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The classical regenerative method of simulation output analysis exploits the regen-
erative structure of a stochastic process to break up a path into independent and
identically distributed cycles based on a single sequence of regenerationlfisnes
process is regenerative with respect to more than one sequence of regeneration
times the classical regenerative method does not exploit the additional structure
and the variance of the resulting estimator for certain performance medsgres

the time-average variance consjaten vary greatlydepending on the particular
regeneration sequence choskna previous articlewe introduced an efficiency-
improvement technique for regenerative simulation of processes having two se-
guences of regeneration times based on permuting regenerative cycles associated
with the second sequence of regeneration pointshis article we show how to
exploit more than two regeneration sequenteparticulay for birth—death Mar-

kov chainsthe regenerations associated with hitting times to each state can all be
exploited We present empirical results that show significant variance reductions in
some casesand the results seem to indicate that the permuted estimator for the
time-average variance constant can have a variance that is independent of the pri-
mary regeneration sequence used to run the simulation

1. INTRODUCTION

The goal of a discrete-event simulation is typically to estimate some steady-state or
transient performance measure of a stochastic sydt@mexampleone may be
interested in determining the expected steady-state waiting times in a queueing sys-
tem or the time-average variance of the number of customers in the system

© 2000 Cambridge University Press  0269-96@8 $1250 179

https://doi.org/10.1017/50269964800142056 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964800142056

180 J. M. Calvin and M. K. Nakayama

The classical regenerative meth@rtane and Iglehaf¥]) of simulation output
analysis exploits the regenerative structure of a stochastic process to break up a path
into independent and identically distributed cycles based on a single sequence of
regeneration time®ne can then construct asymptotically valid confidence intervals

Many stochastic processes arising in practice are regenerative with respect to
more than one sequence of regeneration tirkes exampleif the process is an
irreducible Markov chain on a finite state spatten the successive hitting times to
any fixed state form a regeneration sequemt@vever the classical regenerative
method does not exploit the additional structure in such a madelthe particular
choice of the regeneration sequence can significantly affect the variability of the
regenerative estimator of certain performance measeigsthe time-average vari-
ance constant Unfortunately there are no reliable rules that can a priori select a
“good” regeneration sequence

In a previous articléCalvin and Nakayam@g4]), we introduced a new class of
estimators for simulations of processes with two sequences of regeneration points
The basic idea of the method is to run a simulation of a fixed number of regeneration
cycles corresponding to one sequence of regeneration ppersiute the cycles
corresponding to a second sequence of regeneration points to obtain a new sample
path and compute an estimate based on the new.jdib new estimator is the
average of the estimates computed for all possible permutafidres estimators
were proven to have the same bias and no gréatet at times significantly smaller
variance than the standard estimakbowever when simulating systems with more
than two regeneration sequences empirically found that the variance of the re-
sulting estimator can vary greatlgepending on the particular pair of sequences
chosenFor some pairghe variance was reduced by a factor of up,tb@ for other
pairs there was no variance reductioBecause it may be difficult to identify a
“good” pair of regeneration sequences prior to running the simulatios may not
be able to apply the method as a “black Hox

In this article we show how to exploit all regeneration sequences simulta-
neously when there are more than two such sequeli¢edegin by simulating a
fixed number of cycles with respect to one regeneration sequargeh we call
sequencd;. The idea is that simultaneously permuting cycles for all regeneration
sequences results in a new sample path that has the same distribution as the original
path The new estimator is obtained by averaging over all such transformed paths
which reduces variance even more than the previous method based on only two
sequencedVe derive closed-form expressions for the averagehe computational
overhead is smalltypically, the variance reduction far outweighs the additional
computational costs

We present numerical results that show that permuting all possible regeneration
sequences can yield large variance reductiapsto a factor of 66 in our experi-
mentg. The amount of variance reduction is at least as much as that obtained from
our previous method using any pair of sequendésreover(and perhaps more
significantly), the results seem to indicate that when estimating the time-average
variance constanthe method yields an estimator whose variability is little affected
by the choice of sequendg. Thus the method can apparently be used as a “black

https://doi.org/10.1017/50269964800142056 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964800142056

MULTIPLE-REGENERATIVE SIMULATION 181

box” because it does not rely on the user to specify difficult-to-choose parameters
(i.e,, which regeneration sequences to)use

The rest of the article is organized as follows Section 2we review the basic
idea of permuted regenerative estimators using two regeneration sequences and then
describe how to exploit more than two sequences under certain assumirions
Section 3we modify our permuted estimator based on only two regeneration se-
guences from Calvin and Nakayai#g to derive a new estimatoi/e then use this
to construct the permuted estimators for multiple regeneration sequences in Sec-
tion 4. In Section 5we extend some ideas developed in Calvin and Nakay&iia
prove a strong law of large numbers and a central limit theorem for the new per-
muted estimatohus we can construct confidence intervals for the estim&ec-
tion 6 presents the results of numerical experimeStame of the results of this
article appeaftwithout proofg in [6].

2. BASIC IDEA

We first review the basic idea of the approach using two distinct regeneration se-
quences and then describe how to exploit more than two sequeseee€alvin and
Nakayamd 4] for details on the technique in the setting of two regeneration se-
guencesLet X = {X(t):t = 0} be a continuous-time stochastic process having sam-
ple paths that are right continuous with left limits on a state sBace)t?. We can
handle discrete-time procesg&s: n=0,1,2,...}in this framework by letting(t) =
X for all t = 0, where| a] is the greatest integer less than or equal.to
LetT={T(i):i =0,1,2,...} be an increasing sequence of nonnegative finite
stopping timesConsider the random paiiX,T) and the shift

b1y (X T) = (X(T(i)) + =0, (T(K) = T(i)izi)-

We define the paifX,T) to be a(possibly delayefiregenerative proces@n the
classic sengef

i. {6r@)(X,T):i=0,12,...} are identically distributed
ii. foreachi =0, 67(;,(X,T) does not depend on the “prehistory”

(X(O)<ri), T(0), T(D),..., T(i)).

See Kalashniko{9, p. 19] for further details Simulation methods for regenerative
processes have been extensively investigéded see Shedldrl1] and references
therein.

We assume the following

AssumpPTION 1: There are s= 2 disjoint increasing sequences of nonneggafinite
stopping timesT, = {T4(i):i = 0,1,2,...} with T,(0) = 0, T, = {T,(i):i =
0,12,...},...,Ts={Ts(i):i=0,1,2,...}, such that X, T;) and(X,Tj), 2= j = s, are
all regeneratie processes

For exampleif X is an irreducible positive-recurrentdiscrete-timeor con-
tinuous-time Markov chain on the state sp&te, ...,s}, then we can defing to
be the sequence of hitting times to the sfafler 1 < j = s, where we assume that
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X(0) = 1. We use the terminology that fors j = s, thekth T;-cycleis the segment
of the sample path from timg(k — 1) to T; (k). Also, we call anyT, stopping time a
T;-regeneration.

We will develop estimators under the following assumption regarding the re-
generation sequences

AssumpTION 2: Any T-regeneration and any; T,-regeneration are separated by a
Ti+1-regeneration and any T,,-regeneration and any;¥egeneration are sepa
rated by a T, ;-regeneration

In other wordsno “cycles” are allowed in regeneration sequenées exam-
ple, the assumption disallows a process in which-aegeneration is followed by a
T,-regenerationwhich is followed by aTz-regenerationwhich is followed by a
Ti-regenerationOur assumption is satisfied by the following examples

Example 1:Let X be a birth—death Markov chain on the state sg&e€d1,2,3,...},
and define thd;-regeneration sequence to be the hitting times to gthte S Then
Assumption 2 holds

Example 2:1f the regeneration sequences of a process do not satisfy Assumption 2
they can be redefined in such a way that the assumption doesFtukican be
accomplished by redefining the regeneration sequences so that we “ignore” those
regenerations that would cause Assumption 2 to be viola¥edllustrate this point

with the example of the MG/1 queue with first-come first-served servite can
define theth regeneration sequence as the successive times that a departure leaves
j —1jobsin the system fgr=1,2,3,.... With this set of sequencgassumption 2

does not hold(This is because after a regeneration fromjthesequencghere can

be two customer arrivals before the next service completiowhich case the next
regeneration would be from tti¢ + 2)th sequenceand so there was no intervening
regeneration from thej + 1)th sequencg Instead we modify our definition of the
regeneration sequences so that after a regeneration frgith feguenceave ignore

the original regenerations until the next regeneration from eithet jthel)th, jth,

or (j + 1)th sequencewith this changeAssumption 2 holds=or more detailssee

the Appendix

We start by reviewing the technique that uses two regeneration sequ&éhees
simplest way of explaining the method is as follo@sippose that we want to esti-
mate some performance measayand we have available a “standard” estimator of
a, which we will denote byi(X), based on a sample paXof a fixed numbemof
T:- cycles Choose a regeneration sequeﬁp@ = j = s. Construct a new sample
pathX’ from X by permuting thelj-cycles in the pathMore specifically let M; be
the number of occurrences of stopplng times from the sequEicat occur durmg
the m T;-cycles in the pattX. Note that ifM; = 0 or 1, then the patX has no
T;-cycles and if M; = 2, then there is only oné -cycle. Assume now thall; = 3.
Then for the glven patrx we can look at theéM 1) T;-cycles in the pathWe
generate a uniform random permutation of (Vg — 1) T;- cycles within the pattX,
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and this gives us our new sample pathwhich also hasn T;-cycles Calvin and
Nakayamd4] prove thatX' andX have the same distribution

Now, for the new sample patK’, we can calculaté(X'), which is just the
standard estimator applied to the new sample gatbenote the number of possible
pathsX’ we can construct froX by permuting cycles bi(X), which depends on
X and is therefore random We label these pathé® = X, X@, ..., X NX) each of
which has the same distribution Xsand for each onave computei(X ). We
finally define our new estimator faz to be

. 1 N
&m(x) = W 21 &m(x(l))- (l)

In Section 3we present closed-form expressions for a specific permuted estimator
@m(X) when only using two regeneration sequences

Our purpose in this article is to show how to exploit all regeneration se-
quencesTo do this we create a new sample pat from the original pathX by
permuting all regeneration sequences simultaneoUgtyaccomplish this by first
permuting theT,-cycles then theT,-cycles and so onWe do this for alls regen-
eration sequences to get the new pAthwhich has the same distribution as the
original path We letN(X) denote the number of possible paths that can be con-
structed in this manngand we denote the paths b@“’, i = ],2,...,N(7(), as
earlier We then compute the new estimator usifig. In Section 4 we present
closed-form expressions for a specific permuted estimagX) when using all
regeneration sequences simultaneausly

3. TWO REGENERATION SEQUENCES

We consider estimating

a =E[UD)V(D)], (2
where
T, (k)
U(k) :fn“) fu (X(1)) dt, (3
Ty(k)
V(k) =L(kl) fu(X(1)) dt, (4)

fork=1, andfy, fy: S— 9N are some “reward” function¥ he standard estimator of
ais

- 1
(LX) = — ZIU(k)V(k), (5)

where the 1 inf,(1, X) denotes that th&-cycles are used to construct the estimator
We want to derive a formula for the permuted estimatoerofn Calvin and Na-
kayamd5], we described a class of performance-measure estimators that fall within
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this framework including likelihood-ratio derivative estimatofg.g., see Glynn

[8]), Tin estimators for the low-bias estimation of ratios of me@s, see Shedler

[11, p. 104], and estimators of the second moment of the cumulative reward over a
cycle and the time-average variance constartich appears in the central limit
theorem for the time-average rewaaly., see Shedlgrll, p. 100]).

ForZ = U andV, let Zfi(k) be thekth instance of the functional over an
excursion from &;-regeneration back to B-regeneration with no intervening-
regenerations fgr<< i, but with regenerations from the other sequences possible in
betweenFor exampleif the first six regenerationdfrom any sequengeon a par-
ticular sample path ar€,(0), T,(0), T.:(1), T»(1), T5(0), and T»(2), then U2T2(1) =
8 fu(X(®) dt i

Fori,j € S leth; ; be the number of times on the sample p4tiat a stopping
time from theT;-sequence is followed next by a stopping time fromTheequence
and number the instances of tAéunctional between these times as

Zi,j(l)azi,j(z)"-"Zi,j(hi,j)’
and similarly number th&’s as
Zh(0),215(2),...,ZTi(h i + ).

In Figure 1 we illustrate some of our notation with an example of a sample path
X of a continuous-time procegéon a continuous state spageThe regeneration
sequencd;, i = 1,2,3,4, corresponds to successive hits to siafEhe number of
Tl'CyCIeS ism= 4, andh4,4 = 0, h]_‘]_ = h2,2 = h3,3 = h3,4 = h4,3 = 1, h2’3 = h3’2 = 2,
andhlz = h2’1 =3.

In general @y,(1, X) will denote the expectation af,,(1, X) with respect to a
random ordering of all of the regeneration cycM first specialize to the case=
2. The following theorem generalizes a similar result that appears in Calvin and
Nakayamd5].

THEOREM 1: Suppose that there are=s2 regeneration sequences and we want to
estimatea defined in(2), and assume that fJ(1)?V(1)?] < co. The permuted
estimator is gien by

sh oo ' uho ' vouhe
| | | | | |
| | | | | |
4 | R R . ;/I\; T t T
3 | | | | | | | | | | | | |
R | | | | | | | | | | | | | x|
I l\:/l I I I I \:/\:/l |\|
1 | | | | | | | | | | | |
UM U 0,00 UM UM 0@ 0,00 U, U,,3) ¢
UL U () U@ U, U@ U ()

FiGURE 1. A sample path of a process with four regeneration sequences
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hiy hyo
am(:L )_{) W E U:Ll(k)vl,l(k) + 2 (ULz(k)VJ,z(k) + U2 1(k)V2 1(k))
11 12
1 M2 hy 2 hi2 h2
+ h_ 2 Uy (k) 2V21(J) + _ EVJ,z(k) 2 Uza(j)
1,2 k his o1
1 hio ha 2
1 2 Uk + Ui (K) 3 V()
12 k=1 =1
1 hLZ h2,2
+ h_ 2 (Vj,z(k) + V2,1(k)) Z U2T2(J-)
12 k=1 =1
2 hy >
+ > ULOVL0) + 2 U()VH()
I=1

145052,z

if Mz = 3, and@m(L, X) = én(1, X) otherwise wheredn(1, X) is the standard esti
mator ofa as defined in(5). For all m = 1, the estimator satisfies[E,(1, X)] = «
and

Var(@m(1, X)) = Var(am(1 X)).

Proor: LetE; denote expectation with respect to a uniform random permutation of
theT;-cycles given the original patiX. Calvin and Nakayamfat] derive the follow-
ing formula for the expectation with respect to permuting onlyTheycles

- 1 M1 M2
Ez[&m(]s X)] = m E Ul,l(k)vl,l(k) + E (UZL,Z(k)Vl,Z(k) + U2 1(k)V2 1(k))
hio hio
th E ULZ(k)(ZVZ 1(J) — Vz,l(lﬁ(k))>
12~
hio hiz
*h E VLZ('O( D Uza(j) = Uz,l(l/f(k))>
12~
hio hz 2
+ h_ 2 (Up2(k) + Uy 1(K)) E V2 2(])
12 k
hio h 2
+ h_ 2 (Vi2(K) + Vs 1(K)) 2 Uz 2(])
12 k

hz > )
+ 2 U(DVp(1) + > UL()VL()) |,
=1 1+ hy2i5h,,.
i#]

wherey (1) = hy , andys (k) = k — 1 fork > 1. Now, consider the effect of permuting
theT,-cycles only the expressions in the second and third lines of the above formula
are affectedTaking the expectation of the first of those expressions with respect to
a random permutation of thg-cycles gives
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1 hy o hy >
El[ Moo E U:Lz(k)(zvz «(J) — V2,1(l/’(k))>1

hy 2 hy 2 hy o
= e 1 2 Yia(k 2v2 1)) = g 2 V20BN ()]
hy > hi2 hy 2 his
= hi,—1 leJLZ(k)j:Ele’l(J) - heo— 2 Upo(k) — hyo 2 EVZ ()
hi2 hio
= kZ Uy(K) Evz 1)
:L2 1

The expectation of the second expression simplifies simjlrlys proving the va-
lidity of the expression fof,(1, X).

Calvin and Nakayam@4] proved that when permuting onli,-cycles each
permuted patiX ") in (1) has the same distribution as the original p&tiwe can
apply the same argument to show thatXif is constructed fronX by permut-
ing bothT;-cycles andr,-cycles thenX’ has the same distribution s Hence if
we let theX®,i = 1,2,...,N(X), denote the paths that can be constructed by
permuting bothl;-cycles andT,-cycles then it follows from(1) thatE[ @ (1, X)] =
a and Var@n(1, X)) = Var(am(1, X)). u

For what follows it will be convenient to rewrite the expression (1, X) as

1 hyy hiz

&m(l’ X) ﬁ 2 ULl(k)VLl(k) + 2 (UJ,z(k)Vj,z(k) + U2 1(k)V2 1(k))
1,1 1,2

hyo hyo hyo hyo

Z ULz(k)Evz () +— EVLz(k)Zuz 1())

1,2k1 ]_,2k1

hio hz 2

1
+ h > (Up (k) + Uy 4(K)) 2V2 2(J)

1,2 k=1 j=1

h:LZ h2 2

1
+— 2 (Vi2(K) + Va4 (K)) 2 U2 2())

hL2
h hzz

o, P S ULV

2 h22 h2,2
!
t 13 hLZ(E v 2<|>)<|_21v2,2<|)>]. (®)

4. MULTIPLE REGENERATION SEQUENCES

In the previous sectignve presented a closed-form expression for the estimator
obtained by permuting two regeneration sequengdesnow present the formula for
the estimator using= 2 distinct regeneration sequences
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THEOREM 2: Suppose that there aress2 regeneration sequencdsor1=i <s,let

h hl i+1

IB(I) - Z UI |(k)\/| |(k) + 2 (UI |+1(k)\/| |+l(k) + U|+L|(k)\/|+L|(k))

hl i+1 hl i+1
h 2 U| |+1(k) E V|+:L|(J)
i,i+1 k=1
hl i+1 hl i+1
2 V| |+1(k) 2 U|+:L|(J)
i,i+1 k=1
h|,|+1 h|+L|+l+h|+L|+2
t > (Uiia(K) + Uiy (k) > Vil1ia())
i,i+1 k=1 j=1
hiiv1 Mivaivathivgisz
h > (Visa(K) + Viyi (K) > Ulsica(d)
i,i+1 k=1 j=1
2 Mivgivathivaive
L — Uity (|)>
1+ hi,i+l( |:21 TR

I=1

hitgivathivsico
X > Vlnia® ),

where h; = U ;(k) = Vi ;(k) = U/ (k) = V{[i(k) = 0if i or ] is greater than s Then

R -1
(LX) = EﬁmH(” ) )

hllﬂLhL2 hjjrat1
where we tak(EI,—O:l = 1. For all m = 1, the estimator satisfies|[E,(1, X)] = « and
Var(@y(1, X)) = Var(dm(1, X)).

Proor: Whens= 2, (6) is the expectation of the standard estimator with respect to
a random ordering of th& -cycles andl,-cycles and we can think offi, , in (6) as

the number off,-regenerations that aretfollowed by aT;-regenerationlf s> 2,
thenh,, + h, 3 is the number off,-regenerations that areot followed by aT;-
regeneratioyand so in(6), we replacé, , with h, » + h; 3, which is the total number

of theUsz( j)’s. Hence with this modification ta6), we can now interpre6) as the
conditional expectation from randomly permuting Thecycles and,-cycles given

the original orderings of th&-cycles through th&s-cycles In other wordsletting

E denote expectation with respect to uniform random permutations of the

1,02, i

Ti,-cycles through th&; -cycles we get that6) becomes
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Ex[@m(L X)]

1 hy g hy 2

ﬁ Z U:Ll(k)vl,l(k) + 2 (Ul,Z(k)V:LZ(k) + U, 1(k)V2 1(K))
11 1,2

hy 2 hi2 hy2 hy 2

— > Ulz(k)zvz () +— Zvlz(k)zuz ()

L2k1 l,2k1

hio hy o+hy 5

— > (Upo(K) + Uy (k) 21 Voo(j)
=

:L2k1

hio hy 2+hy 3

1
+ 2 (V12(k) + V5 1(K)) 2 U2T,2(j)
=1

hisic

2 < 2'222’3u22<l>>< 2,222,3V2T2(|)>

+
1+ hl.2 1=1

1 hz 2+hy 3

hlz_
+ UL (V> |.
hey 1 |:21 2 2(1) V2 5(1)

Our permuted estimated,,(1, X) is then the expectation of this expression with
respect to random permutations onThecycles for = 3,4, ...,s. Howeverthe only
part of the formula that changes under those permutations is the term

hl2 -1 hz 2tha 3
Fo 2 UV,
1,2 I=1

which can be expressed as

hL2
heo+1

(hz 2t hz a2, Xz)

whereX, is the original patiX but with all the 1— 1, 1 — 2, and 2— 1 segments
deleted (Here we use the terminologyi “— j segment” to denote a segment of the
sample path from &-regeneration to &-regeneratioywith no other regenerations
in between) In Figure 2 we demonstrate how this is done for the sample path given
in Figure 1 The top graph in Figure 2 shows the original path in Figure 1 with the
1—- 11— 2 and 2— 1 segments removednd the bottom graph shows the sample
pathX, obtained by concatenating the remaining segments

Thereforetaking expectations with respect to uniform random permutations of
theT,-cycles forr = 3,4,...,s, gives the recursive formula
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N

U3, Uz UM Uy, (M !
U, (1) U@ U, () U,

FIGURE 2. Constructing the new patk,.

hy g hi 2

. 1
am(:L X) ﬁ E U:Ll(k)vl,l(k) + Z U:L,Z(k)V:LZ(k) + U2 1(k)V2 1(k))
1,1 1,2

hy 2 hi2 hi2 hy2

1
+ 2 ULZ(k)EV21(J) + P zvlz(k)zuzl(])

hZL2 1,2 k=1

hyo hy 5+hy 3

— 2 (Ua(k) + Uga(k) X Valo(j)
j=1

L2k1

hi2 hy 2+hy 3

1
+— 2 (Vio(k) + Vi (k) > Uz2(})
=1

h:LZ k=1

P ( 2'222’3u§,2(l>>< S mVJ,z(l))

1+ hLz 1=1

h
+LZ

h (hz 2t hz 3)@m(2, Xz)}
ZLZ

<,3(1) (hz 2t hz 3)@m(2, X2)>

"~ hyy+hy, hL2
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To derive a nonrecursive version of the estimagety (0) = 1, and for 1= i < s, set
hi i+1 1
="
7 hiizi+1
anda’(i, X) = (h;; + h;.i;1)@n(i, X). Then observe that

a' (LX) =g +yD)a'2,X,)
=B +y(DBQ) +y(D)ya' (3 Xs)

B +yDB2) +y(D)y(2BEAB) + -
+y@D)y (@2 - y(s—1DB(s)

S B0 TTr(i), (8)
i=1 j=0

which establisheé7). . . .
The proof ofE[ @ (1, X)] = @ and Val@n(1, X)) = Var(am(1, X)) is analogous
to that in the proof of Theorem. 1 u

The following pseudocode outlines the calculations for the estimator based on
m T;-cycles The pseudocode assumes that regenerations can only occur at state-
transition epochs

Define arrays h(i,j),SU(,j),SVi,j),SUVi,j), 1=i=s|i —j| =1
and accumulators AU, AV,CYCLES all initialized to 0.
i=1;
do {
simulate sample path until next state transition, updating AU, AV,
for (j=1j=s ++j)
if (Tj-regeneration occurred ) {
h(i,j) =h(,j) + 1
SU(i,j) = SU(i,j) + AU;
SV, j) = SV, j) + AV;
SUMI,j) = SUVi,j) + AU % AV,
=1

AU = 0;
AV = 0;
if (j == 1) CYCLES= CYCLES+ 1;
I8
} while (CYCLES< m);
i=s
ut=o0;
v'=o;
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for (i=si>0——i){
UT=uUT+sui +1i+1);
VI=vT+SWi+1i+1);
B(i)=SUMi,i) + SUVi,i + 1) + SUMi + 1,i)
+ SUG,i +1)# SVi + Li)/hG,i +1)
+ SM,i +1) % SUG + 1,i)/h(i,i +1)
+ (SU(i,i +1) + SUG + 1)) = V/h(i,i + 1)
+ (SV(i,i +1) + SUi + 1,i)) « UT/h(i,i + 1)
+(2/(A+h(i,i+1)«UTxVvT;
}
prod=1;
(LX) = 0;
for (i=Li=s ++i){
&m(L,X) = @m(L, X) + B(i) = prod;
prod = prod (h(i,i + 1) — 1)/(h(i,i + 1) + 1);
}
Am(L,X) = @m(L, X)/m;

The total storage required is proportional to the number of regeneration se-
guences. The work of the do—while loop is proportional to the sample-path length
The calculation after the do—while loop requir@ss) work, independent of the
simulation run length

For simplicity, we derived the permuted estimator based on simulating a fixed
number ofT,-cycles forv = 1, but similar estimators can be constructed for other
choices ofv > 1. For example suppose that in addition to the regeneration se-
guences indexed b{l,2,...,s} as abovethere are additional regeneration se-
guences indexed bj2',3',...,s'}, where the new regeneration sequences have the
same acyclic property of Assumption 2 assumed of the originaltsat is any
Ti,-regeneration and any . ,-regeneration are separated by, a ;-regeneration
and anyT, ,,-regeneration and any;-regeneration are separated byTa, ;-
regenerationThen

R 1 hL2 hlzy
am(LX) = <k21uu<>V(k> + glu '(k)V'<k>>

h:LZ 1 hLZ hl'2’ 1 hl.z'
= =" — > UKV(K) + —=— — D U"(kV'(k),
- huzl (Vi) + — hlzle (k)

where thel’ andV’ variables are the analogs dfandV, respectivelydefined for
the regeneration sequences,...,Ty. Now, construct the permuted estimatas
before for each of the components separately

To use Theorem 2 based dpcycles forv > 1, renumber the states as follows
v—1becomes?2v—2becomes?3...,1 becomes’,v +1 becomes 2 + 2 becomes
3, and so on
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5. CENTRAL LIMIT THEOREM

We now prove a central limit theorem for our estimaigy= @ (1, X). To establish
this resulf we will use the following key observatiofror anyi andk, U; ;(k) is
defined over a singld;-cycle Similarly, U; ;;1(K), U4 1i(k), and Uilliﬂ(l) are
each defined over a singlg-cycle The same holds for the correspondiigari-
ables This will allow us to derive an expression for the estimaigias a function of
the sample mean ofiid. vectors defined over;-cycles plus a remainder term that
appropriately vanishe®ur approach generalizes a technique developed in Calvin
and Nakayam@g3].

To do this we need more notatio®efineH; ;(n) to be the set ok-indices for
whichU; ;(K) is defined over thath T;-cycle thatis H; j(n) ={k=1:Ty(n— 1) =
T.(k — 1) < T,(k) = Ty(n) with no regenerations from any sequence occurring be-
tweenT; (k — 1) andT; (k)}. Observe thatd; ; (n) is also the set df-indices for which
U;.i(k) is defined over theith T;-cycle Similarly, defineH; ;.1(n) to be the set of
k-indices for whichU; ;. 1(k) is defined over thaith T;-cycle Analogously define
the setH;, 1 (n) andH;" 1 ;. 1(n) relative to the variables, 1 ; (k) andU;" 1 ;, 1 (k),
respectivelyFor examplein Figure 1 H, »(1) = H, »(2) = H, »(3) =J andH, »(4) =
{1}. Also, H] (1) = {1}, H] 2(2) = {2}, H1»(3) = &, andH] ,(4) = {3}.

Foreach =1,2,...,s, define the following variables

A 1(n) = [Hii11(n)],

Aio(n) = 2 Uii (k)i (k),

KEH, i (m)
Az = 2 (U ia(KViisa(k) + Uigi (K Vi (K),
keH; j+1(n)
A 4(n) = E Uii+1(K),
keH; i 1(n)
Ais(n) = E Vii1i(K),
KEH; j+1(n)
Ais(n) = 2 Vi iv1(K),
keH; j+1(n)
Ai-(n) = Z Ui (K),
keH; i1 1(n)
Ais(n) = 2 \41Li+1(k),
kEH! 1 4a(n)
Aio(n) = Z Uil:l,i+1(k)~

kEHITFl,PFl(n)

Also, defineA(n) = (A j(n):i=12,...,5j=12,...,9,n=12,..., and note that
A(n) is a random vector defined over théh T;-cycle (Throughout this articleall
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vectors are column vectoygience A(1),A(2),... areii.d. Letp=(p ;:i=12,...,s

j = :L2,,9) = E[A(l)], and letX = (U(i,j),(KI): i,k= J.,Z,...,S;j,l = LZ,,Q) be

the covariance matrix oA(1), whereo  j) i1y = Cov(A; j(1),Ac(1)). Fori =

12,...,s andj =12,...,9, define the sample meais;(m) = (1/m) X L, A ;(n),

and defineA(m) = (A ;(m):i=12,...,5j=12,...,9).
Leta=(a;:i=12,...,5]=12,...,9) be avector it and we define the

functionf: K% — R as

S

f(a) = E[ai,ﬁ Azt 2

i,4ai5 n Qi 6 7 n (aist+a7)ag
a1 Qi1 a1

i=1

N (aiet+as)ag N 23,98 g .
TS TN

Let Vf(a) be the vector of partial derivatives bevaluated ah.
In the proof of Theorem 3we will show that the asymptotic variance of
VM(&m — @) is

o= VI(WTEVE(p), (9)

where the superscrifitdenotes transpos&hus applying the following approach

we can estimate, from the same simulation that is used to construct the permuted
estimatora,,,. First generate a sample path wf T;-cycles and comput&,,,. From

the same sample patbompute the&i,j(m), i=12,...,s,] =12,...,9. Then
computeVf (A(m)). Also, we estimate the covarianeg; j) i, -k =12,...,s
i,1=12,...,9, by

. 1 _ _
G, iymn(m) = m_1 n;l(Ai’j(n) — A (M) (A, (n) — A ().

Let S(m) = (Gipawn:ib,k=12,...,85]j,1=12,...,9 beAthe sample covariance
matrix. Then the estimator obr, is ,(m) = (Vf(A(m)) T2 (m)Vf(A(m)))¥2 An
asymptotically valid 10QL — §)% confidence interval fow is

{~ K5 G (M) Kafra(m)}
Clm_ ’ am ’
Vym Vym

where ks is the uppers/2 critical point of a standard Normal distributigine.,
P{N(0,1) = ks} =1 — 6/2) andN(x,y) denotes a Normal random variable with
meanx and variancsy.

For k = 1 let U(fyl.k) = [ [fu(X(®)ldt and V(|fy|,k) =
Jrd 4 | fu(X(1)] dt. Let*=" denote convergence in distributichhen the follow-
ing holds

TueOREM 3: Assume that BJ(| fy],1)2 + V(| fy],1)2 + U(| fy],1)2V(| fy],1)?] <
oo. Then as m— oo,
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i. @n— aas.
i. vm(&@y, — a)/o,(m) = N(0,1).

Proor: For the sake of simplicitywe only prove the result when the functiofys
andfy defined in(3) and(4), respectivelyare nonnegative he results can easily be
generalized for arbitrary functionblote that

U(n)Vv(n) = <Z< Z( )Ui,i(j) " > ( )Ui,iﬂ(k) " > ( )Ui+Li(|)>)
i=1\ jEH;;(n EH; j+1(n EHi1i(n

><(E< > V)t X Vimk+ X vima)))
i=1\ j€H;;i( kEH; ;1 1(n) I€H;, (M)

= Ai2(n).

Thus our assumption implies that , < co. Similar arguments can be made to
establish thapy ; < co and thatE[A; j(1)?] < oo for j = 3,4,...,9. Note thatA; 1(n)
is bounded by a geometric random variglded so it has finite moments of all
orders It then follows thatw ands are finite

Note thath, ; + h; , = m, and so in(7), we can bring the Aninside the sum-
mation and multiply it through to get that

& = F(A(mM) + R(m), (10)

where

1. Nisgivathivgive Nisgivithicsivo
R(m)=;12Di(m)< > uill,m(l))( > vilw(l)>

I=1 I=1

and

2 i—1 h','+l_1 2
Di(m) = < H L — .
1+h =i\ e t1 hiiv1

We will prove that asn — oo, f(A(m)) — « as., vm( f(A(m)) — a)/o, = N(0,1),
andyvmR(m) — 0 as.

Note thatfori =1,2,...,s, we must have th®{T; (0) < T;(1)} > 0. (If this were
not trug thenP{T; (0) > T;(1)} = 1 implies thaP{T;(0) > T,(k)} =1 fork = 1 by the
regenerative propertyt would then follow thatP{T;(0) = oo} = 1, so T, would not
be a sequence of finite regeneration pairentradicting Assumption.LHence
Mi.1 > 0. Also, we previously proved that < oo, and SQA(m) — pLa.s., asm — oo.
Sincef is continuous af, f (A(m)) — f (L) a.s., asm — oo. Moreover we can easily
show that the functiohhas a nonzero differential pf and so using the corollary on
p. 124 of Serfling[10], we get that

ST (F(Am) — (W) = NO.), (11)

(23

asm — oo, whereo, is defined in(9).
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We now show thatm R(m) — 0 as., asm — co. For each andj, the strong law
of large numbers implies th& ;(m) — p; ; as. becausgy ; < oo for all i andj. Note
that

s i-1/h .., -1 _ _
Jm Rm) = 2@[( 2m H< - )) - hzm ]Ai,9<m>Ai,8<m>,

14+h =i\ et 1 i+l

and we consider the summands for 1 and fori > 1 separatelyA little algebra
shows that the summand for= 1 equals

A i m i m) — 5 M i =
vm A (m) by +1 9 8 12, Hi,o Mi,8

as, becausgy ; = P{T;(1) < Ty(1)} > 0 by assumptionNow, for i > 1, the sum-
mand equalsafter a little algebra

i—-1 i—1
];[ (hj,j+1 - 1) - ];[ (hj’j+1 + 1)
vm = i—1 L
H(hj,j+1+ 1)
j=1

2m
1+hii

_ 2m/(h; i1+ 1)
VA, ;(m)

X Aio(M)A g(m).

With probability 1 2m/(1+ hyi41) = 2/pi.1, @m/(hy 41 + 1))/(VMA 1(m)) = 0,
Aio(m) — L 0, andA; g(m) — ; . Moreover

i-1 i-1
H (hj,j+1 - 1) - H (hj,j+1 + 1)
H(hj,j+1+1)

j=1

i—1 i—1
H(hj,j+1_1) - H(hj,j+1+1) i1
_ =1 =1 m

m—2 i—1
]___[(hj,j+1 +1)
=1

\m

12)

For the first term on the right-hand side (@f2), note that

1 i—1 i—1 i—1 1 i—1 D(m)
2 (H(hi,m —)—JI(h e+ 1)> =2 2 [Thy e+ ey
j=1 j=1 k=1 =1

J#k

whereD(m) is a sum of a finite number of termeach of which is the product
of at mosti — 3 of the h; j.;. Hence the first term in(12) converges to
S H};i#k ;1 as. The second term il2) converges to /](H};} 1) as., and
the third term in(12) vanishes asn — oo. Therefore (12) goes to 0 a., and
putting this all together proves thgmR(m) — 0 as., asm — co.
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It then follows thatym(&@,, — f (W) = N(0,02) asm — oo by (10), (11), Theo-
rem 44 of Billingsley[1], and the continuous mapping theorEmThm. 5.1]. Now,
we prove thaf (1) = « anda,, > « as.,, asm — oo. We previously showed that
f(A(m)) = f (W) as., andymR(m) — 0 as., asm — oo. Hence it follows from (10)
that@,,— f (W) a.s., asm— co. SinceE[ &,] = a and Vaf &,,] = Var[ a,,] for every
m > 0 by Theorem 2it follows that

E[@2] = Var[a@,] + a2 = Var[a,] + a2

_ Var[U(1)V(1)] N

m a?=Var[U()V(D)] + a? < o

for all m> 0. It then follows thaf&,,,: m=12,...} is uniformly integrableand so
E[@.,] — f (1) asm — oo; see the corollary to Theorem 22 of Billingsley[1].
Thereforef () = a becaus&€ | &,,| = « for all m> 0. Hence vm(&,, — a)/o, =
N(0,1) asm — oo.
Finally, because the meam and covariance matri¥ are finite and because

.1 > 0, we have thatVf (A(m)) — Vf(p) as andS(m) — 3 as, asm — oo.
Therefored,(m)/o, — 1 as., asm— oo, and soym(a&,, — «)/d,(m) = N(0,1), as
m — oo, by Theorems 4 and 51 of Billingsley[1]. [ ]

6. NUMERICAL EXPERIMENTS

We now present some numerical results from simulating discrete-time and continuous-
time Markov chains using our permuted estimatd¥e let each stopping-time se-
quence correspond to successive hitting times to a fixed, statewe compute the
estimators based on only one regeneration sequ@mrcethe standard estimatgrs
and the permuted estimators using all of the sequeléesan different experiments
with different choices of return statethat is we let theT,-sequence correspond to
hits to statev for different choices ob. In all experimentswe defined the reward
functionf asf(i) =i/s.

The first model is a discrete-time Markov chads= {X,,: n=0,1,2,...} on state
spaceS={0,1,...,s} with transition probability matrix

s/2

R(i+1) = 770

=1-R(,i—1)

for0<i <sandR(0,1) = R(s,s—1) = 1. This chain is a discrete-time version of the
Erlang loss system

Tables 1-3 contain the results from running three different sets of simulation
experiments to estimate the time-average variance consfamith s= 50, s= 100,
ands= 200 (We also computed numerically—ei, not using simulation—the theo-
retical values otrZ to be 1014 whens = 50, 1.010 whens = 100, and 1005 when
s=200) Each simulation experiment consisted of 1000 independent replicaltions
each tablethe secondresp, third) column gives the sample variance over the 1000
replications of the standar@esp, permuted estimators ofoZ. The last column
gives the ratio of the sample varianc&se number of cycles was adjusted for each
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TaBLE 1. Discrete-Time Erlang Modgs = 50

Sample Variance

v Standard Permuted Ratio
25 00028 00022 13
20 00045 00022 21
15 00136 00020 67

choice of return state so thain averaggabout 200000 transitions were generated
in each replicationThus the different results are comparable

In each of Tables 153he first row corresponds to experiments witequal to
the steady state mean of the prock¥silote that whemw is the steady state meahe
relative improvement from the permuted estimator over the standard estimator is
roughly the same as the model size increashe other rows correspond to exper-
iments withv increasingly farther from the mealm these caseshe variance of the
standard estimator increases with the distanegafm the meanwhereas the vari-
ance of the permuted estimator stays about the s&mes the amount of variance
reduction from permuting increases with the distance fobm the meariwith the
maximum variance reduction of a factor of)66

As noted earlierthe sample variance of the permuted estimator is relatively
insensitive to the choice of return stateand it always results in a variance reduc-
tion. This is desirable because when one is simulating a system with more than one
regeneration sequencthe variability of estimators of certain performance mea-
surege.g., the time-average variance constagen differ greatlydepending on the
choice of the return state when applying the classical regenerative méthfu-
tunatelythere are no reliable rules that can a priori choose a “good” sequence for the
classical regenerative method when more than one sequence is availahld we
use the estimator from Calvin and Nakayd@kthat exploits only two regeneration
sequenceshen the amount of variance reduction varies significadypending on
the particular pair of sequences uséxh the other handt seems that one can avoid

TABLE 2. Discrete-Time Erlang Modet = 100

Sample Variance

v Standard Permuted Ratio
50 00058 00044 13
40 00115 00039 29
30 02341 00035 663
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TaBLE 3. Discrete-Time Erlang Modgs = 200

Sample Variance

v Standard Permuted Ratio
100 Q011 Q0079 14
80 0043 Q0082 52

this problem by applying our methpavhich uses all sequences simultaneously
Thus it appears that our method can be applied as a “black’box

We also simulated a continuous-time Erlang loss systarthis mode] there
aresserverseach having exponentially distributed service times with medolds
arrive according to a Poisson process with 12 The embedded discrete-time
Markov chain of this model is the same as that of the previous exarmpienow
the holding time in stateis exponentially distributed with parameief s/2; thus
the chain tends to spend more time in the lower stdies simulation results for the
continuous-time model wite = 50 are shown in Table.4Ve again computed the
sample variances of the estimates of the time-average variance constant over 1000
independent replication¥he sample variances in Table 4 are less than the corre-
sponding values in Tablg &s the holding times tend to be much less thatifall
the holding times are exponentially distributed with meath&n the sample vari-
ances of the estimators of are similar to those in Table)IHowever the amounts
of variance reduction obtained by permuting in Tables 1 and 4 are about the same
Thus it seems that our method is equally effective for simulations of discrete-time
and continuous-time processes
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APPENDIX

Here we explain Example 2 more fully et the procesX correspond to the total number of
customers in an MG/1 queue with first-come first-served service discipline and traffic in-
tensityp < 1. We define the regeneration sequen@gdy,Ts,... in the following manner
AssumeX(0) = 0. First, define the sequend® = {A;(i):i=0,1,2,...}, whereA;(0) = 0 and
Aq(i) is the time of thdth transition from state 1 to stateAlso, define the sequenceg =
{A(1):1=0,12,...},] = 2,34,..., whereA(i) is the time of the(i + 1)st transition from
statej to statg — 1. Note that each sequenéeis a regeneration sequené®r examplesee
Figure 3

Now, we define the sequendg= {B(i):i =0,1,2,...} andC = {C(i):i = 0,1,2,...}
as follows Let B(0) = 0 andC(0) = 1. Then for i = 1, recursively defineB(i) = inf{t >
B(i —1):t = Aj(k) for somek = 0 andj = 1 such thaj € {C(i —1) — 1, C(i — 1),
C(i — 1) + 1}y and C(i) = j if and only if B(i) = Aj(k) for somek = 0. Thus if
B(i — 1) corresponds to a time from the sequergdi.e., if C(i — 1) =), thenB(i) is
the first time after timeB(i — 1) that comes from eithe#,_4, A, or A;;1, andC(i) keeps
track of from whichA;-sequence the timB(i) came Now, we define the sequendg =
{Dy(i):i = 0,1,2,...} such thatD;(0) = inf{l = 0: C(l) = j} and recursively leD;(i) =
inf{l > D;(i —1):C(l) = j } fori = 1. Hence Dj(i) is the index such thaiC(l) is the(i +
1)th time that theC-sequence takes on the valudinally, we define the sequencdg j =
12,..., with Tj(i) = B(Dj(i)), i = 0,1,2,.... Thus the sequencd; contains those times
from the sequenc#, that correspond to some time in the sequeBce

In Figure 3 the first regeneration from any of th§-sequenceg = 1,2,3,..., corre-
sponds to timé\;(0) = 0, and we defind(0) = A;(0) = 0. Becausé(0) corresponds to a time
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from theA;-sequencene defineC(0) = 1. Also, D;(0) = 0 because 0 is the index of the first
time that theC-sequence equals Thus T;(0) = B(D1(0)) = A1(0). Next, to defineB(1) and
C(1), sinceC(0) =1, we look for the nex#;-regeneration for which= 1 orj = 2 (there is no
Aj-sequence fgr= 0). Thus we skip over the timé\3(0), and we use the time corresponding
to A,(0). We defineB(1) = A,(0) and letC(1) = 2 because we use a regeneration from the
A,-sequence to definB(1). Also, let D,(0) = 1, as 1 is the index of the first time that the
C-sequence equals Phus T»(0) = B(D»(0)) = A»(0). Next, to defineB(2) andC(2), we look
for the nextA-regeneration for which=1, 2, or 3 becaus€(1) = 2. Hence we skip over
A4(0) and useA3(1). We defineB(2) = As(1) and letC(2) = 3 because we use a regeneration
from theAz sequence to defirg(2). Also, let D5(0) = 2 because 2 is the index of the first time
that theC-sequence equals Bhus T;(0) = B(D3(0)) = Az(1). Next, to defineB(3) andC(3),
we look for the nex#;-regeneration for which= 2,3, or 4 becaus€(2) = 3. Hencg we use
Ax(1). We defineB(3) = Ay(1) and letC(3) = 2 because we use a regeneration from the
A,-sequence to defin@(3). Also, let D,(1) = 3 because 3 is the index of the second time that
the C-sequence equals Zhus T,(1) = B(D,(1)) = Ax(1).

Note thatT; C A; for all j = 1,2,..., so eachTl;-sequence is a thinned version of the
Aj-sequencet can be shown that eadfi-sequence is a regeneration sequence andthat
A andT, = A,. Also, because of the way we constructed the sequeTides thinning the
Aj-sequencgAssumption 2 will hold

On the other hand\ssumption 2 doesothold if we define each sequente= A;, as the
process can have #g-regeneration followed immediately by &g, ,-regeneration without
anintervening\; 1-regeneratiorFor exampleat the beginning of Figure anA, -regeneration
is immediately followed by aiz-regeneration without an intervenidg-regeneration
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