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The classical regenerative method of simulation output analysis exploits the regen-
erative structure of a stochastic process to break up a path into independent and
identically distributed cycles based on a single sequence of regeneration times+ If a
process is regenerative with respect to more than one sequence of regeneration
times, the classical regenerative method does not exploit the additional structure,
and the variance of the resulting estimator for certain performance measures~e+g+,
the time-average variance constant! can vary greatly, depending on the particular
regeneration sequence chosen+ In a previous article, we introduced an efficiency-
improvement technique for regenerative simulation of processes having two se-
quences of regeneration times based on permuting regenerative cycles associated
with the second sequence of regeneration points+ In this article, we show how to
exploit more than two regeneration sequences+ In particular, for birth–death Mar-
kov chains, the regenerations associated with hitting times to each state can all be
exploited+We present empirical results that show significant variance reductions in
some cases, and the results seem to indicate that the permuted estimator for the
time-average variance constant can have a variance that is independent of the pri-
mary regeneration sequence used to run the simulation+

1. INTRODUCTION

The goal of a discrete-event simulation is typically to estimate some steady-state or
transient performance measure of a stochastic system+ For example, one may be
interested in determining the expected steady-state waiting times in a queueing sys-
tem or the time-average variance of the number of customers in the system+
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The classical regenerative method~Crane and Iglehart@7# ! of simulation output
analysis exploits the regenerative structure of a stochastic process to break up a path
into independent and identically distributed cycles based on a single sequence of
regeneration times+One can then construct asymptotically valid confidence intervals+

Many stochastic processes arising in practice are regenerative with respect to
more than one sequence of regeneration times+ For example, if the process is an
irreducible Markov chain on a finite state space, then the successive hitting times to
any fixed state form a regeneration sequence+ However, the classical regenerative
method does not exploit the additional structure in such a model, and the particular
choice of the regeneration sequence can significantly affect the variability of the
regenerative estimator of certain performance measures~e+g+, the time-average vari-
ance constant!+ Unfortunately, there are no reliable rules that can a priori select a
“good” regeneration sequence+

In a previous article~Calvin and Nakayama@4# !, we introduced a new class of
estimators for simulations of processes with two sequences of regeneration points+
The basic idea of the method is to run a simulation of a fixed number of regeneration
cycles corresponding to one sequence of regeneration points, permute the cycles
corresponding to a second sequence of regeneration points to obtain a new sample
path, and compute an estimate based on the new path+ The new estimator is the
average of the estimates computed for all possible permutations+ The estimators
were proven to have the same bias and no greater~and at times significantly smaller!
variance than the standard estimator+ However, when simulating systems with more
than two regeneration sequences, we empirically found that the variance of the re-
sulting estimator can vary greatly, depending on the particular pair of sequences
chosen+ For some pairs, the variance was reduced by a factor of up to 8, but for other
pairs, there was no variance reduction+ Because it may be difficult to identify a
“good” pair of regeneration sequences prior to running the simulation, one may not
be able to apply the method as a “black box+”

In this article, we show how to exploit all regeneration sequences simulta-
neously when there are more than two such sequences+ We begin by simulating a
fixed number of cycles with respect to one regeneration sequence, which we call
sequenceT1+ The idea is that simultaneously permuting cycles for all regeneration
sequences results in a new sample path that has the same distribution as the original
path+ The new estimator is obtained by averaging over all such transformed paths,
which reduces variance even more than the previous method based on only two
sequences+We derive closed-form expressions for the average, so the computational
overhead is small; typically, the variance reduction far outweighs the additional
computational costs+

We present numerical results that show that permuting all possible regeneration
sequences can yield large variance reductions~up to a factor of 66 in our experi-
ments!+ The amount of variance reduction is at least as much as that obtained from
our previous method using any pair of sequences+ Moreover ~and perhaps more
significantly!, the results seem to indicate that when estimating the time-average
variance constant, the method yields an estimator whose variability is little affected
by the choice of sequenceT1+ Thus, the method can apparently be used as a “black
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box” because it does not rely on the user to specify difficult-to-choose parameters
~i+e+, which regeneration sequences to use!+

The rest of the article is organized as follows+ In Section 2, we review the basic
idea of permuted regenerative estimators using two regeneration sequences and then
describe how to exploit more than two sequences under certain assumptions+ In
Section 3, we modify our permuted estimator based on only two regeneration se-
quences from Calvin and Nakayama@4# to derive a new estimator+We then use this
to construct the permuted estimators for multiple regeneration sequences in Sec-
tion 4+ In Section 5,we extend some ideas developed in Calvin and Nakayama@3# to
prove a strong law of large numbers and a central limit theorem for the new per-
muted estimator+ Thus,we can construct confidence intervals for the estimator+ Sec-
tion 6 presents the results of numerical experiments+ Some of the results of this
article appear~without proofs! in @6# +

2. BASIC IDEA

We first review the basic idea of the approach using two distinct regeneration se-
quences and then describe how to exploit more than two sequences; see Calvin and
Nakayama@4# for details on the technique in the setting of two regeneration se-
quences+ Let X5 $X~t! : t $ 0% be a continuous-time stochastic process having sam-
ple paths that are right continuous with left limits on a state spaceS, Rd+We can
handle discrete-time processes$Xn : n50,1,2, + + + % in this framework by lettingX~t!5
X{t} for all t $ 0, where{a} is the greatest integer less than or equal toa+

Let T 5 $T~i ! : i 5 0,1,2, + + + % be an increasing sequence of nonnegative finite
stopping times+ Consider the random pair~X,T ! and the shift

uT~i !~X,T ! 5 ~~X~T~i !! 1 t!t$0, ~T~k! 2 T~i !!k$i !+

We define the pair~X,T ! to be a~possibly delayed! regenerative process~in the
classic sense! if

i+ $uT~i !~X,T ! : i 5 0,1,2, + + + % are identically distributed
ii + for eachi $ 0, uT~i !~X,T ! does not depend on the “prehistory”

~~X~t!!t,T~i ! ,T~0!,T~1!, + + + ,T~i !!+

See Kalashnikov@9, p+ 19# for further details+ Simulation methods for regenerative
processes have been extensively investigated~e+g+, see Shedler@11# and references
therein!+

We assume the following:

Assumption 1: There are s$ 2 disjoint increasing sequences of nonnegative finite
stopping times, T1 5 $T1~ i ! : i 5 0,1,2, + + + % with T1~0! 5 0, T2 5 $T2~ i ! : i 5
0,1,2, + + + %, + + + ,Ts5 $Ts~i ! : i 5 0,1,2, + + + %, such that~X,T1! and~X,Tj !, 2 # j # s, are
all regenerative processes+

For example, if X is an irreducible, positive-recurrent, discrete-time, or con-
tinuous-time Markov chain on the state space$1,2, + + + ,s%, then we can defineTj to
be the sequence of hitting times to the statej for 1 # j # s, where we assume that
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X~0! 51+We use the terminology that for 1# j # s, thekth Tj-cycleis the segment
of the sample path from timeTj ~k21! to Tj ~k!+ Also, we call anyTj stopping time a
Tj-regeneration.

We will develop estimators under the following assumption regarding the re-
generation sequences:

Assumption 2: Any Tj-regeneration and any Tj12-regeneration are separated by a
Tj11-regeneration, and any Tj12-regeneration and any Tj-regeneration are sepa-
rated by a Tj11-regeneration+

In other words, no “cycles” are allowed in regeneration sequences+ For exam-
ple, the assumption disallows a process in which aT1-regeneration is followed by a
T2-regeneration, which is followed by aT3-regeneration, which is followed by a
T1-regeneration+ Our assumption is satisfied by the following examples+

Example 1:Let X be a birth–death Markov chain on the state spaceS5 $1,2,3, + + + %,
and define theTj -regeneration sequence to be the hitting times to statej, j [ S+ Then
Assumption 2 holds+

Example 2: If the regeneration sequences of a process do not satisfy Assumption 2,
they can be redefined in such a way that the assumption does hold+ This can be
accomplished by redefining the regeneration sequences so that we “ignore” those
regenerations that would cause Assumption 2 to be violated+We illustrate this point
with the example of the M0G01 queue with first-come first-served service+We can
define thejth regeneration sequence as the successive times that a departure leaves
j 2 1 jobs in the system forj 5 1,2,3, + + + +With this set of sequences, Assumption 2
does not hold+ ~This is because after a regeneration from thejth sequence, there can
be two customer arrivals before the next service completion, in which case the next
regeneration would be from the~ j 1 2!th sequence, and so there was no intervening
regeneration from the~ j 11!th sequence+! Instead, we modify our definition of the
regeneration sequences so that after a regeneration from thejth sequence,we ignore
the original regenerations until the next regeneration from either the~ j 2 1!th, jth,
or ~ j 11!th sequence+With this change,Assumption 2 holds+ For more details, see
the Appendix+

We start by reviewing the technique that uses two regeneration sequences+ The
simplest way of explaining the method is as follows+ Suppose that we want to esti-
mate some performance measurea, and we have available a “standard” estimator of
a,which we will denote by [am~ ;X !, based on a sample path;X of a fixed numbermof
T1-cycles+ Choose a regeneration sequenceTj , 2 # j # s+ Construct a new sample
path ;X ' from ;X by permuting theTj -cycles in the path+ More specifically, let Mj be
the number of occurrences of stopping times from the sequenceTj that occur during
the m T1-cycles in the path ;X+ Note that if Mj 5 0 or 1, then the path ;X has no
Tj -cycles, and if Mj 5 2, then there is only oneTj -cycle+ Assume now thatMj $ 3+
Then, for the given path ;X, we can look at the~Mj 2 1! Tj -cycles in the path+ We
generate a uniform random permutation of the~Mj 21! Tj -cycles within the path;X,
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and this gives us our new sample path;X ', which also hasm T1-cycles+ Calvin and
Nakayama@4# prove that ;X ' and ;X have the same distribution+

Now, for the new sample path;X ', we can calculate[am~ ;X ' !, which is just the
standard estimator applied to the new sample path;X '+Denote the number of possible
paths ;X ' we can construct from;X by permuting cycles byN~ ;X !, which depends on
;X and is, therefore, random+We label these paths;X ~1! 5 ;X, ;X ~2!, + + + , ;X ~N~ ;X !!, each of

which has the same distribution as;X, and for each one, we compute [am~ ;X ~i ! !+We
finally define our new estimator fora to be

Jam~ ;X ! 5
1

N~ ;X ! (
i51

N~ ;X !

[am~ ;X ~i ! !+ (1)

In Section 3, we present closed-form expressions for a specific permuted estimator
Jam~ ;X ! when only using two regeneration sequences+

Our purpose in this article is to show how to exploit all regeneration se-
quences+ To do this, we create a new sample path;X ' from the original path ;X by
permuting all regeneration sequences simultaneously+ We accomplish this by first
permuting theT1-cycles, then theT2-cycles, and so on+ We do this for alls regen-
eration sequences to get the new path;X ', which has the same distribution as the
original path+ We let N~ ;X ! denote the number of possible paths that can be con-
structed in this manner, and we denote the paths by;X ~i !, i 5 1,2, + + + ,N~ ;X !, as
earlier+ We then compute the new estimator using~1!+ In Section 4, we present
closed-form expressions for a specific permuted estimatorJam~ ;X ! when using all
regeneration sequences simultaneously+

3. TWO REGENERATION SEQUENCES

We consider estimating

a 5 E @U~1!V~1!# , (2)

where

U~k! 5E
T1~k21!

T1~k!

fU ~X~t!! dt, (3)

V~k! 5E
T1~k21!

T1~k!

fV~X~t!! dt, (4)

for k$1, and fU , fV :Sr R are some “reward” functions+ The standard estimator of
a is

[am~1, ;X ! 5
1

m (
k51

m

U~k!V~k!, (5)

where the 1 in [am~1, ;X ! denotes that theT1-cycles are used to construct the estimator+
We want to derive a formula for the permuted estimator ofa+ In Calvin and Na-
kayama@5# ,we described a class of performance-measure estimators that fall within
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this framework, including likelihood-ratio derivative estimators~e+g+, see Glynn
@8# !, Tin estimators for the low-bias estimation of ratios of means~e+g+, see Shedler
@11, p+ 104# , and estimators of the second moment of the cumulative reward over a
cycle and the time-average variance constant~which appears in the central limit
theorem for the time-average reward; e+g+, see Shedler@11, p+ 100# !+

For Z 5 U and V, let Zi, i
F ~k! be thekth instance of theZ functional over an

excursion from aTi -regeneration back to aTi -regeneration with no interveningTj -
regenerations forj , i, but with regenerations from the other sequences possible in
between+ For example, if the first six regenerations~from any sequence! on a par-
ticular sample path areT1~0!, T2~0!, T1~1!, T2~1!, T3~0!, andT2~2!, thenU2,2

F ~1! 5
*T2~1!

T2~2! fU ~X~t!! dt+
For i, j [ S, let hi, j be the number of times on the sample path;X that a stopping

time from theTi -sequence is followed next by a stopping time from theTj -sequence,
and number the instances of theZ functional between these times as

Zi, j ~1!,Zi, j ~2!, + + + ,Zi, j ~hi, j !,

and similarly number theZi, i
F ’s as

Zi, i
F ~1!,Zi, i

F ~2!, + + + ,Zi, i
F ~hi, i 1 hi, i11!+

In Figure 1,we illustrate some of our notation with an example of a sample path
;X of a continuous-time processX on a continuous state spaceS+ The regeneration

sequenceTi , i 5 1,2,3,4, corresponds to successive hits to statei+ The number of
T1-cycles ism5 4, andh4,4 5 0, h1,1 5 h2,2 5 h3,3 5 h3,4 5 h4,3 51, h2,3 5 h3,2 5 2,
andh1,2 5 h2,1 5 3+

In general, Jam~1, ;X ! will denote the expectation of[am~1, ;X ! with respect to a
random ordering of all of the regeneration cycles+We first specialize to the cases5
2+ The following theorem generalizes a similar result that appears in Calvin and
Nakayama@5# +

Theorem 1: Suppose that there are s5 2 regeneration sequences and we want to
estimatea defined in~2!, and assume that E@U~1!2V~1!2# , `+ The permuted
estimator is given by

Figure 1. A sample path of a process with four regeneration sequences+
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Jam~1, ;X ! 5
1

h1,1 1 h1,2
F(

k51

h1,1

U1,1~k!V1,1~k! 1 (
k51

h1,2

~U1,2~k!V1,2~k! 1 U2,1~k!V2,1~k!!

1
1

h1,2
(
k51

h1,2

U1,2~k! (
j51

h1,2

V2,1~ j ! 1
1

h1,2
(
k51

h1,2

V1,2~k! (
j51

h1,2

U2,1~ j !

1
1

h1,2
(
k51

h1,2

~U1,2~k! 1 U2,1~k!! (
j51

h2,2

V2,2
F ~ j !

1
1

h1,2
(
k51

h1,2

~V1,2~k! 1 V2,1~k!! (
j51

h2,2

U2,2
F ~ j !

1
2

11 h1,2
(

i, j#h2,2, iÞj

U2,2
F ~i !V2,2

F ~ j ! 1 (
l51

h2,2

U2,2
F ~l !V2,2

F ~l !G
if M2 $ 3, and Jam~1, ;X ! 5 [am~1, ;X ! otherwise, where [am~1, ;X ! is the standard esti-
mator ofa as defined in~5!+ For all m $ 1, the estimator satisfies E@ Jam~1, ;X !# 5 a
and

Var~ Jam~1, ;X !! # Var~ [am~1, ;X !!+

Proof: Let Ei denote expectation with respect to a uniform random permutation of
theTi -cycles, given the original path;X+Calvin and Nakayama@4# derive the follow-
ing formula for the expectation with respect to permuting only theT2-cycles:

E2@ [am~1, ;X !# 5
1

h1,1 1 h1,2
F(

k51

h1,1

U1,1~k!V1,1~k! 1 (
k51

h1,2

~U1,2~k!V1,2~k! 1 U2,1~k!V2,1~k!!

1
1

h1,2 2 1 (
k51

h1,2

U1,2~k!S(
j51

h1,2

V2,1~ j ! 2 V2,1~c~k!!D
1

1

h1,2 2 1 (
k51

h1,2

V1,2~k!S(
j51

h1,2

U2,1~ j ! 2 U2,1~c~k!!D
1

1

h1,2
(
k51

h1,2

~U1,2~k! 1 U2,1~k!! (
j51

h2,2

V2,2
F ~ j !

1
1

h1,2
(
k51

h1,2

~V1,2~k! 1 V2,1~k!! (
j51

h2,2

U2,2
F ~ j !

1 (
l51

h2,2

U2,2
F ~l !V2,2

F ~l ! 1
2

11 h1,2
(

i, j#h2,2,
iÞj

U2,2
F ~i !V2,2

F ~ j !G ,
wherec~1! 5 h1,2 andc~k! 5 k21 for k . 1+Now, consider the effect of permuting
theT1-cycles; only the expressions in the second and third lines of the above formula
are affected+ Taking the expectation of the first of those expressions with respect to
a random permutation of theT1-cycles gives
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E1F 1

h1,2 2 1 (
k51

h1,2

U1,2~k!S(
j51

h1,2

V2,1~ j ! 2 V2,1~c~k!!DG
5

1

h1,2 2 1 (
k51

h1,2

U1,2~k! (
j51

h1,2

V2,1~ j ! 2
1

h1,2 2 1 (
k51

h1,2

U1,2~k!E1@V2,1~c~k!!#

5
1

h1,2 2 1 (
k51

h1,2

U1,2~k! (
j51

h1,2

V2,1~ j ! 2
1

h1,2 2 1 (
k51

h1,2

U1,2~k!
1

h1,2
(
j51

h1,2

V2,1~ j !

5
1

h1,2
(
k51

h1,2

U1,2~k! (
j51

h1,2

V2,1~ j !+

The expectation of the second expression simplifies similarly, thus proving the va-
lidity of the expression for Jam~1, ;X !+

Calvin and Nakayama@4# proved that when permuting onlyT2-cycles, each
permuted path ;X ~i ! in ~1! has the same distribution as the original path;X+We can
apply the same argument to show that if;X ' is constructed from ;X by permut-
ing bothT1-cycles andT2-cycles, then ;X ' has the same distribution as;X+ Hence, if
we let the ;X ~i !, i 5 1,2, + + + ,N~ ;X !, denote the paths that can be constructed by
permuting bothT1-cycles andT2-cycles, then it follows from~1! thatE @ Jam~1, ;X!# 5
a and Var~ Jam~1, ;X !! # Var~ [am~1, ;X !!+ n

For what follows, it will be convenient to rewrite the expression forJam~1, ;X ! as

Jam~1, ;X ! 5
1

h1,1 1 h1,2
F(

k51

h1,1

U1,1~k!V1,1~k! 1 (
k51

h1,2

~U1,2~k!V1,2~k! 1 U2,1~k!V2,1~k!!

1
1

h1,2
(
k51

h1,2

U1,2~k! (
j51

h1,2

V2,1~ j ! 1
1

h1,2
(
k51

h1,2

V1,2~k! (
j51

h1,2

U2,1~ j !

1
1

h1,2
(
k51

h1,2

~U1,2~k! 1 U2,1~k!! (
j51

h2,2

V2,2
F ~ j !

1
1

h1,2
(
k51

h1,2

~V1,2~k! 1 V2,1~k!! (
j51

h2,2

U2,2
F ~ j !

1
h1,2 2 1

h1,2 1 1 (
l51

h2,2

U2,2
F ~l !V2,2

F ~l !

1
2

11 h1,2
S(

l51

h2,2

U2,2
F ~l !DS(

l51

h2,2

V2,2
F ~l !DG + (6)

4. MULTIPLE REGENERATION SEQUENCES

In the previous section, we presented a closed-form expression for the estimator
obtained by permuting two regeneration sequences+We now present the formula for
the estimator usings$ 2 distinct regeneration sequences+
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Theorem 2: Suppose that there are s$ 2 regeneration sequences+ For 1# i # s, let

b~i ! 5 (
k51

hi, i

Ui, i ~k!Vi, i ~k! 1 (
k51

hi, i11

~Ui, i11~k!Vi, i11~k! 1 Ui11, i ~k!Vi11, i ~k!!

1
1

hi, i11
(
k51

hi, i11

Ui, i11~k! (
j51

hi, i11

Vi11, i ~ j !

1
1

hi, i11
(
k51

hi, i11

Vi, i11~k! (
j51

hi, i11

Ui11, i ~ j !

1
1

hi, i11
(
k51

hi, i11

~Ui, i11~k! 1 Ui11, i ~k!! (
j51

hi11, i111hi11, i12

Vi11, i11
F ~ j !

1
1

hi, i11
(
k51

hi, i11

~Vi, i11~k! 1 Vi11, i ~k!! (
j51

hi11, i111hi11, i12

Ui11, i11
F ~ j !

1
2

11 hi, i11
S (

l51

hi11, i111hi11, i12

Ui11, i11
F ~l !D

3 S (
l51

hi11, i111hi11, i12

Vi11, i11
F ~l !D,

where hi, j 5 Ui, j ~k! 5 Vi, j ~k! 5 Ui, i
F~k! 5 Vi, i

F~k! 5 0 if i or j is greater than s+ Then,

Jam~1, ;X ! 5
1

h1,1 1 h1,2
(
i51

s

b~i ! )
j51

i21Shj, j11 2 1

hj, j11 1 1D, (7)

where we take) j51
0 5 1+ For all m $ 1, the estimator satisfies E@ Jam~1, ;X !# 5 a and

Var~ Jam~1, ;X !! # Var~ [am~1, ;X !!+

Proof: Whens5 2, ~6! is the expectation of the standard estimator with respect to
a random ordering of theT1-cycles andT2-cycles, and we can think ofh2,2 in ~6! as
the number ofT2-regenerations that arenot followed by aT1-regeneration+ If s. 2,
thenh2,2 1 h2,3 is the number ofT2-regenerations that arenot followed by aT1-
regeneration, and so in~6!,we replaceh2,2 with h2,21h2,3,which is the total number
of theU2,2

F ~ j !’s+Hence,with this modification to~6!,we can now interpret~6! as the
conditional expectation from randomly permuting theT1-cycles andT2-cycles, given
the original orderings of theT3-cycles through theTs-cycles+ In other words, letting
Ei1, i2, + + + , ip denote expectation with respect to uniform random permutations of the
Ti1-cycles through theTip-cycles, we get that~6! becomes
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E1,2@ [am~1, ;X !#

5
1

h1,1 1 h1,2
F(

k51

h1,1

U1,1~k!V1,1~k! 1 (
k51

h1,2

~U1,2~k!V1,2~k! 1 U2,1~k!V2,1~k!!

1
1

h1,2
(
k51

h1,2

U1,2~k! (
j51

h1,2

V2,1~ j ! 1
1

h1,2
(
k51

h1,2

V1,2~k! (
j51

h1,2

U2,1~ j !

1
1

h1,2
(
k51

h1,2

~U1,2~k! 1 U2,1~k!! (
j51

h2,21h2,3

V2,2
F ~ j !

1
1

h1,2
(
k51

h1,2

~V1,2~k! 1 V2,1~k!! (
j51

h2,21h2,3

U2,2
F ~ j !

1
2

11 h1,2
S (

l51

h2,21h2,3

U2,2
F ~l !DS (

l51

h2,21h2,3

V2,2
F ~l !D

1
h1,2 2 1

h1,2 1 1 (
l51

h2,21h2,3

U2,2
F ~l !V2,2

F ~l !G +
Our permuted estimatedJam~1, ;X ! is then the expectation of this expression with
respect to random permutations on theTr -cycles forr 53,4, + + + ,s+However, the only
part of the formula that changes under those permutations is the term

h1,2 2 1

h1,2 1 1 (
l51

h2,21h2,3

U2,2
F ~l !V2,2

F ~l !,

which can be expressed as

h1,2 2 1

h1,2 1 1
~h2,2 1 h2,3! [a~2, ;X2!,

where ;X2 is the original path ;X but with all the 1r 1, 1 r 2, and 2r 1 segments
deleted+ ~Here, we use the terminology “i r j segment” to denote a segment of the
sample path from aTi -regeneration to aTj -regeneration,with no other regenerations
in between+! In Figure 2, we demonstrate how this is done for the sample path given
in Figure 1+ The top graph in Figure 2 shows the original path in Figure 1 with the
1r 1, 1r 2, and 2r 1 segments removed, and the bottom graph shows the sample
path ;X2 obtained by concatenating the remaining segments+

Therefore, taking expectations with respect to uniform random permutations of
theTr -cycles forr 5 3,4, + + + ,s, gives the recursive formula
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Jam~1, ;X ! 5
1

h1,1 1 h1,2
F(

k51

h1,1

U1,1~k!V1,1~k! 1 (
k51

h1,2

~U1,2~k!V1,2~k! 1 U2,1~k!V2,1~k!!

1
1

h1,2
(
k51

h1,2

U1,2~k! (
j51

h1,2

V2,1~ j ! 1
1

h1,2
(
k51

h1,2

V1,2~k! (
j51

h1,2

U2,1~ j !

1
1

h1,2
(
k51

h1,2

~U1,2~k! 1 U2,1~k!! (
j51

h2,21h2,3

V2,2
F ~ j !

1
1

h1,2
(
k51

h1,2

~V1,2~k! 1 V2,1~k!! (
j51

h2,21h2,3

U2,2
F ~ j !

1
2

11 h1,2
S (

l51

h2,21h2,3

U2,2
F ~l !DS (

l51

h2,21h2,3

V2,2
F ~l !D

1
h1,2 2 1

h1,2 1 1
~h2,2 1 h2,3! Jam~2, ;X2!G

5
1

h1,1 1 h1,2
Sb~1! 1

h1,2 2 1

h1,2 1 1
~h2,2 1 h2,3! Jam~2, ;X2!D+

Figure 2. Constructing the new path;X2+
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To derive a nonrecursive version of the estimator, setg~0! 51, and for 1# i , s, set

g~i ! 5 Shi, i11 2 1

hi, i11 1 1D
and Ja '~i, ;X ! 5 ~hi, i 1 hi, i11! Jam~i, ;X !+ Then, observe that

Ja '~1, ;X ! 5 b~1! 1 g~1! Ja '~2, ;X2!

5 b~1! 1 g~1!b~2! 1 g~1!g~2! Ja '~3, ;X3!

I

5 b~1! 1 g~1!b~2! 1 g~1!g~2!b~3! 1 {{{

1 g~1!g~2! {{{ g~s2 1!b~s!

5 (
i51

s

b~i ! )
j50

i21

g~ j !, (8)

which establishes~7!+
The proof ofE @ Jam~1, ;X !# 5 a and Var~ Jam~1, ;X !! # Var~ [am~1, ;X !! is analogous

to that in the proof of Theorem 1+ n

The following pseudocode outlines the calculations for the estimator based on
m T1-cycles+ The pseudocode assumes that regenerations can only occur at state-
transition epochs+

Define arrays h~i, j !,SU~i, j !,SV~i, j !,SUV~i, j !, 1 # i # s, 6 i 2 j 6 # 1,
and accumulators AU,AV,CYCLES, all initialized to 0+
i 5 1;
do $

simulate sample path until next state transition, updating AU,AV;
for ~ j 5 1; j % s; 11j !

if ~Tj -regeneration occurred ! $

h~i, j ! 5 h~i, j ! 1 1;
SU~i, j ! 5 SU~i, j ! 1 AU;
SV~i, j ! 5 SV~i, j ! 1 AV;
SUV~i, j ! 5 SUV~i, j ! 1 AU * AV;
i 5 j ;
AU 5 0;
AV5 0;
if ~ j 55 1! CYCLES5 CYCLES1 1;

%;
% while ~CYCLES, m!;
i 5 s;
U F 5 0;
V F 5 0;
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for ~i 5 s; i . 0; 22i ! $

U F 5 U F 1 SU~i 1 1, i 1 1!;
V F 5 V F 1 SV~i 1 1, i 1 1!;
b~i ! 5 SUV~i, i ! 1 SUV~i, i 1 1! 1 SUV~i 1 1, i !

1 SU~i, i 1 1! * SV~i 1 1, i !0h~i, i 1 1!

1 SV~i, i 1 1! * SU~i 1 1, i !0h~i, i 1 1!

1 ~SU~i, i 1 1! 1 SU~i 1 1, i !! * V F0h~i, i 1 1!

1 ~SV~i, i 1 1! 1 SV~i 1 1, i !! * U F0h~i, i 1 1!

1 ~20~11 h~i, i 1 1!!! * U F * V F;
%

prod5 1;
Jam~1, ;X ! 5 0;

for ~i 5 1; i % s; 11i ! $

Jam~1, ;X ! 5 Jam~1, ;X ! 1 b~i ! * prod;
prod5 prod * ~h~i, i 1 1! 2 1!0~h~i, i 1 1! 1 1!;

%

Jam~1, ;X ! 5 Jam~1, ;X !0m;

The total storage required is proportional to the number of regeneration se-
quencess+ The work of the do–while loop is proportional to the sample-path length+
The calculation after the do–while loop requiresO~s! work, independent of the
simulation run length+

For simplicity, we derived the permuted estimator based on simulating a fixed
number ofTv-cycles forv5 1, but similar estimators can be constructed for other
choices ofv . 1+ For example, suppose that in addition to the regeneration se-
quences indexed by$1,2, + + + ,s% as above, there are additional regeneration se-
quences indexed by$2',3', + + + ,s' %, where the new regeneration sequences have the
same acyclic property of Assumption 2 assumed of the original set; that is, any
Ti '-regeneration and anyTi '12-regeneration are separated by aTi '11-regeneration,
and anyTi '12-regeneration and anyTi '-regeneration are separated by aTi '11-
regeneration+ Then,

[am~1, ;X ! 5
1

mS(
k51

h1,2

U~k!V~k! 1 (
k51

h1,2'

U '~k!V '~k!D
5

h1,2

m

1

h1,2
(
k51

h1,2

U~k!V~k! 1
h1,2'

m

1

h1,2'
(
k51

h1,2'

U '~k!V '~k!,

where theU ' andV ' variables are the analogs ofU andV, respectively, defined for
the regeneration sequencesT2' , + + + ,Ts' + Now, construct the permuted estimator, as
before, for each of the components separately+

To use Theorem 2 based onTv-cycles forv. 1, renumber the states as follows:
v21 becomes 2', v22 becomes 3', + + + ,1 becomess', v11 becomes 2, v12 becomes
3, and so on+
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5. CENTRAL LIMIT THEOREM

We now prove a central limit theorem for our estimatorJam[ Jam~1, ;X !+ To establish
this result, we will use the following key observation: For any i andk, Ui, i ~k! is
defined over a singleT1-cycle+ Similarly, Ui, i11~k!, Ui11, i ~k!, andUi11, i11

F ~l ! are
each defined over a singleT1-cycle+ The same holds for the correspondingV vari-
ables+ This will allow us to derive an expression for the estimatorJam as a function of
the sample mean of i+i+d+ vectors defined overT1-cycles, plus a remainder term that
appropriately vanishes+ Our approach generalizes a technique developed in Calvin
and Nakayama@3# +

To do this, we need more notation+ DefineHi, i ~n! to be the set ofk-indices for
whichUi, i ~k! is defined over thenth T1-cycle; that is, Hi, i ~n! 5 $k $ 1 : T1~n21! #
Ti ~k 2 1! , Ti ~k! # T1~n! with no regenerations from any sequence occurring be-
tweenTi ~k21! andTi ~k!%+Observe thatHi, i ~n! is also the set ofk-indices for which
Ui, i ~k! is defined over thenth T1-cycle+ Similarly, defineHi, i11~n! to be the set of
k-indices for whichUi, i11~k! is defined over thenth T1-cycle+ Analogously define
the setsHi11, i ~n! andHi11, i11

F ~n! relative to the variablesUi11, i ~k! andUi11, i11
F ~k!,

respectively+For example, in Figure 1,H2,2~1!5H2,2~2!5H2,2~3!5B andH2,2~4!5
$1%+ Also, H2,2

F ~1! 5 $1%, H2,2
F ~2! 5 $2%, H2,2

F ~3! 5 B, andH2,2
F ~4! 5 $3%+

For eachi 5 1,2, + + + ,s, define the following variables:

Ai,1~n! 5 6Hi, i11~n!6,

Ai,2~n! 5 (
k[Hi, i ~n!

Ui, i ~k!Vi, i ~k!,

Ai,3~n! 5 (
k[Hi, i11~n!

~Ui, i11~k!Vi, i11~k! 1 Ui11, i ~k!Vi11, i ~k!!,

Ai,4~n! 5 (
k[Hi, i11~n!

Ui, i11~k!,

Ai,5~n! 5 (
k[Hi, i11~n!

Vi11, i ~k!,

Ai,6~n! 5 (
k[Hi, i11~n!

Vi, i11~k!,

Ai,7~n! 5 (
k[Hi, i11~n!

Ui11, i ~k!,

Ai,8~n! 5 (
k[Hi11, i11

F ~n!

Vi11, i11
F ~k!,

Ai,9~n! 5 (
k[Hi11, i11

F ~n!

Ui11, i11
F ~k!+

Also, defineA~n! 5 ~Ai, j ~n! : i 51,2, + + + ,s; j 51,2, + + + ,9!, n51,2, + + + , and note that
A~n! is a random vector defined over thenth T1-cycle+ ~Throughout this article, all
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vectors are column vectors+! Hence,A~1!,A~2!, + + +are i+i+d+Letµ5 ~µi, j : i 51,2, + + + ,s;
j 51,2, + + + ,9! 5 E @A~1!# , and letS 5 ~s~i, j !,~k, l ! : i,k51,2, + + + ,s; j, l 51,2, + + + ,9! be
the covariance matrix ofA~1!, wheres~ i, j !,~k, l ! 5 Cov~Ai, j ~1!,Ak, l ~1!!+ For i 5
1,2, + + + ,s, andj 51,2, + + + ,9, define the sample meansNAi, j ~m! 5 ~10m!(n51

m Ai, j ~n!,
and define NA~m! 5 ~ NAi, j ~m! : i 5 1,2, + + + ,s; j 5 1,2, + + + ,9!+

Let a5 ~ai, j : i 51,2, + + + ,s; j 51,2, + + + ,9! be a vector inR9s, and we define the
function f :R9s r R as

f ~a! 5 (
i51

s Fai,2 1 ai,3 1
ai,4ai,5

ai,1
1

ai,6ai,7

ai,1
1

~ai,4 1 ai,7!ai,8

ai,1

1
~ai,6 1 ai,5!ai,9

ai,1
1

2ai,9ai,8

ai,1
G +

Let ¹f ~a! be the vector of partial derivatives off evaluated ata+
In the proof of Theorem 3, we will show that the asymptotic variance of

!m~ Jam 2 a! is

sa
2 5 ¹f ~µ!TS¹f ~µ!, (9)

where the superscriptT denotes transpose+ Thus, applying the following approach,
we can estimatesa from the same simulation that is used to construct the permuted
estimator Jam+ First, generate a sample path ofm T1-cycles and computeJam+ From
the same sample path, compute the NAi, j ~m!, i 5 1,2, + + + ,s, j 5 1,2, + + + ,9+ Then,
compute¹f ~ NA~m!!+ Also, we estimate the covariances~i, j !,~k, l !, i,k 5 1,2, + + + ,s;
j, l 5 1,2, + + + ,9, by

[s~i, j !,~k, l !~m! 5
1

m2 1 (
n51

m

~Ai, j ~n! 2 NAi, j ~m!!~Ak, l ~n! 2 NAk, l ~m!!+

Let ZS~m! 5 ~ [s~i, j !,~k, l ! : i,k 5 1,2, + + + ,s; j, l 5 1,2, + + + ,9! be the sample covariance
matrix+ Then, the estimator ofsa is [sa~m! 5 ~¹f ~ NA~m!!T ZS~m!¹f ~ NA~m!!!102+ An
asymptotically valid 100~12 d!% confidence interval fora is

F Jam 2
kd [sa~m!

!m
, Jam 1

kd [sa~m!

!m G ,
wherekd is the upperd02 critical point of a standard Normal distribution~i+e+,
P$N~0,1! # kd% 5 1 2 d02! andN~x, y! denotes a Normal random variable with
meanx and variancey+

For k $ 1, let U~6 fU 6,k! 5 *T1~k21!
T1~k! 6 fU ~X~t!!6 dt and V~6 fV6,k! 5

*T1~k21!
T1~k! 6 fV~X~t!!6 dt+ Let “n” denote convergence in distribution+ Then, the follow-

ing holds+

Theorem 3: Assume that E@U~6 fU 6,1!2 1 V~6 fV6,1!2 1 U~6 fU 6,1!2V~6 fV6,1!2# ,
`+ Then, as mr `,
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i+ Jam r a a+s+
ii + !m~ Jam 2 a!0 [sa~m! n N~0,1!+

Proof: For the sake of simplicity, we only prove the result when the functionsfU
andfV defined in~3! and~4!, respectively, are nonnegative+ The results can easily be
generalized for arbitrary functions+ Note that

U~n!V~n! 5 S(
i51

s S (
j[Hi, i ~n!

Ui, i ~ j ! 1 (
k[Hi, i11~n!

Ui, i11~k! 1 (
l[Hi11, i ~n!

Ui11, i ~l !DD
3 S(

i51

s S (
j[Hi, i ~n!

Vi, i ~ j ! 1 (
k[Hi, i11~n!

Vi, i11~k! 1 (
l[Hi11, i ~n!

Vi11, i ~l !DD
$ Ai,2~n!+

Thus, our assumption implies thatµi,2 , `+ Similar arguments can be made to
establish thatµi, j ,` and thatE @Ai, j ~1!2# ,` for j 5 3,4, + + + ,9+ Note thatAi,1~n!
is bounded by a geometric random variable, and so it has finite moments of all
orders+ It then follows thatm andS are finite+

Note thath1,1 1 h1,2 5 m, and so in~7!, we can bring the 10m inside the sum-
mation and multiply it through to get that

Jam 5 f ~ NA~m!! 1 R~m!, (10)

where

R~m! 5
1

m (
i51

s

Di ~m!S (
l51

hi11, i111hi11, i12

Ui11, i11
F ~l !DS (

l51

hi11, i111hi11, i12

Vi11, i11
F ~l !D

and

Di ~m! 5 S 2

11 hi, i11
)
j51

i21Shj, j11 2 1

hj, j11 1 1DD2
2

hi, i11

+

We will prove that asmr `, f ~ NA~m!! r a a+s+, !m~ f ~ NA~m!! 2 a!0sa n N~0,1!,
and!mR~m! r 0 a+s+

Note that fori 51,2, + + + ,s,we must have thatP$Ti ~0! , T1~1!% . 0+ ~If this were
not true, thenP$Ti ~0! . T1~1!% 51 implies thatP$Ti ~0! . T1~k!% 51 for k $ 1 by the
regenerative property+ It would then follow thatP$Ti ~0! 5`% 5 1, soTi would not
be a sequence of finite regeneration points, contradicting Assumption 1+! Hence,
µi,1 . 0+ Also, we previously proved thatµ , `, and so NA~m! r µ a+s+, asmr `+
Sincef is continuous atµ, f ~ NA~m!! r f ~µ! a+s+, asmr`+Moreover, we can easily
show that the functionf has a nonzero differential atµ, and so using the corollary on
p+ 124 of Serfling@10# , we get that

!m

sa

~ f ~ NA~m!! 2 f ~µ!! n N~0,1!, (11)

asmr `, wheresa is defined in~9!+

194 J. M. Calvin and M. K. Nakayama

https://doi.org/10.1017/S0269964800142056 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964800142056


We now show that!m R~m! r 0 a+s+, asmr`+ For eachi andj, the strong law
of large numbers implies thatNAi, j ~m! r µi, j a+s+ becauseµi, j ,` for all i andj+Note
that

!m R~m! 5 (
i51

s

!mFS 2m

11 hi, i11
)
j51

i21Shj, j11 2 1

hj, j11 1 1DD2
2m

hi, i11
G NAi,9~m! NAi,8~m!,

and we consider the summands fori 5 1 and fori . 1 separately+ A little algebra
shows that the summand fori 5 1 equals

F22

!m

1

NAi,1~m!

m

hi, i11 1 1G NAi,9~m! NAi,8~m! r 0{
1

µi,2
2 µi,9 µi,8 5 0

a+s+, becauseµi,1 5 P$Ti ~1! , T1~1!% . 0 by assumption+ Now, for i . 1, the sum-
mand equals~after a little algebra!

3 2m

11 hi, i11

!m1 )
j51

i21

~hj, j11 2 1! 2 )
j51

i21

~hj, j11 1 1!

)
j51

i21

~hj, j11 1 1! 2 2
2m0~hi, i11 1 1!

!m NAi,1~m! 4
3 NAi,9~m! NAi,8~m!+

With probability 1, 2m0~11 hi, i11! r 20µi,1, ~2m0~hi, i11 1 1!!0~!m NAi,1~m!! r 0,
NAi,9~m! r µi,9, and NAi,8~m! r µi,8+ Moreover,

!m1 )
j51

i21

~hj, j11 2 1! 2 )
j51

i21

~hj, j11 1 1!

)
j51

i21

~hj, j11 1 1! 2
5

)
j51

i21

~hj, j11 2 1! 2 )
j51

i21

~hj, j11 1 1!

mi22

mi21

)
j51

i21

~hj, j11 1 1!

!m

m
+ (12)

For the first term on the right-hand side of~12!, note that

1

mi22 S)
j51

i21

~hj, j11 2 1! 2 )
j51

i21

~hj, j11 1 1!D 5 (
k51

i21 1

mi22 )
j51
jÞk

i21

hj, j11 1
D~m!

mi22 ,

whereD~m! is a sum of a finite number of terms, each of which is the product
of at most i 2 3 of the hj , j11+ Hence, the first term in ~12! converges to

(k51
i21 ) j51, jÞk

i21 µj,1 a+s+ The second term in~12! converges to 10~) j51
i21 µj,1! a+s+, and

the third term in~12! vanishes asm r `+ Therefore, ~12! goes to 0 a+s+, and
putting this all together proves that!mR~m! r 0 a+s+, asm r `+
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It then follows that!m~ Jam2 f ~µ!! n N~0,sa
2! asmr` by ~10!, ~11!, Theo-

rem 4+4 of Billingsley@1# , and the continuous mapping theorem@1,Thm+ 5+1# +Now,
we prove thatf ~µ! 5 a and Jam r a a+s+, asm r `+ We previously showed that
f ~ NA~m!! r f ~µ! a+s+, and!mR~m! r 0 a+s+, asmr`+ Hence, it follows from ~10!
that Jamr f ~µ! a+s+, asmr`+ SinceE @ Jam# 5 a and Var@ Jam# # Var@ [am# for every
m . 0 by Theorem 2, it follows that

E @ Jam
2 # 5 Var@ Jam# 1 a2 # Var@ [am# 1 a2

5
Var@U~1!V~1!#

m
1 a2 # Var@U~1!V~1!# 1 a2 , `

for all m . 0+ It then follows that$ Jam:m51,2, + + + % is uniformly integrable, and so
E @ Jam# r f ~µ! asm r `; see the corollary to Theorem 25+12 of Billingsley @1# +
Therefore, f ~µ! 5 a becauseE @ Jam# 5 a for all m . 0+ Hence, !m~ Jam 2 a!0sa n

N~0,1! asmr `+
Finally, because the meanm and covariance matrixS are finite and because

µi,1 . 0, we have that¹f ~ NA~m!! r ¹f ~µ! a+s+ and ZS~m! r S a+s+, as m r `+
Therefore, [sa~m!0sa r 1 a+s+, asmr`, and so!m~ Jam2 a!0 [sa~m! n N~0,1!, as
mr `, by Theorems 4+4 and 5+1 of Billingsley @1# + n

6. NUMERICAL EXPERIMENTS

We now present some numerical results from simulating discrete-time and continuous-
time Markov chains using our permuted estimators+We let each stopping-time se-
quence correspond to successive hitting times to a fixed state, and we compute the
estimators based on only one regeneration sequence~i+e+, the standard estimators!
and the permuted estimators using all of the sequences+We ran different experiments
with different choices of return statev; that is, we let theT1-sequence correspond to
hits to statev for different choices ofv+ In all experiments, we defined the reward
function f asf ~i ! 5 i0s+

The first model is a discrete-time Markov chainX5 $Xn : n5 0,1,2, + + + % on state
spaceS5 $0,1, + + + ,s% with transition probability matrix

R~i, i 1 1! 5
s02

i 1 s02
5 1 2 R~i, i 2 1!

for 0, i , sandR~0,1!5R~s,s21!51+ This chain is a discrete-time version of the
Erlang loss system+

Tables 1–3 contain the results from running three different sets of simulation
experiments to estimate the time-average variance constantsX

2 with s5 50, s5100,
ands5 200+ ~We also computed numerically—i+e+, not using simulation—the theo-
retical values ofsX

2 to be 1+014 whens5 50, 1+010 whens5 100, and 1+005 when
s5200+! Each simulation experiment consisted of 1000 independent replications+ In
each table, the second~resp+, third! column gives the sample variance over the 1000
replications of the standard~resp+, permuted! estimators ofsX

2+ The last column
gives the ratio of the sample variances+ The number of cycles was adjusted for each
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choice of return state so that, on average, about 200,000 transitions were generated
in each replication+ Thus, the different results are comparable+

In each of Tables 1–3, the first row corresponds to experiments withv equal to
the steady state mean of the processX+Note that whenv is the steady state mean, the
relative improvement from the permuted estimator over the standard estimator is
roughly the same as the model size increases+ The other rows correspond to exper-
iments withv increasingly farther from the mean+ In these cases, the variance of the
standard estimator increases with the distance ofv from the mean, whereas the vari-
ance of the permuted estimator stays about the same+ Thus, the amount of variance
reduction from permuting increases with the distance ofv from the mean~with the
maximum variance reduction of a factor of 66!+

As noted earlier, the sample variance of the permuted estimator is relatively
insensitive to the choice of return statev, and it always results in a variance reduc-
tion+ This is desirable because when one is simulating a system with more than one
regeneration sequence, the variability of estimators of certain performance mea-
sures~e+g+, the time-average variance constant! can differ greatly, depending on the
choice of the return state when applying the classical regenerative method+ Unfor-
tunately, there are no reliable rules that can a priori choose a “good” sequence for the
classical regenerative method when more than one sequence is available+Also, if we
use the estimator from Calvin and Nakayama@4# that exploits only two regeneration
sequences, then the amount of variance reduction varies significantly, depending on
the particular pair of sequences used+On the other hand, it seems that one can avoid

Table 1. Discrete-Time Erlang Model, s5 50

Sample Variance

v Standard Permuted Ratio

25 0+0028 0+0022 1+3
20 0+0045 0+0022 2+1
15 0+0136 0+0020 6+7

Table 2. Discrete-Time Erlang Model, s5 100

Sample Variance

v Standard Permuted Ratio

50 0+0058 0+0044 1+3
40 0+0115 0+0039 2+9
30 0+2341 0+0035 66+3
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this problem by applying our method, which uses all sequences simultaneously+
Thus, it appears that our method can be applied as a “black box+”

We also simulated a continuous-time Erlang loss system+ In this model, there
aresservers, each having exponentially distributed service times with mean 1+ Jobs
arrive according to a Poisson process with rates02+ The embedded discrete-time
Markov chain of this model is the same as that of the previous example, but now
the holding time in statei is exponentially distributed with parameteri 1 s02; thus,
the chain tends to spend more time in the lower states+ The simulation results for the
continuous-time model withs5 50 are shown in Table 4+We again computed the
sample variances of the estimates of the time-average variance constant over 1000
independent replications+ The sample variances in Table 4 are less than the corre-
sponding values in Table 1, as the holding times tend to be much less than 1+ ~If all
the holding times are exponentially distributed with mean 1, then the sample vari-
ances of the estimators ofsX

2 are similar to those in Table 1+! However, the amounts
of variance reduction obtained by permuting in Tables 1 and 4 are about the same+
Thus, it seems that our method is equally effective for simulations of discrete-time
and continuous-time processes+
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APPENDIX

Here, we explain Example 2 more fully+ Let the processX correspond to the total number of
customers in an M0G01 queue with first-come first-served service discipline and traffic in-
tensityr , 1+ We define the regeneration sequencesT1,T2,T3, + + + in the following manner+
AssumeX~0! 5 0+ First, define the sequenceA15 $A1~i ! : i 5 0,1,2, + + + %,whereA1~0! 5 0 and
A1~i ! is the time of theith transition from state 1 to state 0+ Also, define the sequencesAj 5
$Aj ~i ! : i 5 0,1,2, + + + %, j 5 2,3,4, + + + , whereAj ~i ! is the time of the~i 1 1!st transition from
statej to statej 21+ Note that each sequenceAj is a regeneration sequence+ For example, see
Figure 3+

Now, we define the sequenceB 5 $B~i ! : i 5 0,1,2, + + + % andC 5 $C~i ! : i 5 0,1,2, + + + %
as follows+ Let B~0! 5 0 andC~0! 5 1+ Then, for i $ 1, recursively defineB~i ! 5 inf $t .
B~i 2 1! : t 5 Aj ~k! for somek $ 0 and j $ 1 such thatj [ $C~i 2 1! 2 1, C~i 2 1!,
C~ i 2 1! 1 1%% and C~ i ! 5 j if and only if B~ i ! 5 Aj ~k! for some k $ 0+ Thus, if
B~i 2 1! corresponds to a time from the sequenceAl ~i+e+, if C~i 2 1! 5 l !, then B~i ! is
the first time after timeB~i 2 1! that comes from eitherAl21, Al , or Al11, andC~i ! keeps
track of from whichAj -sequence the timeB~i ! came+ Now, we define the sequenceDj 5
$Dj ~i ! : i 5 0,1,2, + + + % such thatDj ~0! 5 inf $l $ 0 :C~l ! 5 j % and recursively letDj ~i ! 5
inf $l . Dj ~i 2 1! :C~l ! 5 j % for i $ 1+ Hence, Dj ~i ! is the indexl such thatC~l ! is the~i 1
1!th time that theC-sequence takes on the valuej+ Finally, we define the sequencesTj , j 5
1,2, + + + , with Tj ~i ! 5 B~Dj ~i !!, i 5 0,1,2, + + + + Thus, the sequenceTj contains those times
from the sequenceAj that correspond to some time in the sequenceB+

In Figure 3, the first regeneration from any of theAj -sequences, j 5 1,2,3, + + + , corre-
sponds to timeA1~0!50, and we defineB~0!5A1~0!50+BecauseB~0! corresponds to a time
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Figure 3. A sample path of the total number of customers in an M0G01 queue+
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from theA1-sequence, we defineC~0! 51+ Also, D1~0! 5 0 because 0 is the index of the first
time that theC-sequence equals 1+ Thus, T1~0! 5 B~D1~0!! 5 A1~0!+ Next, to defineB~1! and
C~1!, sinceC~0! 51, we look for the nextAj -regeneration for whichj 51 or j 5 2 ~there is no
Aj -sequence forj 5 0!+ Thus, we skip over the timeA3~0!, and we use the time corresponding
to A2~0!+ We defineB~1! 5 A2~0! and letC~1! 5 2 because we use a regeneration from the
A2-sequence to defineB~1!+ Also, let D2~0! 5 1, as 1 is the index of the first time that the
C-sequence equals 2+Thus, T2~0!5B~D2~0!!5A2~0!+Next, to defineB~2! andC~2!,we look
for the nextAj -regeneration for whichj 5 1, 2, or 3 becauseC~1! 5 2+ Hence, we skip over
A4~0! and useA3~1!+We defineB~2! 5 A3~1! and letC~2! 5 3 because we use a regeneration
from theA3 sequence to defineB~2!+Also, letD3~0!52 because 2 is the index of the first time
that theC-sequence equals 3+ Thus, T3~0! 5 B~D3~0!! 5 A3~1!+Next, to defineB~3! andC~3!,
we look for the nextAj -regeneration for whichj 5 2,3, or 4 becauseC~2! 5 3+ Hence, we use
A2~1!+ We defineB~3! 5 A2~1! and letC~3! 5 2 because we use a regeneration from the
A2-sequence to defineB~3!+ Also, let D2~1! 5 3 because 3 is the index of the second time that
theC-sequence equals 2+ Thus, T2~1! 5 B~D2~1!! 5 A2~1!+

Note thatTj , Aj for all j 5 1,2, + + + , so eachTj -sequence is a thinned version of the
Aj -sequence+ It can be shown that eachTj -sequence is a regeneration sequence and thatT1 5
A1 andT2 5 A2+ Also, because of the way we constructed the sequencesTj by thinning the
Aj -sequences, Assumption 2 will hold+

On the other hand,Assumption 2 doesnothold if we define each sequenceTj 5 Aj , as the
process can have anAj -regeneration followed immediately by anAj12-regeneration without
an interveningAj11-regeneration+For example,at the beginning of Figure 3,anA1-regeneration
is immediately followed by anA3-regeneration without an interveningA2-regeneration+
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