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PROBLEMS AND SOLUTIONS

PROBLEMS

01.6.1. Minimax Median proposed by Stephen Portnoy and\G Bassett
Consider a random sample of sizgand write the data as an=r, by c = ¢,
matrix, {Xj:i =1,...,r,; ] =1,...,c,}. Clearly,

n=r,c,. 1)

To specify notation{X; } are ii.d. with c.d.f. F(x) and(continuous density
f(x). Let B8 denote the mediafF(B) = 0.5). Define an estimator that may be
called the “minmax-median” by

B = mjin{miax{xij}}. (2)

(@) Calculate the @l.f. of 3, and give a condition on, andc, for median-unbiasedness
(that is so thatB is also the median for the distribution @f). Note that this
condition together with(1), determines, andc,. Show that

r, = log(n)(1/log(2) + o(1)) = log,(n)(1+ o(1)). 3

(b) Show that(E’ — B)/rn converges in distributigrand find the limiting distribution
function

Remarks (1) Note that the minmax-median has superior computational proper-
ties it can be computed by only + log(n) comparisonswhich is much faster
than sorting the sample and is even faster than thedinparisons required by
the Floyd—RivestO(n)-algorithm (see Floyd and Rivesii975. Furthermorg
it requires only two storage locatiorfene for the running column mins and
one for the running maxes of the mjnglowever the result above shows that
B converges only at rate l¢g); and so computational advantages in speed and
storage come at a considerable cost in efficiency

(2) The second author was led to consider the minmax-median for its com-
putational storage and speed advanta@bs idea was sparked by Peé&tb81)
who introduced median estimators involving alternating mins and maxes in a
tree-structured manner somewhat akin to the “remedian” of Rousseeuw and Bas-
sett(1990.
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016.2. Identification of Parameters in Two Competing Risks Modpts-
posed by K. Sapra Consider the followingdependentompeting risks mod-
els in Problem 0@.1 for whichT = min(T,,T,), andé =1if T=T,, and O if
T =T, T, andT, are latent durations of risks 1 andg r2spectively Suppose
that (T;, T,) have the joint survivor functions

Model T S(t,,t,) = exp(—(Ast, + A,0)%), @ > 0 AuA, > O, (1)
Model 2 S(tl, tz) = 1/(/\1t1 + /\2t2 + 1)a+1, a > _1,)\1, )\2 > 0. (2)

Write down the likelihood function for each model (&) both T and§ are
observedand(b) only T is observedExamine the identifiability of parameters
for each model in casgs) and(b).

SOLUTIONS

00.6.1. First and Second Moments of Newey and West's HAC Covariance
Matrix Estimator under Normality-Solutiont proposed by Heinz Neudecker

(1) Basic isé = Mg, with M = I, — X(X’X)"1X’. For its ith component we
have & = mie = &'m;, wherem; is theith column of M. This yields &; =
Ki—j m{ss'mi_j = Ki_jE,mi mi/_j&‘ = Ki_jS,mi_j m{a = Ki_jE’Mij &, with M” =
3(m, mi_; + mi_;my).

(2) Foranydistributione ~ (0,Q) we get the expected value
E((I)U) = Ki,j mi/E(SS,)mi,j = Ki,j m;Qm|,] = Ki,jtr M'] Q.

(3) For thenormaldistributione ~ N(0, Q) we find the covariance
C((I)“ ’(;‘)k|) = Ki,j Kg—| C(S’Mij g, S,Mk| 8) = 2Ki,j Kk,|tl’ MIJ QMHQ

= Kj_j K (M QM M Qmy_; + mi Qmemi_; om, )

by Corollary 41(i) in Magnus and Neudeckét979.
(4) For any distributione ~ (0,1,) with independent; ande; and E(&*) = ¢ we
have

E(SS’ ® 88’) = In2 + Knn + (UeCIn)(Uedn)’ + (‘P - 3)Knnr

whereK,, is a commutation matrixK,, = S (Eq ® Ey). The square matrix
Ei has zero elements everywhere except intttie position which is unityFor
E(ee’ ® e&’) under normalitywheregp = 3) see Theorem.4(i) in Magnus and
Neudecker(1979. We then find
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E(e'M; e’ My €)
=E(e® &) (My ®My)(e ®e) =tr(My ® My )E(ee’ @ ee’)
= tr(Myj ® My) + tr(My ® My)K,,
+ tr(My ® My)(vecl,)(vecl,) + (¢ — 3)tr(M; ® MKy,
= (tr My)tr My + 2trMy My + (@ — 3tr(My @ M) Ky,
and further
C(&y, d) = Ki—j ki C(e'Mj &,8"My &)
= 26 Ky tr My Mg + (¢ — 3 ki ki tr(My @ Myg) Ky,

(5) Foranydistributione ~ (0, Q) derived asn¥/2s, whereé indicatese as in 4 we
find

C(d)ij7d)kl) = Ki—jKk—i C(‘S,Mij g,&'My€)
= 2Ki_j Ky tr M QM Q
+ (¢ — ) Ki_j Ky tr(Ql/zMij 02 ® 0Y2M, 0Y2)K,,

= 2K;_j K (M OM,_ M OmM_; + mQmemi_; Qm, )

n
+ (@ = B Ki_j Ky > Ay by,
=1

whereay (respectivelyby) is thettth element ofA = Q¥2M; QY2 (respectively
QY2M QY2).

NOTE

1. An excellent solution has been independently proposed by Jose Matos ,Rhsspsser of
the problem
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00.6.2. A Distributional Equality—Solution proposed by Paolo Parulcet

1 1
1 1 1

C = , R =

TXT L. T
1 1 1 1 1
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and let= indicate equality in distributianObserve thaRR= |, and writey :=
(Y1,...,¥7) = Ce, i := (4,...,1), andj := (1,2,...,T)" = Ci. Note that

ar = T~ y'My = T 1'C'MCe,

whereM := (I —iT %i’) is idempotentLikewisg by = T 'Q'Q whereQ =

y — jT'yr = Ce — CiT li'e = CMe, so thatb; = T e’MC’CMe. Thusar

and by are quadratic forms i with associated .8.d. matricesC’'MC and
MC’'CM; hencear andb; can be represented as weighted averages of indepen-
dent y? variables with weights equal to the eigenvalues of the associated ma-
trices If two matrices associated with two quadratic forms in standard normal
variables have the same eigenvalutb& two quadratic forms have the same
distribution Since the eigenvalues ®iC’'CM and CMMC’ = CMC’ are the
same this shows thab; = T 1e’'MC’CMe = T 1e'CMCle.

Now observe tha€’ = RCRandRC'R = C; note also thaRi =i andRMR=
R(I —iT %" )R=RR—iT %’ = M. One then ha€MC’' = RC'RMRCR=
RC'MCR and hencdy; =T 1e’/RC’'MCRe =: T 1¢'C'MC¢, whereé := Re
contains the same components of the veetar reverse ordeilt is simple to
note thate =& = N(0, 1), and thereford; = T 1&'C’'MCé =T 1'C’'MCe =
ar, proving L(ar) = L(by).

In order to see that this implied), let x, indicate the random variable on
the left-hand side ofl), and x, indicate the random variable on the right-
hand sideandt = [Tu]. Note that the invariance principle plus the continu-
ous mapping theorem applied 16 72y, = T"Y23! ¢ - B, implies that
T Y?2a; -% %, T Y2br - X,. This with £(ar) = L(br) shows that also
L(X1) = L(X3).

REFERENCE

K. Tanaka(1996 Time Series Analysis—Nonstationary and Noninvertible Distribution Thétmwy
York: Wiley.

https://doi.org/10.1017/50266466601006065 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466601006065

