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REVISING BELIEFS IN
NONIDENTIFIED MODELS

DALE J. POIRIER
University of Toronto

ABayesian analysis of a nonidentified model is always possible if a proper prior on
all the parameters is specifiedihere is howevey no Bayesian free lunchirhe
“price” is that there exist quantities about which the data are uninformatig
their marginal prior and posterior distributions are identibathe case of improper
priors the analysis is problematic—resulting posteriors can be imprbjpisrstudy
investigates both proper and improper cases through a series of examples

1. INTRODUCTION

In passing it might be noted that unidentifiability causes no real difficulty in the
Bayesian approach
—D.V. Lindley

The concept of identification is the same in Bayesian and non-Bayesian anal-
yses and goes back to Koopmans and Reidds380. Dréze(1974 and Kadane
(1974 provided Bayesian synopséa particular Kadane(1974) forcefully ar-
gued that identification is a property of the likelihood function and is the same
whether considered from classical or Bayesian perspeciites‘'solution” to an
identification problem is also in common agreemanbre information is re-
quired and this usually means non-data-based informati@ne howeveypaths
begin to divergeNon-Bayesians introduce dogmatic restrictions on the unknown
parameters until identification is achiev&hyesians may do so as weilt they
also have the option of introducing nondogmatic information via a prior distri-
bution Lindley’s quote at the beginning of the pagkimndley, 1971, p. 46, fn. 34)
refers to the fact that a Bayesian analysis of a nonidentified model is always
possible if a proper prior on all the parameters is specified

There ishoweverno Bayesian free luncfhe “price” is that there exist quan-
tities about which the data are uninformative., their prior and posterior dis-
tributions are identicalAlthough this issue has been discussed elsewhere in the
literature(e.g., Dréze 1974 Dréze and Richardl983 Leamer 1978, there are
some subtle issues that warrant further discussitis study illustrates these
issues by means of a series of examples in Secti@estion 4 then turns to the
more problematic case of improper priors
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The next section characterizes the general situation and suggests two senses in
which the data are “uninformativegither conditional or marginal of other pa-
rametersThe quantities about which no marginal learning occurs depend on both
prior beliefs and the nature of the nonidentifiability in the datae dependency
of informativeness on prior beliefs distinguishes it from the concept of identifi-
cation(see Kadanel974 pp. 180-184.

Throughout this discussion density functions are denoted genericaflf py
leaving the arguments to indicate the random variables to which the density ap-
plies When such notation might cause confusisabscripts will be added to
clarify mattersThe notatiorN; (w,>) denotes d-dimensional multivariate nor-
mal distribution with meam and covariance matriX. The corresponding multi-
variate normal density is denoted (- | u,2 ). WhenT = 1, the subscript is dropped
Finally, ®(-) is used to denote the univariate normal cumulative distribution func-
tion (c.d.f.).

2. PROPER PRIORS: GENERAL RESULTS

Given datay, consider a regular likelihood functiofi(6;y), wheref € 0 is an
unknownK X 1 vector and® C RX. Suppose is nonidentified In other words

forall #Y € © there exist®® € 0,0V # 6@, such thatl (0 V;y) = L(6@;y)
forally, i.e, #Y andg® are observationally equivaler8upposehoweverthat

K — 1 parametric functions are identifiedet 0 = [, A]’, wherey is (K — 1) X 1

andA is 1X 1. Without loss of generalityassumey is identified and\ is noniden-
tified, i.e., gived D =y D" AV, 0@ =[y @' A2 €0, L0V ;y)=L(8?;y)
impliesy® = @, The terma™™ need not equal®. Let A() ={A|[¢',A]" € O}
denote the permissible valuesofiveny = Y = ¢ ®. Becausey is identified

andA is nonidentifiedthe likelihood is constant over € A(¢), and so it can be
written simply as a function af, say L..(¢;y), not depending on the nonidenti-
fied A. This section describes what a Bayesian researcher with a proper prior
probability density functiorip.d.f.) f(#), 6 € ® can and cannot learn from such
data Extensions to the case in which more than one parameter is nonidentified
are straightforward and are largely ignored in the subsequent discussion until
Section 39.

Care must be taken with notatiogspecially when the parameter space is not a
product space acrogsandA, i.e., wheny and\ are not variation-fred_et ¥ =
{g|[y',A]’ € 6 for somer} andA ={A|[¢',A]’ € O for somey} be the permis-
sible values ir® of ¢y andA, respectivelyThe terms)s anda are variation-free iff
® = ¥ X A with no restrictions acros§ andA. Analogous toA (), let () =
{¢|[¢',A]" € O} be the permissible values gfgiven A. Although the assumed
nonidentifiability of A implies thatZ..(; y) does not vary with\, it does not rule
out the possibility that its domaitr(A) depends on.

Because the likelihood..(i; y) does not vary with\, it might be thought that
the only information available on is contained in its prior and so perhaps the
data are uninformative in the sense that the data to not revise prior bébefee
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that this is not necessarily the cagas useful to distinguish whether the prior
marginal density oft, f (A), or the prior conditional density of given, f(A|),
are identical to their posterior counterpairta | y) andf (A|y, y), respectively

DEFINITION. The data y are marginally uninformag for A iff f(A|y) =
f(A). The data y are conditionally uninformaé for A giveny iff f(A|y,y) =

f(Al).
Consider the marginal posterior density/of
f(Vfyld)
f(Aly) = ————, ALEA, 1
A === (1)
where

f(y[A) =L(A)f(¢)~)£*(¢;)/)dlﬂ,

f(y) =LL“)f(¢,A)£*(¢;y) dy da. 3)

The data are marginally informative fariff f(A|y) # f(A), or equivalently
f(y|A) # f(y). Because the likelihood if2) does not depend ok, any depen-
dence off (A]y) on A arises from the conditional prior distributigr A: through
either the densitf(| A) or its supporiA (). In the absence of such dependence
the data are marginally uninformative far This leads directly to the following
elementary propositian

PROPOSITION 1 If ¢ and A are a priori independentdenoted) L A), then
the data are marginally uninformate for A. Equivalently, if the data are mar
ginally informatibe for A, thenys and A are a priori dependent

The converse of Proposition 1 is not necessarily valithough it will be seen
in the examples that follow that whgnandA are a priori dependenthen except
for irregular casesthe data are marginally informative far® In other words
prior dependence is a necessary but not a sufficient condition for informativity
The termsy andA can be dependent wherddy|A) in (2) does not depend on
Note howeverregardless of the prior dependence betwgemd A, the con-
ditional beliefsA | are not updated

(WAl @A LW
fGly)
[ twiamewalfiy
Ay)

_ FW@fA) L. (43 y)
f () L. (3 y)
=f(Aly), AEAW), YeEW. (4)

f(/\W,Y) =
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Giveny, the data do not modify prior beliefs aboutEquivalently A andy are
conditionally independent givep. This implies that although the data may or
may not be marginally uninformative for nonidentified parametdasa are al-

ways conditionally uninformative for nonidentified parameters given the identi-
fied parametersThis observation is not newor exampleit manifests itself in

the context of linear simultaneous equations models where prior beliefs about the
structural parameters given the reduced form parameters are not revised by the
data(seg e.g., Dréze 1974 Dréze and Richardl983 pp. 521-522 536-537.

For clarity the following immediate implication ¢#) is noted

PROPOSITION 2 The data are always conditionallpn ¢) uninformatve
for A.

Using Proposition 2it is convenient to rewrite posteri¢t) as

faly) = wa()\df,)/)f(i/fly) di,

=meu|w>f<w|y>d¢,

—E,[fAlW)],  A€A. (5)

In other words posterior beliefs about the nonidentifiacare the average prior
conditional beliefs given the identifiefd averaged with respect to the posterior
of ¢». Also note that5) is the posterior expectation of a prior density not involving
the data

Although the data can be marginally informative for the nonidentified param-
eter ), there necessarily exist other quantities for which the data are marginally
uninformative The following proposition(apparently new describes these
quantities

PROPOSITION 3 Let f(i,A) be a proper joint prior pd.f., and denote the
conditional pd.f. and cd.f. of A giveny by f(A|y) and F(A|¢), respectiely.
Define a new randomariable v = g(i, A) that is the probability integral trans
form based on the conditional distribution afgiveny, i.e., g: ® — [0,1] and
v=9(,\) =F(Al).

(@) ¢ andv are independent

(b) »is uniformly distributed oer [0, 1].

(c) The data are marginally uniforma for ».

(d) The data are marginally uninformat for any known on¢o-one function ofv.

Proof Becausedg(i,A)/0A = f(A|) > 0, the inverse transformatioh =
g (y,v) is well defined Using the change-of-variable technigue

oA
() = [df(@fww

= [ fAlY)] @) f(Aly)
= f(y), Py E W, v € [0,1]. (6)
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Therefore (a) and(b) follow immediately after integrating) with respect tap.
(a) implies(c) as noted previouslyinally, (d) follows immediately from(c). B

Proposition 3 provides the unavoidable price a Bayesian pays for updating
marginal beliefs for the nonidentifiet: nothing is learned about = F(A/).
Four points are worth noting

First, Manski(1994) offered a plethora of examples in econometrics where the
sampling scheme is such that some paramefesase identified othersi are
nonidentified and data-free bounds for the latter given the former are warranted
(see e.g., Section 35). Such bounds serve as the suppaftiy) for the prior
conditional distribution ofA given . Bounds depending on unknown param-
eters however are of limited usefulnes§ he point of Proposition 2 is that the
posterior conditional inferences faigivenys are identical to prior inferencethe
data are conditionally uninformative far However the existence of the previ-
ously noted bounds necessitates prior dependence beiergi\, and the data
are potentially marginally informative fak. Of course Proposition 3 implies
there is always a reparameterization imtdor which the data are marginally
uninformative The fundamental roles played by prior conditional distributions
| A (in Proposition 2 andA|¢ (in Propositions 2 and)3re apparent

Secondthe fact that “although the likelihood does not vary witthe data may
nonetheless be marginally informative fdrdoes not violate the likelihood prin-
ciple as suggested by Vijverbe($j993 p. 75).> When the parameter spa@dis
not a product space acrogsand A, the support¥ () depends on. The likeli-
hoodZ..(i; y) and its domain? () can be expressed equivalently@s (i;y) =
[y (WL (43 y), wherely ) (¢) is an indicator function equal to unity jf €
W(A) and equal to zero otherwisér he informal interpretation of the likelihood
principle (e.g., Poirier 1995 p. 227) that the likelihood function contains all the
evidence in the data concerning the unknown parameters is obvious in terms of
L. y).

Third, because the data are marginally uninformative/f@ayes factors equal
unity for tests involvingy, regardless of the dat&kor exampleconsider testing
Ho: » = 3 versusHy: v # 3, with prior specification Prob(Ho) = 7 > 0,
Prob(H;) = 1— & > 0, and prior densityf (¢|H,). Becausey andy are a priori
independentf (v|Hgy) = f(v|H,) = f(v), and

f(y|Hl>=Lfo £ £ () L. (01 y) v i

=Lf(¢)£*(¢;y)[folf(1/) dV] diy

- Lf(wm*(«p;y) dp = £(y[Ho) = F(¥). @)

Therefore the Bayes factor foH, versusH; is f(y|Hg)/f(y|H;) = 1. In other
words the posterior odds equal the prior oddfso see Dréze and Richai®83
pp. 538-539.
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Finally, the interpretation of the data being uninformative for a parameter
marginally or conditionallydepends on the contexh general the parameters of
interest are functions of bothand\, and so it is not always clear what to make
of these results

Section 3 provides nine simple examples to help crystallize the discussion
Section 31 provides a basic case demonstrating Propositions 1-3 that will prove
valuable in later discussiofsection 4 of improper priors Section 32 empha-
sizes that identifiability is a property of the likelihood and any ambiguity over the
likelihood implies ambiguity over identifiabilitySection 33 takes up the classic
case of perfect multicollinearity and suggests that determining the quaritity
Proposition 3 may aid in prior elicitatiobections 31—-36 involve examples in
which prior dependence between identified and nonidentified parameters arises
naturally In Section 34 the dependency results from a positive definiteness con-
straint on a covariance matr{keminiscent of Koop and Poiriet997). The ex-
ample in Section 3 is representative of those studied in Man4dld94). In both
Sections 34 and 35, flat priors f (| A) = ¢, for A € A(y) wherec, is a constant
are investigated to determine the quantiiy Proposition 3 about which the data
are uninformative Section 36 analyzes a Bernoulli model with classification
error in which prior dependency also naturally arisgsction 37 considers a
classic simultaneous equation model and investigates the imposition of an iden-
tifying exclusion restriction in a stochastic fashi@ection 33 turns to the probit
model and offers a possibly shocking conclusion regarding seemingly innocuous
normalization restrictionFinally, Section 39 considers a multinomial nonpara-
metric model involving numerous nonidentified parameters

3. PROPER PRIORS: EXAMPLES

3.1. A Basic Case

A simple example of a nonidentified model y$8,A ~ N(B + A,02), where
B,A € R are unknown and-2 € R" is known Clearly neithers nor A is iden-
tified, buty = B + A is identified Supposes anda are a priori independent with
B~N(0,72), A ~ N(0,w?), andr2 w? € R* known Then the posterior density
f(B,A]y) is bivariate normal with meaiw 2 + 72 + w?) "ly[ 72 w?]’ and variance

(02 5 2)1 7%(0? + w?) —72w?
o+ Tt w)” .
—72w? w?(o?+ 12)

The implied joint prior distribution fogy and A is bivariate normal with zero
means and variance

2+ w? w?
3= .
w? w?
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Hence the posterior densitf(, A | y) is bivariate normal with meafr2 + 72 +
w?)~y[7? + 0% w?]" and variance

—0’w? w(c?+72)]

Marginal beliefs about the nonidentifiedl are updated fronN(0,w?) to
N(w?y[o? + 72 + 2]} w?[0? + 72][0? + 7% + w?]™?). Proposition 2
however implies there is no conditional updating\|¢y ~ Aly,y ~
N(fa1y»084), Wherew,, = 0?p[o? + 2]t andof, = w?r2[0? + 72] 7L
Furthermore Proposition 3 implies the data are marginally uninformative for
v =®[(A — u,,)/on,] and one-to-one transformations

This example also demonstrates the importance in Proposition 1-3 of working
in terms of a parameterization involving an identified paramétand a non-
identified parametei. In terms of8 andA, the prior distribution8 ~ N(0,72) is
marginally updated t8|y~ N(72y,7%[0? + w?][c?+ 7%+ w?] ™). The analog
of Proposition 2 does not hald\|8 ~ A ~ N(0,w?) is updated toA|8,y ~
N(w?[y—Bl[o? + w?] Lo?w?[c? + w?]™1). Nor does the analog of Propo-
sition 3 hold » = F,5(A) = ®(A/w), and as was seen previougliyere is mar-
ginal updating for the one-to-one transformatio® *(») = A.

3.2. Hierarchical Models

Next consider the following simple hierarchical specification for the observ-
able variabley, the unobserved parametefsand A, and the known constants
o ando?: y|, A ~ N(,02), | A ~ N(A,0%), and A ~ N(0,1). Equivalently
[y,,A]" ~ N3(0,3), where¥ = A = R, ® = R? and

ol+of+1l of+1 1
3= of+1 of+1 1. (8)
1 1 1
Treating the first stage as the likelihadce., £.(4;y) = ¢(y|f,o?), it is clear
thaty is identified and\ is nonidentified Giveny, the datay are conditionally
uninformative for A becausef(A|y) = f(A|g,y) = d(A|Y/[of + 1],02/
[02+ 1]). The data are marginally informative far howeverbecause the prior

A~N(0,1) is updated to\|y~ N(y/[ o2+ 0% + 1],6%/[ 0% + 1]). Proposition 3
implies the data are marginally uninformative for

=)
A (0’22+1
(1)
of+1
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and any known one-to-one transformations ther€of examplethe data are
marginally uninformative for the standardized resid@af(») from the regres-
sion of A on .

Combining the first two stages and marginalizing with respeaf,tg|A ~
N(A,0? + o2), providing the marginal likelihood (A;y) = ¢(y|A, 07 + o2)
in which A is identified This example demonstrates that “identification” is a
property of the likelihoodand ambiguity over the appropriate likeliho¢gke
Bayarri DeGroot and Kadang1988 implies some ambiguity over identifica-
tion. Note howevey there is no ambiguity to a Bayesian using all three levels
of the hierarchy the same marginal posterior distribution faris obtained
regardless of whether the first stage is considered the likelihood and the last
two stages the prioor whether the first two stages are combined to yield a
marginal likelihood and the third stage is the prior

3.3. Multicollinearity

Consider the normal linear regression mo@eith unit variance for simplicity
y| B ~ Nt (XB,I1), whereyis T X 1, X = [ X3, X5] is a fixed T X K matrix, X is
TX(K—=1),X,isTX 1, 8 =[B1B.] € RXis partitioned analogous t¥,
andly is theT X T identity matrix Suppose rankX) = K — 1 andX, = X,d,
whered is a given(K — 1) X 1 vector Theng is not identified Consider

XB = X1B1+ X282 = X1(B1+ B2d) = X1 9, (10)
whereys = 3, + dB,is identified Among known one-to-one transformations from
Btod =y’ A]l, where? = RX"1L A =R,and® =¥ X A = RK there are many
choices for the nonidentified componentor examplefor anyK X 1 vectorr of
constantsr ' is nonidentified iffr'd # 0 (seg e.g., Leamey 1978 pp. 188-189.
For exampleA = B3, is not identified nor is any component @8, for which the
corresponding component dfis nonzeroThe likelihood functionZ (i, A;y) =
L.(3y) = 2m) 2exp[—3(y — Xh)'(y — X1)] depend®nly on .

Suppose the prior distribution f@ris a multivariate normal distribution with
meanb and covariance matriQ, denoted () = ¢k (B|b,Q). Then the posterior
density of is ¢ (B]b,Q), whereb= Q(Q b + X'y) andQ = (Q~* + X'X) ™
Because the prior and posterior distributions of the nonident#fiace different
“learning” has occurred\s many authors have notéelg., Leamey1978 pp. 172—
173 Malinvaud 197Q pp. 246—249 Poirier, 1995 p. 558), howeverno learning
occurs fora = c’9*1,8, wherec = [d’,—1]’. The prior and posterior densities of
a are both identicallyp (a|c’'Q *b,c’Q *c).

To help clarify matterslet

lkq d
0= [y, A]" = Ag, A={O, J, = Ab=[b; + db,b,]’,
K—1
and
Sy Ew]
3 = AQA = { , .
- Esz 2
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The prior density ob isf (6) = ¢k (6| u,). In generaly andi are dependepand
althougha is not identified the data are marginally informative for However
r anda are a prioriindependeytiecause they are jointly normal and Qgya ) =
Cov([lk-1,d]1B,[d’,=1]Q 'B) =[lx-1,d]QQ *(d’,— 1]’ = Oc_,. Thereforethe
data are marginally uninformative for*

The dependency af on the prior is potentially useful as an aid in prior spec-
ification. For examplesupposeK = 2, d = 1, and

1 2p
o[ 4 =

wherep is the prior correlation betwegh andg,. Theny = 8, + B, is identified
The data are marginally uninformative abaut 0’9*13 =[(4+2p)—(1+2p)]/
[4(1— p?)]. The standard way of choosings explicit self-interrogation for the
prior correlation betwee@; andg,, or possiblyusing the predictive distribution
of ygivenx. Sometimesp can be chosen implicitly by self-interrogation about the
quantitya for which the experiment is uninformativeor exampleif the exper-
iment is believed to be uninformative far= 8, — B,, thenp = 0; alternativelyif
the experiment s uninformative far= 3,, thenp = — 3. The more questions avail-
able for interrogation in prior elicitatigithe better served is the researcher

A moral to draw from this example is that the quantityabout which the data
are uninformativedepends on the prior state of informati(:hrough(_}fl) and
the nature of the collinearitithroughc). Whether multicollinearity is a problem
in a specific context depends on whetlaeis of any particular interesa point
emphasized in Poirie995 Sect 9.14).

3.4. Errors in Variables

A classic topic in econometrics is errors in variabkesd it has played a promi-
nent role in discussions of identificatioks history is longand Bayesian work
on it has been especially enlightenifey., Erickson 1989 Florens Mouchart
and Richard1974 Leamey 1978 Ch. 7; Lindley and Sayyad1968 Zellner,
1971 Ch. 5). The topic also provides a good example for discussing the meaning
of data being uninformative

ConsiderT observations on the linear relationsjp= A% + & (t=12,...,T).
Assume X |oZ,0%,02,A ~ N(0,08), X|%,08,02,02,A ~ N(X,0%), and
Vel X, X, 02, 02,02,A ~ N(A%, o) for t = 1,2,...,T. Then the likelihood is

2 2 2
of + o3 Aof
02T7|T ® |: :|>’ (12)

Aof Nof+ oF

X
E(U].Z’O-ZZ’O-SzyA;X’ y) = ¢2T<|:y:|

wherex = [ Xy, Xo,..., X7]" andy = [ y4, ¥,..., yr |’ are observedReparameter-
izing in terms ofs, = 02 + 02, Y, = AoZ, 3 = A20 2 + o2, and A yields

oweies] ) ®

X
»C*(d/l’dlZ’d/:;;X’ y) - ¢2T <|:y:|
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whereV = {i|i; > 0, 3 > 0, 1h3 — 2 > 0} andA = R. The parameter vector
¥ = [1,2,03]" is identified A is nonidentified

Most Bayesian analyses of the errors-in-variables model have employed im-
proper “noninformative” priorsConsider an informative proper prior density
f(y) (e.g., Wishard, defined overs € V¥, i.e., values for which the covariance
matrix in (13) is positive definite Positive definiteness implies thatmust lie
between the diredty onx) and the reciprocal of the indiretx ony) population
regression slopewhere the sign of, determines which slope is the lower bound
and which slope is the upper boufgke(14), which follows). An obvious can-
didate for a proper noninformative conditional prior density fagiven s is a
uniform density over these respective intervals

3 lﬂz)l . o U3
- _ = f = -
<¢2 o) if yo>0 and ¢1<)\<¢2
f(Aly) = B ) 14
(A1) (Z—i—i—j) , ify,<0 and £<A<z—i (14)
0, otherwise

In other words A given ¢ is uniform overA () = {A|o/iry < A < i3/, if
Yo > 0, andirs /i, < A < o /ih if ¢, < 0}. Coherency demands(y) reflects
these boundsThe uniformity in(14) is not mandatorye.g., it could be gener-
alized to a beta distributionbut uniformity is an interesting base caSeéhe
fact that the data are conditionally uninformative foimplies that posterior
densityf (A|i,y) is also given by(14). Clearly A andys are a priori dependent
[A(y) depends o], and the data can be shown to be marginally informative
for A. The marginal prior and posterior distributions farhowevey are fairly
complicated

Proposition 3 implies that the data are marginally uninformative for

¥

v = " . (15)
3 .
A——, ify,<O0

ARG
In other wordsgivenys we cannot learn where in the interval the nonidentified
parameten lies. Also note in contrast to conditional densit4), the support
of the marginal distribution of\, both prior and posteripmay be the whole

real lineR.

3.5. Censored Sampling

A special case of the censored sampling model of Ma(k¥®4 pp. 22-295 is
given by a binary random variablg such that ProtZ; = 1) = s, and ProlfZ, =
0) = 1 — ¢, and the continuous random variatjewith conditional densities
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f(yilze = 1) = d(Wileh2,1) andf(yi|z = 0) = ¢(y;/u,1). The “censoring” is
reflected in the assumption that although= z is always observedy is ob-
served iffz, = 1. To put matters into the Manski framewagrieparameterize into

1, 2, and
A=P(y;=0) =1 () + [1— th1 ] P (). (16)
Then the likelihood function is

.
L.(py) = £[¢1¢(Yt|¢2,1)]2‘[1_ /2% R (17)

whereyr = [1,1r,]". Clearly, neitherw nor A is identified However  is identi-
fied. Although¥ =[0,1] X R andA =[0,1], A in (16) has the restricte@yiveny)
parameter spac&(y) = {A 1P (o) = A = 1P (f,) + 1 — o1} because B

® () =1 Clearly, prior beliefs om andyy must be dependerand so the data are
potentially marginally informative fox.

In effect the point of Manski is that a nonidentified parameter Jikean be
reparameterized intd (depending on the identifiedl and the nonidentifieg.)
such that the bounded support dfdepends orgs. Consistent estimators of
therefore provide asymptotically valid bounds for the nonidentifithis point
seems self-evidenRather than dwell on jtwe proceed to exact finite-sample
posterior analysis

Reminiscent of14), suppose the prior conditional distribution fogiveny is
uniform overA(y), i.e., f(Aly) = (1 — )~ if A € A() and zero otherwise
Keeping in mind note &he marginal prior density of (the probability thay, is
nonnegativeunconditional of observabilifyis

1) = [ @) (DT dp

= E¢[(1 - '//1)711A(¢1,¢2)(/\)], O=r=1 (18)

Becausé (A, y) =f(A]y), the marginal posterior density farcan be obtained
from (18) by simply replacing () with its posterior analof(y|y):

f(Aly) =L(1—¢1)11A<./,>(/\)f(¢)/)d¢

= El/jly[(l - ¢l)7111\(1//1,(/12)()\)]a O=A=1 (19)

The posterior probability that € [a,b] C R, where the endpoints can depend on
y, is

P(a= A =bly) =LP(as A=Db|)f(y|y) dy

= f (1= 1)t max0, min{b,yr; P () + 1 — ¢y}
— max{a, i, ® ()] f (| y) dip. (20)
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Manski(1994) suggestsas a reasonable estimate for the nonidentificthe
setA(y) C [0,1], wherey is the maximum likelihood estimatéMLE) of .
Whether such bounds should be interpreted as point estimates or interval esti-
mates is an old matter of controversy even in identified céses Engle1976
Genberg1972 Maddalg 19763 1976k Zellner, 1972 1976a 1976h. Given a
loss function Bayesian point estimation is straightforward using marginal pos-
terior density(19). The highest posterior density interval of level-la can be
obtained from(19) in the usual fashiaryielding choices fora andb in (20). In
contrast A(iy) appears motivated from consideration of conditional density
f(Alg,y) = f(A]y), not marginal density19). The posterior conditional and
marginal distributions can be quite differettie former has support (), and
the latter has suppof6,1].

The posterior probability content af(¢) is unclear in generallo gain some
insight assume that the censoring probability 1, is known This implies the
likelihood simplifies to L. (i2;y) = 1 1[<j>(yt|¢//2,1)]zt the length 1— ¢, of
A(1,1,) is known and the location is determined By. High censorlng yields
a broad width for the intervak (i4,,). Ceteris paribusA (i1, ,) has greater
posterior probability content in the face of high censoyingt its informative-
ness is lessened because of its widlthnically, as the censoring disappeéig.,

1 — 1) andA becomes identifiedA (/) approaches the poigt, ® (¢,), and the
posterior probability content of (y1,4,) is zera This behavior underlines the
ambiguity of whethen (¢,,4,) is motivated as a point or as an interval estimate

With ¢r, known densitieg18) and(19) simplify somewhatFurthermorewith
a few algebraic manipulation&0) implies that the posterior probability content

of A(‘lfl,lffz) is
p=P[A E A(¢, )]

~ Ryt = R0~ (125 ) [0t - 0 Gy a0 @D

where? = &~ [max{0,® () — 1t + 1], u= &~ [min{L @ (4h,) + i * — 1],
andF,,,(-) denotes the marginal posteriadd. of ¢s,. The following develop-
ment focuses on prior densifg8), but similar expressions can be obtained for
posterior density19) by replacing the marginal prior distribution @% in the
following expressions by the marginal posterior distributionyef The integra-
tion in (18) can be expressed in terms of the priat.t F,(-) by

f(A) = (1= ¢1) "H(Fy,[@H(min{L, A/ })]
= Fy,[max{0,(A — 1+ 41)/iha}]), (22)

for 0= A =1 The nature of prior densit{18) for A depends crucially on the sign
of ¢, — 3. If Y, < 3 (i.e, a censoring probability + ¢, > 3), then

https://doi.org/10.1017/50266466698144043 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466698144043

REVISING NONIDENTIFIED MODELS 495
A .
F¢2[®1<—>], ifO=A<y,
1
f(N)=0—-¢y) L ify=A=1—4¢.
Aty —1
1- Fd,z{@l(L)], if1—y,<A=1
21
(23)

On the other handf s, > 1 (i.e, a censoring probability + ¢, < 3), then

f(A)=@Q-y)™*

A
21
A

.
Fu o

I

A+ —1

\

o)l

o ()
(24)

U1
Wheny, = 3, then the middle ranges farin (25) and(26) shrink to the poini =
3, with f(3) = 2, and the prior density simplifies to

-] |

The flat segment ifi23), whenys; < % (high censoringis interestinglt is of
length 1— 2y, and the fraction(1 — 2¢1)/(1 — ) of the probability mass is
contained below itFurthermorethis flat segment remains unchanged in the
posteriorthe data affecting only the tails 61| y). To see how this flat segment
arisesconsider Figure dwhich plots the lower and upper bounds of the support
A(y) as functions ofl, for s, = .40, .50, and.95. The area between these bounds
is the support for the joint densify(i,,A) = (1 — wl)*llA(%,J,z)(/\)f(l/fz). Iff
1 < %, there are some values affor which Li(y,.4n(A) = Lforall s,. There-
fore, integrating prior densit§(i,, A) with respect tay, (to obtain the marginal
prior density ofA) involves merely integratinfyis,) overR, obtaining unityand
yieldingf(A) = (1 — 4,) ! for these values of.

To be more specificsuppose the prior distribution faf, is normal with
mean zero and variance, implying the posterior density (¢,]y,2) =
& (Y| T y(Ty + 5)"L(Ty + 5)71), wherey is the sample mean based tpn=
Z, + z, + --- + z; observationsFigure 2 shows prior densitf(i,, A) in this
case with observability probability, = .40. Figure 3 shows the corresponding
prior density forA (flat between.4 and.6) together withf(A|y) in the case
T, = 25 andy equaling—.5, 0, and .5, respectively Figures 4 and 5 are the
analogous graphs far, = .50 andi, = .95. Note in Figure 3 that the behavior
of the tails of the posterior has the effect of lengthening the flat segment as

v )} fl—yn=A=in .

ify,<r=1

/

2F,,[®1(2))],
21-Fy [ 21 -1)]), if3=Ar=1

ifo=xr<3
(25)
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Ficure 1. Joint support fois, and A, ¢, = .40, .50, .95.

mass shifts in the direction gf In Figure 4 a flat segment is in effect created
in the posteriarFinally, in Figure 5 withy; = .95, the posterior is distinctly
much less dispersed because there is less cens@®imghe downsidehow-
ever the posterior content oA(zpl,lﬁz) is quite variable(see Figure Has a
result of its minimal length of + ¢, = .05.

Given the uniform conditional priof21), the data are marginally uninforma-
tive forv =[A — 1,)]/[1— 1] = ® () and known one-to-one transformations
of it. Thereforeas in the errors-in-variables problem of SectioB 8iveny, and
> we cannot learn where in the intervely) the nonidentified parametarlies.

3.6. Bernoulli Model with Classification Error®

Giveny € [0,1] and A € [0,3), consider the latent independent and identically
distributed(i.i.d.) Bernoulli observationg,(t = 1,2,...,T) such that Proby, =
1|v,A) = v and Prol§y, = 0|y,A) = 1 — y. The observed random variables
yi(t = 1,2,...,T) are related to these latent variables by Rreb= 1|y, =
Ly,A) =1— A Prol(y; = 0| = Ly,A) = A, Prob(y, = 1|, = 0,7,A) = A,

and Proljy, = 0|¥; = 0,v,A) = 1 — A. Thus A represents the probability of
misclassification The marginal sampling probabilities for the observed data
are Proljy; = 1|v,A) = ¢ and Prol§y, = 0|y,A) = 1 — ¢, wherey = y(1 —

A) + (1 — y)A. In other wordsthe observed data are Bernoulli with probabil-
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FIGURE 2. Bivariate prior densitf (y2,A) = (1 — .4) 11,44, (1) ¢(¥2]0,.2).
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FIGURE 6. Posterior probability content 0f(.95,y), T, = 25.

ity of a succesg, and the latent data are Bernoulli with probability of a suc-
cessy. Given a sample of “1's” and N — r “0’s,” the likelihood is

L(y,Ay) = Lo(gy) =" (1 — )N (26)
Even with the restriction of € [0,3), neithery nor A is identified but ¢ is
identified

Given a prior density,, ,(y,A) over[0,1] X [0,3), the implied joint prior dis-

tribution for® = [, A] isf(,A) = (1 — 24) "M, ,([(¥ — A)/(1 = 2A)],A) over
the triangular regio® = {[,A]'|0 <y =3, 0=A=yors <y <1,0=rA<
1 - ¢} shown in Figure 7O0ther parameter spaces of interest are the conditional
supportst(A) ={y| A <y <1—A}andA() ={A|0= A <4,if0 <y =1, and
0=A<1—y,if 3 <y < 1}, and the unconditional supporis= {|0 < ¢ <
1} andA = {A|0 = A < 3}. The marginal density of is

v p—A .

(1—2)\)1f%)‘<[ },A)d/\, ifo<y=3

o 1-2A

f(y) = : (27)

e p—A .
fo (1—2/\)1fm<[1_2)\],)\>d)\, ifi<y<1

The data are marginally informative for A, andy.
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FIGURE 7. Prior support foi® in Example 35.

To demonstrate Proposition 8upposey and A are a priori independeny is
uniformly distributed ovef0,1], andA has the following beta density ovig,3):
fu(A) =[2T'(a+ 1)/T'(a)](1—2X)2"% givena € R*, whereE(A|a) = 1/(1+ a)
(see Figure 8 fom = 1,2,3]. Then the joint pd.f. is f(¥,A) = [2T'(a + 1)/
I'(a)](1— 2A)® 2 and the conditional p.f. of A giveny is

2(1—a)(1—2)0)22

fo<y=3 and O=A<y

(1-24)> -1 "
ol =1
(1-a@-2) o
p—-12t-1 " ifi<y<l and O=A<1-4¢
(28)
ifa# 1 and
A—20n@—-2gy TO<#=z and 0=A<y
f(Alp) = "
(1—-2)1n 2y —1) ifl<y<1l and O=A<1-—4y
(29)
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Ficure 8. Prior marginal density foA (a=1,2,3) in Example 35.

if a= 1 If a# 1, then Proposition 3implies the data are marginally uninformative
for

[(A=20°2=1 0y and 0=a<

B — < = <<

(1_2l//)a71_1’ I lp—z an - lvb-

v = . (30)
-2+ -1 if i<y <1 d o=1<1

\(2¢_1)a71—1’ | 2 (v[/ an — (»[/
For exampleif a = 2, then
(
E, if 0<y=31

r=1 , (31)
—, if i<y<1

\ 1- 1 2
i.e., the data are marginally uninformative for the probability of misclassification

relative to the minimum probability of observabilitynin{Prob(y; = 1|y, ),
Prob(y; = 0[y, M)}

Note that it is straightforward to extend this example to the multinomial case
with the highly structured misclassification probabilities in Harless and Camerer
(1994.
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3.7. Simultaneous Equations

ConsiderT independent observations from the two-equation reduced form
Y = 71X + Uy, (32)
Yi2 = T Xt T U, (33)

wherey; = [ Yu, Yi2]', X; is a fixed scalarr = [y, 73], U = [U, U] 77, Q ~
No(0,,Q), andQ = [w; ]. Given A € R, replace(34) by the structural equation
formed by subtracting times(35) from (34):

Ya = Ao + (71— Ama) X + (U — Alpp). (34)

Herey = [, 75, w11, w12, w25]" is identified Unless7, — Am, = 0, A is non-
identified Suppose the prior conditional density ofjiveny is

f(A|¢>=¢(A o e ) (35)
Ty THX X
wherec is a known positive constanPrior density(37) is centered over the
identifying restriction It also has a variance that is inversely proportional to the
noncentrality parameter3 x'x/w,, of reduced form(35), following the sugges-
tion in Poirier(1996 that the strength of prior beliefs on structural parameters
given reduced form parameteshould increase as the structural parameters be-
come more identifiedas measured by the explanatory power of the instrument
in the reduced form equation fgs). Using Proposition 3he data are marginally
uninformative for

Ty — ToA
= —"2 | = ¢ 172

C(U22 C(L)22
TEX'X X'X

or known one-to-one transformatigraich ag(cw,,)/x'x] Y20 1(v) = 7, —
m, A, yielding the coefficient ofx; in (36). This corresponds to imposing the
identifying restriction stochasticallyror further discussion of identification in
the context of Bayesian analysis of simultaneous equatsaesDréze and Rich-
ard (1983 esp pp. 522 537).

(36)

3.8. Probit

Suppose,| %, 8,0 2(t=12,...,T) are independemi(x{ 8,0 2) latent random
variables If the latent data are availabléhen 8 and o ~2 are both identified
Supposehoweveronly sign information is available op, i.e., onlyy, = 1if §, =
0 andy; = 0if ¢, < 0 is observed Defineys = B/o andA = o ~2 The likelihood
function is
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-
L.(f3y) = H [D(x{)]" [1— D(x{p)] ™ (37)
Clearlyys is identified and\ is nonidentified

Consider the conjugatgéor the latent procegsiormal-gamma prior fo8 and
o 2 (which assumes thgtando ~2 are a priori dependenfThen prior beliefs for
 and\ are also dependerdnd the data are marginally informative fof This
suggests thinking of standard probit analysis as “imposing the normalization
o2 =1"is unfortunatelearning aboutr ~? occurs! In factnontrivial posterior
odds ofo =2 = 1 versuss 2 # 1 can be computed

3.9. Nonparametric Multinomial Problem

Let © be the unit simplex iMR¥ ™! and suppose a random variaéollows the
sampling mass function

P(Y:ak|017""0K+l):0k (k:sz'-"K+1), (38)

whereb (k= 1,2,...,K + 1) are unknowns satisfying & 6, =1 6, + --- +
Ok+1=1 anda, € Risknown(k=12,...,K+ 1). Given a random sampie=
[V1,¥a,...,Yr]’ from (40), letn, = 3, 1(y, = a,) denote the number of obser-
vations equalingy (k= 1,2,...,K + 1). The likelihood function is

K+1

L(0;y) = kll O". (39)

A convenient prior fo = [64,...,0«]’ is theK-dimensional Dirichlet distribu-
tion, denotedDy (b, ..., bk 1), with density

K+1

f(a‘bl’”-?DKJrl) = CK(Dl’--~’bK+1) kl_[ algk_l’ (40)
=1

whereb, >0(k=12,...,k+ 1) are knownfx.; =1 — 1k 0, 1c is aK X 1 vector
with each element equal to unjignd the integrating constant is

L(by+ -+ bkia)
K+1 '

[T oo
k=1

Ck(by,...,bks1) = (41)

The attractiveness of priqd0) is that the corresponding posterior is also Di-
richlet with hyperparametets, = b, + n, (k= 1,2,...,K + 1) and integrating
constant ., 1(by, ..., bk 1).

In generall < K. Given the observed dayalet a, denote the,, distinct mass
points appearing iy. Supposei ., & a, and leta, denote the remaining, =
K — J, mass points not appearing in the observed gagdign a, (k=1,2,...,
K+1)intoa(K+ 1) X 1vectora=[aj,a),ax+1]" Lety denote the probabilities
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corresponding to thé, distinct mass pointg,,; let A denote the probabilities
corresponding to th@, mass points,, bk 1.

Defined = v,¢, d= ¢ b, + be.1 andd = u),b, = d + be,1 + T, wherey,,
and rearrang® so thaté = [¢’,A']". Analogously defineb = [bj,, b}, bk 1]’
andb = [b),, b}, bk 1]". Note thatb, = b, andby.; = is aJ, X 1 vector with
each element equal to unityhen the data are marginally informative far
A ~ Dj,(b,,d) is updated to\|y ~ D; (b,,d). This information is not surpris-
ing because Cdw,A) = —E(4|D)[E(AID)]'[1+ ¢,by + ¢hby + beya] ™t # 0
impliesy and A are dependentvhere., is aJ, X 1 vector with each element
equal to unity E(y|b) = [ty b, + ¢hby + bey1]17'b,, andE(Alb) = [v,b, +
ty by + be 1] tb,. As Proposition 2 suggestthe data are conditionally un-
informative forA giveny: (1 — 8) Al ~ (1 — 8) *Aly, y ~ Dy (b}, bes1).
For exampleif b = (K + 1) i 4, thend ~ Dy ([K + 1] ¢, [K + 1]71[J, +
1]) is updated tar|y ~ D; ([K + 1] %), [K + 1] 1[I, + 1+ T]), and(1 —
8) Al ~ (1 — 8) A,y ~ Dy 1([K + 1] 7%, [K + 1]72).

4. IMPROPER PRIORS

Improper distributions have densities whose integrals diverge to infinitiien
nonidentified models are combined with improper priserious complications
can aris€e.g., improper posterions'® In general all bets are ofBut depending
on the nature of nonidentifiability and the extent to which the pideit im-
proper provides enough information on the nonidentified parametkesposte-
rior may be propeiSpecifically f (¥, A) o< f (A ) f () L.(;y) is proper iff (A| )
andf(¢|y) o« f(¥)L.(4;y) are properMany issues can be appreciated from
reconsideration of ExampleBas the prior variances’ andw? approach infin-
ity. For further enlightening discussion and exampke=e Gelfand and Sahu
(1996.
First suppose — oo, corresponding to impropriety in the marginal prior dis-
tribution of 8 and of the identified parametét Then the posterior distribution
of [ B,A] is a proper bivariate normal with meég, 0]’ and covariance matrix
{":Z’Z ;‘”22}, and the posterior distribution #, A]’ is a proper bivariate normal
with mean[ y,0]’ and covariance matriE{’O2 ;2]' Analogous to Example.3:
(a) we learn abouty marginally (the prior is improperbut the posterior is a proper
N(y,02));

(b) we do not learn about conditional ony (despite the impropriety in the marginal
prior for 4, the prior conditional distribution of givenys is a propeiN(0, w?));

(c) we learn aboua giveng (the priorisA|8 ~ N(0,w?), and the posterior i&| 8,y ~
N(w?(y — B)[o? + w?] 7 o?w?[a? + 0?]h);

(d) we learn abouB marginally
However unlike in Example 3L, we do not learn about marginally In effect the
impropriety breaks the dependency betwe@eand A that provided the link for
updating marginal prior beliefs on the nonidentified paramsater
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Next suppose» — oo, corresponding to impropriety in the marginal prior
distribution of the nonidentified parametar Then the posterior distribution
of [B,A] is a proper bivariate normal with med®, y]’ and covariance matrix

{;2 2_1 2], and the posterior distribution ¢§s,A]’ is a proper bivariate normal
with mean[y,y]’ and covariance matn%_:z T }

o2+ 72

Analogous to Example.®:

(a) we learn abouty marginally (the prior is improperbut the posterior is a proper
N(y,o?));

(b) we do not learn about givenys (despite the impropriety in the marginal prior for
A, the prior and posterior conditional distributions\afivenys are propeN(i, 72));

(c) we learn about giveng (the prior is improperbut the posterior is a propsi([y —
Bl, o?);

(d) we learn abouft marginally (the prior is improperbut the posterior is a proper
N(y,o2 + 72)).

Unlike in Example 3L, we do not learn aboy@ marginally(the prior and poste-
rior are propeiN(0,72)).

Thereforgthese two asymptotic cases differ from the earlier results for proper
priors only in that the data are marginally uniformative idiast — o) or 8 (as
w — o0), respectivelyAlso note the crucial role played by the prior distribution
Al in both the proper and improper cases considered in this subsedtioto
not revise this distribution after observiggand we never learn about= F (| ).

Finally, as bothr — o0 andw — oo, the marginal posteriors fg® and A are
improper The full conditionalgB| A, y~N(y— A,o2) andA |8, y~ N(y— B,02),
howevey are both propeiFurthermorethe marginal posterior for the identified
W is properN(y,o?).

These examples sugggsdt surprisinglythat prior impropriety can affect our
ability to learn from the data in nonidentified modeA¢so there are connections
to the well-studied marginalization paradoxsseg e.g., Dawid, Stone and Zidek
1973 198Q Hartigan 1983 Jaynes1980a1980h KadaneSchervishand Seiden-
feld, 1996a 1996h Kass and Wassermah996 pp. 1358—1359Robert 1994
pp. 131-133 Stong 1976 1982 Stone and Dawidl972 Sudderth1980.

Finally, the Gibbs sampler has helped foster a renaissance of interest in Bayes-
ian inference The Gibbs sampler generates draws from complicated posterior
distributions by iteration through the so-calldl conditional posterior distri-
butionsof blocks of parameters given the data and all other paraméiershe
Gibbs sampler to provide a converging sequetélistribution) of draws from
thejoint posterior distributionit is necessary that not only are all the full condi-
tionals properbut that the joint posterior itself is propé&seg e.g., Casella and
George1992 RobertsSahyand Gilks 1995. Often the propriety of the former
but not the latteris easy to establisiCases involving improper priors and non-
identified models however are especially tricky(Hobert and Casellal996
p. 1462. Gelfand and Sah(1996 formally discuss conditions under which the
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output from a Gibbs sampler based on an improper joint posterior for which all
the full conditionals are proper can be used to draw inferences on such embedded
models

5. CONCLUSIONS

This study has discussed at some length the inescapable uninformativeness of
datathat arise from likelihoods with nonidentified paramefdtbough the Bayes-

ian approach clearly encompasses non-Bayesian dogmatic “solutions” to non-
identifiability, it shares with its competitors the inevitable fact that there are some
parametric quantities about which the data are uninformativeonly condition-

ally (on identified parameterdut marginally as wellConsideration of improper
priors further complicates matteossibly resulting in improper posterigend

leads to links with the literature on marginalization paradoxes

NOTES

1. Carmen Fernande@ersonal communicatigrsuggested the followingsomewhat nonstan-
dard example demonstrating that the “only if” analog of Proposition 1 is not valid without further
restrictions Suppose/ and A are variation free with? = (0,10). Letting [ -] denote the greatest
integer functionsuppose that the conditional distributionyogiven is uniform over([],[#] +
1), and that the prior density fap given A is f(|A) = g(¢ — [¢],A), whereg(-) is any nonneg-
ative function such thafJ g(#,A) dy = .10. Then it is straightforward to show that this prior
specification implieg (y|A) = .10, 0 < y < 10. Becausé (y|A) does not depend ok, the data are
marginally uninformative forA. But it is clear from the prior specification that and A can be
dependent

2. Inthe reduced form two-regime switching regression model with a probit switching equation of
Vijverberg(1993, the across-regime correlation coefficient is nonidentifiéobp and Poirief1997)
noted that the author’s flat prior for the three disturbance correlatbefined over the region in
which the disturbance covariance matrix is positive defjnitduces prior dependency between the
across-regime correlation and each of the regime-switching disturbance simple correRdistes
rior updating of the marginal distribution of the across-regime correlation regyifsication of
Proposition 3howeverimplies the data are marginally uninformative for the across-regiargal
correlation The prior dependence induced by a positive definiteness restriction on a covariance ma-
trix also plays a role in subsequent examples

3. James OBerger and Robert.Wolpert suggested this interpretation to.me

4. How does in Proposition 3 relate ta? Formally the argument proceeds as follawé'st, note

IK*l —d
Al =

Ok_, 1
and let

2—1 — (A—l)IQA—l —

S SyA
(E(///\)r 3AA :
Then usingQ *A™* = A3 % rewritea asa = ¢'Q *A™0 = (3¥4)'y + S, Secondf(Al4) =

f(Al,y) =_¢1(MMA|,//,0'A2\./,), where pyy = pa + (Sy) (Syy) M — py) andofy, = Sy —
(2y) (Syy) *Sya. Third, becausex~t is the inverse ofS, 3,,(2"*)" + 3,,5* = 0, and so
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(Sya) (Syy) ™t = —(S*)71=¥4 Fourth after some algebra\ — p,jy, = ap + boa, whereag =
—[pr = Cy) Syy) "yl andby = (2**) 7L Therefore v in Proposition 3 can be expressed as
v =®[(A — wry)/ory] = ®[(ag — boa)/oyy]. The data are marginally uninformative abaut
and any known one-to-one function of such asv.

5. Although(14) constitutes an interesting reference ppimtiformity is not invariant to arbitrary
monotonic transformations

6. Winkler and Gabd1990 analyzed this model with independent beta priors for ho#md A,
both ovel{0,1]. Gaba and Winklef1992 considered the case of differing misclassification rates for
¥ = 0 and for§, = L.

7. When the latent data are potentially available and not just a convenient con#tercit is
reasonable to discuss priors fdando ~2 An example is wherg denotes birth weight angddenotes
low and high birth weightsThere is great precedence in the medical and demographic literatures for
working with the latter dichotomy even when the former is available

8. Indeedf(|A) = ¢ (| A¥?b,Q), whereb andQ are as given in Section® The quantityy =
Fajs(A]), about which no margin_al learning occuis not easy to interpret in this case

9. There are two distinct ways to make the concept of improper priors mathematically ptecise
One may remove the requirement that the probability of a set is at mosEonexampleHartigan
(1983 permits sets to have infinite probabilityut this implies that many traditional results of prob-
ability theory must be reproved or fail to apply to infinite probabilitiés The approach advocated
by de Finetti(1974 does not require that probabilities be countably addithgain many traditional
results must be reproved or scrapped entjialy probabilities are bounded by unitgnproper priors
are not necessarily “noninformative” in any particular seredeed they can be dogmatic about
guantities of some intereéBauwens1991).

10. For examples of improper priors leading to improper posterses Bergef1985 p. 187),
Chamberlain and Imber(4996), Kass and Wassermdt996 p. 1359, Mitchell (1967, O'Hagan
(1994 p. 79), Ye and Berge(1991). Ibrahim and Laud1991) provide(i) sufficient and(ii) necessary
and sufficient conditions for the propriety of tfi¢ posterior andii) prior distributions for Jeffreys'’s
priors in generalized linear models
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