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Abstract. We study dynamical (Artin–Mazur–Ruelle) zeta functions for piecewise
invertible multi-dimensional maps. In particular, we direct our attention to non-
hyperbolic systems admitting countable generating definite partitions which are not
necessarily Markov but satisfy thefinite range structure(FRS) condition. We define a
version of Gibbs measure (weak Gibbs measure) and by using it we establish an analogy
with thermodynamic formalism for specific cases, i.e. a characterization of the radius of
convergence in terms of pressure. The FRS condition leads us to nice countable state
symbolic dynamics and allows us to realize it as towers over Markov systems. The
Markov approximation method then gives a product formula of zeta functions for certain
weighted functions.

1. Introduction
The main purpose of this paper is to study Artin–Mazur–Ruelle zeta functions
for piecewise invertible multi-dimensional maps in non-Fredholm situations. More
specifically, the dynamical systems to which we direct our attention typically admit
non-hyperbolic periodic orbits and their countable definite partitions are not necessarily
Markov. The standard method based on a (generalized) Perron–Frobenius operator
severely rely on Renyi’s condition (see the definition in§5) [1, 9–11, 14–16]. On the
other hand, it is easy to find examples for which the condition fails so that the operator
is not compact. Such situations naturally happen in a number theoretical context and
we cannot expect good spectral properties of the Perron–Frobenius operators for such
systems. In previous papers [5, 23–28], we succeeded in establishing several ergodic
properties for certain non-hyperbolic systems. The non-standard method we used in the
previous papers requires neither Renyi’s condition nor the Markov condition, but severely
relies on thelocal Renyi conditionand thefinite range structure(FRS) condition (see
§§5 and 2). These conditions allow us to have absolutely continuousσ -finite invariant
measures with unbounded densities [5, 23]. The singularities of the invariant densities
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typically happen on non-hyperbolic periodic orbits (see [24] and [25]). We also assumed
several conditions for establishing a variational principle and convergence to equilibrium
states in [25] and [26]. Some of the conditions also contribute to a characterization of
the radius of convergence of zeta functions in terms of pressures and an analogy with
the thermodynamic formalism, for specific cases. These problems are discussed in§5.
Further we ask:

Question.How can we obtain analyticity properties of dynamical zeta functions in non-
Fredholm situations?

Our approach, which makes a small contribution to answering the question uses the
symbolic dynamics. More precisely, the FRS condition allows us to have countable state
sofic shifts as their symbolic dynamics, i.e. labelling graphs with finitely many vertices
and countably many edges describe the motion of the dynamical systems [25]. Then we
have a nice collection of cylinders so that the sofic systems can be described by towers
over Markov systems. A product formula for the zeta functions will be obtained in the
following way.
(1) Construct the jump transformations over the set of Markov cylinders (see the

definition in §2), which are just infinite Markov systems.
(2) Study a relation between the zeta functions of the jump transformations and those

of the original systems. In order to find a good relation between them, we make an
assumption which guarantees a good connection between their periodic orbits and
we construct towers over Markov systems.

In particular, when the jump transformations are Bernoulli (i.e. their symbolic
dynamics are full shifts), we may have a nice product formula for the zeta functions
which gives meromorphic extensions to the entire plane. In fact we see this for specific
cases in§4.
(3) Decompose the recurrent part into mutually disjoint subshifts which are Bernoulli.

We proceed with this program in§§3 and 4. In section 2, we prepare preliminary
results on the symbolic dynamics of piecewise invertible systems with FRS. Further, we
give the definition of Markov cylinders and study their properties from which our results
follow. The existence of Markov cylinders is shown in§3 under the FRS condition, so
that we can construct jump transformations which are Markov systems.

Our topological Markov approximation is closely related to the method based onorbit
basiswhich was introduced by Takahashi in [20] and we see a relation between the orbit
basis and our topological Markov approximations in§3. We should mention that the
approximation arguments still work for maps likeβ transformations, which are finite
state but do not satisfy the FRS condition. In fact, even if no Markov cylinder exists for
β transformations, we can find a collection of cylinders over which we can construct a
jump transformation which is Bernoulli (see [20]). In the appendix, we study countable
state shifts described by labelled graphs with finitely many vertices and countably many
edges. We call themsubshifts of finite rangeand explain the reason why the shifts can be
considered naturally as countable state sofic shifts. Further, we observe that the existence
of a magic word (which corresponds to the Markov cylinder) allows us to see that the
factor map is one-to-one on the set of all periodic points up to an exceptional set. This
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fact allows us to have a simple proof of rationality of zeta functions for finite state sofic
shifts when the dynamics of the exceptional sets of the Markov approximations have a
nice structure.

2. Piecewise invertible systems with FRS
In this section, we give definitions and preliminary results on piecewise invertible systems
with FRS. LetT be a transformation on a bounded domainX(⊂ R

d) andQ = {Xa}a∈I
be a countable partition ofX satisfying the following conditions:
(1) Q is a generating partition (i.e.

∨∞
m=0 T

−mQ is the partition into points).
(2) EachXa is a connected subset ofX and

⋃
a∈I intXa is an open dense subset ofX.

Xa cannot intersect anyXb with b 6= a.
(3) For eachXa, T |Xa : Xa → TXa is a homeomorphism.
We callT satisfying the above conditions, apiecewise invertible mapand call the triple
(T ,X,Q) a piecewise invertible system. If int(Xa ∩ TXb) 6= ∅ implies TXb ⊃ int(Xa)
we say thatQ is the Markov partition forT andQ satisfies the Markov property with
respect toT . If int(Xa1 ∩ T −1Xa2 . . . ∩ T −(n−1)Xan) 6= ∅, then we say that the sequence
(a1 . . . an) is admissibleand denoteXa1 ∩ T −1Xa2 . . . ∩ T −(n−1)Xan by Xa1...an . We call
Xa1...an a cylinder of rankn. Ln denotes the set of all cylinders of rankn. |a1 . . . an| stands
for the length of the sequence(a1 . . . an). We denote byAn the set of all admissible
sequences of lengthn andA = ⋃∞

n=1 An. PutL = ⋃∞
n=1 Ln. Let 6∗ be the set of all

right semi-infinite sequences(a1a2 . . . an . . .) satisfying(a1 . . . an) ∈ A for all n > 0. For
(a1a2 . . . an . . .) ∈ A, putρ(a1a2 . . .) = ⋂∞

i=0 T
−iXai+1. It follows from condition (1) that

ρ(a1a2 . . .) is at most a single point ofX. Put6∅ = {(a1a2 . . .) ∈ 6∗ : ρ(a1a2 . . .) = ∅}.
Define

6∗′ =
∞⋂
i=0

σ ∗−i {(a1a2 . . .) ∈ 6∗\6∅ : ρ(a1a2 . . .) ∈ Xa1},

whereσ ∗ is the left shift on6∗, i.e. σ ∗(a1a2 . . .) = (a2a3 . . .). We remark that6∗ and
6∗′

areσ ∗-invariant.

Remark A.ρ : 6∗′ → X is a bijective, continuous shift commuting map, i.e.Tρ = ρσ ∗

(see [25]).

We call the triple(6∗′
, σ ∗, ρ) a realization of (T ,X,Q) or a symbolic dynamicsof

(T ,X,Q).
DenoteU k = {T kXa1...ak : (a1 . . . ak) ∈ Ak} and putU = ∪∞

k=1U k.
Definition. Let (T ,X,Q) be a piecewise invertible system such thatU consists of
only finitely many subsets ofX with positive Lebesgue measure. Then we say that
T guarantees afinite range structure(FRS) and we call the quadruple(T ,X,Q,U) a
piecewise invertible system with FRS.

The FRS condition is well-known in the case of interval maps (cf. [2]).
The next theorem which was obtained in [25] shows a relation between the FRS

condition and countable state sofic shifts, that is, piecewise invertible systems with FRS
provide countable state sofic shifts as their symbolic dynamics.
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THEOREM 2.1. Let (T ,X,Q = {Xa}a∈I ,U) be a piecewise invertible system with FRS.
Suppose thatU = {U0, U1, . . . , UN } andX = U0. Then there exists a countable state
sofic shift which realizesT in the following sense. Define a directed graph whose vertex
set is the finite setU , and whose arc set is the countable alphabetI , where there is an
edgec from Ui to Uj if for any (a1 . . . al) such thatT lXa1...al = Ui,Xa1...alc ∈ L and
T l+1Xa1...alc = Uj .

(1) This labelled graph defines a one-sided edge subshift of finite typeσ with countable
alphabet and a one-block mapπ : σ → σ ′, whereσ ′ is a subshift with the countable
alphabetI .

(2) Let (6′, σ ′) be the one-sided sofic shift in the above, and for(a0a1 . . .) ∈ 6′ put

ρ(a0a1 . . .) =
∞⋂
i=0

T −iXai .

Then the mapρ : 6′ → X is defined a.e. andρ is a bijective continuous conjugacy
map, i.e.Tρ = ρσ ′.

(3) Let V be a disjoint partition generated byU . ThenQ ∨ V is the Markov partition
for T . In particular, we can see

T (Q ∨ V) ⊆ σ(V),

whereσ(V) denotes the finiteσ -algebra generated byV.

We remark that typical examples which arise from number theory have no periodic
points on∪a∈I ∂Xa but admit them on∪U∈U∂U\ ∪a∈I ∂Xa. Thus the choice of the
symbolic dynamics with respect toQ ∨ V has a disadvantage, i.e. a loss of some
information on periodic orbits. For this reason we consider that the definite partition
Q is more appropriate thanQ∨ V for obtaining the symbolic dynamics even if it is not
Markov.

We will define a version of the Markov property as follows. For convenience of
notation, we denotea1 . . . an by a(n).

Definition. We say thatXa(n) ∈ L is a Markov cylinder if for any U ∈ U satisfying
int(U ∩Xa(n)) 6= ∅, intXa(n) ⊂ U .

Remark B. Markov cylinders give right resolving blocks (magic words) (see the
appendix).

Let Mn be the set of all Markov cylinders of rankn and putM = ⋃∞
i=1 Mn.

Definition. We say that(T ,X,Q) has thek-Markov property ifMk = Lk.
Remark C.The propertyU = U k is equivalent to thek-Markov property of the partition
Q. If T satisfies thek-Markov property, then we call a quadruple(T ,X,Q,U) a
piecewise invertiblek-Markov system. Its symbolic dynamics is exactly the countable
state ‘k-Markov shift’ which is defined in the next section.

The following properties will be important for our purpose.
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LEMMA 2.1. The subclassM of L has the ‘strong playback property’, i.e. for any
Xa(n) ∈ M and for anyXb(m) ∈ L such thatXb(m)a(n) ∈ L, Xb(m)a(n) also belongs to
M (cf. [17]).

Proof. In fact, as the admissibility of the sequencec(l)·b(m)a(n) implies the admissibility
of c(l)b(m) · a(n), the above assertion is obtained immediately. �

LEMMA 2.2. If Xa(n) is a Markov cylinder, then for anyXb(m) ∈ L such thatXa(n)b(m) ∈ L,
Xa(n)b(m) also belongs toM.

Proof. If Xa(n)b(m) /∈ M, there exists aU ∈ U s.t. Uc ∩ (intXa(n)b(m)) 6= ∅. This
contradicts the fact thatXa(n) ∈ M. �

3. Topological Markov approximations and orbit basis
In this section, we first approximate piecewise invertible systems with FRS by Markov
systems along the lines of Schweiger’s technique [17], which is based on jump
transformations over appropriate classes of cylinders. Next we show the existence of
an orbit basis which is based on Takahashi’s orbit basis and in the last part of this
section we discuss a relation between our Markov approximations and the existence of
orbit bases. In fact, the orbit basis consists of Markov cylinders satisfying a special
property.

Let us consider a new partition ofX as follows. PutB1 = {Xb ∈ L1 : Xb ∈ M}
andD1 = {Xd ∈ L1 : Xd /∈ M}. DenoteB1 = ⋃

Xb∈B1
Xb andD1 = ⋃

Xd∈D1
Xd . Next

we divideD1 into two disjoint subsets,B2 andD2 which consist of all cylinders of
rank two belonging toM2 andL2\M2 respectively. More precisely, putB2 = {Xb1b2 ∈
L2 : Xb1 ∈ D1, Xb1b2 ∈ M} and D2 = {Xd1d2 ∈ L2 : Xd1 ∈ D1, Xd1d2 /∈ M}. Then
B2 = ⋃

Xb1b2∈B2
Xb1b2 andD2 = ⋃

Xd1d2∈D2
Xd1d2. Inductively, we define

Bi = {Xb(i) ∈ Li : Xb1...bi−1 ∈ Di−1, Xb(i) ∈ M},
Di = {Xd(i) ∈ Li : Xd1...di−1 ∈ Di−1, Xd(i) /∈ M}.

PutBi = ⋃
Xb(i)∈Bi Xb(i) andDi = ⋃

Xd(i)∈Di
Xd(i). For eachn > 0, we have the following

disjoint partition ofX: X = ⋃n
i=1Bi ∪Dn. Let us consider a new index setIM defined

by IM = ⋃∞
j=1{(b1 . . . bj ) ∈ A : Xb1...bj ∈ Bj }. Let us define a jump transformationTM

on
⋃∞
j=1Bj by TM(x) = T j (x) for x ∈ Bj . PutXM = X\(⋃m≥0 T

−m
M (

⋂
n≥0Dn)). Then

TM is a transformation ofXM andQM = {Xα}α∈IM is a generating partition ofXM. The
generating property relies on the strong playback property ofM and the argument in the
proof of Theorem 6.1 in [24] (cf. [5]) still works, so we omit the proof. Denote byUM
the set of all range sets for(TM,XM,QM). It is easy to see thatUM ⊂ U .

THEOREM 3.1. Let (T ,X,Q,U) be a piecewise invertible system with FRS. ThenM 6= ∅
and (TM,XM,QM,UM) is a piecewise invertible Markov system with FRS. In fact,TM

has the (simple) Markov property, i.e.int(Xα ∩ TMXγ ) 6= ∅ (α, γ ∈ IM) implies
TMXγ ⊃ intXα.

Proof. First we observe that forXa1...an ∈ Mc, there exists a cylinderXb1...bl such
that Xb1...bla1...an ∈ M. In fact, if we cannot obtain such a sequence(b1 . . . bl) ∈ A,
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then we have a strictly nested sequence of range sets, i.e. ifXa1...an /∈ M, there exists
(b1 . . . bl) ∈ A such that(b1 . . . bla1 . . . an) ∈ A and T n+lXb1...bla1...an ⊂ T nXa1...an . If
Xb1...bla1...an is also not a Markov cylinder, again we have some(c1 . . . cj ) ∈ A such that
(c1 . . . cj b1 . . . bla1 . . . an) ∈ A and

T n+l+jXc(j)b(l)a(n) ⊂ T n+lXb(l)a(n) ⊂ T nXa(n).

Inductively, we can obtain an infinite nested sequence of range sets:T nXa(n) = Ui0 ⊃
Ui1 ⊃ · · · . This contradicts the ‘FRS’ condition. Thus ifM = ∅, we have a
contradiction. The rest of the assertions are an immediate consequence of the definition
of the jump transformationTM . �

LEMMA 3.1.
⋂
n≥0Dn ⊆ ⋃

U∈U ∂U and ∩n≥0Dn,XM are T -invariant. Further,
∪∞
m=1T

−m
M (∩n≥0Dn) contains no periodic points.

Proof. The first assertion follows from the generating property ofQ. In fact, if
x ∈ ∩n≥0Dn satisfiesx ∈ intV for some V ∈ V, then we have immediately a
contradiction to the assumption. The rest of assertions are immediate consequences
of the strong playback property ofM. �

Let Pn(X, T ) be the set of all periodic points with minimal periodn and put
P(X, T ) = ∪∞

n=0Pn(X, T ). It follows from Lemma 3.1 that

P(X, T ) = P(XM, T ) ∪ P(∩n≥0Dn, T ).

Let (6, σ ) be the symbolic dynamics of(T ,X,Q,U) in Theorem 2.1.(6|XM , σ ) and
(6|∩n≥0Dn, σ ) denote the symbolic dynamics of(XM, T ) and (∩n≥0Dn, T ) repectively.
The strong playback property ofM allows us to have two subsystems, i.e. on∩∞

n=0Dn

which consists of boundaries of range sets inU as mentioned in Lemma 3.1 and onXM
where we can construct Markov systems. Further, any points in6|XM can be written as
an infinite sequence ofIM which is a point of6M . The following condition allows us
to have a one-to-one correspondence betweenP(6M, σM) andP(6|XM , σ ) which will
be important for obtaining a nice formula of zeta functions in the next section.

(C) M1 6= ∅ andBn+1 = Dn ∩ T −nB1.
(Equivalently, ifXd1...dk−1 ∈ Dk−1, Xdk ∈ D1 andXd1...dk ∈ Lk, thenXd1...dk ∈ Dk.)

For typical examples (see§6), it is easy to verify the second part of condition (C)
which can be described as follows: for(d1 . . . dk) ∈ A, intXd1...di ∩ (⋃U∈U ∂U) 6= ∅
(i = 1 . . . k−1) and intXdk ∩(

⋃
U∈U ∂U) 6= ∅ if and only if intXd1...dk ∩(

⋃
U∈U ∂U) 6= ∅.

We remark that condition (C) also leads us to a relation between the Markov systemTM

and an induced transformation on the set of Markov cylinders of rank 1.

PROPOSITION3.1. Let T satisfy condition (C). Then we can form the induced
transformationTB1 of T with respect toB1, which satisfies

T |B1 ◦ TB1 = TM ◦ T |B1.
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Proof. We can apply the same argument as used in the proof in [17] to our situation. Let
Fk = {x ∈ B1 : T ix ∈ D1 for i = 1 . . . k − 1, T kx ∈ B1}. Then

Fk = B1 ∩ T −1Dk−1 ∩ T −kB1 = B1 ∩ T −1(Dk−1 ∩ T −(k−1)B1) = B1 ∩ T −1Bk.

It follows from (C) and the above that

B1 =
∞⋃
k=1

Fk = B1 ∩
( ∞⋃
k=1

T −1Bk

)
= B1 ∩ T −1

( ∞⋃
k=1

Bk

)

= B1 ∩ T −1

( ∞⋃
k=1

(Dk−1 ∩ T −(k−1)B1)

)
⊆ B1 ∩

∞⋃
k=1

T −kB1 ⊆
∞⋃
k=1

T −kB1.

Hence we can define the induced transformation ofT with respect toB1. If x ∈ B1

belongs toFk for a k > 0, thenT x ∈ Bk, so that we have

TMT |B1x = T k+1x = T |B1TB1x. �

In the rest of this section, we show a relation between systems with FRS and shifts
with orbit bases which were defined by Takahashi in [20]. We prepare some notation on
shifts with countable states. Let(X, σ ) be a one-sided shift with a countable state setI .
For (a1 . . . an) ∈ An, [a1 . . . an] denotes the cylinder set

{(x1x2 . . .) ∈ IN : (x1 . . . xn) = (a1 . . . an)}.
For V ⊆ A, denote [V ] = ⋃

(a1...an)∈V [a1 . . . an]. We define forV ⊆ A the Markov hull
of V as follows:

M(V ) = {(a1a2 . . .) ∈ IN : (aiai+1 . . .) ∈ [V ] (∀i ≥ 1)}.
The shift(M(V ), σ ) for V ⊆ Ak is calleda k-Markov shift. For a given one-sided shift
(X, σ ), defineX∗ = {(an)n∈Z = (. . . a−1a0a1 . . .) ∈ IZ : (am+n)m∈N ∈ X (∀n ∈ Z)}.
Then (X∗, σ ∗) is calledthe natural extensionof (X, σ ). Let π : IZ → IN be a natural
projection, i.e.π(. . . a−1a0a1 . . .) = (a0a1 . . .).

Let us definean orbit basisof a shift which is a version of Takahashi’s definition.

Defintion.Let (6, σ ) be a one-sided shift over the index setI . The shift(6, σ ) is said
to admit an orbit basis if there exist a subsetJ of A, a positive integerr > 0, and a
subsetV of J r+1 satisfying the following conditions.
(O1) For eachn ≥ 1, put Vn = {(b1 . . .bn) ∈ J n : (b1 . . .bn) ∈ A}. Then for

n > r, Vn = {(b1 . . .bn) ∈ J n : (bi . . .bi+r ) ∈ V (1 ≤ i ≤ n− r)}.
(O2) For eachx ∈ 6, there exists a sequence(bn)n≥0 ∈ M(V ) and some 0≤ i ≤ |b0|

such that
x = (σ ib0)b1b2 . . . .

(O3) Conversely, the sequence defined by(σ ib0)b1b2 . . . for some(bn)n≥0 ∈ M(V ) and
i > 0, belongs to6.

Let σV be a shift transformation onJN, so that(M(V ), σV ) is anr-Markov shift with
structure setV . Let (M(V )∗, σ ∗

V ) be a natural extension of(M(V ), σV ) i.e.

M(V )∗ = {(. . .b−1b0b1 . . .) ∈ JZ : (bnbn+1 . . .) ∈ M(V ) (∀n ∈ Z)},
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which coincides with the set

{(. . .b−1b0b1 . . .) ∈ JZ : (bn . . .bn+r ) ∈ V (∀n ∈ Z)}.
Let θ(. . .b−1b0b1 . . .) = |b0| and put

6θ = {(. . .b−1b0b1 . . . , n) ∈ M(V )∗ × N : 0 ≤ n < θ(. . .b−1b0b1 . . .)}.
Define a mapτ : 6θ → 6θ by

τ(. . .b−1b0b1 . . . , n) =
{
(. . .b−1b0b1 . . . , n+ 1), if (. . .b−1b0b1 . . . , n+ 1) ∈ 6θ

(σ ∗
V (. . .b−1b0b1 . . .),0), otherwise.

We call (6θ , τ ) a tower over(M(V )∗, σ ∗
V ) with the ceiling functionθ . Let us define a

mapp0 : M(V )∗ → IZ by

p0(. . .b−1b0b1 . . .)(n)=




bk(n− |b0| − · · · − |bk−1|), if 0 ≤ n− (|b0| + · · ·
+|bk−1|) < |bk| andn ≥ 0

b−k(n+ |b−1| + · · · + |b−k|), if 0 > n+ (|b−1| + · · ·
+|b−k+1|) > −|b−k| (n < 0).

p0 gives a decoding from sequences with the index setJ to sequences with the index
setI .

Let p : 6θ → IZ be a map defined by

p(. . .b−1b0b1 . . . , n) = σ ∗np0(. . .b−1b0b1 . . .).

(O4) The mapp is a homeomorphism of6θ into (X∗, σ ∗) such thatπp(6θ) = 6 and
pτ = σ ∗p.

We call (J, V ) an orbit basis of orderr for (6, σ ). In particular, ifr = 0 andV = J

then we say that a shift(6, σ ) admits afree orbit basisJ and in the case ofr = 1 we
say that the orbit basis(J, V ) is simple Markov.

Remark D.If (6, σ ) admits an orbit basis(J, V ), then (6, σ ) is a factor image of
the tower over the(r + 1)-Markov shift. In fact, πp is an onto map satisfying
(πp)τ = σ(πp).

Let (T ,X,Q = {Xa}a∈I ,U) be a piecewise invertible system with FRS.

Definition. We call Xa1...an ∈ Mn (n ≥ 2) a special Markov cylinderif Xai...an ∈
Mc (∀i ∈ {2, . . . , n}).

Let SMn (n ≥ 2) be the set of all special Markov cylinders of rankn.

Remark E.From Lemma 2.1 we have forXa1...an ∈ Mc, Xai...an ∈ Mc for all
i ∈ {2, . . . , n}. From Lemma 2.2 we also haveLn\Mn = Dn.

DenoteSM = ∪∞
n=2SMn

⋃M1 and letISM = {(a1 . . . an) ∈ A : Xa1...an ∈ SM}.

THEOREM 3.2. Under condition (C), the symbolic dynamics of(T ,XM,Q,U) with FRS
admits the following orbit basis of order 1:
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J = ISM,

V = {(b1b2) ∈ I 2
SM : b1 ∈ Q(i) and b2 ∈ M(i) for i ∈ {0,1, . . . N}},

where

Q(i) =
∞⋃
n=1

{(a1 . . . an) ∈ An : T nXa1...an = Ui}

and

M(i) =
∞⋃
n=1

{(a1 . . . an) ∈ An : Xa1...an ⊆ Ui}.

Remark F.For n ≥ 2, I nSM ∩ A = {(b1 . . .bn) ∈ I nSM : bibi+1 ∈ V }.
Proof of Theorem 3.2.From Theorem 3.1 it is easy to see that any point in6|XM
can be written as an infinite sequence of orbit bases. In fact, an infinite sequence
of words in IM of the form (d1 . . . dn︸ ︷︷ ︸

Dn

b︸︷︷︸
M
) can be written as an infinite sequence of

words of the form( b︸︷︷︸
M

d1 . . . dn︸ ︷︷ ︸
Dn

), which just correspond to cylinders inSM. For

(bn)n≥0, (b′
n)n≥0 ∈ M(V ), if there are somei, j with 0 ≤ i ≤ |b0|,0 ≤ j ≤ |b′

0|
satisfying

(σ ib0)b1 . . . = (σ jb′
0)b

′
1 . . . ,

thenbn = b′
n (n ≥ 1), |b0| − i = |b′

0| − j and

(b0(i + 1), . . . ,b0(|b0|)) = (b′
0(j + 1), . . . ,b′

0(|b′
0|)) ∈ D|b0|−i .

This is an immediate consequence of condition (C). It follows from this fact thatp is
injective. Thus all the conditions (O1)–(O4) are valid. �

4. Product formulas for zeta functions
Let T : X → X be a map and write

Fix(X, T n) = {x ∈ X; T nx = x}.
Let f : X → (−∞,∞] be a potential function such that

Zn(X, f ) =
∑

x∈Fix(X,T n)

exp

(
−

n−1∑
i=0

f (T ix)

)

is well-defined for alln > 0. Define the formal power series

ζX,f (t) = exp

( ∞∑
n=1

tn

n
Zn(X, f )

)
,

which is called theArtin–Mazur–Ruellezeta function. In particular, for the casef = 0
it is called theArtin–Mazur zeta function. It is known that the radius of convergence of
ζX,f is given by

exp

(
− lim sup

n→∞
1

n
logZn(X, f )

)
.
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Let (6, σ ) be the symbolic dynamics of the(T ,X,Q,U) in Theorem 2.1. As mentioned
in §3, we have a disjoint union:

P(6, σ) = P(6|XM , σ ) ∪ P(6|∩n≥0Dn, σ )

so that
ζ6,f (t) = ζ6|XM ,f (t)ζ6|∩n≥0Dn ,f

(t)

for a function f : 6 → (−∞,∞]. We first study ζ6|XM ,f (t). Let (6θ , τ ) be
a tower over (M(V )∗, σ ∗

V ) with the ceiling functionθ as defined in§3. Define
f ∗ : M(V ∗) → (−∞,∞] by

f ∗(. . .b−1b0b1 . . .) =
∑

0≤n<θ(...b−1b0b1...)

f σ n(πp0(. . .b−1b0b1 . . .)).

We have already seen in§3 that under condition (C),(6|XM , σ ) admits the orbit basis
of order 1 and we can define a tower over(6M, σM) with the ceiling functionθ which
is defined by the length of the first coordinate. In this case,f ∗ : 6M → (−∞,∞) is
defined by

f ∗(b0b1 . . .) =
∑

0≤n<θ(b0b1...)

f σ np0(b0b1 . . .),

wherep0 : 6M → IN is the decoding as defined before. The following equality shows
how ζM(V )∗,f ∗ relates toζ6|XM ,f and also we have the same formula even if we take
(6M, σM) instead of(M(V )∗, σ ∗

V ).

LEMMA 4.1.

∞∑
n=1

tn

n
Zn(6|XM , f ) =

∞∑
k=1

1

k

∑
y∈Fix(M(V )∗,σ ∗k

V )

t
∑k−1

m=0 θ(σ
∗m
V y) exp

{
−

k−1∑
m=0

f ∗(σ ∗m
V y)

}
.

Proof. As we have mentioned in the previous section, condition (C) gives a one-to-
one correspondence betweenP(6M, σM) andP(6|XM , σ ). This also gives a one-to-one
correspondence betweenP(M(V )∗, σ ∗

V ) andP(6|XM , σ ) as we have seen in the proof
of Theorem 3.2 (i.e.p is injective). Then it is easy to observe the following equalities:

∞∑
n=1

tn−1
∑

x∈Fix(6|XM ,σn)
exp

(
−

n−1∑
i=0

f (σ ix)

)

=
∞∑
k=1

∑
y=(b0...bk−1)∈Fix(M(V )∗,σ ∗k

V )

k−1∑
m=0

|bm|
k
t
∑k−1

m=0 |bm|−1

× exp

(
−

k−1∑
m=0

|bm|−1∑
j=0

f σ jπp0(σ
∗m
V y, j)

)

=
∞∑
k=1

∑
y∈Fix(M(V )∗,σ ∗k

V )

1

k

k−1∑
m=0

θ(σ ∗m
V y)t

∑k−1
m=0 θ(σ

∗m
V y)−1 exp

(
−

k−1∑
m=0

f ∗(σ ∗m
V y)

)
.

By integrating int , we have the desired inequality. �
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LEMMA 4.2. If (6, σ ) is a shift with orbit basis(J, V ), then:
(1) ζ6,f (t) = ζM(V )∗,f ∗−(log t)θ (1);
(2) if M(V )∗ = JZ, and g : M(V )∗ → (−∞,∞] is a function depending only on the

zeroth coordinate, then

ζM(V )∗,g(t) =
(

1 −
∑
b∈J

exp(−g(b))t
)−1

.

Proof. The first assertion is an immediate consequence of Lemma 4.1. We have the
second assertion as follows:

∞∑
n=1

tn

n

∑
y=(b0b1...bn−1)∈Fix(M(V )∗,σ ∗

V
n)

exp

(
−

n−1∑
m=0

g(σ ∗
V
m
y)

)

=
∞∑
n=1

tn

n

∑
(b0...bn−1)∈J n

n−1∏
m=0

exp(−g(bm))

=
∞∑
n=1

(t
∑

b∈J exp(−g(b)))n
n

. �

Along the line of the proof in [20], we can show that the following formulae are valid
as formal power series.

LEMMA 4.3. If (6, σ ) admits a free orbit basisJ and if the functionf : 6 → (−∞,∞]
depends only on the zeroth coordinate, then

ζ6,f (t)
−1 = 1 −

∑
b∈J

exp

(
−

|b|−1∑
n=0

f (σnp0b)
)
t |b|.

In particular,
ζ6,0(t)

−1 = 1 −
∑
b∈J

t |b|.

Proof. From Lemmas 4.1 and 4.2, we see easily that

ζ6,f (t)
−1 = 1 −

∑
b∈J

exp(−f ∗(b)+ (log t)θ(b))

which gives the desired formula. �

Let

6∗
rec = {x = (. . . x−1x0x1 . . .) ∈ 6∗ : for each wordw appearing inx,

(xn . . . xn+|w|−1) = w both for infinitely manyn ≥ 0 andn ≤ 0}
and define for(b1 . . . bn) ∈ A, 6∗(b1 . . . bn) = {(ak)k∈Z ∈ 6∗ : (ak . . . ak+n−1) =
(b1 . . . bn) both for infinitely many k ≥ 0 and k < 0}. Put 6(b0 . . . br ) =
π(6∗

rec(b0 . . . br )). From Theorems 3.1 and 3.2, we see

(6|XM )∗rec =
⋃

b∈ISM
(6|XM )∗rec(b).
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PROPOSITION4.1. (π((6|XM )∗rec), σ ) is a disjoint union of subshifts(6k, σ ) (k ≥ 1) which
admit free orbit bases so that

P(6|XM , σ ) = ∪∞
k=1P(6k, σ ).

Proof.By a diagonal argument we can writeISM as a countable union of words belonging
to ISM :

ISM =
]ISM⋃
k=1

v(k).

Further, we can decompose(6|XM )∗rec into subshifts6∗
k (k ≥ 1) which are mutually

disjoint as follows:

(6|XM )∗rec =
∞⋃
k=1

6∗
k ,

where

6∗
k = {(. . . v(k−1)v(k0)v(k1) . . .) ∈ (6|XM )∗rec(v(k)) :

(v(kj )v(kj+1)) ∈ V,∀kj , k ≤ kj ≤ ]ISM}.
Putting6k = π(6∗

k ) gives the first assertion. For eachk = 1, 6k admits a free orbit
basis:

J (k) = ∪n≥1{(v(k)v(k1) . . . v(kn−1)) ∈ A : k < k1, . . . , kn−1 ≤ ]ISM}.
We can also write6∗

k = (6|XM )∗rec(v(k))\
⋃k−1
l=1 (6|XM )∗rec(v(l)) with (k ≥ 2) and the free

orbit basisJ (k) of 6k is just the set of all words(c1 . . . cm) (m ≥ 2) over ISM with
ci ∈ ∪l=kv(l) satisfying:
(1) (c1 . . . cm) = (v(k)c2 . . . cm);
(2) cl 6= v(k) (l = 2, . . . , m);
(3) (cmv(k)) ∈ V and(cl−1cl) ∈ V (l = 2, . . . , m).

We have finished the proof (cf. Lemma 2 in [20]). �

It follows from Lemma 4.3 that we have a formula of theArtin–Mazur–Ruelle zeta
function associated tof . Let S = (Sij ) be a]ISM × ]ISM matrix defined by

Sij = 1 if (v(i)v(j)) ∈ V
Sij = 0 otherwise.

THEOREM 4.1. Suppose that(T ,X,Q,U) satisfies all assumptions of Theorem 3.2. Then
we have:
(1) ζ6,f (t) = ζ6|XM ,f (t)ζ6|∩n≥0Dn ,f

(t).
(2) If f depends only on the zeroth coordinate,

ζ6|XM ,f (t)
−1 =

]ISM∏
k=1

(
1 −

∑
b∈J (k)

exp(−f ∗(b))t |b|
)

=
]ISM∏
k=1

(
1 − exp(−f ∗(v(k)))t |v(k)| −

∞∑
n=2

∑
k<k1...kn−1≤]ISM

Skk1Sk1k2 . . .
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. . . Skn−1k exp

(
−

|v(k)|+···+|v(kn−1)|−1∑
j=0

f σ jp0(v(k)v(k1) . . . v(kn−1))

)

×t |v(k)|+|v(k1)|+···+|v(kn−1)|
)
,

whereJ (k) are free orbit bases of subshifts6k which give a disjoint decomposition
of π((6|XM )∗rec) andf ∗(v(k)) = ∑

0≤j≤|v(k)|−1 f σ
jp0(v(k)).

(3) LetR = (Rij ) be a]ISM × ]ISM matrix defined byRij = exp(−f ∗(v(j)))Sij . If f
depends only on the zeroth coordinate, then

ζ6|XM ,f (t)
−1 =

]ISM∏
k=1

(
1 − exp(−f ∗(v(k)))t |v(k)|

−
∞∑
n=2

∑
k<k1...kn−1≤]ISM

Rkk1 . . . Rkn−1kt
|v(k)|+|v(k1)|+···+|v(kn−1)|

)
.

COROLLARY 4.1. If Sij = 1 (∀i, j), J = U1 andf depends only on the zeroth coordinate,
then

ζ6|XM ,f (t) =
(

1 − t

]ISM∑
k=1

exp(−f ∗(v(k)))
)−1

= det(I − tR)−1.

Remark G.For a general functionf : X → (−∞,∞], define piecewise constant
functionsf andf by

f (x) = inf
y∈Xa

f (y) for x ∈ Xa,

f (x) = sup
y∈Xa

f (y) for x ∈ Xa

respectively. Replacingf by f (f ) gives upper (lower) bounds ofζX,f which
can be written as product formulas in Theorem 4.1. So it is easy to see that if∑

a∈I exp(−f (a)) < ∞, thenζ6XM ,f has the radius of convergenceρ satisfying

ρ ≥ 1∑
a∈I exp(−f (a)) .

Remark H.Let us consider the even system which is a typical example of a finite state
sofic shift. In the space of sequences with the index set{a, b}, b’s are required to
appear in blocks of even length between twoa’s. For the system, non-Markov words
areb, bb, bbb, . . . and it is easy to see that

ζ6|XM ,0(t)
−1 = 1 − t − t2

1 − t2

which gives a meromorphic extension toC. For finite state systems (i.e.]I < ∞), we
have another observation of the analycity property of zeta functions in§7.

Lastly, we refer toζ6∩n≥0Dn ,f
(t). It follows from Remark E that6∩n≥0Dn consists of

sequences(a1 . . . an . . .) s.t. Xai /∈ M1 (∀i > 0). Further, condition (C) implies that
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6∩n≥0Dn is a subshift of(6, σ ) with the index set consisting of symbols for cylinders in
D1(= L1\M1). In typical examples, we see that6∩n≥0Dn is extremely simple. In fact we
will see this in§6 where we study a multi-dimensional non-Markov (non-hyperbolic) map
which is an interesting example in view of number theoretical applications [5, 25, 28].
Further, we observe that(∩n≥0Dn, T ) is a lower-dimensional subsystem of(T ,X).

5. Pressure and the radius of convergence

Definition.A probability measureν which is positive on open sets is called aweak Gibbs
measurefor a functionf with a constantP if there exists a sequence{Kn}n>0 of positive
numbers with limn→∞(1/n) logKn = 0 such thatν a.e.x,

K−1
n ≤ ν(Xa1...an (x))

exp(
∑n−1

i=0 f T
i(x)+ nP )

≤ Kn,

whereXa1...an (x) denotes the cylinder of rankn containingx.

Definition.We say that a functionf is of weak bounded variation(WBV) if there exists
a sequence{Cn}n>0 satisfying limn→∞(1/n) logCn = 0 and for eachn > 0,

supx∈Xa1...an
exp(

∑n−1
i=0 f (T

ix))

infx∈Xa1...an
exp(

∑n−1
i=0 f (T

ix))
≤ Cn (∀Xa1...an ∈ Ln).

In order to discuss the analogy with thermodynamic formalism, we assume piecewise
smoothness on(T ,X,Q,U), i.e. T |Xa is aC1-diffeomorphism for alla ∈ I . Beautiful
analogies with thermodynamic formalism were known for certain expanding interval
maps, and for piecewise expanding maps like Gauss transformations nice analyticity
properties of the dynamical zeta functions were established [9–11, 14–16]. The standard
technique used there is based on the (generalized) Perron–Frobenius operator and
severely relies on Renyi’s condition (i.e.∃C ≥ Cn a uniform constant inn for
f (x) = log |detDT (x)|−1). For establishing some specific properties, the Markov
property of the definite partition was required. In this section, we direct our attention to
certain non-hyperbolic systems; more precisely piecewise invertible multi-dimensional
maps which do not satisfy Renyi’s condition. As mentioned in§1, we cannot apply the
standard method for such systems. Typical examples of such systems come from number
theory and admit non-hyperbolic periodic orbits. The next result gives a characterization
of weak Gibbs measures.

LEMMA 5.1. LetLf be the generalized Perron–Frobenius operator defined byLf g(x) =∑
y∈T −1x expf (y)g(y) and letL∗

f be the dual ofLf . Suppose thatf is of weak bounded
variation. If (ν, P ) is a solution of the equationLf ∗ν = (expP)ν, thenν is a weak Gibbs
measure for−P . Conversely, ifν is a weak Gibbs measure forf with −P then

lim
n→∞

1

n
log

ν(Xa1...an (x))

exp(
∑n−1

i=0 f T
i(x))

= −P

([29, Proposition 2.2]).
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For convenience of notation, we denote
∑

x∈Fix(T n,X) exp(
∑n−1

i=0 f T
i(x)) by

Zn(X, f ) instead ofZn(X,−f ) in this section. ζX,f (t) is defined byζX,f (t) =
exp(

∑∞
n=1(t

n/n)Zn(X, f )) as before. Define for eachn > 0,

A0
n = {(a1 . . . an) ∈ An : T nXa1...an = X}.

THEOREM 5.1. Let (T ,X,Q = {Xa},U = {U0, . . . UN }) be a piecewiseC1-smooth
invertible system with FRS. We assume further that:
(1) (weak Renyi condition)log |detDT (x)|−1 satisfies the weak bounded variation

property;
(2) (transitivity condition) for eachUj ∈ U there exists a cylinderXa1...asj

⊂ Uj such
that T sjXa1...asj

= X.
Suppose thatf satisfies the weak bounded variation property and the normalized Lebesgue
measureλ of X is a weak Gibbs measure forf with a constant−P. Then

lim
n→∞

1

n
logZn(X, f ) = P.

In particular, λ is a weak Gibbs measure forf (x) = log |detDT (x)|−1 with constant
zero so that

lim
n→∞

1

n
logZn(X, f ) = 0.

Let F be theσ -algebra of Borel subsets ofX and letM(X, T ) denote the collection
of all T -invariant probability measures onF . E(X, T ) denotes the collection of all
T -invariant ergodic probability measures onF . For a probability measurem and a
subalgebraF ′ of F, Im(F |F ′) denotes the conditional information ofF with respect
to F ′.

Definition. We say thatµ ∈ M(X, T ) is anequilibrium statefor a functionφ if∫
(Iµ(F |T −1F)+ φ) dµ ≥

∫
(Im(F |T −1F)+ φ) dm

(∀m ∈ M(X, T ) s.t. Im(F |T −1F)+ φ ∈ L1(m)).

The left-hand side is called thepressureof φ and is denoted byP(φ) (cf. [22]).
Now we ask:

Question 1.When does the radius of convergence ofζX,f (t) relate toP(f )?

In order to give a partial answer to this question, first we note the following fact.

PROPOSITION5.1. Suppose that all assumptions of Theorem 5.1 are satisfied. If there
exists aT -invariant ergodic measureµ satisfyingHµ(Q) < ∞ andf ∈ L1(µ), then the
property

lim
n→∞

1

n
log

µ(Xa1...an (x))

λ(Xa1...an (x))
= 0 (λ-a.e.x)

implies that

hµ(T )+
∫
X

f dµ = lim
n→∞

1

n
logZn(X, f ) = P.
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Next we show the existence of an equilibrium state for log|detDT (x)|−1 which
is ergodic. Assume that detDT (x) 6= 0 for all x ∈ X. Define for n > 0 and
(a1 . . . an) ∈ An,

C(a1 . . . an) ≡
supx∈Xa1...an

|detDT n(x)|
infx∈Xa1...an

|detDT n(x)| .

(Note that supn sup(a1...an)∈An
C(a1 . . . an) < ∞ implies the validity of Renyi’s condition.)

The following two theorems were established in [5, 23, 25, 26].

THEOREM 5.2. (The existence of an ergodic invariant measure equivalent toλ) Let
(T ,X,Q,U) be a piecewiseC1-smooth invertible system with FRS and satisfying the
transitivity condition. Suppose that there existsC > 1 satisfying the following conditions:
(1) (The local Renyi condition) IfC(a1 . . . an) ≤ C and (b1 . . . bma1 . . . an) ∈ A, then

C(b1 . . . bma1 . . . an) ≤ C.

(2) There is a symbola ∈ A0
1 satisfyingC(a) ≤ C.

(3) For eachn > 0 defineDn
(C) = {Xd1...dn ∈ Ln : C(d1 . . . di) ≥ C(1 ≤ i ≤ n)} and

Dn
(C) = ⋃

Xd1...dn∈Dn
(C) Xd1...dn . Thenlimn→∞ λ(Dn

(C)) = 0.
Under the above conditions,(T ,X,Q,U) admits an ergodicσ -finite invariant measure
µ equivalent toλ and (T , µ) is exact. Further, if we assume that

∑∞
n=0 λ(D

(C)
n ) < ∞,

thenµ is finite.

THEOREM 5.3. (Variational principle)When Rohlin’s formula is valid, theT -invariant
probability measureµ0 = µ/µ(X) in Theorem 5.2 satisfies the following variational
principle: ∀m ∈ E(X, T ) s.t. Im(F |T −1F)− log |detDT | ∈ L1(m)

hµ0(T )−
∫
X

log |detDT (x)| dµ0(x)

≥
∫
X

{Im(F |T −1F)− log |detDT (x)|} dm(x).

Remark K.The validity of Rohlin’s entropy formula was established in [24].

We assume Theorems 5.2 and 5.3. Then we can apply Theorem 5.1 and Proposition 5.1
to the specific casef (x) = log |detDT (x)|−1 satisfying the WBV property.

COROLLARY 5.1.

lim
n→∞

1

n
logZn(X, f ) = P(f ) = 0.

COROLLARY 5.2. P(f ) = sup{∫
X
(Im(F |T −1F) + f ) dm(x) : m ∈ E(X, T ) s.t.

Im(F |T −1F)+ f ∈ L1(m)}.

(See [3].) We remark that [29] contains an answer to Question 1 forf which is not
necessarily−log |detDT | and the reference measure is not necessarily Lebesgue measure.

In the rest of this section we give proofs of Theorem 5.1 and Proposition 5.1. To
prove Theorem 5.1 we need the following lemma (cf. [13]).
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LEMMA 5.2. There exists a sequence{γm}m=1 of positive numbers and∃s > 0 s.t.∑
(b1...bm)∈A0

m

λ(Xb1...bm) ≥ γm (∀m ≥ s)

and

lim
m→∞

1

m
logγm = 0.

Proof. Put s = lcm{sj : 0 ≤ j ≤ N}. Then for eachUj ∈ U , there exists a cylinder of
rank s, X(j)c1...c5 such thatX(j)c1...cs ⊂ Uj andT sX(j)c1...cs = X.

First we show that there exists aδ1(k) > 0 s.t. for allXa(k),∑
b(s)∈A,

a(k)b(s)∈A0
k+s

λ(Xa(k)b(s)) ≥ δ1(k)λ(Xa(k)).

It follows from the weak Renyi condition that∑
b(s)∈A,

a(k)b(s)∈A0
k+s

λ(Xa(k)b(s)) ≥
∑

b(s)∈A0
s ,

T kXa(k)⊇Xb(s)

λ(Xa(k)b(s))

≥ C−1
k

∑
Xb(s)∈A0

s ,

T kXa(k)⊇Xb(s)

sup
x∈T kXa(k)

|detDψa(k)(x)|λ(Xb(s)),

whereψa(k) denotes(T k|Xa(k) )−1.

Note that ∑
b(s)∈A0

s ,

T kXa(k)⊇Xb(s)

λ(Xb(s)) ≥ min
0≤j≤N

λ(X
(j)

c(s)),

whereX(j)c(s) ⊆ Uj are the cylinders satisfyingT sX(j)c(s) = X. So it is suffices to choose

δ1(k) = min0≤j≤N λ(X
(j)

c(s))

Ck maxU∈U λ(U)
.

In particular, ∑
b(s)∈A0

s

λ(Xb(s)) ≥ (N + 1) min
0≤j≤N

λ(X
(j)

c(s)).

Let k > 0. Then∑
b(s+k)∈A0

s+k

λ(Xb(s+k)) =
∑

(b1...bk)∈Ak

∑
(bk+1...bk+s )∈A0

s ,

T kXb1...bk⊇Xbk+1...bk+s

λ(Xb1...bkbk+1...bk+s )

so that we again have the same lower boundδ1(k). We have finished the proof. �

Proof of Theorem 5.1.First we observe that

(a1 . . . an) ∈ A0
n ⇔ (a1 . . . an) . . . (a1 . . . an)︸ ︷︷ ︸

k

∈ A0
kn.
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Then it follows from the weak bounded variation property off that we have

Zn(X, f ) ≥
∑

(a1...an)∈A0
n

inf
x∈Xa1...an

exp

( n−1∑
i=0

f (T ix)

)

≥ C−1
n

∑
(a1...an)∈A0

n

sup
x∈Xa1...an

exp

( n−1∑
i=0

f (T ix)

)
.

On the other hand, by the generator condition eachXa1...an contains only one fixed point
of T n so that we have

Zn(X, f ) ≤ Cn
∑

(a1...an)∈An

inf
x∈Xa1...an

exp

( n−1∑
i=0

f (T ix)

)
.

Then the desired result follows from the definition of the weak Gibbs measure.�

Proof of Proposition 5.1.The first assertion is an immediate consequence of the ergodic
theorem and the Shannon–McMillan theorem. It follows from Theorem 5.1 that the
second assertion is obtained. �

6. Multi-dimensional examples
We apply the results from the previous sections to some examples of piecewise invertible
system with FRS. All of these examples relate to number theory.

Example 1 (Two-dimensional map related to uniform distribution of cylinder flows).Let
X = {(x, y) : 0< x, y ≤ 1} andT be defined by

T (x, y) =
(

− 1

x
−
[
− 1

x

]
(−)
,
y

x
−
[y
x

])

where [x](−) = max{n ∈ Z : n < x} and [x] = max{n ∈ Z : n ≤ x}. We remark that we
must restrict the domainX to the set

{(x, y) ∈ X : T n(x, y) ∈ X (∀n > 0)}.

However, the Lebesgue measure of this set is equal to one, so we denote the restricted
set byX for convenience. Leta(x) = −[−1/x](−) andb(x, y) = [y/x]. The index setI
is given byI = {(a, b) ∈ N×(N∪{0}) : a ≥ 2, a > b}. The partitionQ = {X(a,b)}(a,b)∈I
is defined as

(x, y) ∈ X(a,b) iff a(x) = a andb(x, y) = b

(see Figure 1). LetU0 = X andU1 = {(x, y) ∈ X : x + y ≤ 1}. The appearance of
U1 does not allow us to have the Markov property ofQ. The first component ofT is
known as a map related to a negative continued fraction (Hirzebruch’s continued fraction)
which admits aσ -finite infinite absolutely continuous ergodic invariant measure. The
map is also conjugate to the mapS(x) = x/(1−x) (mod 1) after applying the conjugacy
9(x) = 1 − x. T itself also provides aσ -finite infinite ergodic invariant measure with
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FIGURE 1.

the densityh(x, y):

h(x, y) =




2 − x

2(1 − x)2
if x + y < 1

1

2(1 − x)
if x + y > 1

(see [3, 28]). For n ≥ 1, we define an(x) = a(rn−1(x)), bn(x, y) =
b(rn−1(x), sn−1(x, y)), where (rn(x), sn(x, y)) = T n(x, y). Define c(x, y) = a(x) −
b(x, y) and cn(x, y) = an(x) − bn(x, y) inductively. Then the admissibility rule of
symbols ofI is given as follows. Ifci = 1, then ci+1 6= 1. Divide I into three groups
as follows:

I1 = {(a, b) ∈ I : c = 1}, I2 = {(a, b) ∈ I : c = 2}, I3 = {(a, b) ∈ I : c > 2}

(Figure 1). Then we can obtain a quotient labelled graphG∗ with two vertices and
finitely many bundles consisting of countably many edges [25] (see Figure 2). From
now on, for the set of cylinders whose symbols belong toIi (i = 1,2,3) we use the
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FIGURE 2.

same notation. It is easy to check the following facts:

M(0) = A

M(1) =
∞⋃
n=1

{((a1, b1) . . . (an, bn)) ∈ An : c1 ∈ I3 or c1 ∈ I2 andci ∈ I3

for ∃1< i ≤ n}
Q(0) = {((a1, b1) . . . (an, bn)) ∈ An : cn /∈ I1 and if i < n is the maximal

number such thatci ∈ I1, then∃ci+k /∈ I2}
Q(1) = {((a1, b1) . . . (an, bn)) ∈ An : ∃1 5 i 5 n such thatci ∈ I1 and

ci+1, . . . , cn ∈ I2}.
(In particular, in the case ofcn ∈ I1, ((a1, b1) . . . (an, bn)) ∈ Q(1).)

M = A
∖ ∞⋃

n=1

{((a1, b1) . . . (an, bn)) ∈ An : ci ∈ I2 ∀i > 0}.

So,M consists of cylinders which do not intersect∂U1. As I1, I3 ⊂ M, we have

SM = I1 ∪ I3 ∪
⋃
k>0

{I1 × I2 × · · · × I2︸ ︷︷ ︸
k times

, I3 × I2 × · · · × I2︸ ︷︷ ︸
k times

},

V =
⋃
m,n>0

{Ik × I2 × · · · × I2︸ ︷︷ ︸
n−1

×Il × I2 × · · · × I2︸ ︷︷ ︸
m−1

: (k, l) = (1,3) or (3,1) or (3,3)}.

Similarly, the index setIM for the jump system(TM,XM,QM,UM) consists of sequences
belonging to

I1 ∪ I3 ∪ I2 × · · · × I2︸ ︷︷ ︸
k

×Il (l ∈ {1,3}, k > 0).
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FIGURE 3. The shaded cylinders are non-Markov cylinders of rank 2, i.e. cylinders belonging toD2.

(see Figure 3).
Next we observe the set of all periodic pointsP(X, T ). We can easily check the

following facts.
(1) {1} × [0,1] consists of indifferent fixed points.
(2) All fixed points in (0,1) × [0,1] belong to intXa for somea ∈ I . In fact, each

X(a,b) = {(x, y) ∈ X : a−1 ≤ x ≤ (a − 1)−1, bx ≤ y < (b + 1)x} with a − b > 1
contains a fixed point(

a − √
a2 − 4

2
,
b

2

(√
a + 2

a − 2
− 1

))
∈ intX(a,b).

Whena − b = 1, X(a, b) does not contain any fixed points.
(3) Put 0 = {(x, y) ∈ X : x + y = 1}. Then 0 = ∩n≥0Dn = ∪U∈U∂U\∂X is a

T -invariant set.
(4) T ((0,1] × {1}) = 0.
(5) (0,1] × {0} is T -invariant soT |(0,1]×{0} gives just the one-dimensional map related

to the negative continued fraction as mentioned above.
(6) Let x0 ∈ Fix(X, T p). If x0 ∈ ∂Xa1...ap for someXa1...ap , then x0 ∈ ∂Xa1...ap ∩

(∪U∈U∂U). Thusx0 must belong to0 ∪ ((0,1] ×{0}). Both subsystems(0, T ) and
((0,1] × {0}, T ) admit countable full (Bernoulli) shifts as their symbolic dynamics.

Thus all periodic points onX\({1} × [0,1]) belong to0 ∪ ((0,1] × {0}) ∪XM .
The following examples admit finite ergodic invariant measures equivalent toλ of

which densities are unbounded on indifferent periodic points. A sufficient condition for
the validity of Rohlin’s entropy formula was given in [24]. All assumptions for obtained
results in§5 are included in those conditions and both of the examples satisfy them.
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Further details about these examples can be found in [23–26].

Example 2 (A locally skew product two-dimensional map which is related to Diophantine
approximation in inhomogeneous linear class).Let X = {(x1, x2) ∈ R

2 : 0 ≤ x2 ≤ 1,
−x2 ≤ x1 ≤ −x2 + 1}. DefineT onX by

T (x1, x2) = (1/x1 − [(1 − x2)/x1] + [−(x2/x1)],−[−(x2/x1)] − (x2/x1)).

The invariant density of the finite invariant measure ofT is

h(x1, x2) = 1

(2 log 2)(1 − x1
2)
,

so the singular points of the densityh(x1, x2) are (1,0) and (−1,1). These points are
periodic points with period 2 and are indifferent (cf. [24]). Let

a(x1, x2) = [(1 − x2)/x1] − [−(x2/x1)], b(x1, x2) = −[−(x2/x1)],

an(x1, x2) = a(T n−1(x1, x2)), bn(x1, x2) = b(T n−1(x1, x2)).

On a cylinderX(a,b), T (x1, x2) = ((1/x1)− a,−(x2/x1)+ b), and for anyXa1...an ∈ Ln,
T nXa1...an = X; that isT is a Bernoulli map.

Example 3 (A real two-dimensional map which is related to a complex continued fraction
expansion by Tanaka [21]). LetX = {z = x1α+x2α : −(1/2) ≤ x1, x2 ≤ 1/2} (α = 1+i)
and defineT onX by T z = 1/z−[1/z]1, where [z]1 denotes [x1+1/2]α+[x2+1/2]α for
a complex numberz = x1α+x2α. Let the index setI beI = {nα+mα : m, n ∈ Z}\{0}.
T induces a continued fraction expansion ofz ∈ X:

z = 1

a1 + 1

a2 + 1

· · · 1

an + · · ·

,

where eachai is contained inI . T has indifferent periodic points±1, ±i and the
invariant density admits singularities at these points and no others [24].

Appendix. Subshift of finite range
LetG be a labelled graph with finitely many vertices and infinitely many edges, satisfying
the following properties.
(1) The successor set of the vertices are distinct. (Here a successor setF(v) of a vertex

v is defined by the set of infinite sequencesa1a2 . . . which label paths beginning
at v.)

(2) All vertices are terminal vertices of paths inG (i.e. for any vertexv there exists a
path inG ending atv).

(3) G is a right resolving graph (i.e. no two edges beginning at the same vertex have
the same label).

Let 6 be the space of all infinite sequencesy = . . . y−1y0y1 . . . which label paths
in G. Let 6(−) be the set of all left semi-infinite sequences appearing in points of
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6. For (. . . a−n . . . a−1) ∈ 6(−), F(. . . a−n . . . a−1) denotes the set of right semi-infinite
sequences(a0a1 . . .) such that(. . . an−1 . . . a−1)(a0a1 . . .) ∈ 6. LetF(a−n . . . a−1) be the
set of right semi-infinite sequences(a0a1 . . .) such that(a−n . . . a−1)(a0a1 . . .) appears in
points of6. Observe that

F(a−n . . . a−1) ⊇ F(a−(n+1)a−n . . . a−1).

Then we have

lim
n→∞F(a−n . . . a−1) = ∩n>0F(a−n . . . a−1) = F(. . . a−n . . . a−1).

Define an equivalence relation over6(−) by

(. . . a−n . . . a−1) ∼ (. . . b−n . . . b−1) ⇔ F(. . . a−n . . . a−1) = F(. . . b−n . . . b−1).

As the number of vertices ofG is finite, there are only finitely many equivalence classes.
This is one of the well-known characterizations of (finite state) sofic shifts (cf. [8]).

Definition. We call a subshift which is obtained from a labelled graph satisfying (1)–(3)
a subshift of finite range.

From the above observation, it is reasonable to call such a shift a countable state
sofic shift. As we have already shown in Theorem 2.1, piecewise invertible systems
with FRS naturally provide their Markov covers. Similarly, it is easy to find Markov
covers of subshifts of finite range. In fact, letV = {v0 . . . vN } be vertices and letI be
the arc set. Then the Markov cover of the shift(6, σ ) determined byG has the state
set {(vi, a) ∈ V × I : there is a path starting atvi which is labelled bya ∈ I }. On the
other hand, a Markov word for a subshift of finite range can be characterized as follows:
all paths labelled by it end at the same vertex. The next theorem shows the existence
of a Markov word and insists that a Markov word is just theright resolving blockin
symbolic dynamics.

THEOREM A.1. Assume thatG satisfies (1)–(3). Then there exists a wordm = m1 . . . mq

such that ify is an infinite sequence which labels an infinite path inG, andy1 . . . yq = m,
then for any infinite pathsx, x ′ in G which are labelled byy, we havexi = x ′

i for i > q.
(The wordm is sometimes called amagic word.) Let y = . . . y−1y0y1 . . . ∈ 6 and
yn+1 . . . yn+q = m for infinitely many negative integersn. Then there is only one infinite
path inG labelled byy.

Proof. We can prove the existence along the lines of Theorem 3.1. The last assertion is
an immediate consequence of the definition of the Markov word. �

Combining the above observation and the fact that

P(6, σ) = P(6|XM , σ ) ∪ P(6|∩n≥0Dn, σ )

we can easily see the rationality of zeta functions of finite state sofic shifts when the zeta
function for σ |∩n≥0Dn is a rational function. Let the Markov cover be determined by a
matrixA. For typical examples, the subsystem(6|∩n≥0Dn, σ ) is just SFT and they admit
a matrixA′ s.t. ]Fix(6|∩n≥0Dn, σ

m) = Trace(A′m) which gives the rationality ofζ6,0(t).
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