - fn”oo

4. M andf, graphical comparisan

For practical purposesve recall that the moments, j = 1,2,..., are obtained by
successive derivatives 6f(z) atz=1[(1.6)]. A; multipliers are calculated by min-
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imizing the entropyH[ f™] [(1.14)] as a function ofA4,...,Ay, Whereas\, is
obtained from(1.12).

Example IM/D/1 queug(Poissonian arrivaldeterministic service distributioh
Let f, be the distribution of the number served in a busy perft@) satisfies the
functional equatioriKleinrock[4])

F(z) = zexd p(F(2) — 1)], (4.1)

where 0< p < 1. By (4.1), successive differentiations (1), j = 1,2,..., are
obtained and thep;, j =1,2,.... Fortunatelyfor comparison reasonan analytical
solution of(4.1) is available

F(z) = i (np% e "wz" (4.2)

n=1

(theF(z) analyticity region includes the unit digk| = 1) from which we obtain the
exact sequence

_ (np)"?
B n!

f, e ", n=212,.... (4.3)

Graphical and numerical comparisons corresponding t@the0.25 value are re-
ported in Figure 1 and Table Herg H|[ f,] = 0.740467

Example 2 M/H,/1 (Poissonian arrivahyperexponential service distributign f,,
represents the queue size probability distribufikteinrock[4]). Then

F2) 3 1 3 w
7)) = — + )
32\1-2z 1-%z (4.4)

TaBLE 1. Comparison betweeif™’ andf,: Entropy L,-Norm, andL.-Norm
for Example 1

M HL ™ ] = H[ o] (R 6™ = fallo

1 0.931%F — 02 07691 — 01 0.3586E — 01
2 0.7446E — 02 0.694CE — 01 0:3266E — 01
3 0.2675 — 03 09760E — 02 0431CE — 02
4 0.2331E — 03 0.9044E — 02 03965 — 02
5 0.144CE — 04 02127E — 02 08094E — 03
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[&F 3
~

FiGcURE 1. Exact sequencéx) and approximate sequen¢solid line) for Exam-
ple 1

from which

=o|(2) +3(5)]  n-o012 45
"= 3|\ 5 3) | n=0,12,..., (4.5)

andH[ f,] = 1.819922; = 1.79166 andy, = 8.68055As [, > P2(2 + 1/Hy), f?

does not existexample already reported in Kesavan and Kd@liand Shorg 7],
includingf{?). Graphical and numerical comparisons are reported in Figure 2 and
Table 2

5. CONCLUSIONS

One-sided transform numerical inversigeorresponding to a casual positive infi-
nite sequencéypically a probability distributioi has been illustratedhe approx-
imant analytical form has been resorted to the maximum entropy principle
guaranteeing the approximant positivikact and approximate sequences are char-
acterized by the same moment$ie approximate sequence converges in entropy
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0.4

0.35

0.1

0.05

FIGURE 2. Exact sequenceé:) and approximate sequen¢solid line) for Exam-
ple 2

and then in the.;-norm For practical purposethe method requiresiniquely the

first moments of the unknown sequensach moments can be obtainedztyans-
form successive differentiation or by successive differentiation of the functional
equation satisfying thetransform itself

TABLE 2. Comparison betweeff™’ andf,: Entropy L,-Norm, andL.-Norm
for Example 2

M HL ™ ] = H[ o] |6 = falls 6™ = fallo

1 0.1307E — 02 04324E - 01 0167% — 01
3 0.7725% — 04 09285 — 02 02537E — 02
4 0.554% — 04 08107E — 02 02294E — 02
5 0.7650E — 05 03657E — 02 01421 — 02
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