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VALID CONFIDENCE INTERVALS
IN REGRESSION AFTER
VARIABLE SELECTION

PauL KABAILA
La Trobe University

We consider a linear regression model with regression param@ters.,6,) and
error variance parameter®. Our aimis to find a confidence interval with minimum
coverage probability + « for a parameter of intere8t in the presence of nuisance
parametersb,, ..., 05, 0-%). We consider two confidence intervalke first of which

is the standard confidence interval fér with coverage probability + «. The
second confidence interval féyis obtained after a variable selection procedure has
been applied t@,. This interval is chosen to be as short as possible subject to the
constraint that it has minimum coverage probability &. The confidence intervals

are compared using arisk function that is defined as a scaled version of the expected
length of the confidence intervalVe show thatsubject to certain conditions in-
cluding that{(dimension of response vecjor p] is small the second confidence
interval is preferable to the first when we anticip&athout being certaipthat
|6p| /0 is small This comparison of confidence intervals is shown to be mathemat-
ically equivalent to a corresponding comparison of prediction intervals

1. INTRODUCTION

We consider a linear regression modet X6 + € whereY is a randonm-vector
of responsesXis a knownn X p matrix, 6 = [64,... ,ep]T is an unknown param-
eter vectorande ~ N(0,0°?l,) whereo? is an unknown parameter satisfying
o2 > 0. We suppose that the columns Xfare linearly independentVe also
suppose that; is the parameter of interest

The least-squares estimator ois © = (X™X) " XTY = [@,,...,0,]". The
usual estimator af2is S? = (Y — X0) (Y- Y®)/(n— p). If §,= 0 then the model
reduces tdY = Cy + € whereC is then X (p — 1) matrix consisting of the first
p — 1 columns ofX andys = [ 6, ... ,ap,l]T. In this case the least-squares estima-
tor of yy is ¥ = (CTC) *CTY=[¥;,...,%, ;] and the estimator af ? is $? =
(Y=-CIU)T(Y—-C¥)/(n—p+1).

We will be concerned with inference fa¥ after variable selection for the
variable associated with,. For convenience we henceforth use the phrase “vari-
able selection fo®,” as shorthand for the phrase “variable selection for the
variable associated wit),”. Let v (p) denote the p, p)th element of X TX) 2.
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By inference foré, after variable selection fofi, we mean the followinglf
|®p|/8\/vx( p) = g then inference fo#é, proceeds on the basis of the modet
X6 + €, ignoring the fact that the model has been selected by a data-driven pro-
cedure On the other handf |@)p|/S\/ux(p) < q then inference proceeds dif-
ferently Hithertaq if | é)p|/S\/vx( p) < gtheninference fof, has proceeded on the
basis of the model = Ci + ¢, ignoring the fact that the model has been selected
by a data-driven procedurkater, when the inference of interest is a confidence
interval with minimum coverage probability-1«, we introduce a different pro-
cedure whem@)p|/8\/vx( p) < g. Hereq s a positive constant chosen by the data
analyst

We now describe a possible motivation for inference#pafter variable se-
lection for@,. Suppose that the modél= C + € (i.e., the modely = X6 + e with
6, = 0) is thought to be reasonable a pridrhis reasonableness may derive from
theory andor past experienc&upposghowever that there is some element of
doubt concerning the assumption tidat= 0. It might be hoped that the use of
inference foro, after variable selection faf, would lose us little if6, differed
negligibly from zerg while providing some protection for the analysisak a
result of unforeseen circumstancéshappened to differ substantially from zero

The literature on the properties of estimators obtained after the preliminary
application of a model selection step is a well-developed field of stselg e.g.,
Judge & Bock1978 Han Raq and Ravichandrari988. Consider the case that
the inference foé, after variable selection fd@k, is estimation ob;. Suppose also
thatif| @ ol /SVvx(p) < gthen estimation of; proceeds on the basis of the model
y = Cy + €, ignoring the fact that the model has been selected by a data-driven
procedureThe resulting estimator @1 defined as followslf |® |/SVux(p) =q
then®, = O,; otherwised, = ;. Suppose thag is fixed and that all the param-
eters of the modeY = X¢ + € are fixed apart fromd,. The ratio of mean-square
errors of estimatiorE(0, — 6,)YE(®, — 6,)? is Iess than 1 afl, = 0. As 6,
increasesthis ratio increases up to a maximum that exceedshe ratio ap-
proaches 1 a8, — oo.

Suppose now that the inference #rafter variable selection fdd, is a con-
fidence interval foiB; with minimum coverage probability  «. For the model
Y = X0 + € the standard confidence interval féy with coverage probability
l-—ais
[(:)1 - Cnfps\l Ux(l ) (:)1 + CnfpSV UX(]-)]’ (1)
wherevx(1) is the(1,1)th element of X TX) ! andc,, satisfiesP(|T| = ¢, =
1 - «afor T~ t,, wheret,, denotes thé-distribution withm degrees of freedom
On the other handf 6, = 0 then the usual confidence interval #yrwith cover-
age probability - a is
[‘i’l - Cn—p+1SV~ ve (D), ¥y + Ch—p+1 SV Uc(l)], (2

wherevc(1) is the(1,1)th element of CTC) 1. A naive proposal for finding a
confidence interval fof; with minimum coverage probability + « after vari-
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able selection foé, is as follows If |@p|/&/ vx(p) = qthen use the intervdl);
otherwise the interval2). This naive proposal fails because it leads to a confi-
dence interval with minimum coverage probabiltyl — «. However the naive
proposal can be modified to yield a confidence interval that does have minimum
coverage probability + «. We call this confidence interval the modified interval
The modified interval is obtained as follow§ | ©,|/SVvx(p) = q then use the
interval (1); otherwise use the following modification of the interya):

[‘i’l — cSVvc (1), ¥ + ¢S Uc(l)], 3)

wherec has been chosen as small as possible subject to the modified interval
having minimum coverage probability1 «.

The modified interval has the following attractive propeSyppose thaf is
fixed and that all the parameters of the moded X0 + € are fixed apart fromg,,.
The endpoints of the modified interval approach in probability the endpoints of
the standard confidence interd) asé, — oo. In terms of the possible motiva-
tion for inference fop, after the usual form of variable selection fydescribed
in paragraph 4 of this sectiothis property tells us that,ifas a result of unfore-
seen circumstance8, happened to differ very greatly from zero then there is
little lost in using the modified interval as opposed to the standard inteDfal
coursea full comparison of these intervals requires a consideration of all possi-
ble values o8, not just those values that differ very greatly from zero

In Section 2 we describe a generalization of the modified intef\red purpose
of this paper is to compare this interval with the standard intefialsing a
decision-theoretic approach based on the risk function

E{length of confidence interval 4
20k (1) '

This comparison is greatly eased by the use of the transformed model that is
described in Section.2Dur comparison of the generalization of the modified
interval with the standard intervél) is described in Sections 3 andAs pointed
outin Section 5this comparison is mathematically equivalent to a corresponding
comparison of prediction intervals

In this paper we adopt the point of view that in practice the amount of prior
information concerningé,, ..., ap,crz) usually lies between two extrem@hese
extremes aréa) enough prior information to specify a prior distribution for
(04,... ,ep,oz) and(b) no prior information whatsoever concerniftg, . . .,Gp,az).
In case(a) a Bayes approach would be approprjated in cas€b) a minimax
criterion would be appropriaté his point of view is very similar to that advo-
cated by Hodges and Lehmafi®52 p. 396). In Sections 3 and 4 itis shown that
subject to certain conditions including that- p is small the generalization of
the modified interval is preferable to the inter¢a)] when we anticipatéwithout
being certainthat|by,0,|/0 is small Here by, is a certain functioridefined in
Section 2 of the known matrixX. In Sections 3 and 4 it is also shown that in the
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absence of any prior information concerni(@,...,ap,oz) that is when the
minimax criterion is appropriat¢he generalization of the modified interval per-
forms worse than the standard inter{al.

The study of valid confidence intervals obtained after the preliminary appli-
cation of a model selection step is a much less well-developed field of study than
the study of estimators obtained after the application of such a Biepalid
confidence interval we mean a confidence interval with the desired minimum
coverage probabilityBickel (1984 Sect 3) has considered confidence intervals
for regression parameters after the preliminary application of a variable selection
step This work differs from the work we present in an number of significant
respects that are described in the last part of Section 2

2. MODEL TRANSFORMATION AND GENERALIZATION
OF THE MODIFIED INTERVAL

We suppose that the end result of our statistical analysis is a confidence interval
for 6, that is required to satisfy the following constraint

CP Constraint The infimum over all values of, o ?) of the coverage prob-
ability of the confidence intervatl — a.

We are concerned with unconditional properties of the confidence intervals
For a conditional approach see Potscti€95.

Before we describe our generalization of the modified intervadfove trans-
form the modelin the manner described in Appendix # a much more conve-
nient form that involves in a simple manner both of the paraméteand6,. The
transformed model is

[Z1,....Z,]7 = BO + [n1,....mp] ",

Zj=m forj=p+1...,n, (5)
where[Z,,...,Z,]" is the vector of responseB is an upper triangulap X p
matrix (with nonzero diagonal elementsindn =[7,,...,1m.] " has independent
and identicallyN(0,2) distributed component#lote that® = H[Z,,...,Z,]"
whereH = B4 S2 =3[ . ,7?/(n—p), andS?> = 2L, Z2/(n — p + 1). The
standard confidence interval is identical to

. [» . [»
[@1 —ChpS 21 hf, ©1+chpS E:lhlzj ], (6)
i= i=

where[hyy,...,hy ] is the first row of the matrit.
Define the estimato®, of 6, by

R z
®; = X hyZ+ hyy X SX m<§p> (7)
j=1
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wherem(x) = x for | x| = gandm(-) is an odd function that is nondecreasing in
X € [0,q) and that satisfiesn(x) < x for all x € (0,q). We also require the
restrictions ofm(-) to the interval(—q,q) to be a differentiable function with
bounded derivativdn Appendix B itis proved tha®, = 0, in the particular case
thatm(x) = 0 for allx € ( a,q).

Defined, = hy,/(2f-1 h3)¥2 andd, = V1 + dZ. Also defineK(-) by

Ch—pS for|Z,|/S=k
KO =9 & :
cd, S otherwise

wherekis a positive constanhlso definec;; to be the smallest value okuch that
a confidence interval with centér, and length K(c)(=f-1h%)Y? satisfies the
CP constraintThe existence af; is proved in Appendix GThe generalization of
the modified confidence interval f@, is

P
[ —K(cy) Z hi, 0, +K(ch) 21h121] (8)
=

We call this the alternative confidence intervas shown in Appendix Bthe
condition|®p\/8\/ux( p) = q is equivalent td Z,|/S = q. Thus for k = g and
m(x) = 0 for all x € (—q,q), the alternative confidence interval reduces to the
modified confidence interval described in the introduction

Defined, = by,0,/c. Note that®, ~ N(6,, by 2o 2), so thaw, is equal taE (0,
divided by the standard dewaﬂon@t, Suppose that, m(-), k andn are fixed
Also suppose that all parameters of the model are fimpdrt fromd,. As shown
in Appendix O ©; — 0, 20 andK(c}) — ¢, pS—> 0 as|0 | = co. In other
words the alternative confidence interval has the attractive property that its end-
points approach in probability the endpoints of the standard confidence interval
as| 6| — co.

The aim of the paper is to compare the alternative confidence interval with the
standard confidence interval in terms of the risk functidpnwhich is identical to

E{length of confidence intervil
: .
7\ Z

Fix @, m(+), k, n, andd;. As shown in Appendix Efor the standard confidence
interval the risk function does not depend on the paraméfiess?) ; it is denoted
Rs. As shown in Appendix Gthe risk function for the alternative confidence
interval depends of®9, o 2) only throughép. The risk function for this confidence
interval is denotedR,(6,,). As shown in Appendix the limit as|6,] — oo of
Ra(6p)/Rsis 1.

Bickel (1984 Sect 3) has considered confidence intervals for regression pa-
rameters after the preliminary application of a variable selection $tép work
differs from the work presented here in a number of significant respEotse

(9)

'—‘I\)
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include the following (a) In the context considered heigickel used the model

(5) but with B6 replaced by g@-dimensional parameter vectpr\We do not do so

for the reason given in Appendix Ab) Bickel assumed that 2 is known We do

not make this assumptioiic) Bickel considered confidence intervals that are
restricted to having a fixed widttWe do not make this restrictiord) Bickel
chose coverage probability to be the risk functiéve require the confidence
interval to have the desired minimum coverage probability and use a normalized
expected length to be the risk function

3. AN ASYMPTOTIC RESULT FOR THE ALTERNATIVE
CONFIDENCE INTERVAL

Fix a, m(-), k, andd,. Also suppose thaj = k. The functionRZ(-) is defined in
Appendix L In this appendix it is proved that

r|1i—r>noo Ra(e_p) = R?io(ép),
where the convergence is uniformépe R. Thus

lim |nf Ra(ep) = |nf R°°(0p)

n—oo

From Appendlx EllmrHoo R, = ¢, wherec,, satisfiesP{|T| =c,} =1— « for
T~ N(0,1). Itis proved in Appendix J that

R7(6,) = ¢, 06, ER.
Thus

rI1|m |nf Ra(6p) = ., (10)
In other wordsfor n sufficiently large the alternative confidence interval cannot
be better than the standard confidence interval by more than a negligibly small
amount

It may be asked whether there is a direct connection between the properties of
the alternative confidence interval and the properties of the estindgtdDne
piece of evidence in support of a negative answer to this questlon is as follows
Suppose that = g and thatm(x) = 0 for all x € (—q,q). In this case@1 = 0,.
Also suppose thag andd, are fixed Let us compared, with ®; using a nor-
malized mean-square-error criteridwow E(0, — 6,)%023P_; h% = 1. It fol-
lows from the expression fd®, — 6;)/o (-, h%)¥? given in Appendix F that
E(0; — 6;)%/a2 =P, h? is a function off,. It may be shown that this function
converges to a limit as— oo, uniformly in 6, € R. Furtherit may be shown that
this limit is less than 1 fof, = 0 and that the limit function has a maximum that
is greater than.IThis comparison of the mean- square error@pﬁnd@l stands
in stark contrast t¢10) and the fact that lig, .. Rs = C.,.

https://doi.org/10.1017/50266466698144031 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466698144031

CONFIDENCE INTERVALS AFTER VARIABLE SELECTION 469

4. MODIFIED INTERVAL, FINITE n

In this section we suppose thgt kand tham(x) = 0 for allx € (—q, g). In this
case the alternative confidence interval reduces to the modified interval de-
scribed in the introductian

Supposey, k, n — p, andd, are givenTo calculatec;; we proceed as follows
For givenc we find the coverage probability of the confidence interval with
center®; and length K (c) (=_; h§)Y/2 by evaluating K.2) and ther(K.1) from
Appendix K by numerical integration over a range of positfyevalues The
smallest value of for which this confidence interval satisfies the CP constraint
is, then c;;. For a giverd, we find Ry(6,) by evaluatingK.4) and thenK.3) by
numerical integration

Considerd; = 0, « = 0.05, andn — p = 1. The values ofc; were found to
be 1173, 8.91 and 664 fork = 3, 6, and 13 respectivelyFor each of the cases
(k,ci) = (3,1173), (6,8.91), and (13, 6.64) it was found that the coverage
probability was close t0.05 for all ép. As stated in Appendix ¢, = ¢, = 4.30
for the limiting case&k = co.

Figure 1 shows plots dR,(6,) as a function o,. The three graphs are for
(k, c) = (6,8.91), (13, 6.64), and(co, 4.30), respectively

On the basis of these results we now describe a situation in which there are
good grounds for choosing the alternative confidence interval over the standard
confidence intervalSuppose that we have some prior information concerning the
parameters of the model in the form of the reasonable anticipéatibich is not
a certainty |6,| = 0.15. We also suppose that we do not have enough prior in-

k=00, e
k=13

20
“go
_9
2 15
2
3
a,
3
- 10
L
I
8 /

0 , . l
° ° 10 15 o,

FIGURE 1. Plots ofRa(ép), that is the risk function of the alternative confidence interval
as a function oﬁp for @ = 0.05 n— p=1, andd; = 0. The three curves are ftr= 6, 13,
andoo. The horizontal line has ordinate equaRg that is the risk function of the standard
confidence interval
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formation to specify a prior distribution fdﬁl,...,ep,az). In other wordswe
suppose that a Bayes approach is not applic&rehe other hanave would like

to use to advantage the prior information abé,y'nn the preparation of the con-
fidence intervalAs far as the extent of prior information ggdise situation here

is similar to that considered by Hodges and Lehmét®b2 p. 396 and more
particularly p. 402). Suppose that we use the alternative confidence interval with
k=13, Figure 1 shows that if the reasonable anticipation|that= 0.15 turns out

to be correct then we have a substantial gain by using the alternative instead of the
standard confidence interval in tH%J(ép) is substantially less theR,. However

this anticipated gain comes at a price because if the reasonable anticipation turns
out to be incorrect anfh,| € [5,20] thenR,(6,) is very much larger thaRs.

ConsiderR,(6,) as a function o#, (6, = 0) as we vary ovek. The graphs
shown in Figure 1 and some additional calculationBg#),) for k=3 (which are
not presented hejéndicate that the value @, such thaR,(6,) is equal toRs is
an increasing function d€ This suggests that the largest possible valugsafch
thatR,(0,)/Rs = 1 for all §, satisfying|6,| = ¢ is approximately 25.

Now considete = 0.05 andn — p =1 butd, # 0. Ford, € (0,0.6) andk €
{6,13} the graphs oR,(6,) as a function of), are very similathough not iden-
tical) to those shown in Figure. 1

Finally, considefx = 0.05, d; = 0, andn — p=1. Fix n— p = 1. The following
results are highly plausibléa) for fixed k € (0, o) the risk functionRa(ép) is
minimized atd, = 0 and(b) R,(6, = 0) is a decreasing function &f€ (0, co). If
these results are true then

Lngf [ Ra(6, = 0)} _ [ Ra(6,=0)

R. fork=oo].

S

The right-hand side takes the value315, 0.769 0.890 and Q937 forn—p=1,
2, 3, and 4 respectively

5. PREDICTION INTERVALS

Consider the linear regression mottet X3 + € whereY is a randonm-vector of
responsesXis a knowm X pmatrix, 8= i,..., 8,] " is an unknown parameter
vector ande ~ N(0, o 2l,,) with -2 an unknown parameter satisfyiag > 0. We
suppose that the columns ¥fare linearly independent

Suppose tha "B is the quantity of interest wheee=[a;,...,a,] " is a known
vector andy; # O for at least oné# p. Also suppose that we will apply variable
selection foB,. The modely = X + € may be expressed in the forY= X + €
whereX is a knownn X p matrix andf = [04,... ,Hp]T is an unknown parameter
vector Here 6, = a'p andé, = B,. Thus the problem of finding a confidence
interval fora™ in the context of the mod&f = XB + € and variable selection for
Bp is mathematically equivalent to the problem of finding a confidence interval
for 6, in the context of the modet = X8 + € and variable selection fd,.
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Now let our aim be to find a prediction interval f = a™ 8 + €* wherea =
[a1,...,ap] " is @ known vector and; # O for at least oné# p. Also suppose that
we will apply variable selection fg8,. Express the modéd = XB + € in the form
Y = X8 + e whereXis a knownn X p matrix andg = [64,...,6,] " is an unknown
parameter vectoHere 6, = a'8 andd, = B,. Thus the problem of finding a
prediction interval foly * = a' + * in the context of the modéf = X8 + € and
variable selection foB,, is equivalent to the problem of finding a prediction
interval forY* = 0, + €* in the context of the model = X6 + € and variable
selection fo,. Consider the latter problem and suppose that the end result of our
statistical analysis is a prediction interval f6f that is required to satisfy the
constraint that the infimum over all values (@ o ) of the coverage probability
of the prediction intervak1 — «. Now define the standard prediction interyal
alternative prediction intervalnd the risk function for prediction intervals in
the same way as we define the corresponding objects for confidence infervals
except tha(X}_; h{) V2 is replaced byl + 3, hf)Y? andd, is replaced by
[(1+ =Py h2)/(1+ =P hZ)]Y2 As shown in Appendix Lwith the appropri-
ately altered definitionghe comparison of the standard and alternative predic-
tion intervals is mathematically equivalent to the comparison of the standard and
alternative confidence intervals

6. DISCUSSION

The results of Sections 3 and 4 suggest that there is no significant gain in using the
alternative confidence interval as opposed to the standard confidence interval
whenn — pis large Supposgon the other handhatn — pis small Also suppose
that we have a reasonable anticipatiaich is not a certaintythat| 6, | is small
less than some know# > 0. Provided that is not too large andl, is not too
large we can findk such that(i) Ra(ép = 0) is substantially less thaRg and
Ra(6p) < Rsforall |6, = & and(ii) the supremum over al, of R,(6,,)/Rs is not
too large (i) and(ii) provide good grounds for preferring the alternative confi-
dence interval to the standard confidence interval

We should distinguish between the reasonable anticipationéfit- is small
and the reasonable anticipation th is small Itis also of interest to ask which
of these anticipations is more likely to be encountered in pradfitiee reason-
able anticipation thatt,| /o~ is small is thought to arise fairly often in practice
then an important question to ask is whether the decision rule corresponding to
the alternative confidence interval is admissible in the class of decision rules
satisfying the CP constrairtierg we take the risk function to be that specified by
(4) in the introduction

In this paper we have restrict&@ndq to be positiveAn analysis of the cases
(k=0,g9>0)and(k > 0, g = 0) is the subject of a paper that is in preparation
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APPENDIX A

In this appendix we use the QR decomposition to transform the mbeekd + € to a
much more convenient form thatinvolves in a simple manner both of the paramedecs
6p. Let x; denote thgth column ofX. Find n-vectorsxy. 1, ..., X, such thak,, ..., x, form
a basis foR" and then apply the Gram—Schmidt orthogonalization process.ta, x, (in
that ordey to obtaing;,..., g, that are orthonormakhat is ging =1fori=jand 0
otherwise Let G denote then X n matrix withith row equal tay. LetZ = GY, A= GX,
andyn = Ge so thatZ = A9 + n wheren ~ N(0, 0 2l,,). HereAis ann X p matrix whose last
n — p rows consist of zeros and whose fipstows form an upper triangulgr < p matrix
(with nonzero diagonal elementhat we denote by. In other wordsthe transformed
model is as described k).

There is another transformation of the motfek X6 + ¢ describedfor example in
Sections 71 and 72 of Bickel and Doksuni1977). A particular case of this transformation
leads to the modéeb) but with B replaced by g-dimensional parameter vecter The
transformation described in Sectiond and 72 of Bickel and Doksuni1977) does nat
in generalresultin a model involving both of the parametéyandé, in a simple wayFor
this reason we do not use this other transformation

APPENDIX B

Suppose than(x) = 0 for all x € (—q, ). In this appendix we prove thétl as defined in
the introduction is given by7). Write the matrixB in partitioned form as follows

B— Bll Bl2
~\ 0 by
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whereB;;is a(p — 1) X (p — 1) matrix. In Section 2 we established the notation that
H=B"tandthath;y,...,h;p] is the first row of the matriX. By the rule for the inversion
of a partitioned matrix

[h1,...,hy,] = [first row of Bi{, first row of —BiiBi,by 1.
p pp

Thus

1

hy Zj + hypZ,  for |®p|/3\lvx(p) =q

p

@»
iy
Il
-
e

hel

hy Z; otherwise
=1
Now Z, = by, + 1 SO that®, = byt Z, = 6, + byt n,. Therefore the conditioh®,|/
SVux(p) = qis equivalent td Z,|/S= q.

APPENDIX C

In this and the appendixes that follow we will seek to express the quantities of interest in
terms ofép, k, g, d>, di, U, V, andW. The first five of these quantities were defined in
Section 2We now proceed to define the othebefine

U=%+@,
o
p—1 7 p—1
V=S 2/ 5,
=1 0/ V=1
S
W= —.
g

These random variables are independent Witk N(ép,l), V ~ N(0,1), andW with the
same distribution ag Q/(n — p) whereQ ~ Xi—p-

APPENDIX D

In this appendix we fixx, m(-), k, andn. We suppose that all parameters of the model
are fixed apart fromd,. We will show that®, — ®, > 0 andK(c}) — ¢,-,S - 0 as
|65] — oo. Note that the existence of, is proved in Appendix G
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FromZ, = b,,0, + 7, it follows that

Z B (bppbp + mp)/ 0 B E

-pr
S So W'

Therefore the conditionsZ,|/S= q is equivalent tqU |/W = ¢. Thus®; = 0, for |U|/
W= qgandK(c;) = c,—pSfor |U|/W= k. The claimed result follows directly from this and
the fact thaP{|U|/W = g} - 1 andP{|U|/W =k} — 1 as|f,| — co.

APPENDIX E

For the standard confidence interval
9 = Cnpr{W}

_ _Cnp
= mE{\/@}

n—-p+1

\/2 F( 2 )

n— X »

Ch—p n—-p F(n—p)
2

whereQ ~ x2_,.

APPENDIX F

In this appendix we expre$®; — 6,)/c (3f-1 h#)¥2 andK (c)/o in terms off,, k, g, da,
di, U, V, andW. The first five of these quantities were defined in Section 2 and the re-
mainder were defined in Appendix C

From6 = H{[Zy,...,Zp]" — [m1,...,mp] "} it follows thatf; = 1 hy(Z; — ;). It
follows from (7) that

_ pt z
0,6, = 21 hy 7 + hlp[Sm(gp) - bppep]
e
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It now follows that

@1 01 p-1 Mj ( U )
= —_ + J— —
p P hy hip| Wm W Op
Thus
p—1
>, hg

0, -

Nl ol
_V+d1[wm<W) 5"]'

= 5

It is straightforward to show that
ChpW for |U|/W=k

K(c)
o T \egr (LI PWE i
cdy n_p+1 otherwise

whereK (-) was defined in Section.2

APPENDIX G

The coverage probability of the confidence interval with cenfar and length
2K(0)(=P-1h%)¥2is equal to

|6, — 64 K(c)
—_— =

= uy

P P o =P{V+d[Wm<—>—0}

o |2 hE ' w/)oE
=1

by the expression fai®; — 6;)/0 (-1 h%)Y? given in Appendix F

Fix a, m(-), k, n, andd;. From the expression fd¢(c)/o given in Appendix F it follows
that this probability is a function df, 6,). Hencec;, if it exists, depends only ofl,. The
risk function(9) for the alternative confidence intervalB§K(c;;)/o}. From the expres-
sion forK(c)/o given in Appendix F it follows that this risk is a function &f.

We now prove the existence gf. Remember that;; is defined to be the smallest value
of csuch thatG.1) = 1 — « for all , € R. We present the proof fde= g. The proof for
k < gis based on similar ideas and is omitted for the sake of bred#jine the events

sdzw} (G.1)

o
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U _ K(c)
o= {|v+afun(2)-a] =0 K2}

E={V+di[U~-6,]| =dc, W}

Now P{D} = P{D N {|U] < kW}} + P{D N {JU| = kW}} andP{E} = P{E N {|U| <
kW}} + P{E N {|U| = kW}}. Because’{E} =1 — « andP{D N {|U| = kW}} = P{E N
{lU] = kwi},

P{D} - (1—a) = P{D N{|U| < kW}} = P{E N {|U]| < kW}}. (G.2)

Forc =0, P{D N {|U] < kW}} = 0 and fromP{E N {|U| < kW}} > 0 it follows that
P{D} < 1— afor all §, € R. Define

_ U n—p
o= {[v a1 afwel ) <o [<¢ [P
i} n-p
D,=1IV+di[U—-6.]|=|c m—dlk Wri.

Now (D N {|U] < kW}) D (D; N {|U] < kW}) D (D, N {|U] < kW}) so thatP{D N
{U] < kW}} = P{D, N {|U] < kW}}. It follows from (G.2) that

P{D} - (1— a) = P{D, N {|U| < kW}} = P{E N {|U| < kW}}.

For sufficiently largec, E C D, for all , € R. Thus there exists < oo such thaP{D} =
1— «aforall ép € R. For each§p, P{D} is a continuous increasing function ofc = 0).
Thusc(,) exists for eactd, wherec(d,) is defined to be the value afsuch thatP{D}
evaluated afl, is equal to 1- «. Because there exists< oo such thaP{D} =1 — « for
all , € R, the sef{c(6,): 6, € R} is bounded abovédence sufc(6,): 6, € R} exists It
is easily checked thaf; = sup{c(d,) : 6, € R}. This completes the proof of the existence
of ci.

We now present a computationally useful formula for the risk function of the alternative
confidence interval whed, = 0 andk takes the limiting valuec. For this case; = Cn_p+1
and

E{K(c))/a) = %p” ENG),

whereQ ~ noncentraly 2 with n — p + 1 degrees of freedom and noncentrality parameter

A = 6. Using the representation of the density functiorQodis a mixture ofcentra) y 2
density functions we find that

n—-p+1 1
r —2 + k) + E (%/\)kef(l/m/\
X .

n—-p+1 k!
r<—p +k)

-,
2
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APPENDIX H

In this appendix we show that the limit #48,] — oo of Ra(6,)/Rs is 1 Observe that
K(c;)/o converges toc,_,W in probability as|,| — oo. For |U|/W < k, U2 +
(n — pW2 < (k? + n— p)W?2. Thus by dominated convergencB,(6,) = E{K(c};)}/
o = Ch—pE{W} = Rsas|f,| — co.

APPENDIX |

Fix a, m(-), k, andd;. Also suppose thai = k. Define the random variable

Coo for |U| =k
FlO=19 ., .
cd, ' otherwise

Observe thak (c)/o = W X max{C,—p, cdh *[(k? + n— p)/(n— p + 1)]*/2}. Also observe
that whenW € [1 — ¢, 1+ €] wheree € (0,1), (1 — €)m,(c) = K(c)/o = (1 + €)M, (c)

where
(Cns for [U| > k(1+€)

Ma(c) = § MiN(Cy_p, ey W (k2 +n—p)/(n—p+1)) fork(l—e)=|U|=k(1+e)
e W (n—p/(n—p+1) for U] <k(1—e)

and
(Cn s for |U| > k(1+¢)

Ma(c) = § Max(cy p, o ™ (kK? +n—p)/(n—p+1) fork(l—e)=[U|=k(L+e)
Lcd; W (K2 +n—p/(n—p+1) for Ul <k(1—e).

From these inequalities it follows that for eakh& (0, ),
lim E{K(c)/o} = E{F(c)},
n—oo

where the convergence is uniformépe R andc € (O,M).
Define the events

o)

andB = {|V + d;[m(U) — §,]| = d2F(c)}. Our next task is to show that for eadh €
(0,00), lim_,., P{An} = P{B} where the convergence is uniformdpe R andc € (0, M).
Fix e € (0,1). Write

=d,—
ag

K(c)}
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P{A.} = P{ALN{WE&[1l-¢1+€]}}
+P{A,N{WE[Ll—el+e]} N{U|>k(1L+e)}}
+P{ANWE[l—el+ellN{k(l—e)=|U|=k(1+ e}
+P{ANIWE[1-el+ell N{U| <k(1-e)}}

and

P{B} = PIBN{W& [1—¢,1+ €]}
+PBN{WE[l—el+ellN{U|>K(1L+e)}}
+P{BN{WE[1-€el+e]fN{k(l—e)=|U|=k(1+e)}}
+P{BN{We[l-€el+e]} N{JU| <k(l—e)}}.

Observe that botP{A, N {W & [1—¢,1+ €]}} andP{BN{W & [1—¢€,1+ €]}} are
bounded above bly{W & [1—¢,1+ €]}, afunction ofn converging to zero as— co. Also
observe that the magnitude of the difference betwega, N {WE [1— €1+ €]} N
{kl-e)=|U|=k(l+e)}}andP{BN{WE[l-l+el}N{k(l—-¢)=|U|l=
k(1+ €)}} is bounded above bg{k(1—¢) = |U| = k(1 + €)} = 4ke/V27. Now P{A, N
{We[l-¢€l1+€]} N{JU| > k(1+ e)}} lies between

PUIV+ di[U = g1l = dacnp(1 =€)} N{|U| > k(1 + €)}}

XP{WE[Ll—el+e]} (1.1)
and
PHIV + di[U = 0,]] = daCrp(1+€)} N{JU| > k(1 +€)}}

XPIWE[1—e,1+ €]} (1.2)
Also,P{BN{WeE[1—-¢l1+e]} N{|U| >k(1+¢€)}}isequalto
PHIV+ di[U = 6,]] = doCo,} N{JU| > k(1 + €)}} X PIWE [1— 6,1+ €]}. (1.3)

FurtherP{A,N{WE[1—-€1+ €]} N{|U| < k(1—¢€)}} lies between

(o)) o/

n—p+1
ﬂ{WE[l—e,l+e]}ﬂ{|U|<k(l—6)}} (1.4)
and
u _ k?+n—p
P{{‘V+d1[Wm<W>—0p] =c n_p+1 (1+e)}
ﬁ{WE[l—e,l+e]}ﬂ{|U|<k(1—e)}}. (1.5)
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Also,P{BN{WeE[1—-¢l+e]} N{|U| <k(1-e€)}}isequalto
PH{IV+di[mU) =gl =ctN{We[1-el+el} N{|U| <k(L—e)}}. (1.6)

Approximate(l.1) and(l1.2) by (1.3) and approximatél.4) and(1.5) by (1.6). In judging

the quality of the latter approximatiome consider distributions conditional v &
[1-¢€1+ €]} N{|U|] <k(1- €)} and we use the assumption made in Section 2 that the
restriction ofm(-) to the interval—q,q) is a differentiable function with bounded deriv-
ative By first choosinge sufficiently small and then choosimgsufficiently large it may

be shown that for eaddl € (0,00),

lim P{A,} = P{B},

where the convergence is uniformdp € R andc € (0,M). The importance of the uni-
formity of convergence in this type of context has been stressed by Kébhad&. Thus
lim,_ . Ch = €, wherec,, is defined to be the smallest value@$uch that

P{IV+dy[mU) - 6,]| = d,F(0} =1—a 06, ER. (1.7)

Thereforelim,,_,.. {K(c};)/o} = E{F(€.,)} where the convergence is uniformdpe R. In
other wordslim,,_,.. Ra(6,) = R¥(6,) where the convergence is uniformdpe R. Here
we defineR%(0,) = E{F(¢..)}.

APPENDIX J

Fix a, m(-), k, andd;. In this appendix we show that

E{F(c.)}=c, 00, ER, J.2)
wheret,, is defined to be the smallest valueaduch that1.7) is satisfiedFord, = Q itis
straightforward to show thdt, = c... FromE{F(¢..,)} = c,,P{|U| =k} + ¢, P{|U| <k}
it follows that(d1) is satisfied

Supposenow, thatd; # 0. We prove(d1) by contradictionSuppose that,, > E{F(¢,,)}
for someép € R. This implies that_,d>* < c,.. Therefore

P{IV + di[m(U) — 81| = d:F ()} = P{IV + di[m(U) — 6,]] = doC..}

for all , € R. We now show thatl.1) is not satisfied

q
P{IV + di[m(U) — §,]| = doC..} =f f(du(m(u) = ), daC..) (U — 6,) du
—-q

+ f f(dy(u = 6,),dz¢.,)p(u— 6,) du, J.2)
A
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whereA = (—oo0,—() U (g,00) andf(x,y) = P{|V+ x| =y} = ®(—=x+y) — d(=Xx—).
Here ® and ¢ denote theN(0,1) distribution function and probability density function
respectivelyNow

1-a=P{V+d[U-6,] =dsc.}

q
= J f(di(u—6,), doc..)p(u — 6,) du+ Lf(dl(u = 6), dyC,.)p(u—6,) du
q

so that

1-—a)—{2) = f_qq[ f(di(u— 6,),dzc..) — f(di(m(u) — 6,),dzc..)]d(u — 6,,) du.
(3.3)
By using/?, = Jo' + ffq and changing the variable of in'[egrationﬁ?)q ,itmay be shown
that(J3) is equal to
foqqﬁ(u = p) X [1(u =) — 1 (m(W) = Gp)] — (—u — )
X [I(m(=u) = 8,) — I (—u— 6,)]du, (J.4)

wherel(x) = f(d;x,d>C). For ép sufficiently larged?l (x — ép)/dx2 > 0 for all x €
[—a,q]. Thus for §, sufficiently large ¢ (u— ,) > ¢(—u— ) andl (u— ) — 1 (m(U) —
0p) > 1(m(—u) — 6,) — 1 (—u—8,,) for allu € (0,q). Thus(d4) > 0 for G, sufficiently large

APPENDIX K

Suppose thag = kandm(x) = 0 for all x € (—q,q). We derive easily computed expres-
sions for the coverage probability of the confidence interval with cefiter ©, and
length X (c)(=P-1h%)¥2 and forR,(dp). From Appendix Gthis coverage probability is
equal toP{D} where

U _ K(c)
D= {V-l‘ dl[Wm<W> - Gp:| =d, T}
Now
P{D} = foo P{D | W= w}pw(w) dw, (K.1)
o]

whereP{D | W= w} denotes the probability & conditional oW = w andp(w) denotes
the density function ofV evaluated atv. Also

P{D|W=w}=1,(w) + (W), (K.2)
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where

kw B 2+ _ 2 B
Il(W)zf—k f(—dlep,c /%)Mu—ep)du

Io(w) = L f(di(u— 6,), dacy_pW) (U — 6,) du.

Here A = (—oo, —kw) U (kw, c0).
Using arguments similar to those leading kal) and(K.2), it may be shown that

E{K(c})/a} = fo L(w) pw(w) dw, (K.3)
where
kw 2+ _ 2 ~
L(w) = cﬁdglik %q&(u—ap)du
+ CropW{Ll — ®(kw — §,) + ®(—kw— §,)}. (K.4)
APPENDIX L

Suppose that we wish to find a prediction interval ¥6r= 6, + € in the context of the
modelY = X + ¢ (described in the introductigmand variable selection f@y. Replace the
definition of the CP constraint by the following definition

CP Constraint. The infimum over all values of¢, o ?) of the coverage probability of
the prediction intervaz1 — a.

Define the standard prediction interval to be

A p A p
j=1 i=1

Replace the definition af, by d, = [(1+ =P, h%)/(1 + =P-{ h?)]Y2 Also replace the
definition of c; by the following Define ¢ to be the smallest value af such that a
prediction interval with cented; and length X (c)(1+ =, hf)Y/2 satisfies the CP con-
straint The alternative prediction interval is defined to be

P p
[@1 K(cy) . [1+ X h2, 6, + K(c) 1+ hf,-].
=1 j=1
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The risk function for a prediction interval satisfying the CP constraint is defined to be

E{length of prediction interval

/ P
20 |1+ > hj
=1

Replace the definitions of andd, by

<p,1 n; 6*) p—1 ,
V= hy — — — 1+ h%
jgl 1JO' ag / 1‘;1 1
p—1
dlzhlp/ 1+Zh12j.
=1

Using the same sorts of manipulations as in Appendix G it may be shown that

U _
- V+d|Wm{ —|—§6
@1—91—6* _ 1|: m<W> p]

= 5

o

3
o [1+ > h3
=1

The mathematical equivalence of the comparison of the standard and alternative confi-
dence intervals now follows from this and the fact that 1 + dZ for both the original
and altered definitions af; andd,.
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