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We consider a linear regression model with regression parameters~u1, + + + ,up! and
error variance parameters2+Our aim is to find a confidence interval with minimum
coverage probability 12 a for a parameter of interestu1 in the presence of nuisance
parameters~u2, + + + ,up,s2!+We consider two confidence intervals, the first of which
is the standard confidence interval foru1 with coverage probability 12 a+ The
second confidence interval foru1 is obtained after a variable selection procedure has
been applied toup+ This interval is chosen to be as short as possible subject to the
constraint that it has minimum coverage probability 12a+The confidence intervals
are compared using a risk function that is defined as a scaled version of the expected
length of the confidence interval+ We show that, subject to certain conditions in-
cluding that@~dimension of response vector! 2 p# is small, the second confidence
interval is preferable to the first when we anticipate~without being certain! that
6up60s is small+ This comparison of confidence intervals is shown to be mathemat-
ically equivalent to a corresponding comparison of prediction intervals+

1. INTRODUCTION

We consider a linear regression modelY5 Xu 1 e whereY is a randomn-vector
of responses, X is a knownn3 p matrix, u 5 @u1, + + + ,up# T is an unknown param-
eter vector, ande ; N~0,s2In! wheres2 is an unknown parameter satisfying
s2 . 0+ We suppose that the columns ofX are linearly independent+ We also
suppose thatu1 is the parameter of interest+

The least-squares estimator ofu is ZQ 5 ~XTX!21XTY 5 @ ZQ1, + + + , ZQp# T+ The
usual estimator ofs2 isS25 ~Y2X ZQ!T~Y2Y ZQ!0~n2p!+ If up50 then the model
reduces toY5 Cc 1 e whereC is then 3 ~ p 2 1! matrix consisting of the first
p21 columns ofX andc 5 @u1, + + + ,up21# T+ In this case the least-squares estima-
tor of c is ZC 5 ~CTC!21CTY5 @ ZC1, + + + , ZCp21# T and the estimator ofs2 is DS2 5
~Y2 C ZC!T~Y2 C ZC!0~n 2 p 1 1!+

We will be concerned with inference foru1 after variable selection for the
variable associated withup+ For convenience we henceforth use the phrase “vari-
able selection forup” as shorthand for the phrase “variable selection for the
variable associated withup” + Let vX~ p! denote the~ p, p!th element of~XTX!21+
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By inference foru1 after variable selection forup we mean the following+ If
6 ZQp60S%vX~ p! $ q then inference foru1 proceeds on the basis of the modelY5
Xu 1 e, ignoring the fact that the model has been selected by a data-driven pro-
cedure+ On the other hand, if 6 ZQp60S%vX~ p! , q then inference proceeds dif-
ferently+Hitherto, if 6 ZQp60S%vX~ p! , q then inference foru1 has proceeded on the
basis of the modelY5 Cc 1 e, ignoring the fact that the model has been selected
by a data-driven procedure+ Later, when the inference of interest is a confidence
interval with minimum coverage probability 12 a, we introduce a different pro-
cedure when6 ZQp60S%vX~ p! , q+ Hereq is a positive constant chosen by the data
analyst+

We now describe a possible motivation for inference foru1 after variable se-
lection forup+Suppose that the modelY5Cc1 e ~i+e+, the modelY5Xu1 e with
up 5 0! is thought to be reasonable a priori+ This reasonableness may derive from
theory and0or past experience+ Suppose, however, that there is some element of
doubt concerning the assumption thatup 5 0+ It might be hoped that the use of
inference foru1 after variable selection forup would lose us little ifup differed
negligibly from zero, while providing some protection for the analysis if, as a
result of unforeseen circumstances, up happened to differ substantially from zero+

The literature on the properties of estimators obtained after the preliminary
application of a model selection step is a well-developed field of study~see, e+g+,
Judge & Bock, 1978;Han,Rao, and Ravichandran, 1988!+Consider the case that
the inference foru1 after variable selection forup is estimation ofu1+Suppose also
that if 6 ZQp60S%vX~ p! , q then estimation ofu1 proceeds on the basis of the model
y 5 Cc 1 e, ignoring the fact that the model has been selected by a data-driven
procedure+ The resulting estimator isZ ZQ1 defined as follows+ If 6 ZQp60S%vX~ p! $ q
then Z ZQ1 5 ZQ1; otherwise Z ZQ1 5 ZC1+ Suppose thatq is fixed and that all the param-
eters of the modelY5 Xu 1 e are fixed, apart fromup+ The ratio of mean-square
errors of estimationE~ Z ZQ1 2 u1!20E~ ZQ1 2 u1!2 is less than 1 atup 5 0+ As up

increases, this ratio increases up to a maximum that exceeds 1+ The ratio ap-
proaches 1 asup r `+

Suppose now that the inference foru1 after variable selection forup is a con-
fidence interval foru1 with minimum coverage probability 12 a+ For the model
Y 5 Xu 1 e the standard confidence interval foru1 with coverage probability
12 a is

@ ZQ1 2 cn2pS%vX~1!, ZQ1 1 cn2pS%vX~1!# , (1)

wherevX~1! is the~1,1!th element of~XTX!21 andcm satisfiesP~6T 6 # cm! 5
1 2 a for T ; tm wheretm denotes thet-distribution withm degrees of freedom+
On the other hand, if up 5 0 then the usual confidence interval foru1 with cover-
age probability 12 a is

@ ZC1 2 cn2p11 DS%vC~1!, ZC1 1 cn2p11 DS%vC~1!# , (2)

wherevC~1! is the~1,1!th element of~CTC!21+ A naive proposal for finding a
confidence interval foru1 with minimum coverage probability 12 a after vari-
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able selection forup is as follows+ If 6 ZQp60S%vX~ p! $ q then use the interval~1!;
otherwise the interval~2!+ This naive proposal fails because it leads to a confi-
dence interval with minimum coverage probability,12 a+ However, the naive
proposal can be modified to yield a confidence interval that does have minimum
coverage probability 12a+We call this confidence interval the modified interval+
The modified interval is obtained as follows+ If 6 ZQp60S%vX~ p! $ q then use the
interval~1!; otherwise use the following modification of the interval~2!:

@ ZC1 2 c DS%vC~1!, ZC1 1 c DS%vC~1!# , (3)

wherec has been chosen as small as possible subject to the modified interval
having minimum coverage probability 12 a+

The modified interval has the following attractive property+ Suppose thatq is
fixed and that all the parameters of the modelY5 Xu 1 e are fixed, apart fromup+
The endpoints of the modified interval approach in probability the endpoints of
the standard confidence interval~1! asup r `+ In terms of the possible motiva-
tion for inference foru1 after the usual form of variable selection forup described
in paragraph 4 of this section, this property tells us that if, as a result of unfore-
seen circumstances, up happened to differ very greatly from zero then there is
little lost in using the modified interval as opposed to the standard interval+ Of
course, a full comparison of these intervals requires a consideration of all possi-
ble values ofup, not just those values that differ very greatly from zero+

In Section 2 we describe a generalization of the modified interval+The purpose
of this paper is to compare this interval with the standard interval~1! using a
decision-theoretic approach based on the risk function

E$length of confidence interval%

2s%vX~1!
+ (4)

This comparison is greatly eased by the use of the transformed model that is
described in Section 2+ Our comparison of the generalization of the modified
interval with the standard interval~1! is described in Sections 3 and 4+As pointed
out in Section 5, this comparison is mathematically equivalent to a corresponding
comparison of prediction intervals+

In this paper we adopt the point of view that in practice the amount of prior
information concerning~u1, + + + ,up,s2! usually lies between two extremes+ These
extremes are~a! enough prior information to specify a prior distribution for
~u1, + + + ,up,s2! and~b! no prior information whatsoever concerning~u1, + + + ,up,s2!+
In case~a! a Bayes approach would be appropriate, and in case~b! a minimax
criterion would be appropriate+ This point of view is very similar to that advo-
cated by Hodges and Lehmann~1952, p+ 396!+ In Sections 3 and 4 it is shown that,
subject to certain conditions including thatn 2 p is small, the generalization of
the modified interval is preferable to the interval~1! when we anticipate~without
being certain! that 6bppup60s is small+ Here, bpp is a certain function~defined in
Section 2! of the known matrixX+ In Sections 3 and 4 it is also shown that in the
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absence of any prior information concerning~u1, + + + ,up,s2! that is, when the
minimax criterion is appropriate, the generalization of the modified interval per-
forms worse than the standard interval~1!+

The study of valid confidence intervals obtained after the preliminary appli-
cation of a model selection step is a much less well-developed field of study than
the study of estimators obtained after the application of such a step+ By valid
confidence interval we mean a confidence interval with the desired minimum
coverage probability+ Bickel ~1984, Sect+ 3! has considered confidence intervals
for regression parameters after the preliminary application of a variable selection
step+ This work differs from the work we present in an number of significant
respects that are described in the last part of Section 2+

2. MODEL TRANSFORMATION AND GENERALIZATION
OF THE MODIFIED INTERVAL

We suppose that the end result of our statistical analysis is a confidence interval
for u1 that is required to satisfy the following constraint+

CP Constraint+ The infimum over all values of~u,s2! of the coverage prob-
ability of the confidence interval$12 a+

We are concerned with unconditional properties of the confidence intervals+
For a conditional approach see Pötscher~1995!+

Before we describe our generalization of the modified interval foru1 we trans-
form the model, in the manner described in Appendix A, to a much more conve-
nient form that involves in a simple manner both of the parametersu1 andup+ The
transformed model is

@Z1, + + + ,Zp# T 5 Bu 1 @h1, + + + ,hp# T,

Zj 5 hj for j 5 p 1 1, + + + ,n, (5)

where@Z1, + + + ,Zn# T is the vector of responses, B is an upper triangularp 3 p
matrix ~with nonzero diagonal elements!, andh 5 @h1, + + + ,hn# T has independent
and identicallyN~0,s2! distributed components+ Note that ZQ 5 H @Z1, + + + ,Zp# T

whereH 5 B21, S2 5 (i5p11
n Zi

20~n 2 p!, and DS2 5 (i5p
n Zi

20~n 2 p 1 1!+ The
standard confidence interval is identical to

F ZQ1 2 cn2pS!(
j51

p

h1j
2 , ZQ1 1 cn2pS!(

j51

p

h1j
2 G, (6)

where@h11, + + + ,h1p# is the first row of the matrixH+
Define the estimatorEQ1 of u1 by

EQ1 5 (
j51

p21

h1j Zj 1 h1p 3 S3 mS Zp

S D, (7)

466 PAUL KABAILA

https://doi.org/10.1017/S0266466698144031 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466698144031


wherem~x! 5 x for 6x6$ q andm~{! is an odd function that is nondecreasing in
x [ @0,q! and that satisfiesm~x! , x for all x [ ~0,q!+ We also require the
restrictions ofm~{! to the interval~2q,q! to be a differentiable function with
bounded derivative+ In Appendix B it is proved thatEQ15 Z ZQ1 in the particular case
thatm~x! 5 0 for all x [ ~2q,q!+

Defined1 5 h1p0~(j51
p21 h1j

2 !102 andd2 5 %11 d1
2+ Also defineK~{! by

K~c! 5 Hcn2pS for 6Zp60S$ k

cd2
21 DS otherwise,

wherek is a positive constant+Also definecn
* to be the smallest value ofcsuch that

a confidence interval with centerEQ1 and length 2K~c!~(j51
p h1j

2 !102 satisfies the
CP constraint+The existence ofcn

* is proved in Appendix G+The generalization of
the modified confidence interval foru1 is

F EQ1 2 K~cn
*!!(

j51

p

h1j
2 , EQ1 1 K~cn

*!!(
j51

p

h1j
2 G+ (8)

We call this the alternative confidence interval+ As shown in Appendix B, the
condition 6 ZQp60S%vX~ p! $ q is equivalent to6Zp60S $ q+ Thus, for k 5 q and
m~x! 5 0 for all x [ ~2q,q!, the alternative confidence interval reduces to the
modified confidence interval described in the introduction+

Define Nup5bppup0s+Note that ZQp;N~up,bpp
22s2!, so that Nup is equal toE~ ZQp!

divided by the standard deviation ofZQp+ Suppose thata,m~{!, k, andn are fixed+
Also suppose that all parameters of the model are fixed, apart from Nup+As shown
in Appendix D, ZQ1 2 EQ1

p
&& 0 andK~cn

*! 2 cn2pS
p
&& 0 as6 Nup6 r `+ In other

words, the alternative confidence interval has the attractive property that its end-
points approach in probability the endpoints of the standard confidence interval
as6 Nup6r `+

The aim of the paper is to compare the alternative confidence interval with the
standard confidence interval in terms of the risk function~4!,which is identical to

E$length of confidence interval%

2s!(
j51

p

h1j
2

+ (9)

Fix a, m~{!, k, n, andd1+ As shown in Appendix E, for the standard confidence
interval the risk function does not depend on the parameters~u,s2!; it is denoted
Rs+ As shown in Appendix G, the risk function for the alternative confidence
interval depends on~u,s2! only through Nup+ The risk function for this confidence
interval is denotedRa~ Nup!+ As shown in Appendix H, the limit as6 Nup6 r ` of
Ra~ Nup!0Rs is 1+

Bickel ~1984, Sect+ 3! has considered confidence intervals for regression pa-
rameters after the preliminary application of a variable selection step+ This work
differs from the work presented here in a number of significant respects+ These
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include the following+ ~a! In the context considered here, Bickel used the model
~5! but withBu replaced by ap-dimensional parameter vectorg+We do not do so
for the reason given in Appendix A+ ~b! Bickel assumed thats2 is known+We do
not make this assumption+ ~c! Bickel considered confidence intervals that are
restricted to having a fixed width+ We do not make this restriction+ ~d! Bickel
chose coverage probability to be the risk function+ We require the confidence
interval to have the desired minimum coverage probability and use a normalized
expected length to be the risk function+

3. AN ASYMPTOTIC RESULT FOR THE ALTERNATIVE
CONFIDENCE INTERVAL

Fix a,m~{!, k, andd1+Also suppose thatq5 k+ The functionRa
`~{! is defined in

Appendix I+ In this appendix it is proved that

lim
nr`

Ra~ Nup! 5 Ra
`~ Nup!,

where the convergence is uniform inNup [ R+ Thus,

lim
nr`

inf
Nup

Ra~ Nup! 5 inf
Nup

Ra
`~ Nup!+

From Appendix E, limnr`Rs 5 c` wherec` satisfiesP$6T 6 # c`% 5 1 2 a for
T ; N~0,1!+ It is proved in Appendix J that

Ra
`~ Nup! $ c` ∀ Nup [ R+

Thus

lim
nr`

inf
Nup

Ra~ Nup! $ c`+ (10)

In other words, for n sufficiently large the alternative confidence interval cannot
be better than the standard confidence interval by more than a negligibly small
amount+

It may be asked whether there is a direct connection between the properties of
the alternative confidence interval and the properties of the estimatorEQ1+ One
piece of evidence in support of a negative answer to this question is as follows+
Suppose thatk 5 q and thatm~x! 5 0 for all x [ ~2q,q!+ In this case, EQ1 5 Z ZQ1+
Also suppose thatq andd1 are fixed+ Let us compare Z ZQ1 with ZQ1 using a nor-
malized mean-square-error criterion+ Now E~ ZQ1 2 u1!20s2 (j51

p h1j
2 5 1+ It fol-

lows from the expression for~ EQ1 2 u1!0s~(j51
p h1j

2 !102 given in Appendix F that
E~ Z ZQ1 2 u1!20s2 (j51

p h1j
2 is a function of Nup+ It may be shown that this function

converges to a limit asnr`, uniformly in Nup [ R+ Further, it may be shown that
this limit is less than 1 forNup 5 0 and that the limit function has a maximum that
is greater than 1+ This comparison of the mean-square errors ofZ ZQ1 and ZQ1 stands
in stark contrast to~10! and the fact that limnr`Rs 5 c`+
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4. MODIFIED INTERVAL, FINITE n

In this section we suppose thatq5 k and thatm~x! 5 0 for all x [ ~2q, q!+ In this
case the alternative confidence interval reduces to the modified interval de-
scribed in the introduction+

Supposea, k, n 2 p, andd1 are given+ To calculatecn
* we proceed as follows+

For givenc we find the coverage probability of the confidence interval with
center EQ1 and length 2K~c! ~(j51

p h1j
2 !102 by evaluating~K+2! and then~K+1! from

Appendix K by numerical integration over a range of positiveNup values+ The
smallest value ofc for which this confidence interval satisfies the CP constraint
is, then, cn

*+ For a given Nup we findRa~ Nup! by evaluating~K+4! and then~K+3! by
numerical integration+

Considerd1 5 0, a 5 0+05, andn 2 p 5 1+ The values ofcn
* were found to

be 11+73, 8+91, and 6+64 for k 5 3, 6, and 13, respectively+ For each of the cases
~k, cn

*! 5 ~3, 11+73!, ~6, 8+91!, and ~13, 6+64! it was found that the coverage
probability was close to 0+95 for all Nup+ As stated in Appendix G, cn

*5 c2 5 4+30
for the limiting casek 5`+

Figure 1 shows plots ofRa~ Nup! as a function of Nup+ The three graphs are for
~k, cn

*! 5 ~6, 8+91!, ~13, 6+64!, and~`, 4+30!, respectively+
On the basis of these results we now describe a situation in which there are

good grounds for choosing the alternative confidence interval over the standard
confidence interval+Suppose that we have some prior information concerning the
parameters of the model in the form of the reasonable anticipation~which is not
a certainty! 6 Nup6 # 0+15+We also suppose that we do not have enough prior in-

Figure 1. Plots ofRa~ Nup!, that is, the risk function of the alternative confidence interval
as a function of Nup for a 5 0+05, n2 p51, andd1 5 0+ The three curves are fork5 6, 13,
and`+The horizontal line has ordinate equal toRs, that is, the risk function of the standard
confidence interval+
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formation to specify a prior distribution for~u1, + + + ,up,s2!+ In other words, we
suppose that a Bayes approach is not applicable+On the other hand,we would like
to use to advantage the prior information aboutNup in the preparation of the con-
fidence interval+As far as the extent of prior information goes, the situation here
is similar to that considered by Hodges and Lehmann~1952, p+ 396 and, more
particularly, p+ 402!+ Suppose that we use the alternative confidence interval with
k513+Figure 1 shows that if the reasonable anticipation that6 Nup6# 0+15 turns out
to be correct then we have a substantial gain by using the alternative instead of the
standard confidence interval in thatRa~ Nup! is substantially less thanRs+However,
this anticipated gain comes at a price because if the reasonable anticipation turns
out to be incorrect and6 Nup6 [ @5,20# thenRa~ Nup! is very much larger thanRs+

ConsiderRa~ Nup! as a function of Nup ~ Nup $ 0! as we vary overk+ The graphs
shown in Figure 1 and some additional calculations ofRa~ Nup! for k53 ~which are
not presented here! indicate that the value ofNup such thatRa~ Nup! is equal toRs is
an increasing function ofk+ This suggests that the largest possible value ofj such
thatRa~ Nup!0Rs # 1 for all Nup satisfying6 Nup6# j is approximately 2+25+

Now considera 5 0+05 andn 2 p 5 1 butd1 Þ 0+ For d1 [ ~0,0+6! andk [
$6,13% the graphs ofRa~ Nup! as a function of Nup are very similar~though not iden-
tical! to those shown in Figure 1+

Finally, considera 5 0+05, d15 0, andn2 p$1+ Fix n2 p$1+ The following
results are highly plausible: ~a! for fixed k [ ~0, `! the risk functionRa~ Nup! is
minimized at Nup 5 0 and~b! Ra~ Nup 5 0! is a decreasing function ofk [ ~0, `!+ If
these results are true then

inf
k, Nup

F Ra~ Nup 5 0!

Rs
G5 F Ra~ Nup 5 0!

Rs
for k 5`G+

The right-hand side takes the values 0+376, 0+769, 0+890, and 0+937 forn2 p51,
2, 3, and 4, respectively+

5. PREDICTION INTERVALS

Consider the linear regression modelY5 FXb 1 e whereY is a randomn-vector of
responses, FX is a knownn3p matrix, b5 @b1, + + + ,bp# T is an unknown parameter
vector, ande ; N~0,s2In! with s2 an unknown parameter satisfyings2 . 0+We
suppose that the columns ofFX are linearly independent+

Suppose thataTb is the quantity of interest wherea5 @a1, + + + ,ap# T is a known
vector andai Þ 0 for at least onei Þ p+Also suppose that we will apply variable
selection forbp+ The modelY5 FXb 1 e may be expressed in the formY5 Xu 1 e
whereX is a knownn3 p matrix andu 5 @u1, + + + ,up# T is an unknown parameter
vector+ Here, u1 5 aTb andup 5 bp+ Thus the problem of finding a confidence
interval foraTb in the context of the modelY5 FXb 1 e and variable selection for
bp is mathematically equivalent to the problem of finding a confidence interval
for u1 in the context of the modelY5 Xu 1 e and variable selection forup+
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Now let our aim be to find a prediction interval forY*5 aT b 1 e* wherea5
@a1, + + + ,ap# T is a known vector andai Þ 0 for at least onei Þ p+Also suppose that
we will apply variable selection forbp+Express the modelY5 FXb1 e in the form
Y5 Xu 1 e whereX is a knownn3 p matrix andu 5 @u1, + + + ,up# T is an unknown
parameter vector+ Here, u1 5 aTb andup 5 bp+ Thus the problem of finding a
prediction interval forY*5 aTb 1 e* in the context of the modelY5 FXb 1 e and
variable selection forbp is equivalent to the problem of finding a prediction
interval for Y* 5 u1 1 e* in the context of the modelY 5 Xu 1 e and variable
selection forup+Consider the latter problem and suppose that the end result of our
statistical analysis is a prediction interval forY* that is required to satisfy the
constraint that the infimum over all values of~u,s2! of the coverage probability
of the prediction interval$1 2 a+ Now define the standard prediction interval,
alternative prediction interval, and the risk function for prediction intervals in
the same way as we define the corresponding objects for confidence intervals,
except that~(j51

p h1j
2 !102 is replaced by~1 1 (j51

p h1j
2 !102 andd2 is replaced by

@~11 (j51
p h1j

2 !0~1 1 (j51
p21 h1j

2 !#102+ As shown in Appendix L, with the appropri-
ately altered definitions, the comparison of the standard and alternative predic-
tion intervals is mathematically equivalent to the comparison of the standard and
alternative confidence intervals+

6. DISCUSSION

The results of Sections 3 and 4 suggest that there is no significant gain in using the
alternative confidence interval as opposed to the standard confidence interval
whenn2 p is large+ Suppose, on the other hand, thatn2 p is small+Also suppose
that we have a reasonable anticipation~which is not a certainty! that6 Nup6 is small,
less than some knownj . 0+ Provided thatj is not too large andd1 is not too
large, we can findk such that~i! Ra~ Nup 5 0! is substantially less thanRs and
Ra~ Nup! , Rs for all 6 Nup6# j and~ii ! the supremum over allNup of Ra~ Nup!0Rs is not
too large+ ~i! and~ii ! provide good grounds for preferring the alternative confi-
dence interval to the standard confidence interval+

We should distinguish between the reasonable anticipation that6up60s is small
and the reasonable anticipation that6up6 is small+ It is also of interest to ask which
of these anticipations is more likely to be encountered in practice+ If the reason-
able anticipation that6up60s is small is thought to arise fairly often in practice
then an important question to ask is whether the decision rule corresponding to
the alternative confidence interval is admissible in the class of decision rules
satisfying the CP constraint+Here,we take the risk function to be that specified by
~4! in the introduction+

In this paper we have restrictedk andq to be positive+An analysis of the cases
~k 5 0, q . 0! and~k . 0, q 5 0! is the subject of a paper that is in preparation+
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APPENDIX A

In this appendix we use the QR decomposition to transform the modelY5 Xu 1 e to a
much more convenient form that involves in a simple manner both of the parametersu1 and
up+ Let xj denote thej th column ofX+ Findn-vectorsxp11, + + + , xn such thatx1, + + + , xn form
a basis forRn and then apply the Gram–Schmidt orthogonalization process tox1, + + + , xn ~in
that order! to obtaing1, + + + ,gn that are orthonormal, that is, gi

Tgj 5 1 for i 5 j and 0
otherwise+ Let G denote then 3 n matrix with i th row equal togi

T+ Let Z 5 GY, A 5 GX,
andh 5 Ge so thatZ5 Au 1 h whereh ; N~0,s2In!+HereA is ann3 p matrix whose last
n2 p rows consist of zeros and whose firstp rows form an upper triangularp3 p matrix
~with nonzero diagonal elements! that we denote byB+ In other words, the transformed
model is as described by~5!+

There is another transformation of the modelY 5 Xu 1 e described, for example, in
Sections 7+1 and 7+2 of Bickel and Doksum~1977!+Aparticular case of this transformation
leads to the model~5! but with Bu replaced by ap-dimensional parameter vectorg+ The
transformation described in Sections 7+1 and 7+2 of Bickel and Doksum~1977! does not,
in general, result in a model involving both of the parametersu1 andup in a simple way+ For
this reason we do not use this other transformation+

APPENDIX B

Suppose thatm~x! 5 0 for all x [ ~2q,q!+ In this appendix we prove thatZ ZQ1 as defined in
the introduction is given by~7!+Write the matrixB in partitioned form as follows:

B 5 SB11 B12

0 bpp
D,
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whereB11 is a ~ p 2 1! 3 ~ p 2 1! matrix+ In Section 2 we established the notation that
H5B21 and that@h11, + + + ,h1p# is the first row of the matrixH+By the rule for the inversion
of a partitioned matrix,

@h11, + + + ,h1p# 5 @first row of B11
21, first row of 2B11

21B12bpp
21# +

Thus

Z ZQ1 5 5(
j51

p21

h1j Zj 1 h1pZp for 6 ZQp60S%vX~ p! $ q

(
j51

p21

h1j Zj otherwise+

Now Zp 5 bppup 1 hp so that ZQp 5 bpp
21Zp 5 up 1 bpp

21hp+ Therefore the condition6 ZQp60
S%vX~ p! $ q is equivalent to6Zp60S$ q+

APPENDIX C

In this and the appendixes that follow we will seek to express the quantities of interest in
terms of Nup, k, q, d2, d1, U, V, andW+ The first five of these quantities were defined in
Section 2+We now proceed to define the others+ Define

U 5 Nup 1
hp

s
,

V 5 (
j51

p21

h1j

hj

sY! (
j51

p21

h1j
2 ,

W 5
S

s
+

These random variables are independent withU ; N~ Nup,1!, V ; N~0,1!, andW with the
same distribution as%Q0~n 2 p! whereQ ; xn2p

2 +

APPENDIX D

In this appendix we fixa, m~{!, k, andn+ We suppose that all parameters of the model
are fixed, apart from Nup+ We will show that ZQ1 2 EQ1

p
&& 0 andK~cn

*! 2 cn2pS
p
&& 0 as

6 Nup6r `+ Note that the existence ofcn
* is proved in Appendix G+
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FromZp 5 bppup 1 hp it follows that

Zp

S
5

~bppup 1 hp!0s

S0s
5

U

W
+

Therefore the conditions6Zp60S$ q is equivalent to6U 60W $ q+ Thus EQ1 5 ZQ1 for 6U 60
W$ qandK~cn

*!5cn2pSfor 6U 60W$ k+The claimed result follows directly from this and
the fact thatP$6U 60W$ q% r 1 andP$6U 60W$ k% r 1 as6 Nup6r `+

APPENDIX E

For the standard confidence interval

~9! 5 cn2pE$W%

5
cn2p

!n 2 p
E$#Q%

5 cn2p! 2

n 2 p
3

GSn 2 p 1 1

2 D
GSn 2 p

2 D ,

whereQ ; xn2p
2 +

APPENDIX F

In this appendix we express~ EQ1 2 u1!0s~(j51
p h1j

2 !102 andK~c!0s in terms of Nup, k, q, d2,
d1, U, V, andW+ The first five of these quantities were defined in Section 2 and the re-
mainder were defined in Appendix C+

From u 5 H$@Z1, + + + ,Zp# T 2 @h1, + + + ,hp# T% it follows that u1 5 (j51
p h1j ~Zj 2 hj !+ It

follows from ~7! that

EQ1 2 u1 5 (
j51

p21

h1j hj 1 h1pFSmS Zp

S
D2 bppupG +
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It now follows that

EQ1 2 u1

s
5 (

j51

p21

h1j

hj

s
1 h1pFWmS U

WD2 NupG+
Thus

EQ1 2 u1

s!(
j51

p

h1j
2

5 5 (
j51

p21

h1j
2

hj

s

! (
j51

p21

h1j
2

1
h1p

! (
j51

p21

h1j
2

FWmS U

WD2 NupG 6@! (
j51

p

h1j
2

(
j51

p21

h1j
2

5

V 1 d1FWmS U

WD2 NupG
d2

+

It is straightforward to show that

K~c!

s
5 5

cn2pW for 6U 60W$ k

cd2
21!U 2 1 ~n 2 p!W2

n 2 p 1 1
otherwise,

whereK~{! was defined in Section 2+

APPENDIX G

The coverage probability of the confidence interval with centerEQ1 and length
2K~c!~(j51

p h1j
2 !102 is equal to

P5
6 EQ1 2 u16

s!(
j51

p

h1j
2

#
K~c!

s 6 5 PH*V 1 d1FWmS U

WD2 NupG* # d2

K~c!

s J (G.1)

by the expression for~ EQ1 2 u1!0s~(j51
p h1j

2 !102 given in Appendix F+
Fix a,m~{!, k, n, andd1+ From the expression forK~c!0s given inAppendix F it follows

that this probability is a function of~c, Nup!+ Hencecn
*, if it exists, depends only onNup+ The

risk function~9! for the alternative confidence interval isE$K~cn
*!0s%+ From the expres-

sion forK~c!0s given in Appendix F it follows that this risk is a function ofNup+
We now prove the existence ofcn

*+ Remember thatcn
* is defined to be the smallest value

of c such that~G+1! $ 12 a for all Nup [ R+We present the proof fork $ q+ The proof for
k , q is based on similar ideas and is omitted for the sake of brevity+ Define the events
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D 5 H*V 1 d1FWmS U

WD2 NupG* # d2

K~c!

s J ,
E 5 $6V 1 d1@U 2 Nup#6# d2cn2pW%+

Now P$D% 5 P$D ù $6U 6 , kW%% 1 P$D ù $6U 6 $ kW%% andP$E% 5 P$E ù $6U 6 ,
kW%% 1 P$E ù $6U 6$ kW%% + BecauseP$E% 5 1 2 a andP$D ù $6U 6$ kW%% 5 P$E ù
$6U 6$ kW%%,

P$D% 2 ~12 a! 5 P$D ù $6U 6 , kW%% 2 P$E ù $6U 6 , kW%%+ (G.2)

For c 5 0, P$D ù $6U 6 , kW%% 5 0 and fromP$E ù $6U 6 , kW%% . 0 it follows that
P$D% , 12 a for all Nup [ R+ Define

D1 5 H*V 1 d1@U 2 Nup# 1 d1FWmS U

W
D2 UG* # c! n 2 p

n 2 p 1 1
WJ ,

D2 5 H 6V 1 d1@U 2 Nup#6# Sc! n 2 p

n 2 p 1 1
2 d1kDWJ +

Now ~D ù $6U 6 , kW%! . ~D1 ù $6U 6 , kW%! . ~D2 ù $6U 6 , kW%! so thatP$D ù
$6U 6 , kW%% $ P$D2 ù $6U 6 , kW%% + It follows from ~G+2! that

P$D% 2 ~12 a! $ P$D2 ù $6U 6 , kW%% 2 P$E ù $6U 6 , kW%%+

For sufficiently largec, E , D2 for all Nup [ R+ Thus there existsc ,` such thatP$D% $
1 2 a for all Nup [ R+ For each Nup, P$D% is a continuous increasing function ofc~c $ 0!+
Thusc~ Nup! exists for each Nup wherec~ Nup! is defined to be the value ofc such thatP$D%
evaluated atNup is equal to 12 a+ Because there existsc , ` such thatP$D% $ 1 2 a for
all Nup [ R, the set$c~ Nup! : Nup [ R% is bounded above+ Hence sup$c~ Nup! : Nup [ R% exists+ It
is easily checked thatcn

*5 sup$c~ Nup! : Nup [ R% + This completes the proof of the existence
of cn

*+
We now present a computationally useful formula for the risk function of the alternative

confidence interval whend150 andk takes the limiting valuè + For this casecn
*5cn2p11

and

E$K~cn
*!0s% 5

cn2p11

#n 2 p 1 1
E~% EQ!,

where EQ; noncentralx 2 with n2 p11 degrees of freedom and noncentrality parameter
l 5 Nup

2+ Using the representation of the density function ofEQ as a mixture of~central! x 2

density functions we find that

E~% EQ! 5 #2 (
k50

`
GFSn 2 p 1 1

2
1 kD1

1

2G
GSn 2 p 1 1

2
1 kD 3

~2
12l!ke2~102!l

k!
+
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APPENDIX H

In this appendix we show that the limit as6 Nup6 r ` of Ra~ Nup!0Rs is 1+ Observe that
K~cn

*!0s converges tocn2pW in probability as 6 Nup6 r `+ For 6U 60W , k, U 2 1
~n 2 p!W2 , ~k2 1 n 2 p!W2+ Thus, by dominated convergence, Ra~ Nup! 5 E$K~cn

*!%0
s r cn2pE$W% 5 Rs as6 Nup6r `+

APPENDIX I

Fix a, m~{!, k, andd1+ Also suppose thatq 5 k+ Define the random variable

F~c! 5 Hc` for 6U 6$ k

cd2
21 otherwise+

Observe thatK~c!0s # W3 max$cn2p, cd2
21@~k2 1 n2 p!0~n2 p11!#102% +Also observe

that whenW [ @12 e, 11 e# wheree [ ~0,1!, ~12 e!mn~c! # K~c!0s # ~11 e! Umn~c!
where

mn~c! 5 5
cn2p for 6U 6 . k~11 e!

min~cn2p,cd2
21% ~k2 1 n 2 p!0~n 2 p 1 1!! for k~12 e! # 6U 6# k~11 e!

cd2
21% ~n 2 p!0~n 2 p 1 1! for 6U 6 , k~12 e!

and

Umn~c! 5 5
cn2p for 6U 6 . k~11 e!

max~cn2p,cd2
21% ~k2 1 n 2 p!0~n 2 p 1 1!! for k~12 e! # 6U 6# k~11 e!

cd2
21%~k2 1 n 2 p!0~n 2 p 1 1! for 6U 6 , k~12 e!+

From these inequalities it follows that for eachM [ ~0,`!,

lim
nr`

E$K~c!0s% 5 E$F~c!%,

where the convergence is uniform inNup [ R andc [ ~0,M !+
Define the events

An 5 H*V 1 d1FWmS U

WD2 NupG* # d2

K~c!

s J
andB 5 $6V 1 d1@m~U ! 2 Nup#6 # d2F~c!% + Our next task is to show that for eachM [
~0,`!, limnr` P$An%5P$B% where the convergence is uniform inNup [ R andc [ ~0,M !+
Fix e [ ~0,1!+Write

CONFIDENCE INTERVALS AFTER VARIABLE SELECTION 477

https://doi.org/10.1017/S0266466698144031 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466698144031


P$An% 5 P$An ù $W Ó @12 e,11 e#%%

1 P$An ù $W [ @12 e,11 e#% ù $6U 6 . k~11 e!%%

1 P$An ù $W [ @12 e,11 e#% ù $k~12 e! # 6U 6# k~11 e!%%

1 P$An ù $W [ @12 e,11 e#% ù $6U 6 , k~12 e!%%

and

P$B% 5 P$B ù $W Ó @12 e,11 e#%%

1 P$B ù $W [ @12 e,11 e#% ù $6U 6 . k~11 e!%%

1 P$B ù $W [ @12 e,11 e#% ù $k~12 e! # 6U 6# k~11 e!%%

1 P$B ù $W [ @12 e,11 e#% ù $6U 6 , k~12 e!%%+

Observe that bothP$An ù $W Ó @1 2 e,1 1 e#%% andP$B ù $W Ó @1 2 e,1 1 e#%% are
bounded above byP$WÓ @12e,11e#% , a function ofnconverging to zero asnr`+Also
observe that the magnitude of the difference betweenP$An ù $W [ @1 2 e,1 1 e#% ù
$k~1 2 e! # 6U 6 # k~1 1 e!%% andP$B ù $W [ @1 2 e,1 1 e#% ù $k~1 2 e! # 6U 6 #
k~11 e!%% is bounded above byP$k~12 e! # 6U 6# k~11 e!% # 4ke0#2p+ Now P$An ù
$W [ @12 e,11 e#% ù $6U 6 . k~11 e!%% lies between

P$$6V 1 d1@U 2 Nup#6 # d2cn2p~12 e!% ù $6U 6 . k~11 e!%%

3 P$W [ @12 e,11 e#% (I.1)

and

P$$6V 1 d1@U 2 Nup#6 # d2cn2p~11 e!% ù $6U 6 . k~11 e!%%

3 P$W [ @12 e,11 e#%+ (I.2)

Also, P$B ù $W [ @12 e,11 e#% ù $6U 6 . k~11 e!%% is equal to

P$$6V 1 d1@U 2 Nup#6 # d2c`% ù $6U 6 . k~11 e!%% 3 P$W [ @12 e,11 e#%+ (I.3)

Further, P$An ù $W [ @12 e,11 e#% ù $6U 6 , k~12 e!%% lies between

PHH*V 1 d1FWmS U

W
D2 NupG* # c! n 2 p

n 2 p 1 1
~12 e!J

ù $W [ @12 e,11 e#% ù $6U 6 , k~12 e!%J (I.4)

and

PHH*V 1 d1FWmS U

W
D2 NupG* # c!k2 1 n 2 p

n 2 p 11
~11 e!J

ù $W [ @12 e,11 e#% ù $6U 6 , k~12 e!%J + (I.5)
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Also, P$B ù $W [ @12 e,11 e#% ù $6U 6 , k~12 e!%% is equal to

P$$6V 1 d1@m~U ! 2 Nup#6 # c% ù $W [ @12 e,11 e#% ù $6U 6 , k~12 e!%%+ (I.6)

Approximate~I+1! and~I+2! by ~I+3! and approximate~I+4! and~I+5! by ~I+6!+ In judging
the quality of the latter approximation, we consider distributions conditional on$W [
@12 e,11 e#% ù $6U 6 , k~12 e!% and we use the assumption made in Section 2 that the
restriction ofm~{! to the interval~2q,q! is a differentiable function with bounded deriv-
ative+ By first choosinge sufficiently small and then choosingn sufficiently large, it may
be shown that for eachM [ ~0,`!,

lim
nr`

P$An% 5 P$B%,

where the convergence is uniform inNup [ R andc [ ~0,M !+ The importance of the uni-
formity of convergence in this type of context has been stressed by Kabaila~1995!+ Thus
limnr` cn

*5 Ic` where Ic` is defined to be the smallest value ofc such that

P$6V 1 d1@m~U ! 2 Nup#6 # d2F~c!% $ 1 2 a ∀ Nup [ R+ (I.7)

Therefore, limnr` $K~cn
*!0s%5E$F~ Ic`!% where the convergence is uniform inNup [ R+ In

other words, limnr`Ra~ Nup! 5 Ra
`~ Nup! where the convergence is uniform inNup [ R+ Here,

we defineRa
`~ Nup! 5 E$F~ Ic`!% +

APPENDIX J

Fix a, m~{!, k, andd1+ In this appendix we show that

E$F~ Ic`!% $ c` ∀ Nup [ R, (J.1)

where Ic` is defined to be the smallest value ofc such that~I+7! is satisfied+ Ford15 0 it is
straightforward to show thatIc`$ c`+ FromE$F~ Ic`!% 5 c`P$6U 6$ k% 1 Ic`P$6U 6, k%
it follows that~J+1! is satisfied+

Suppose, now, thatd1Þ0+We prove~J+1! by contradiction+Suppose thatc`. E$F~ Ic`!%
for some Nup [ R+ This implies that Ic`d2

21 , c`+ Therefore

P$6V 1 d1@m~U ! 2 Nup#6 # d2F~c!% # P$6V 1 d1@m~U ! 2 Nup#6# d2c`%

for all Nup [ R+We now show that~I+1! is not satisfied+

P$6V 1 d1@m~U ! 2 Nup#6 # d2c`% 5E
2q

q

f ~d1~m~u! 2 Nup!, d2c`!f~u 2 Nup! du

1 E
A

f ~d1~u 2 Nup!,d2c`!f~u 2 Nup! du, (J.2)
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whereA 5 ~2`,2q! ø ~q,`! andf ~x, y! 5 P$6V 1 x6# y% 5 F~2x 1 y! 2 F~2x 2 y!+
HereF andf denote theN~0,1! distribution function and probability density function,
respectively+ Now

12 a 5 P$6V 1 d1@U 2 Nup#6# d2c`%

5E
2q

q

f ~d1~u 2 Nup!, d2c`!f~u 2 Nup! du1 E
A

f ~d1~u 2 Nup!, d2c`!f~u 2 Nup! du

so that

~12 a! 2 ~J+2! 5 E
2q

q

@ f ~d1~u 2 Nup!,d2c`! 2 f ~d1~m~u! 2 Nup!,d2c`!#f~u 2 Nup! du+

(J.3)

By using*2q
q 5*0

q 1*2q
0 and changing the variable of integration in*2q

0 , it may be shown
that~J+3! is equal to

E
0

q

f~u 2 Nup! 3 @l ~u 2 Nup! 2 l ~m~u! 2 Nup!# 2 f~2u 2 Nup!

3 @l ~m~2u! 2 Nup! 2 l ~2u 2 Nup!# du, (J.4)

where l ~x! 5 f ~d1x,d2c`!+ For Nup sufficiently larged2l ~x 2 Nup!0dx2 . 0 for all x [
@2q,q# + Thus, for Nup sufficiently large, f~u2 Nup! . f~2u2 Nup! andl ~u2 Nup! 2 l ~m~U ! 2
Nup! . l ~m~2u!2 Nup!2 l ~2u2 Nup! for all u [ ~0,q!+Thus~J+4! . 0 for Nup sufficiently large+

APPENDIX K

Suppose thatq 5 k andm~x! 5 0 for all x [ ~2q,q!+We derive easily computed expres-
sions for the coverage probability of the confidence interval with centerEQ1 5 Z ZQ1 and
length 2K~c!~(j51

p h1j
2 !102 and forRa~ Nup!+ From Appendix G, this coverage probability is

equal toP$D% where

D 5 H*V 1 d1FWmS U

WD2 NupG* # d2

K~c!

s J +
Now

P$D% 5E
0

`

P$D 6W5 w%pW~w! dw, (K.1)

whereP$D 6W5w% denotes the probability ofD conditional onW5w andpW~w! denotes
the density function ofW evaluated atw+ Also

P$D 6W 5 w% 5 I1~w! 1 I2~w!, (K.2)
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where

I1~w! 5E
2kw

kw

fS2d1 Nup,c!u2 1 ~n 2 p!w2

n 2 p 1 1
Df~u 2 Nup! du,

I2~w! 5E
A

f ~d1~u 2 Nup!, d2cn2pw!f~u 2 Nup! du+

HereA 5 ~2`,2kw! ø ~kw,`!+
Using arguments similar to those leading to~K+1! and~K+2!, it may be shown that

E$K~cn
*!0s% 5E

0

`

L~w!pW~w! dw, (K.3)

where

L~w! 5 cn
* d2

21E
2kw

kw

!u2 1 ~n 2 p!w2

n 2 p 1 1
f~u 2 Nup! du

1 cn2pw$12 F~kw2 Nup! 1 F~2kw2 Nup!%+ (K.4)

APPENDIX L

Suppose that we wish to find a prediction interval forY* 5 u1 1 e in the context of the
modelY5Xu1 e ~described in the introduction! and variable selection forup+Replace the
definition of the CP constraint by the following definition+

CP Constraint. The infimum over all values of~u,s2! of the coverage probability of
the prediction interval$1 2 a+

Define the standard prediction interval to be

F ZQ1 2 cn2pS!11 (
j51

p

h1j
2 , ZQ1 1 cn2pS!11 (

j51

p

h1j
2 G +

Replace the definition ofd2 by d2 5 @~11 (j51
p h1j

2 !0~1 1 (j51
p21 h1j

2 !#102+ Also replace the
definition of cn

* by the following+ Define cn
* to be the smallest value ofc such that a

prediction interval with centerEQ1 and length 2K~c!~11 (j51
p h1j

2 !102 satisfies the CP con-
straint+ The alternative prediction interval is defined to be

F EQ1 2 K~cn
*!!11 (

j51

p

h1j
2 , EQ1 1 K~cn

*!!11 (
j51

p

h1j
2 G +
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The risk function for a prediction interval satisfying the CP constraint is defined to be

E$length of prediction interval%

2s!11 (
j51

p

h1j
2

+

Replace the definitions ofV andd1 by

V 5 S(
j51

p21

h1j

hj

s
2

e*

s
DY!11 (

j51

p21

h1j
2 ,

d1 5 h1pY!11 (
j51

p21

h1j
2 +

Using the same sorts of manipulations as in Appendix G it may be shown that

DQ1 2 u1 2 e*

s!11 (
j51

p

h1j
2

5

V 1 d1FWmS U

WD2 NupG
d2

+

The mathematical equivalence of the comparison of the standard and alternative confi-
dence intervals now follows from this and the fact thatd2 5%11 d1

2 for both the original
and altered definitions ofd1 andd2+
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