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Abstract We study dynamical (Artin—Mazur—Ruelle) zeta functions for piecewise
invertible multi-dimensional maps. In particular, we direct our attention to non-
hyperbolic systems admitting countable generating definite partitions which are not
necessarily Markov but satisfy tH@ite range structurgFRS) condition. We define a
version of Gibbs measuravéak Gibbs measureand by using it we establish an analogy
with thermodynamic formalism for specific cases, i.e. a characterization of the radius of
convergence in terms of pressure. The FRS condition leads us to nice countable state
symbolic dynamics and allows us to realize it as towers over Markov systems. The
Markov approximation method then gives a product formula of zeta functions for certain
weighted functions.

1. Introduction

The main purpose of this paper is to study Artin-Mazur—Ruelle zeta functions
for piecewise invertible multi-dimensional maps in non-Fredholm situations. More
specifically, the dynamical systems to which we direct our attention typically admit
non-hyperbolic periodic orbits and their countable definite partitions are not necessarily
Markov. The standard method based on a (generalized) Perron—Frobenius operator
severely rely on Renyi’'s condition (see the definition§h) [1,9-11,14-1p On the

other hand, it is easy to find examples for which the condition fails so that the operator
is not compact. Such situations naturally happen in a number theoretical context and
we cannot expect good spectral properties of the Perron—Frobenius operators for such
systems. In previous papers,p3-28, we succeeded in establishing several ergodic
properties for certain non-hyperbolic systems. The non-standard method we used in the
previous papers requires neither Renyi’s condition nor the Markov condition, but severely
relies on thelocal Renyi conditionand thefinite range structurg(FRS) condition (see

885 and 2). These conditions allow us to have absolutely continuefisite invariant
measures with unbounded densiti&sZ3. The singularities of the invariant densities
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typically happen on non-hyperbolic periodic orbits (s24 and [25]). We also assumed
several conditions for establishing a variational principle and convergence to equilibrium
states in 25 and [26]. Some of the conditions also contribute to a characterization of
the radius of convergence of zeta functions in terms of pressures and an analogy with
the thermodynamic formalism, for specific cases. These problems are discusged in
Further we ask:

Question.How can we obtain analyticity properties of dynamical zeta functions in non-
Fredholm situations?

Our approach, which makes a small contribution to answering the question uses the
symbolic dynamics. More precisely, the FRS condition allows us to have countable state
sofic shifts as their symbolic dynamics, i.e. labelling graphs with finitely many vertices
and countably many edges describe the motion of the dynamical sys2émg hen we
have a nice collection of cylinders so that the sofic systems can be described by towers
over Markov systems. A product formula for the zeta functions will be obtained in the
following way.

(1) Construct the jump transformations over the set of Markov cylinders (see the
definition in §2), which are just infinite Markov systems.

(2) Study a relation between the zeta functions of the jump transformations and those
of the original systems. In order to find a good relation between them, we make an
assumption which guarantees a good connection between their periodic orbits and
we construct towers over Markov systems.

In particular, when the jump transformations are Bernoulli (i.e. their symbolic
dynamics are full shifts), we may have a nice product formula for the zeta functions
which gives meromorphic extensions to the entire plane. In fact we see this for specific
cases ing4.

(3) Decompose the recurrent part into mutually disjoint subshifts which are Bernoulli.
We proceed with this program i§§3 and 4. In section 2, we prepare preliminary
results on the symbolic dynamics of piecewise invertible systems with FRS. Further, we
give the definition of Markov cylinders and study their properties from which our results

follow. The existence of Markov cylinders is shown §8 under the FRS condition, so

that we can construct jump transformations which are Markov systems.

Our topological Markov approximation is closely related to the method basedbin
basiswhich was introduced by Takahashi 2] and we see a relation between the orbit
basis and our topological Markov approximations§® We should mention that the
approximation arguments still work for maps lilg transformations, which are finite
state but do not satisfy the FRS condition. In fact, even if no Markov cylinder exists for
B transformations, we can find a collection of cylinders over which we can construct a
jump transformation which is Bernoulli (se2(]). In the appendix, we study countable
state shifts described by labelled graphs with finitely many vertices and countably many
edges. We call thersubshifts of finite rangand explain the reason why the shifts can be
considered naturally as countable state sofic shifts. Further, we observe that the existence
of a magic word (which corresponds to the Markov cylinder) allows us to see that the
factor map is one-to-one on the set of all periodic points up to an exceptional set. This
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fact allows us to have a simple proof of rationality of zeta functions for finite state sofic
shifts when the dynamics of the exceptional sets of the Markov approximations have a
nice structure.

2. Piecewise invertible systems with FRS
In this section, we give definitions and preliminary results on piecewise invertible systems
with FRS. LetT be a transformation on a bounded dom&iftc R¢) and Q = {X,}ues
be a countable partition of satisfying the following conditions:
(1) Q is a generating partition (i.8/,_, 7 ™" Q is the partition into points).
(2) EachX, is a connected subset af and| J,., int X, is an open dense subset Xf

X, cannot intersect any, with b # a.
(3) For eachX,, T|x, : X, — T X, is a homeomorphism.
We call T satisfying the above conditions,pgecewise invertible mapnd call the triple
(T, X, Q) apiecewise invertible systenif int(X, N TX,) # @ implies T X, D int(X,)
we say thatQ is the Markov partition for’ and Q satisfies the Markov property with
respect tof. If int(X,, NT71X,,...NnT-""YX, ) +# @, then we say that the sequence
(a1...a,) is admissibleand denoteX,, N T 1X,,...NT-"YX, by X, .. We call
X,,. 4, acylinder of ranks. £" denotes the set of all cylinders of rank|a; . . . a,| stands
for the length of the sequende;...a,). We denote byA, the set of all admissible
sequences of length and A = (72, A,. PutL = [J;2, £". Let =* be the set of all
right semi-infinite sequencesia,. . .aq, ...) satisfying(a; ...a,) € Aforalln > 0. For
(a1az...ay...) € A putp(araz...) =iz T-'X,,,. Itfollows from condition (1) that
p(aiaz . ..) is at most a single point of. PutXy = {(a1a2...) € £*: p(a1az...) = ?}.
Define

ﬂo ((@az..) € E\5y : plaraz...) € Xa,),

whereo* is the left shift onX*, i.e. 0*(a1az...) = (axaz...). We remark tha&* and
>* areo*-invariant.

Remark Ap : =¥ — X is a bijective, continuous shift commuting map, i = po*

(see 3)).

We call the triple(=*, o*, p) arealization of (T, X, Q) or asymbolic dynamic®f

(T, X, Q).
Denoteld* = {T*X,, 4 @ (a1...a;) € Ay} and putd = U2 U,

Definition. Let (7, X, Q) be a piecewise invertible system such tiatconsists of
only finitely many subsets oX with positive Lebesgue measure. Then we say that
T guarantees dinite range structurg(FRS) and we call the quadrupl@, X, Q,U) a
piecewise invertible system with FRS

The FRS condition is well-known in the case of interval maps @J. [

The next theorem which was obtained 5] shows a relation between the FRS
condition and countable state sofic shifts, that is, piecewise invertible systems with FRS
provide countable state sofic shifts as their symbolic dynamics.
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THEOREM 2.1. Let (T, X, O = {X,}.e1,U) be a piecewise invertible system with FRS.
Suppose that/ = {Up, U1, ..., Uy} and X = Uy. Then there exists a countable state
sofic shift which realize¥ in the following sense. Define a directed graph whose vertex
set is the finite se/, and whose arc set is the countable alphabetvhere there is an
edgec from U; to U; if for any (a; ...a;) such thatT'X,, o = Ui, X4,..qc € £ and

T X4y ae = Uj.

(1) This labelled graph defines a one-sided edge subshift of finitestypiéh countable
alphabet and a one-block map: o — o', whereo’ is a subshift with the countable
alphabet!.

(2) Let(X/,o’) be the one-sided sofic shift in the above, and(fgr; . ..) € &’ put

oo
papay...) = m TﬂXai.
i=0
Then the map : ¥’ — X is defined a.e. angd is a bijective continuous conjugacy
map, i.e.Tp = po’.
(3) LetV be a disjoint partition generated Y. ThenQ v V is the Markov partition
for T. In particular, we can see

vy co®),

whereo (V) denotes the finite-algebra generated by.

We remark that typical examples which arise from number theory have no periodic
points onU,c;0X, but admit them onJy¢,0U\ U,y X,. Thus the choice of the
symbolic dynamics with respect t@ v V has a disadvantage, i.e. a loss of some
information on periodic orbits. For this reason we consider that the definite partition
Q is more appropriate tha@ v V for obtaining the symbolic dynamics even if it is not
Markov.

We will define a version of the Markov property as follows. For convenience of
notation, we denote; ...a, by a(n).

Definition. We say thatX,., € £ is a Markov cylinderif for any U € U satisfying
int(U N Xamy) # 9, intXa(,,) cU.

Remark B.Markov cylinders give right resolving blocksm@gic word$ (see the
appendix).

Let M" be the set of all Markov cylinders of rankand putM = [ J;2; M".
Definition. We say that(T, X, Q) has thek-Markov property if M* = £k,

Remark CThe propertyi/ = U* is equivalent to thé&-Markov property of the partition
Q. If T satisfies thek-Markov property, then we call a quadrupld, X, Q,U) a
piecewise invertibl&-Markov system Its symbolic dynamics is exactly the countable
state k-Markov shift’ which is defined in the next section.

The following properties will be important for our purpose.
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LEMMA 2.1. The subclassM of £ has the ‘strong playback property’, i.e. for any
X,y € M and for any X,y € £ such thatXpomemy € L, Xpmyawm also belongs to
M (cf. [17)).

Proof. In fact, as the admissibility of the sequenrc® -b(m)a(n) implies the admissibility
of c(l)b(m) - a(n), the above assertion is obtained immediately. O

LEMMA 2.2.If X, is a Markov cylinder, then for an¥ ., € £ such thatX,., s € L,
Xamyb(m) also belongs toM.

Proof. If X,upm ¢ M, there exists &/ € U s.t. U N (int Xymypemy) # P. This
contradicts the fact thaX,,, € M. O

3. Topological Markov approximations and orbit basis
In this section, we first approximate piecewise invertible systems with FRS by Markov
systems along the lines of Schweiger's techniqd&],[ which is based on jump
transformations over appropriate classes of cylinders. Next we show the existence of
an orbit basis which is based on Takahashi's orbit basis and in the last part of this
section we discuss a relation between our Markov approximations and the existence of
orbit bases. In fact, the orbit basis consists of Markov cylinders satisfying a special
property.

Let us consider a new partition df as follows. PutB; = {X, € £ : X, € M}
andD; = {X, € L' : X, ¢ M}. DenoteBy = | Jy, . X» and D1 = [ Jy .p, Xq. Next
we divide D; into two disjoint subsetsB, and D, which consist of all cylinders of
rank two belonging to\? and £2\ M? respectively. More precisely, pli, = {X;,5, €
[:2 . X;,l € D, Xh1hz e M} and D, = {Xd1d2 e L% Xd1 € Dy, Xd1d2 ¢ M}, Then
B, = KXoy By Xpp, @and Dy = Xuyir €D, Xu,4,- Inductively, we define

Bi = {Xpa) € L Xpyy , € Di1, Xpy € M),

D; = {Xaw) € L' : Xay..a 1 € Di—1, Xaay ¢ MJ.

PutB; = Uy, e Xoi andD; = Uy, cp, Xaw- For eacm > 0, we have the following
disjoint partition ofX: X = |J!_, B; U D,. Let us consider a new index shj defined
by Iy = Uj?’il{(bl ...bj) e A Xy, € B;}. Let us define a jump transformatidhy,
onU;2y B; by Ty (x) = T/(x) for x € B;. PutXy = X\(U,,20 Tp/" (MN,=0 D)) Then
Ty is a transformation oy, and Qy = {X,}ees, IS @ generating partition af ;. The
generating property relies on the strong playback propertyfodnd the argument in the
proof of Theorem 6.1 ing4] (cf. [5]) still works, so we omit the proof. Denote I3y,
the set of all range sets @y, Xy, Q). It is easy to see thdty, c U.

THEOREM 3.1. Let (T, X, O, U) be a piecewise invertible system with FRS. Thénr# ¢
and (Ty, Xu, Ou,Uy) is a piecewise invertible Markov system with FRS. In fagt,
has the (simple) Markov property, i.ént(X, N Ty X,) # @ (a,y € Iy) implies
TuX, DintX,.

Proof. First we observe that foX,, , € M¢, there exists a cylindeX,, , such
that X, pa..q, € M. In fact, if we cannot obtain such a sequenée...b;) € A,
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then we have a strictly nested sequence of range sets, X, if, ¢ M, there exists
(b1...b)) € A such that(by...ba;...a,) € AandT" "Xy, payay C T"Xayoa,- I
Xp,..har..a, 1S @ISO NOt a Markov cylinder, again we have sofg. .. ¢;) € A such that
(c1...cjby...bhag...a,) € Aand

T X e ppiyaey € T Xoamy € T" Xagw-

Inductively, we can obtain an infinite nested sequence of range B&#;,) = U;, D

U, D ---. This contradicts the ‘FRS’ condition. Thus i# = @, we have a
contradiction. The rest of the assertions are an immediate consequence of the definition
of the jump transformatiofTy,. O

LEMMA 3.1. M=o Dn S Uy dU and N,=0D,, Xy are T-invariant.  Further,
ux_, T,/ (N,=0D,) contains no periodic points.

Proof. The first assertion follows from the generating property @f In fact, if

x € NusoD, satisfiesx € intV for someV € V, then we have immediately a
contradiction to the assumption. The rest of assertions are immediate consequences
of the strong playback property ¢¢1. O

Let P,(X,T) be the set of all periodic points with minimal period and put
PX,T) =U2,Pu(X, T). It follows from Lemma 3.1 that

PX,T)=PXnu,T)UP(O=0Dy, T).

Let (X, o) be the symbolic dynamics &, X, Q,U) in Theorem 2.1(X|x,,, o) and
(Z]n,.0p,» o) denote the symbolic dynamics 0K, T) and (N,>0D,, T) repectively.
The strong playback property o¥1 allows us to have two subsystems, i.e.@J1,D,
which consists of boundaries of range setgfims mentioned in Lemma 3.1 and any,
where we can construct Markov systems. Further, any poink|j, can be written as
an infinite sequence afy, which is a point ofX,;,. The following condition allows us
to have a one-to-one correspondence betwReg,,, o)) and P(X|x,,, o) which will
be important for obtaining a nice formula of zeta functions in the next section.

(Cy M+ @ andB,,1 = D, N T "By.
(Equivalently, if X4, 4, , € D1, X4, € D1 and Xy, 4, € L, thenX,, 4, € Dy.)

For typical examples (seg6), it is easy to verify the second part of condition (C)
which can be described as follows: fady...dy) € A intXy 4 N Uy 0U) # 9
(i=1...k=1) andintX,; N(J, g, 0U) # P ifand only if int X4, 4 N(UJyey 9U) # 9.
We remark that condition (C) also leads us to a relation between the Markov sygtem
and an induced transformation on the set of Markov cylinders of rank 1.

PropPosITION3.1. Let T satisfy condition (C). Then we can form the induced
transformationTs, of T with respect taB;, which satisfies

T|31 o T31 = TM o TlB]_‘
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Proof. We can apply the same argument as used in the prodffjnt¢ our situation. Let
Fr={xeBy:T'xeD,fori=1...k—1,T*x € B;}. Then

Fo=BNT Dy 1 NT*Bi=BNT YD1 NT* VB =B, NT 1B

It follows from (C) and the above that
o0 o0 o0
B, = UFk =BiN (UT‘lBk> = BN T‘1<UBk)
k=1 k=1 k=1

o0 o0
BN T—1< U(Dk_l N T‘(k‘l)Bl)> C BN U T*B,c| |T*B,.
k=1 k=1 k=1

Hence we can define the induced transformatior? ofvith respect toB;. If x € B;
belongs toF, for ak > 0, thenTx € By, so that we have

TyT|px = T*™x = T|p, Tp, x. O

In the rest of this section, we show a relation between systems with FRS and shifts
with orbit bases which were defined by Takahashi2é][ We prepare some notation on
shifts with countable states. L€X, o) be a one-sided shift with a countable statelset
For(a;...a,) € A, [a1...a,] denotes the cylinder set

{(xexo..) e IV (x1...x0) = (a1...an)}.

ForV C A, denote V] = U, . 4)evlar- .. a.]. We define forv € A the Markov hull
of V as follows:

M) = {(maz..) e IV : (@aiir...) € [V] (Vi = D).

The shift(M(V), o) for V C A, is calleda k-Markov shift For a given one-sided shift
(X,0), define X* = {(@)nez = (...a_1apar...) € 17 : (@pin)men € X (Yn € 7))},
Then (X*, o*) is calledthe natural extensionf (X, o). Letx : IZ — IN be a natural
projection, i.emr(...a_1apay...) = (agaz . ..).

Let us definean orbit basisof a shift which is a version of Takahashi's definition.

Defintion.Let (X, o) be a one-sided shift over the index getThe shift(Z, o) is said
to admitan orbit basisif there exist a subsel of A, a positive integer > 0, and a
subsetV of J*! satisfying the following conditions.
(O1) For eachn > 1, putV, = {(by...b,) € J" : (b1...b,) € A}. Then for
n>r,V,={by...b)eJ":(b;...bj1,) eV (A<i<n-—r)}
(O2) For eachy € X, there exists a sequenéB,),-o € M (V) and some 0O< i < |bg|
such that
X = ((Tibo)blbz e

(O3) Conversely, the sequence defineddibg)bib, . .. for some(b,),~0 € M(V) and
i > 0, belongs tox.

Let oy be a shift transformation oY, so that(M (V), ov) is anr-Markov shift with
structure seV. Let (M (V)*, o)) be a natural extension ¢ (V), oy) i.e.

MY = {(...0_1bgb1...) € JZ: (Dybps1...) € M(V) (Vn € 7)),
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which coincides with the set
{(...b_1bgb1...) € JZ: (b, ...b,.,) € V (Vn € Z))}.
Letd(...b_1bgb;...) = |bg| and put
2 ={(...b_1bgb1...,n) e M(V)* x N:0<n < 6(...b_1bghy...)}.
Define a mapr : =% — %% by

(...b_1bgby...,n+ 1), Iif (...b,lbobl...,n+1)629

T(...b_gbobs...,n) = { (03(...b_1bgbs ...), 0), otherwise.

We call (£, r) a tower over(M (V)*, o};) with the ceiling functiord. Let us define a
map po : M(V)* — I% by

bi(n — [bo| —--- —Ibe_1]),  ifO <n—(lbo] +---
+br—_1) < |bx| andn > 0

b_y(m+b_1]+---+|b_k]), fO>n+(b_q|+---
Hb_ty1]) > —[b_i| (n < 0).

po(. .. b,1b0b1 .. )(n) =

po gives a decoding from sequences with the indexJséd sequences with the index
set!.
Let p: % — IZ be a map defined by

p(. .. b_lbobl ey l’l) = O'*npo(. .. b_lbob]_ .. )
(O4) The mapp is a homeomorphism of? into (X*, o*) such thatrp(x?) = ¥ and
pT =o*p.

We call (J, V) an orbit basis of order for (X, o). In particular, ifr =0 andV = J
then we say that a shiftZ, o) admits afree orbit basisJ and in the case of = 1 we
say that the orbit basig/, V) is simple Markov

Remark D.If (¥, o) admits an orbit basigJ, V), then (2, o) is a factor image of
the tower over the(r + 1)-Markov shift. In fact, 7p is an onto map satisfying

(tp)t = o (p).
Let (T, X, O = {X,}4e1, U) be a piecewise invertible system with FRS.

Definition. We call X,, ,, € M" (n > 2) a special Markov cylindenf X, . €
M (Vi e(2,...,n)).

Let SM" (n > 2) be the set of all special Markov cylinders of ramk

Remark E.From Lemma 2.1 we have foX, , € M¢ X, . € M° for all
i €{2,...,n}. From Lemma 2.2 we also hav&\M" = D,.

DenoteSM = U2, SM" | JM?! and letisy = {(a1...a,) € A Xa4y..ap € SM}.

THEOREM 3.2. Under condition (C), the symbolic dynamics(@f, X, Q, ) with FRS
admits the following orbit basis of order 1:
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J =I5y,
V = {(b1by) € 12, : by € Q(i) andb, € M(i) fori € {0,1,...N}},
where o
Qi) = Ul{<a1...an> €A T"Xyy.a, = Uy}

and o
M) = Jlar...a)) € A" Xyy 0, S Ui}

n=1
Remark FForn > 2, I, N A={(by...b,) € I, : bibiy1 € V}.

Proof of Theorem 3.2From Theorem 3.1 it is easy to see that any point3fy,,

can be written as an infinite sequence of orbit bases. In fact, an infinite sequence

of words in I, of the form(d;...d, b ) can be written as an infinite sequence of
—_——

D, M
words of the form( b d;...d,), which just correspond to cylinders i8M. For
——
M D,
(b)n=0, (00 € M(V), if there are some, j with 0 < i < [bo|,0 < j < [by|

satisfying
(o'bo)by... = (o/bpb; ...,

thenb, = b}, (n > 1), |bg| —i = |by| — j and
(bo(i +1), ..., bo(|bo])) = (bo(j + 1), ..., by(Ibgl)) € Dipyj—i-

This is an immediate consequence of condition (C). It follows from this fact phist
injective. Thus all the conditions (01)—(0O4) are valid. O

4. Product formulas for zeta functions
LetT : X — X be a map and write
FiX(X, T") ={x € X; T"x = x}.
Let f: X — (—o0, 00] be a potential function such that
n—1
Z(X. = > exp( -3 f(T’x)>
xeFix(X,Tm) i=0
is well-defined for alln > 0. Define the formal power series
oo tn
) = ex —Z. (X, ,
Ex. g (1) p<; —Z( f>)

which is called theArtin—-Mazur—Ruellezeta function. In particular, for the cage= 0
it is called theArtin—-Mazur zeta functionlt is known that the radius of convergence of
x5 IS given by

exp(— lim sup} logZ, (X, f)) .
n

n— 00
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Let (2, o) be the symbolic dynamics of th&, X, O, i) in Theorem 2.1. As mentioned
in §3, we have a disjoint union:

o)

n?

P(X,0) = P(Xlx,,0) U P(Xln,.on

so that
E. (1) = iy, s OEs|, _op,.s ()

for a function f : ¥ — (—o0,00]. We first study ¢z, r(r). Let (2%, 1) be
a tower over(M(V)*, o) with the ceiling functioné as defined in§3. Define
f* i M(V*) — (—o0, ] by

F*(...b_qbgby...) = > fo" (mpol...b_1boby .. ).

0<n<6(...b_1bgbs...)
We have already seen {8 that under condition (C)X|x,,o) admits the orbit basis
of order 1 and we can define a tower o\&r,,, o)) with the ceiling functiond which
is defined by the length of the first coordinate. In this cgse; Xy — (—o0, 00) is
defined by

frboby..)= > fo"polbobs...),
0<n<6(bgb;...)

where pg : ¥, — IV is the decoding as defined before. The following equality shows
how ¢y vy p+ relates togs,, . and also we have the same formula even if we take
(Zum, o) instead of(M(V)*, o})).

LEMMA 4.1.

n [e¢]

PIETACIGEDS

n=

>~

k—1
do Tl eXp{ -2 f*(o;'"y)}'
m=0

k=1 " yeFix(M(V)*,03)

[N

Proof. As we have mentioned in the previous section, condition (C) gives a one-to-
one correspondence betweBx,, o)) andP(X|x,, o). This also gives a one-to-one
correspondence betwed(M (V)*, o) and P(X|x,, o) as we have seen in the proof

of Theorem 3.2 (i.ep is injective). Then it is easy to observe the following equalities:

00 n—1
St Y en(-Y o)
n=1 xeFix(Zx,,,0m) i=0
k—1
- [0, ]

- > > TtZﬁ::o\bmH

k=1 y=(by...0r_1)eFix(M (V)*,o;*) m=0

k=1 [b,|—1
X exp( — Z Z folmpo(oy"y, j))
m=0 j=0

M2

1 k—1 i1 k—1
= Y. ) Byt eXP< -2 f*(Ué’"y))
m=0

yeFix(M(V)*,o3k) —~ m=0

=~

k

Il
N

By integrating inz, we have the desired inequality. O
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LEMMA 4.2.If (2, o) is a shift with orbit basiqJ, V), then:

(1) Zs.7®) = Cuwys. f—dogne (D);
(2) if M(V)* = J% andg : M(V)* — (—o0, o] is a function depending only on the
zeroth coordinate, then

-1
vy g(t) = (1 - Z exp(—g(b))t) .

beJ
Proof. The first assertion is an immediate consequence of Lemma 4.1. We have the
second assertion as follows:
00 M

n—1
- 3 exp( - Y e(a")
m=0

n=1 "' y—(bgby..0, 1) FiX(M (V)*.05")
o0 tn

n—1
=Y. > []exw—gbu)

n=1 n (bg...b,—1)eJ" m=0

_ 3 ( ey X5 (0))" .

n

n=1

Along the line of the proof in20], we can show that the following formulae are valid
as formal power series.

LEMMA 4.3.If (2, o) admits a free orbit basig and if the functionf : ¥ — (—o0, 00]
depends only on the zeroth coordinate, then

lb|—1
Lo ()t =1- ZGXP< -2 f (o”pob))rb'.
n=0

beJ

In particular,
rro) t=1-) il

beJ

Proof. From Lemmas 4.1 and 4.2, we see easily that
ts,(0)7F=1=") " exp—f*(b) + (log1)6 (b))
beJ

which gives the desired formula. O
Let

e = {x=(..x_1xox1...) € £*: for each wordw appearing in,
(X, . . . Xpypw—1) = w both for infinitely manyn > 0 andnr < 0}
and define for(bl ...b,)) € A, X*br...by) = {(aez € TF ¢ (ag... Apgn—1) =

(by...b,) both for infinitely manyk > 0 andk < 0}. Put X(bg...b,)
7 (Zk(bo...b,)). From Theorems 3.1 and 3.2, we see

Elxiee= | Elx)iecb)-

belgy
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PROPOSITION4.1. (7 ((Z]x,,)id) 0) is a disjoint union of subshifts,, o) (k > 1) which
admit free orbit bases so that

P(Zlx,,0) = U2 P(Z, 0).

Proof. By a diagonal argument we can wrikgy, as a countable union of words belonging

to Ispy:
tlsm

Isy = U v(k).

k=1
Further, we can decompos&|yx,, )}, into subshifts¥; (k¢ > 1) which are mutually
disjoint as follows:
o0
Elxiee= [ =1
k=1
where

T ={(..vk_1)V(ko)V(k1) .. .) € (Zlx,)rec(V(K))
(V(kj)V(kj11)) € V,Vkj, k < kj < flsy}.

Putting £, = 7 (X}) gives the first assertion. For eath> 1, ¥; admits a free orbit
basis:

J (k) = Up=1{(v(R)V(kD) .. . V(ky—1) € Atk <ky, ..., ky—1 < dlsm}.

We can also writeS} = (|, ) (VI UiZ1 (2 x, )iaV(1) with (k > 2) and the free
orbit basisJ (k) of T, is just the set of all wordgc;...c,) (m > 2) over Isy with
Ci € U v(l) satisfying:
Q) (c1...cn) = (V(k)Ca...Cp);
2 g#vk) (1=2,...,m);
(3) (cuv(k) e Vand(c 1) eV (I=2,...,m).

We have finished the proof (cf. Lemma 2 (). O

It follows from Lemma 4.3 that we have a formula of tAetin—~-Mazur—Ruelle zeta
function associated tgf. Let S = (S;;) be aglsy x filsy matrix defined by

S; = 1 if (v@Vv()) eV
Si;;j = 0 otherwise

THEOREM 4.1. Suppose thatT, X, Q, i) satisfies all assumptions of Theorem 3.2. Then
we have:

(D) &z @) = Loy, Oy g0, (1)
(2) If f depends only on the zeroth coordinate,

tlsm
ts, O = ] (1— > exp(—f*(b))t'b>
k=1 beJ (k)

tlsm o0
=[] <1 —exp(— VRO =3 Y S S, -

k=1 n=2 k<ky..ky_1<tlsy
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V() [+--+ |V (k1) =1 )
<o Stk eXp(‘ > fol po(v(k)v(ky) ... v(knl))>

j=0

Xtv(k)|+v(k1)|+.-.+|v(k,,1)|> ,

whereJ (k) are free orbit bases of subshifts, which give a disjoint decomposition
of 7((1x,)ied AN F*(V(K)) = Yoo j <oy -1 7 Po(V(K)).

(3) LetR = (R,‘j) be afilgy x #lsy matrix defined b)Rij = eXFx—f*(V(j)))Sij. If f
depends only on the zeroth coordinate, then

Blsm
STORE ]_[ (1 — exp(— £ (v(k)))tV®!
k=1

k k Ky
n=2 k<ki...ky_1<tlsy

COROLLARY 4.1. If S;; = 1 (Vi, j), J = U* and f depends only on the zeroth coordinate,
then

Brgm

-1
Exi, £ (1) = (1—rZexp(—f*<v<k>>>) =det(/ —rR)".
k=1

Remark G.For a general functionf : X — (—o0, o], define piecewise constant
functions f and f by
fx) = in; f(y) forxeX,,

yeX,

f)=supf(y) forxeX,

y€Xa
respectively. Replacingf by i(?) gives upper (lower) bounds ofx ; which

can be written as product formulas in Theorem 4.1. So it is easy to see that if
> wer EXP(—f(a)) < oo, then¢s,  ; has the radius of convergenpesatisfying

P> = :
> aer EXP(—f (@)

Remark H.Let us consider the even system which is a typical example of a finite state
sofic shift. In the space of sequences with the index{geb}, b's are required to
appear in blocks of even length between twe. For the system, non-Markov words
areb, bb, bbb, ... and it is easy to see that

1—t—12

1-1¢2
which gives a meromorphic extension @ For finite state systems (i.e/ < o0), we
have another observation of the analycity property of zeta functio§g.in

§E\XM,O(I)71 =

Lastly, we refer tofx, , (). It follows from Remark E thatn,_,p, consists of
sequencesa; ...a,...) S.t. X, ¢ M*! (Vi > 0). Further, condition (C) implies that
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Xn,.op, IS @ subshift of(Z, o) with the index set consisting of symbols for cylinders in
D1(= LHNMY). In typical examples, we see that, _,p, is extremely simple. In fact we
will see this in§6 where we study a multi-dimensional non-Markov (non-hyperbolic) map
which is an interesting example in view of number theoretical applicatibn®5] 2§.
Further, we observe than,-oD,, T) is a lower-dimensional subsystem @, X).

5. Pressure and the radius of convergence

Definition. A probability measure which is positive on open sets is calledvaak Gibbs
measurefor a function f with a constantP if there exists a sequené¢&,, },,..o of positive
numbers with lim_, ., (1/n)log K, = 0 such thatv a.e.x,

G VX, 0)

T exp(Y oy fTi(x) +nP)

whereX,, . (x) denotes the cylinder of rank containingx.

Definition. We say that a functiorf is of weak bounded variatioQWBYV) if there exists
a sequencéC,},-o satisfying lim,_, . (1/n) log C, = 0 and for eactn > O,

SUR.cx,, ., &XP(1g f(T7x) e
infecx,, ., X1 f(Tix)) ~

In order to discuss the analogy with thermodynamic formalism, we assume piecewise
smoothness o7, X, Q,U), i.e. T|x, is a C*-diffeomorphism for alla € 1. Beautiful
analogies with thermodynamic formalism were known for certain expanding interval
maps, and for piecewise expanding maps like Gauss transformations nice analyticity
properties of the dynamical zeta functions were establisBetil] 14-16]. The standard
technique used there is based on the (generalized) Perron—Frobenius operator and
severely relies on Renyi's condition (i.&lC > C, a uniform constant inn for
f(x) = log|detDT (x)|™1). For establishing some specific properties, the Markov
property of the definite partition was required. In this section, we direct our attention to
certain non-hyperbolic systems; more precisely piecewise invertible multi-dimensional
maps which do not satisfy Renyi's condition. As mentioned¢inwe cannot apply the
standard method for such systems. Typical examples of such systems come from number
theory and admit non-hyperbolic periodic orbits. The next result gives a characterization
of weak Gibbs measures.

(VXay..a, € L7).

LEMMA 5.1. Let £; be the generalized Perron—Frobenius operator defined py(x) =
> yer-1 XPf(¥)g(y) and letL; be the dual ofCy. Suppose thaf is of weak bounded
variation. If (v, P) is a solution of the equatiofi;*v = (expP)v, thenv is a weak Gibbs
measure for— P. Conversely, iy is a weak Gibbs measure fgr with — P then

im log U Zeee )
n—oo n eXp(Zi:O le (x))
([29, Proposition 2.2]).
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For convenience of notation, we denotExeFiX(T,,,X)exp(Z;’;OlfT"(x)) by
Z,(X, f) instead of Z,(X, —f) in this section. ¢x ((¢) is defined by¢y ((1) =
exp(d o, (t"/n)Z,(X, f)) as before. Define for each> 0,

A’ ={(a1...a,) € Ay i T" X4y oy = X}

THEOREM5.1. Let (T, X, Q = {X,},U = {Uo,...Uy}) be a piecewiseC'-smooth
invertible system with FRS. We assume further that:
(1) (weak Renyi conditionjog|detDT (x)|~! satisfies the weak bounded variation
property;
(2) (transitivity condition) for eachU; € U/ there exists a cylindeX,, . C U; such
that 79 X, . = X. ’
Suppose thaf satisfies the weak bounded variation property and the normalized Lebesgue
measurel of X is a weak Gibbs measure fgr with a constant-P. Then
.1
lim —logZ,(X, f)=P.

n—oo n

In particular, A is a weak Gibbs measure fgf(x) = log|detDT (x)|~* with constant
zero so that

1
lim —logZ,(X, f) =0.
n—oon

Let F be thecs-algebra of Borel subsets o&f and letM (X, T) denote the collection
of all T-invariant probability measures aA. E(X, T) denotes the collection of all
T-invariant ergodic probability measures i For a probability measure: and a
subalgebra?’ of F, I,(F|F’) denotes the conditional information ¢f with respect
to 7.

Definition. We say thatu € M (X, T) is anequilibrium statefor a functiong¢ if
JaFrinoranz [aETim + gram

(Vm € M(X, T) st. L,(FIT7YF) + ¢ € L*(m)).
The left-hand side is called thressureof ¢ and is denoted by (¢) (cf. [22)).
Now we ask:
Question 1When does the radius of convergence;@f;(¢) relate toP(f)?

In order to give a partial answer to this question, first we note the following fact.

PrRoOPOSITIONS.1. Suppose that all assumptions of Theorem 5.1 are satisfied. If there
exists aT -invariant ergodic measurg satisfyingH,(Q) < oo and f € LY(w), then the

property

lim }IogM =0 (rae.x)

n—-oon )L(Xal...an ()C))
implies that

hM(T)+/ fdu=lim *logz,x. /)= P.
X n—-oo n
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Next we show the existence of an equilibrium state for |t DT (x)|~* which
is ergodic. Assume that dBXT'(x) # O for all x € X. Define forn > 0 and

(ar...a,) € A,,
SURcx,, ., |detDT" (x)]

|detDT"(x)|

Clay...ay) = inf.—x
XeE

aj...an

(Note that supsup,, .. e4, C(a1...a,) < oo implies the validity of Renyi's condition.)
The following two theorems were established 123, 25, 2§

THEOREM 5.2. (The existence of an ergodic invariant measure equivalerit) thet

(T, X, Q,U) be a piecewiseCt-smooth invertible system with FRS and satisfying the
transitivity condition. Suppose that there exiéts- 1 satisfying the following conditions:
(1) (The local Renyi condition) I€(a;...a,) < C and(by...bya;...a,) € A, then

Cby...byay...a,) <C.

(2) There is a symbat e A? satisfyingC(a) < C.

(3) For eachn > 0defineD,'© = (X4, 4 € L" : C(dy...d;) > C(L <i <n)}and
D,© = Ux(,l_..‘,,leal“‘) X4,..a,- Thenlim,_ o A(D,©) = 0.

Under the above conditions7, X, Q, /) admits an ergodie -finite invariant measure

w equivalent tox and (7, ) is exact. Further, if we assume that™> ; 1(D{©) < oo,

thenp is finite.

THEOREM 5.3. (Variational principle)When Rohlin’s formula is valid, th&-invariant
probability measureug = u/w(X) in Theorem 5.2 satisfies the following variational
principle: Vm € E(X, T) s.t.I,(F|T~*F) — log|detDT| € L'(m)

huo(T)_/ log|detDT (x)| duo(x)
X
> /{Im(f|T_lf)—|0g|detDT(x)|}dm(x).
X

Remark K.The validity of Rohlin’s entropy formula was established 24][

We assume Theorems 5.2 and 5.3. Then we can apply Theorem 5.1 and Proposition 5.1
to the specific cas¢ (x) = log|detDT (x)|~* satisfying the WBV property.

COROLLARY 5.1.

lim %Iogzn(X, fH=P(f)=0.
COROLLARY 5.2. P(f) = sup[y(Ln(FIT™*F) + fdm(x) : m € EX,T) st
L,(FITYF) + f € L*(m)).

(See B].) We remark that 29] contains an answer to Question 1 f@rwhich is not
necessarily-log |detDT| and the reference measure is not necessarily Lebesgue measure.

In the rest of this section we give proofs of Theorem 5.1 and Proposition 5.1. To
prove Theorem 5.1 we need the following lemma (&f3]].
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LEMMA 5.2. There exists a sequen¢g, },,>1 Of positive numbers angls > 0 s.t.

Z MXpy. by) Z Ve (Ym >5)
(b1...by) €A

m

and
1
lim —logy, =0.
m—00 m
Proof. Puts = lem{s; : 0 < j < N}. Then for eachl; € U, there exists a cylinder of
ranks, X/ ., such thatx! . c U; andT* X . = X.
First we show that there existséa(k) > 0 s.t. for all X, ),

> A Xawnes) = 81(A K a)-
b(s)eA,
a(k)b(s)e AL,

It follows from the weak Renyi condition that

> MXawpe) = > MXawpe)
b(s)eA, b(x)eAf,
atkb()eAy,, T* X a2 X(s)
-1
=z G > sup  |detDau) () |A(Xp()),

k
Xb(s)eAxD- xeT Xa(k)
T* X o) 2 X b(s)

where Yao denotes(T" |Xa(k))_l~

Note that

i )
D M)z min A,
b(s)eA°, -
Tkxn(k)gxh(x)

whereX /)| C U; are the cylinders satisfying’ X'/} = X. So it is suffices to choose

Mino<j<y A(X7)

Cymaxyey A(U)

81(k) =

In particular,

> AXo) = (N +1) min A(X3).
b(s)eA? 0<j=N

Let k > 0. Then

D MXper) = Y > A Xy bibgs.biss)

b(s+k)eA° (b1 D€A. (bypa.bpss) €A,
s+k : s
T Xy 52Xy, q.

<Dts
so that we again have the same lower bodn@). We have finished the proof. O
Proof of Theorem 5.1First we observe that
(ar...a,) € AS s (@ay...ay)...(a1...a,) € Agn.
k
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Then it follows from the weak bounded variation propertyfothat we have

n—1
. = Y it exp(zf(r‘x)>
i=0

xeX,
1.an
(ai...a,)€A?

n—1
> Ct Y sup exp(Zf(T’k)).

(al...a,,)eAgxex”l---”ﬂ i—0

On the other hand, by the generator condition e¥gh ,, contains only one fixed point
of T" so that we have

n—1
Z,(X.f)<Ci », inf exp(Zf(T"x)).

(v aneA, TEXaran i=0
Then the desired result follows from the definition of the weak Gibbs measure.

Proof of Proposition 5.1The first assertion is an immediate consequence of the ergodic
theorem and the Shannon—McMillan theorem. It follows from Theorem 5.1 that the
second assertion is obtained. O

6. Multi-dimensional examples
We apply the results from the previous sections to some examples of piecewise invertible
system with FRS. All of these examples relate to number theory.

Example 1 (Two-dimensional map related to uniform distribution of cylinder floves).
X ={(x,y):0<x,y <1} andT be defined by

ron=(2-[] )

where ]y =maxn € Z :n < x} and f] = max{n € Z : n < x}. We remark that we
must restrict the domaiX to the set

{(x, e X:T"(x,y) € X (Vn > 0)}.

However, the Lebesgue measure of this set is equal to one, so we denote the restricted
set byX for convenience. Lei(x) = —[—1/x], andb(x, y) = [y/x]. The index setl

is given byl = {(a,b) e Nx (NU{O}) : @ > 2,a > b}. The partitionQ = {X (4.5} @.p)er

is defined as

(x,y) € Xap iff a(x) =a andb(x,y) =b

(see Figure 1). LeUy = X andU; = {(x,y) € X : x + y < 1}. The appearance of

U, does not allow us to have the Markov property @f The first component of" is
known as a map related to a negative continued fraction (Hirzebruch’s continued fraction)
which admits ac-finite infinite absolutely continuous ergodic invariant measure. The
map is also conjugate to the m&gpr) = x/(1—x) (mod 1) after applying the conjugacy
Y(x) =1—x. T itself also provides @ -finite infinite ergodic invariant measure with
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1

i

Yy
/// A
(3,1) 7
_— b/ ////I )
(2,0) X
>z
FIGURE 1.
the densityi(x, y):
2—x .
hix,y) = 1
m if x + y > 1
(see B,29). For n > 1, we define a,(x) = a@,1(x)), by(x,y) =

b(rp-1(x), su-1(x, ), where (r,(x), s,(x,y)) = T"(x,y). Definec(x,y) = a(x) —
b(x,y) and ¢,(x,y) = a,(x) — b,(x, y) inductively. Then the admissibility rule of
symbols of! is given as follows. Ifc; = 1, thenc;,1 # 1. Divide I into three groups
as follows:

IL={a,b)el:c=1, DL={abel.c=2}, Iz3={@a,b)yel:.c>2}

(Figure 1). Then we can obtain a quotient labelled graphwith two vertices and
finitely many bundles consisting of countably many edg&d [see Figure 2). From
now on, for the set of cylinders whose symbols belong;t¢gi = 1, 2, 3) we use the
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L

I

Uy

L

I

FIGURE 2.

same notation. It is easy to check the following facts:

MO = A
MO = |JWWar, b)) ... (@ b)) € Ayicrelzorer e L ande € Is
n=1
fordl <i <n}
00 = {((ai,b1)...(a,, by) e A, c, ¢ I and ifi < n is the maximal
number such that; € I, then3c; . ¢ 12}
01) = {{ag,by)...(ay, b)) € A, :31 =i <n such thai; € I; and

Cit1, -+, Cn € Io}.

(In particular, in the case af, € 11, ((a1, b1) ... (a,, by)) € Q(1).)
M= A\ U{((al, b1)...(a,, by) €A, ci € L Yi>0}.
n=1

S0, M consists of cylinders which do not intersédt;. As I3, Is C M, we have

SMII]_UIgUU{I]_XIzX“-XIz,IgXIgX-“XIz},
— —

k=0 ktimes ktimes

V= J U xLxxhxlxLx - xI:(kl)=(13)or@1or (3?3}
m,n>0 — P
’ n—1 m—1

Similarly, the index sely, for the jump systentT,,, X, Oum, Uy ) consists of sequences
belonging to
LUBUIL x---xxIl; (Ie{l,3},k>0).

N——

k
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Ficure 3. The shaded cylinders are non-Markov cylinders of rank 2, i.e. cylinders belongihg to

(see Figure 3).
Next we observe the set of all periodic poin®X, 7). We can easily check the
following facts.
(1) {1} x [0, 1] consists of indifferent fixed points.
(2) All fixed points in (0, 1) x [0, 1] belong to intX, for somea € I. In fact, each
Xap={x,y)eX:al<x<@-DLbx<y<®+Dx}witha—b>1
contains a fixed point

a—+a2—4 b \/a+2 cintx
2 2\Va-2 @b

Whena — b = 1, X(a, b) does not contain any fixed points.

(3) Putl’ = {(x,y) € X : x+y =1}, Thenl' = N,>0D, = Uy dU\3X is a
T-invariant set.

(4) T(©0.1]x{1})=T.

(5) (0,1] x {0} is T-invariant soT | (g 1jx0; gives just the one-dimensional map related
to the negative continued fraction as mentioned above.

(6) Letxo € FixX(X,T?). If xo € 0Xy,..q4, fOr some X,, ,,, thenxo € 90X,y 4, N
(UyeydU). Thusxg must belong td” U ((0, 1] x {0}). Both subsystemd", T') and
((0, 1] x {0}, T) admit countable full (Bernoulli) shifts as their symbolic dynamics.

Thus all periodic points oX\ ({1} x [0, 1]) belong toI" U ((0, 1] x {0}) U X,.

The following examples admit finite ergodic invariant measures equivaleatdb
which densities are unbounded on indifferent periodic points. A sufficient condition for
the validity of Rohlin’s entropy formula was given i24]. All assumptions for obtained
results in§5 are included in those conditions and both of the examples satisfy them.
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Further details about these examples can be foun@3r2f].

Example 2 (A locally skew product two-dimensional map which is related to Diophantine
approximation in innomogeneous linear clast X = {(x1,x2) e R>: 0 < x» < 1,
—x2 < x1 < —x2+ 1}. DefineT on X by

T (x1, x2) = (L/x1 — [(1 — x2)/x1] + [—(x2/x0)], —[—(x2/x1)] — (x2/x1)).
The invariant density of the finite invariant measurefofs
1
(2log2(1 - x1?)’

so the singular points of the densikfx;, x2) are (1,0) and (—1, 1). These points are
periodic points with period 2 and are indifferent (c24]). Let

h(x1, x2) =

a(xy,x2) = [A—x2)/x1] —[—(x2/x0)],  b(x1, x2) = —[—(x2/x1)],

a,(x1,x2) = a(T"Y(x1,x2)),  bu(x1, x2) = b(T" (x1, x2)).

On a cylinderX 1), T (x1, x2) = ((1/x1) — a, —(x2/x1) + b), and for anyX,, ., € L",
T"X4,..q, = X; that isT is a Bernoulli map.

Example 3 (A real two-dimensional map which is related to a complex continued fraction
expansion by Tanak&[]). Let X = {z = xja+xoa : —(1/2) < x1, x2 < 1/2} (¢ = 1+4i)

and definel on X by Tz = 1/7—[1/z]1, where f]1 denotesf;+1/2]a+[x2+1/2]« for

a complex numbef = xja +xoa. Let the index sef bel = {na +ma : m,n € Z}\{0}.

T induces a continued fraction expansionzof X:

..an_i_...

where eachy; is contained in/. T has indifferent periodic point£l, +i and the
invariant density admits singularities at these points and no otBd}s [

Appendix. Subshift of finite range

Let G be a labelled graph with finitely many vertices and infinitely many edges, satisfying

the following properties.

(1) The successor set of the vertices are distinct. (Here a succesgonsedf a vertex
v is defined by the set of infinite sequencag; ... which label paths beginning
atwv.)

(2) All vertices are terminal vertices of paths n (i.e. for any vertexv there exists a
path inG ending atv).

(3) G is a right resolving graph (i.e. no two edges beginning at the same vertex have
the same label).

Let = be the space of all infinite sequences= ...y_1yoy1... which label paths
in G. Let ¥, be the set of all left semi-infinite sequences appearing in points of
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X. For(...a_,...a_1) € £, F(...a_,...a_1) denotes the set of right semi-infinite
sequencesaoa; . ..) suchthat...a,_1...a_1)(agay...) € X. Let F(a_, ...a_1) be the
set of right semi-infinite sequencésa; ...) such that(a_, ...a_1)(apaz ...) appears in
points of =. Observe that

Fla—p...a-1) 2 F@—p+1)d—p -..a-1).
Then we have

lim Fa_,...a_1) =NpoF(a_p...a_1) =F(...a_p...a_1).

n—o00

Define an equivalence relation ovE_, by
(..ap...a)~C..b_,.. b)) F(..ap...a_1)=F(..b_,...b_1).

As the number of vertices d¥ is finite, there are only finitely many equivalence classes.
This is one of the well-known characterizations of (finite state) sofic shifts §pf. [

Definition. We call a subshift which is obtained from a labelled graph satisfying (1)—(3)
a subshift of finite range

From the above observation, it is reasonable to call such a shift a countable state
sofic shift. As we have already shown in Theorem 2.1, piecewise invertible systems
with FRS naturally provide their Markov covers. Similarly, it is easy to find Markov
covers of subshifts of finite range. In fact, Bt= {vg...vy} be vertices and lef be
the arc set. Then the Markov cover of the sliiit, 7) determined byG has the state
set{(v;,a) € V x I : there is a path starting at which is labelled bya € I}. On the
other hand, a Markov word for a subshift of finite range can be characterized as follows:
all paths labelled by it end at the same vertex. The next theorem shows the existence
of a Markov word and insists that a Markov word is just ttight resolving blockin
symbolic dynamics.

THEOREM A.1. Assume thaG satisfies (1)—(3). Then there exists a word= my ... m,
such that ify is an infinite sequence which labels an infinite patizinandy; . ..y, = m,
then for any infinite paths, x” in G which are labelled by, we havex; = x! fori > g.
(The wordm is sometimes called anagic word) Lety = ...y_1yoy1... € % and
Ynt1-- - Yntq = m for infinitely many negative integers Then there is only one infinite
path in G labelled byy.

Proof. We can prove the existence along the lines of Theorem 3.1. The last assertion is
an immediate consequence of the definition of the Markov word. O

Combining the above observation and the fact that
P(X,0) = P(Xlx,,0) U P(Zln,_p,. 0)

we can easily see the rationality of zeta functions of finite state sofic shifts when the zeta
function for o|,_,p, is a rational function. Let the Markov cover be determined by a
matrix A. For typical examples, the subsystém|n,,p,, o) is just SFT and they admit

a matrix A" s.t. 1 FiX(2|n,.,p,, ™) = TracgA™) which gives the rationality ofx (7).
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