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A Bayesian analysis of a nonidentified model is always possible if a proper prior on
all the parameters is specified+ There is, however, no Bayesian free lunch+ The
“price” is that there exist quantities about which the data are uninformative, i+e+,
their marginal prior and posterior distributions are identical+ In the case of improper
priors the analysis is problematic—resulting posteriors can be improper+ This study
investigates both proper and improper cases through a series of examples+

1. INTRODUCTION

In passing it might be noted that unidentifiability causes no real difficulty in the
Bayesian approach+

—D+V+ Lindley

The concept of identification is the same in Bayesian and non-Bayesian anal-
yses and goes back to Koopmans and Reiersøl~1950!+ Dréze~1974! and Kadane
~1974! provided Bayesian synopses+ In particular, Kadane~1974! forcefully ar-
gued that identification is a property of the likelihood function and is the same
whether considered from classical or Bayesian perspectives+The “solution” to an
identification problem is also in common agreement: more information is re-
quired, and this usually means non-data-based information+Here, however, paths
begin to diverge+Non-Bayesians introduce dogmatic restrictions on the unknown
parameters until identification is achieved+ Bayesians may do so as well, but they
also have the option of introducing nondogmatic information via a prior distri-
bution+ Lindley’s quote at the beginning of the paper~Lindley, 1971, p+ 46, fn+ 34!
refers to the fact that a Bayesian analysis of a nonidentified model is always
possible if a proper prior on all the parameters is specified+

There is, however, no Bayesian free lunch+ The “price” is that there exist quan-
tities about which the data are uninformative, i+e+, their prior and posterior dis-
tributions are identical+ Although this issue has been discussed elsewhere in the
literature~e+g+, Dréze, 1974; Dréze and Richard, 1983; Leamer, 1978!, there are
some subtle issues that warrant further discussion+ This study illustrates these
issues by means of a series of examples in Section 3+ Section 4 then turns to the
more problematic case of improper priors+
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The next section characterizes the general situation and suggests two senses in
which the data are “uninformative”: either conditional or marginal of other pa-
rameters+The quantities about which no marginal learning occurs depend on both
prior beliefs and the nature of the nonidentifiability in the data+ The dependency
of informativeness on prior beliefs distinguishes it from the concept of identifi-
cation~see Kadane, 1974, pp+ 180–184!+

Throughout this discussion density functions are denoted generically byf ~{!,
leaving the arguments to indicate the random variables to which the density ap-
plies+ When such notation might cause confusion, subscripts will be added to
clarify matters+ The notationNT~m,S! denotes aT-dimensional multivariate nor-
mal distribution with meanm and covariance matrixS+ The corresponding multi-
variate normal density is denotedfT~{6m,S!+WhenT51, the subscript is dropped+
Finally,F~{! is used to denote the univariate normal cumulative distribution func-
tion ~c+d+f+!+

2. PROPER PRIORS: GENERAL RESULTS

Given datay, consider a regular likelihood functionL~u; y!, whereu [ Q is an
unknownK 3 1 vector, andQ # RK+ Supposeu is nonidentified+ In other words,
for all u~1! [ Q there existsu~2! [ Q, u~1! Þ u~2!, such thatL~u~1!; y! 5L~u~2!; y!
for all y, i+e+, u~1! andu~2! are observationally equivalent+ Suppose, however, that
K 2 1 parametric functions are identified+ Let u 5 @c ',l# ',wherec is ~K 2 1! 3 1
andl is 131+Without loss of generality, assumec is identified andl is noniden-
tified, i+e+, giveu~1! 5 @c~1!',l~1!# ', u~2! 5 @c~2!',l~2!# '[ Q,L~u~1!; y!5L~u~2!; y!
impliesc~1! 5c~2!+ The terml~1! need not equall~2!+ LetL~c!5 $l 6@c ',l# '[ Q%
denote the permissible values ofl givenc 5 c~1! 5 c~2!+ Becausec is identified
andl is nonidentified, the likelihood is constant overl [ L~c!, and so it can be
written simply as a function ofc, sayL*~c; y!, not depending on the nonidenti-
fied l+ This section describes what a Bayesian researcher with a proper prior
probability density function~p+d+f+! f ~u!, u [ Q can and cannot learn from such
data+ Extensions to the case in which more than one parameter is nonidentified
are straightforward and are largely ignored in the subsequent discussion until
Section 3+9+

Care must be taken with notation, especially when the parameter space is not a
product space acrossc andl, i+e+, whenc andl are not variation-free+ Let C 5
$c 6@c ',l# ' [ Q for somel% andL 5 $l 6@c ',l# ' [ Q for somec% be the permis-
sible values inQ of c andl, respectively+ The termsc andl are variation-free iff
Q 5 C 3 L with no restrictions acrossC andl+ Analogous toL~c!, let C~l! 5
$c6@c ',l# ' [ Q% be the permissible values ofc givenl+ Although the assumed
nonidentifiability ofl implies thatL*~c; y! does not vary withl, it does not rule
out the possibility that its domainC~l! depends onl+

Because the likelihoodL*~c; y! does not vary withl, it might be thought that
the only information available onl is contained in its prior and so perhaps the
data are uninformative in the sense that the data to not revise prior beliefs+ To see
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that this is not necessarily the case, it is useful to distinguish whether the prior
marginal density ofl, f ~l!, or the prior conditional density ofl givenc, f ~l 6c!,
are identical to their posterior counterpartsf ~l 6y! andf ~l 6c, y!, respectively+

DEFINITION+ The data y are marginally uninformative for l iff f ~l 6y! 5
f ~l!+ The data y are conditionally uninformative for l given c iff f ~l 6c, y! 5
f ~l 6c!+

Consider the marginal posterior density ofl:

f ~l 6y! 5
f ~l! f ~ y6l!

f ~ y!
, l [ L, (1)

where

f ~ y6l! 5E
C~l!

f ~c6l!L*~c; y! dc,

5 Ec6l @L*~c; y!#, l [ L, (2)

f ~ y! 5E
L
E

C~l!

f ~c,l!L*~c; y! dc dl+ (3)

The data are marginally informative forl iff f ~l 6y! Þ f ~l!, or equivalently,
f ~ y6l! Þ f ~ y!+ Because the likelihood in~2! does not depend onl, any depen-
dence off ~l 6y! on l arises from the conditional prior distributionc6l: through
either the densityf ~c6l! or its supportL~c!+ In the absence of such dependence,
the data are marginally uninformative forl+ This leads directly to the following
elementary proposition+

PROPOSITION 1+ If c andl are a priori independent~denotedc ' l!, then
the data are marginally uninformative for l+ Equivalently, if the data are mar-
ginally informative for l, thenc andl are a priori dependent+

The converse of Proposition 1 is not necessarily valid, although it will be seen
in the examples that follow that whenc andl are a priori dependent, then except
for irregular cases, the data are marginally informative forl+1 In other words,
prior dependence is a necessary but not a sufficient condition for informativity+
The termsc andl can be dependent whereasf ~ y6l! in ~2! does not depend onl+

Note, however, regardless of the prior dependence betweenc andl, the con-
ditional beliefsl 6c are not updated:

f ~l 6c, y! 5
f ~c,l 6y!

f ~c6y!
5

@ f ~c! f ~l 6c!L*~c; y#0f ~ y!

FE
L~c!

f ~c! f ~l 6c!L*~c; y! dlGYf ~ y!

5
f ~c! f ~l 6c!L*~c; y!

f ~c!L*~c; y!

5 f ~l 6c!, l [ L~c!, c [ C+ (4)
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Givenc, the data do not modify prior beliefs aboutl+ Equivalently, l andy are
conditionally independent givenc+ This implies that although the data may or
may not be marginally uninformative for nonidentified parameters, data are al-
ways conditionally uninformative for nonidentified parameters given the identi-
fied parameters.This observation is not new+ For example, it manifests itself in
the context of linear simultaneous equations models where prior beliefs about the
structural parameters given the reduced form parameters are not revised by the
data~see, e+g+, Dréze, 1974; Dréze and Richard, 1983, pp+ 521–522, 536–537!+
For clarity the following immediate implication of~4! is noted+

PROPOSITION 2+ The data are always conditionally~on c! uninformative
for l+

Using Proposition 2, it is convenient to rewrite posterior~1! as

f ~l 6y! 5E
C~l!

f ~l 6c, y! f ~c6y! dc,

5E
C~l!

f ~l 6c! f ~c6y! dc,

5 Ec6y@ f ~l 6c!#, l [ L+ (5)

In other words, posterior beliefs about the nonidentifiedl are the average prior
conditional beliefs given the identifiedc, averaged with respect to the posterior
of c+Also note that~5! is the posterior expectation of a prior density not involving
the data+

Although the data can be marginally informative for the nonidentified param-
eterl, there necessarily exist other quantities for which the data are marginally
uninformative+ The following proposition~apparently new! describes these
quantities+

PROPOSITION 3+ Let f~c,l! be a proper joint prior p+d+f+ , and denote the
conditional p+d+f+ and c+d+f+ of l given c by f~l 6c! and F~l 6c!, respectively+
Define a new randomvariablen 5 g~c,l! that is the probability integral trans-
form based on the conditional distribution ofl givenc, i+e+ , g :Q r @0,1# and
n 5 g~c,l! [ F~l 6c!+

~a! c andn are independent+
~b! n is uniformly distributed over @0,1#+
~c! The data are marginally uniformative for n+
~d! The data are marginally uninformative for any known one-to-one function ofn+

Proof+ Because]g~c,l!0]l 5 f ~l 6c! . 0, the inverse transformationl 5
g21~c,n! is well defined+ Using the change-of-variable technique,

f ~c,n! 5 F ]l

]n G f ~c! f ~l 6c!

5 @ f ~l 6c!#21f ~c! f ~l 6c!
5 f ~c!, c [ C, n [ @0,1#+ (6)
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Therefore, ~a! and~b! follow immediately after integrating~6! with respect toc+
~a! implies~c! as noted previously+ Finally, ~d! follows immediately from~c!+ n

Proposition 3 provides the unavoidable price a Bayesian pays for updating
marginal beliefs for the nonidentifiedl: nothing is learned aboutn 5 F~l0c!+
Four points are worth noting+

First,Manski~1994! offered a plethora of examples in econometrics where the
sampling scheme is such that some parametersc are identified, othersl are
nonidentified, and data-free bounds for the latter given the former are warranted
~see, e+g+, Section 3+5!+ Such bounds serve as the supportL~c! for the prior
conditional distribution ofl given c+ Bounds depending on unknown param-
eters, however, are of limited usefulness+ The point of Proposition 2 is that the
posterior conditional inferences forl givenc are identical to prior inferences: the
data are conditionally uninformative forl+ However, the existence of the previ-
ously noted bounds necessitates prior dependence betweenc andl, and the data
are potentially marginally informative forl+ Of course, Proposition 3 implies
there is always a reparameterization inton for which the data are marginally
uninformative+ The fundamental roles played by prior conditional distributions
c6l ~in Proposition 1! andl 6c ~in Propositions 2 and 3! are apparent+

Second, the fact that “although the likelihood does not vary withl the data may
nonetheless be marginally informative forl” does not violate the likelihood prin-
ciple as suggested by Vijverberg~1993, p+ 75!+2 When the parameter spaceQ is
not a product space acrossc andl, the supportC~l! depends onl+ The likeli-
hoodL*~c; y! and its domainC~l! can be expressed equivalently asL**~c; y! [
@1C~l!~c!#L*~c; y!, where1C~l!~c! is an indicator function equal to unity ifc [
C~l! and equal to zero otherwise+3 The informal interpretation of the likelihood
principle~e+g+, Poirier, 1995, p+ 227! that the likelihood function contains all the
evidence in the data concerning the unknown parameters is obvious in terms of
L**~c; y!+

Third, because the data are marginally uninformative forn,Bayes factors equal
unity for tests involvingn, regardless of the data+ For example, consider testing
H0: n 5 1

2
_ versusH1: n Þ 1

2
_ , with prior specification: Prob~H0! 5 tp . 0,

Prob~H1! 5 12 tp . 0, and prior densityf ~n6H1!+ Becausec andn are a priori
independent, f ~n6H0! 5 f ~n6H1! 5 f ~n!, and

f ~ y6H1! 5E
C
E

0

1

f ~c! f ~n!L*~c; y! dn dc

5E
C

f ~c!L*~c; y!FE
0

1

f ~n! dnG dc

5E
C

f ~c!L*~c; y! dc 5 f ~ y6H0! 5 f ~ y!+ (7)

Therefore, the Bayes factor forH0 versusH1 is f ~ y6H0!0f ~ y6H1! 5 1+ In other
words, the posterior odds equal the prior odds~also see Dréze and Richard, 1983,
pp+ 538–539!+
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Finally, the interpretation of the data being uninformative for a parameter,
marginally or conditionally, depends on the context+ In general the parameters of
interest are functions of bothc andl, and so it is not always clear what to make
of these results+

Section 3 provides nine simple examples to help crystallize the discussion+
Section 3+1 provides a basic case demonstrating Propositions 1–3 that will prove
valuable in later discussion~Section 4! of improper priors+ Section 3+2 empha-
sizes that identifiability is a property of the likelihood and any ambiguity over the
likelihood implies ambiguity over identifiability+ Section 3+3 takes up the classic
case of perfect multicollinearity and suggests that determining the quantityn in
Proposition 3 may aid in prior elicitation+ Sections 3+4–3+6 involve examples in
which prior dependence between identified and nonidentified parameters arises
naturally+ In Section 3+4 the dependency results from a positive definiteness con-
straint on a covariance matrix~reminiscent of Koop and Poirier, 1997!+ The ex-
ample in Section 3+5 is representative of those studied in Manski~1994!+ In both
Sections 3+4 and 3+5, flat priors, f ~c6l! 5 cc for l [ L~c! wherecc is a constant,
are investigated to determine the quantityn in Proposition 3 about which the data
are uninformative+ Section 3+6 analyzes a Bernoulli model with classification
error in which prior dependency also naturally arises+ Section 3+7 considers a
classic simultaneous equation model and investigates the imposition of an iden-
tifying exclusion restriction in a stochastic fashion+Section 3+8 turns to the probit
model and offers a possibly shocking conclusion regarding seemingly innocuous
normalization restriction+ Finally, Section 3+9 considers a multinomial nonpara-
metric model involving numerous nonidentified parameters+

3. PROPER PRIORS: EXAMPLES

3.1. A Basic Case

A simple example of a nonidentified model isy6b,l ; N~b 1 l,s2!, where
b,l [ R are unknown ands2 [ R1 is known+ Clearly, neitherb nor l is iden-
tified, butc 5 b 1 l is identified+ Supposeb andl are a priori independent with
b ; N~0,t2!, l ; N~0,v2!, andt2,v2 [ R1 known+ Then the posterior density
f ~b,l 6y! is bivariate normal with mean~s21t21v2!21y@t2,v2# ' and variance

~s2 1 t2 1 v2!21Ft2~s2 1 v2! 2t2v2

2t2v2 v2~s2 1 t2!
G +

The implied joint prior distribution forc andl is bivariate normal with zero
means and variance

S 5 Ft2 1 v2 v2

v2 v2G +
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Hence, the posterior densityf ~c,l 6y! is bivariate normal with mean~s2 1 t2 1
v2!21y@t2 1 v2,v2# ' and variance

~s2 1 t2 1 v2!21Fs2~t2 1 v2! 2s2v2

2s2v2 v2~s2 1 t2!
G +

Marginal beliefs about the nonidentifiedl are updated fromN~0,v 2! to
N~v2y@s2 1 t2 1 v2#21, v2@s2 1 t2#@s2 1 t2 1 v2#21!+ Proposition 2,
however, implies there is no conditional updating: l 6c ; l 6c, y ;
N~ml 6c ,sl 6c

2 !, whereml 6c 5 v2c@s2 1 t2#21 andsl 6c
2 5 v2t2@s2 1 t2#21+

Furthermore, Proposition 3 implies the data are marginally uninformative for
n 5 F@~l 2 ml 6c!0sl 6c# and one-to-one transformations+

This example also demonstrates the importance in Proposition 1–3 of working
in terms of a parameterization involving an identified parameterc and a non-
identified parameterl+ In terms ofb andl, the prior distributionb ; N~0,t2! is
marginally updated tob6y;N~t2y,t2@s21v2#@s21t21v2#21!+The analog
of Proposition 2 does not hold: l 6b ; l ; N~0,v 2! is updated tol 6b, y ;
N~v2@ y 2 b#@s2 1 v2#21,s2v2@s2 1 v2#21!+ Nor does the analog of Propo-
sition 3 hold: n 5 Fl 6b~l! 5 F~l0v!, and as was seen previously, there is mar-
ginal updating for the one-to-one transformationvF21~n! 5 l+

3.2. Hierarchical Models

Next consider the following simple hierarchical specification for the observ-
able variabley, the unobserved parametersc andl, and the known constants
s1

2 ands2
2: y6c,l ; N~c,s1

2!, c6l ; N~l,s2
2!, andl ; N~0,1!+ Equivalently,

@ y,c,l# ' ; N3~0,S!, whereC 5 L 5 R, Q 5 R2, and

S 5 3
s1

2 1 s2
2 1 1 s2

2 1 1 1

s2
2 1 1 s2

2 1 1 1

1 1 1
4 + (8)

Treating the first stage as the likelihood, i+e+, L*~c; y! 5 f~ y6c,s1
2!, it is clear

thatc is identified andl is nonidentified+ Givenc, the datay are conditionally
uninformative for l becausef ~l 6c! 5 f ~l 6c, y! 5 f~l 6c0@s1

2 1 1#,s2
20

@s2
21 1# !+ The data are marginally informative forl, however, because the prior

l ; N~0,1! is updated tol 6y; N~ y0@s1
21 s2

21 1#,s2
20@s2

21 1# !+ Proposition 3
implies the data are marginally uninformative for

n 5 F1 l 2 S c

s2
2 1 1D

S s2
2

s2
2 1 1D

102 2 (9)
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and any known one-to-one transformations thereof+ For example, the data are
marginally uninformative for the standardized residualF21~n! from the regres-
sion ofl on c+

Combining the first two stages and marginalizing with respect toc, y6l ;
N~l,s1

2 1 s2
2!, providing the marginal likelihoodL~l; y! 5 f~ y6l,s1

2 1 s2
2!

in which l is identified+ This example demonstrates that “identification” is a
property of the likelihood, and ambiguity over the appropriate likelihood~see
Bayarri, DeGroot, and Kadane, 1988! implies some ambiguity over identifica-
tion+ Note, however, there is no ambiguity to a Bayesian using all three levels
of the hierarchy: the same marginal posterior distribution forl is obtained
regardless of whether the first stage is considered the likelihood and the last
two stages the prior, or whether the first two stages are combined to yield a
marginal likelihood and the third stage is the prior+

3.3. Multicollinearity

Consider the normal linear regression model~with unit variance for simplicity!
y6b ; NT~Xb, IT!, wherey is T 3 1, X 5 @X1,X2# is a fixedT 3 K matrix, X1 is
T 3 ~K 2 1!, X2 is T 3 1, b 5 @b1

' ,b2# ' [ RK is partitioned analogous toX,
and IT is theT 3 T identity matrix+ Suppose rank~X! 5 K 2 1 andX2 5 X1d,
whered is a given~K 2 1! 3 1 vector+ Thenb is not identified+ Consider

Xb 5 X1b1 1 X2 b2 5 X1~b1 1 b2d! 5 X1c, (10)

wherec[b11db2 is identified+Among known one-to-one transformations from
b to u 5 @c ',l# ', whereC 5RK21, L 5R, andQ 5 C 3 L 5RK, there are many
choices for the nonidentified componentl+ For example, for anyK31 vectorr of
constants, r 'b is nonidentified iffr 'd Þ 0 ~see, e+g+, Leamer, 1978, pp+ 188–189!+
For example, l [ b2 is not identified, nor is any component ofb1 for which the
corresponding component ofd is nonzero+ The likelihood functionL~c,l; y! 5
L*~c; y! 5 ~2p!2T02 exp@2 1

2
_~ y2 X1c! '~ y2 X1c!# dependsonlyonc+

Suppose the prior distribution forb is a multivariate normal distribution with
mean tb and covariance matrixoQ, denotedf ~b! 5 fK~b6 tb, oQ!+ Then the posterior
density ofb is fK~b6 Nb, OQ!, where Nb5 OQ~ oQ21 tb1 X 'y! and OQ5 ~ oQ21 1 X 'X!21+
Because the prior and posterior distributions of the nonidentifiedb are different,
“learning” has occurred+As many authors have noted~e+g+,Leamer,1978,pp+172–
173;Malinvaud, 1970, pp+ 246–249; Poirier, 1995, p+ 558!, however, no learning
occurs fora [ c' oQ21b, wherec5 @d ',21# '+ The prior and posterior densities of
a are both identicallyf~a6c' oQ21 tb,c' oQ21c!+

To help clarify matters, let

u 5 @c ',l# ' 5 Ab, A 5 F IK21 d

0K21
' 1

G , m 5 A tb 5 @ tb1 1 d tb2, tb2# ',

and

S 5 A oQA' 5 FScc Scl

Scl
' Sll

G +
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The prior density ofu is f ~u!5fK~u6m,S!+ In generalc andl are dependent, and
althoughl is not identified, the data are marginally informative for it+ However,
c anda are a priori independent, because they are jointly normal and Cov~c,a!5
Cov~ @IK21,d#b,@d ',21# oQ21b!5 @IK21,d# oQ oQ21~d ',21# '50K21+Therefore, the
data are marginally uninformative fora+4

The dependency ofa on the prior is potentially useful as an aid in prior spec-
ification+ For example, supposeK 5 2, d 5 1, and

oQ 5 F 1 2r

2r 4 G , (11)

wherer is the prior correlation betweenb1 andb2+Thenc5b11b2 is identified+
The data are marginally uninformative abouta5c' oQ21b5 @~412r!2 ~112r!#0
@4~12 r2!#+ The standard way of choosingr is explicit self-interrogation for the
prior correlation betweenb1 andb2, or possibly, using the predictive distribution
of ygivenx+Sometimes,r can be chosen implicitly by self-interrogation about the
quantitya for which the experiment is uninformative+ For example, if the exper-
iment is believed to be uninformative fora5b12b2, thenr50; alternatively, if
the experiment is uninformative fora5b1, thenr521

2
_+The more questions avail-

able for interrogation in prior elicitation, the better served is the researcher+
A moral to draw from this example is that the quantitya, about which the data

are uninformative, depends on the prior state of information~through oQ21! and
the nature of the collinearity~throughc!+Whether multicollinearity is a problem
in a specific context depends on whethera is of any particular interest~a point
emphasized in Poirier, 1995, Sect+ 9+14!+

3.4. Errors in Variables

A classic topic in econometrics is errors in variables, and it has played a promi-
nent role in discussions of identification+ Its history is long, and Bayesian work
on it has been especially enlightening~e+g+, Erickson, 1989; Florens, Mouchart,
and Richard, 1974; Leamer, 1978, Ch+ 7; Lindley and Sayyad, 1968; Zellner,
1971,Ch+ 5!+ The topic also provides a good example for discussing the meaning
of data being uninformative+

ConsiderT observations on the linear relationshipyt 5 l Ixt 1 «t~t 5 1,2, + + + ,T !+
Assume Ixt 6s1

2,s2
2,s3

2,l ; N~0,s1
2!, xt 6 Ixt ,s1

2,s2
2,s3

2,l ; N~ Ixt ,s2
2!, and

yt 6xt , Ixt ,s1
2,s2

2,s3
2,l ; N~l Ixt ,s3

2! for t 5 1,2, + + + ,T+ Then the likelihood is

L~s1
2,s2

2,s3
2,l;x, y! 5 f2TSFx

yG*02T , IT J Fs1
2 1 s2

2 ls1
2

ls1
2 l2s1

2 1 s3
2GD , (12)

wherex 5 @x1, x2, + + + , xT# ' andy 5 @ y1, y2, + + + , yT# ' are observed+ Reparameter-
izing in terms ofc1 5 s1

2 1 s2
2, c2 5 ls1

2, c3 5 l2s1
2 1 s3

2, andl yields

L*~c1,c2,c3;x, y! 5 f2TSFx

yG*02T , IT J Fc1 c2

c2 c3
GD , (13)
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whereC 5 $c6c1 . 0, c3 . 0, c1c32 c2
2 . 0% andL 5R+ The parameter vector

c 5 @c1,c2,c3# ' is identified; l is nonidentified+
Most Bayesian analyses of the errors-in-variables model have employed im-

proper “noninformative” priors+ Consider an informative proper prior density
f ~c! ~e+g+, Wishart!, defined overc [ C, i+e+, values for which the covariance
matrix in ~13! is positive definite+ Positive definiteness implies thatl must lie
between the direct~ y onx! and the reciprocal of the indirect~x ony! population
regression slopes,where the sign ofc2 determines which slope is the lower bound
and which slope is the upper bound~see~14!, which follows!+ An obvious can-
didate for a proper noninformative conditional prior density forl given c is a
uniform density over these respective intervals:5

f ~l 6c! 5 5S
c3

c2
2

c2

c1
D21

, if c2 . 0 and
c2

c1
, l ,

c3

c2

Sc2

c1
2

c3

c2
D21

, if c2 , 0 and
c3

c2
, l ,

c2

c1

0, otherwise
6 + (14)

In other words, l given c is uniform overL~c! 5 $l 6c20c1 , l , c30c2 if
c2 . 0, andc30c2 , l , c20c1 if c2 , 0%+ Coherency demandsL~c! reflects
these bounds+ The uniformity in~14! is not mandatory~e+g+, it could be gener-
alized to a beta distribution!, but uniformity is an interesting base case+ The
fact that the data are conditionally uninformative forl implies that posterior
densityf ~l 6c, y! is also given by~14!+ Clearly, l andc are a priori dependent
@L~c! depends onc#, and the data can be shown to be marginally informative
for l+ The marginal prior and posterior distributions forl, however, are fairly
complicated+

Proposition 3 implies that the data are marginally uninformative for

n 5 5l 2
c2

c1
, if c2 . 0

l 2
c3

c2
, if c2 , 06 + (15)

In other words, givenc we cannot learn where in the interval the nonidentified
parameterl lies+ Also note in contrast to conditional density~14!, the support
of the marginal distribution ofl, both prior and posterior, may be the whole
real lineR+

3.5. Censored Sampling

A special case of the censored sampling model of Manski~1994, pp+ 22–25! is
given by a binary random variableZt such that Prob~Zt 5 1! 5 c1 and Prob~Zt 5
0! 5 1 2 c1, and the continuous random variableyt with conditional densities
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f ~ yt 6zt 5 1! 5 f~ yt 6c2,1! and f ~ yt 6zt 5 0! 5 f~ yt 6m,1!+ The “censoring” is
reflected in the assumption that althoughZt 5 zt is always observed, yt is ob-
served iffzt 5 1+ To put matters into the Manski framework, reparameterize into
c1, c2, and

l [ P~ yt $ 0! 5 c1F~c2! 1 @12 c1#F~m!+ (16)

Then the likelihood function is

L*~c; y! 5 )
t51

T

@c1f~ yt 6c2,1!# zt @12 c1#12zt, (17)

wherec 5 @c1,c2# '+ Clearly, neitherm nor l is identified+ However, c is identi-
fied+AlthoughC5 @0,1#3R andL5 @0,1#, l in ~16! has the restricted~givenc!
parameter spaceL~c! 5 $l 6c1F~c2! # l # c1F~c2! 1 1 2 c1% because 0#
F~m! #1+Clearly, prior beliefs onl andc must be dependent, and so the data are
potentially marginally informative forl+

In effect the point of Manski is that a nonidentified parameter likem can be
reparameterized intol ~depending on the identifiedc and the nonidentifiedm!
such that the bounded support ofl depends onc+ Consistent estimators ofc
therefore provide asymptotically valid bounds for the nonidentifiedl+ This point
seems self-evident+ Rather than dwell on it, we proceed to exact finite-sample
posterior analysis+

Reminiscent of~14!, suppose the prior conditional distribution forl givenc is
uniform overL~c!, i+e+, f ~l 6c! 5 ~1 2 c1!21 if l [ L~c! and zero otherwise+
Keeping in mind note 5, the marginal prior density ofl ~the probability thatyt is
nonnegative, unconditional of observability! is

f ~l! 5E
C

~12 c1!211L~c!~l! f ~c! dc

5 Ec @~12 c1!211L~c1,c2!~l!#, 0 # l # 1+ (18)

Becausef ~l 6c, y! 5 f ~l 6c!, the marginal posterior density forl can be obtained
from ~18! by simply replacingf ~c! with its posterior analogf ~c6y!:

f ~l 6y! 5E
C

~12 c1!211L~c!~l! f ~c6y! dc

5 Ec6y@~12 c1!211L~c1,c2!~l!#, 0 # l # 1+ (19)

The posterior probability thatl [ @a,b# # R,where the endpoints can depend on
y, is

P~a # l # b6y! 5E
C

P~a # l # b6c! f ~c6y! dc

5E
C

~12 c1!21 max@0,min$b,c1F~c2! 1 1 2 c1%

2 max$a,c1F~c2!%# f ~c6y! dc+ (20)
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Manski ~1994! suggests, as a reasonable estimate for the nonidentifiedl, the
set L~ Zc! # @0,1#, where Zc is the maximum likelihood estimate~MLE ! of c+
Whether such bounds should be interpreted as point estimates or interval esti-
mates is an old matter of controversy even in identified cases~see Engle, 1976;
Genberg, 1972; Maddala, 1976a, 1976b; Zellner, 1972, 1976a, 1976b!+ Given a
loss function, Bayesian point estimation is straightforward using marginal pos-
terior density~19!+ The highest posterior density interval of level 12 a can be
obtained from~19! in the usual fashion, yielding choices fora andb in ~20!+ In
contrast, L~ Zc! appears motivated from consideration of conditional density
f ~l 6c, y! 5 f ~l 6c!, not marginal density~19!+ The posterior conditional and
marginal distributions can be quite different: the former has supportL~c!, and
the latter has support@0,1#+

The posterior probability content ofL~ Zc! is unclear in general+ To gain some
insight, assume that the censoring probability 12 c1 is known+ This implies the
likelihood simplifies toL*~c2; ry! } ) t51

T @f~ yt 6c2,1!# zt, the length 12 c1 of
L~c1, Zc2! is known, and the location is determined byZc2+ High censoring yields
a broad width for the intervalL~c1, Zc2!+ Ceteris paribus, L~c1, Zc2! has greater
posterior probability content in the face of high censoring, but its informative-
ness is lessened because of its width+ Ironically, as the censoring disappears~i+e+,
c1 r 1! andl becomes identified, L~c! approaches the pointc1F~c2!, and the
posterior probability content ofL~c1, Zc2! is zero+ This behavior underlines the
ambiguity of whetherL~c1, Zc2! is motivated as a point or as an interval estimate+

With c1 known, densities~18! and~19! simplify somewhat+ Furthermore,with
a few algebraic manipulations, ~20! implies that the posterior probability content
of L~c1, Zc2! is

p [ P@l [ L~c1, Zc2!#

5 Fc26y~u! 2 Fc26y~,! 2 S c1

12 c1
DE

,

u

6F~ Zc2! 2 F~c2!6 f ~ Zc26y! dc2, (21)

where, 5 F21@max$0,F~ Zc2! 2 c1
21 1 1%#, u5 F21@min$1,F~ Zc2! 1 c1

21 2 1%#,
andFc26y~{! denotes the marginal posterior c+d+f+ of c2+ The following develop-
ment focuses on prior density~18!, but similar expressions can be obtained for
posterior density~19! by replacing the marginal prior distribution ofc2 in the
following expressions by the marginal posterior distribution ofc2+ The integra-
tion in ~18! can be expressed in terms of the prior c+d+f+ Fc2

~{! by

f ~l! 5 ~12 c1!21~Fc2
@F21~min$1,l0c1%!#

2 Fc2
@max$0,~l 2 1 1 c1!0c1%# !, (22)

for 0# l #1+ The nature of prior density~18! for l depends crucially on the sign
of c1 2 1

2
_ + If c1 , 1

2
_ ~i+e+, a censoring probability 12 c1 . 1

2
_!, then
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f ~l! 5 ~12 c1!21 5
Fc2FF21S l

c1
DG, if 0 # l , c1

1, if c1 # l # 1 2 c1

12 Fc2FF21Sl 1 c1 2 1

c1
DG, if 1 2 c1 , l # 1

6 +
(23)

On the other hand, if c1 . 1
2
_ ~i+e+, a censoring probability 12 c1 , 1

2
_!, then

f ~l! 5 ~12 c1!21 5
Fc2FF21S l

c1
DG, if 0 # l , 12 c1

Fc2FF21S l

c1
DG2 Fc2FF21Sl 1 c1 2 1

c1
DG, if 1 2 c1 # l # c1

12 Fc2FF21Sl 1 c1 2 1

c1
DG, if c1 , l # 1

6 +
(24)

Whenc15 1
2
_ , then the middle ranges forl in ~25! and~26! shrink to the pointl5

1
2
_ , with f ~ 1

2
_! 5 2, and the prior density simplifies to

f ~l! 5 H2Fc2
@F21~2l!#, if 0 # l , 2

12

2~12 Fc2
@F21~2l 2 1!# !, if 2

12 # l # 1
J + (25)

The flat segment in~23!, whenc1 , 1
2
_ ~high censoring! is interesting+ It is of

length 12 2c1 and the fraction~1 2 2c1!0~1 2 c1! of the probability mass is
contained below it+ Furthermore, this flat segment remains unchanged in the
posterior, the data affecting only the tails off ~l 6y!+ To see how this flat segment
arises, consider Figure 1, which plots the lower and upper bounds of the support
L~c! as functions ofc2 for c15 +40, +50, and+95+ The area between these bounds
is the support for the joint densityf ~c2,l! 5 ~1 2 c1!211L~c1,c2!~l! f ~c2!+ Iff
c1 , 1

2
_ , there are some values ofl for which 1L~c1{c2!~l! 5 1 for all c2+ There-

fore, integrating prior densityf ~c2,l! with respect toc2 ~to obtain the marginal
prior density ofl! involves merely integratingf ~c2! overR, obtaining unity, and
yielding f ~l! 5 ~12 c1!21 for these values ofl+

To be more specific, suppose the prior distribution forc2 is normal with
mean zero and variance+2, implying the posterior densityf ~c26 y, z! 5
f~c26T1 Sy~T1 1 5!21,~T1 1 5!21!, where Sy is the sample mean based onT1 5
z1 1 z2 1 {{{ 1 zT observations+ Figure 2 shows prior densityf ~c2,l! in this
case with observability probabilityc1 5 +40+ Figure 3 shows the corresponding
prior density forl ~flat between+4 and +6! together withf ~l 6y! in the case
T1 5 25 and Sy equaling2+5, 0, and +5, respectively+ Figures 4 and 5 are the
analogous graphs forc1 5 +50 andc1 5 +95+ Note in Figure 3 that the behavior
of the tails of the posterior has the effect of lengthening the flat segment as
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mass shifts in the direction ofSy+ In Figure 4 a flat segment is in effect created
in the posterior+ Finally, in Figure 5 withc1 5 +95, the posterior is distinctly
much less dispersed because there is less censoring+ On the downside, how-
ever, the posterior content ofL~c1, Zc2! is quite variable~see Figure 6! as a
result of its minimal length of 12 c1 5 +05+

Given the uniform conditional prior~21!, the data are marginally uninforma-
tive forn5 @l2c1c2!#0@12c1#5F~m! and known one-to-one transformations
of it+Therefore, as in the errors-in-variables problem of Section 3+3, givenc1 and
c2 we cannot learn where in the intervalL~c! the nonidentified parameterl lies+

3.6. Bernoulli Model with Classification Error6

Giveng [ @0,1# andl [ @0, 12_!, consider the latent independent and identically
distributed~i+i+d+! Bernoulli observationsIyt~t 5 1,2, + + + ,T ! such that Prob~ Iyt 5
16g,l! 5 g and Prob~ Iyt 5 06g,l! 5 1 2 g+ The observed random variables
yt~t 5 1,2, + + + ,T ! are related to these latent variables by Prob~ yt 5 16 Iyt 5
1,g,l! 5 1 2 l, Prob~ yt 5 06 Iyt 5 1,g,l! 5 l, Prob~ yt 5 16 Iyt 5 0,g,l! 5 l,
and Prob~ yt 5 06 Iyt 5 0,g,l! 5 1 2 l+ Thus, l represents the probability of
misclassification+ The marginal sampling probabilities for the observed data
are Prob~ yt 5 16g,l! 5 c and Prob~ yt 5 06g,l! 5 1 2 c, wherec 5 g~1 2
l! 1 ~1 2 g!l+ In other words, the observed data are Bernoulli with probabil-

Figure 1. Joint support forc2 andl, c1 5 +40, +50, +95+
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Figure 2. Bivariate prior densityf ~c2,l! 5 ~12 +4!211L~+4,c2!~l!f~c260, +2!+

Figure 3. Posterior and prior densities forl; c1 5 +40, T1 5 25, Sy 5 2+5,0, +5+
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Figure 4. Posterior and prior densities forl; c1 5 +50, T1 5 25, Sy 5 2+5,0, +5+

Figure 5. Posterior and prior densities forl; c1 5 +95, T1 5 25, Sy 5 2+5,0, +5+

498 DALE J. POIRIER

https://doi.org/10.1017/S0266466698144043 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466698144043


ity of a successc, and the latent data are Bernoulli with probability of a suc-
cessg+ Given a sample ofr “1’s” and N 2 r “0’s,” the likelihood is

L~g,l; y! 5 L*~c; y! 5 c r~12 c!N2r+ (26)

Even with the restriction ofl [ @0, 12_!, neitherg nor l is identified, but c is
identified+

Given a prior densityfg,l~g,l! over@0,1# 3 @0, 12_!, the implied joint prior dis-
tribution for Q 5 @c,l# ' is f ~c,l! 5 ~12 2l!21fg,l~ @~c 2 l!0~12 2l!#,l! over
the triangular regionQ 5 $@c,l# ' 60 , c # 1

2
_ , 0 # l # c or 1

2
_ , c , 1, 0 # l ,

12 c% shown in Figure 7+ Other parameter spaces of interest are the conditional
supportsC~l! 5 $c6l , c , 12 l% andL~c! 5 $l 60# l , c, if 0 , c # 1

2
_ , and

0 # l , 12 c, if 1
2
_ , c , 1%, and the unconditional supportsC 5 $c60 , c ,

1% andL 5 $l 60 # l , 1
2
_%+ The marginal density ofc is

f ~c! 5 5 E0

c

~12 2l!21fg,lSF c 2 l

12 2lG,lD dl, if 0 , c # 2
12

E
0

12c

~12 2l!21fg,lSF c 2 l

12 2lG,lD dl, if 2
12 , c , 16 + (27)

The data are marginally informative forg, l, andc+

Figure 6. Posterior probability content ofL~+95, Sy!, T1 5 25+
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To demonstrate Proposition 3, supposeg andl are a priori independent, g is
uniformly distributed over@0,1#, andl has the following beta density over@0, 12_!:
fl~l! 5 @2G~a1 1!0G~a!#~12 2l!a21, givena [ R1, whereE~l 6a! 5 10~11 a!
~see Figure 8 fora 5 1,2,3#+ Then the joint p+d+f+ is f ~c,l! 5 @2G~a 1 1!0
G~a!#~12 2l!a22, and the conditional p+d+f+ of l givenc is

f ~l 6c! 5 5
2~12 a!~12 2l!a22

~12 2c!a21 2 1
, if 0 , c # 2

12 and 0# l , c

2~12 a!~12 2l!a22

~2c 2 1!a21 2 1
, if 2

12 , c , 1 and 0# l , 12 c6
(28)

if a Þ 1, and

f ~l 6c! 5 5
22

~12 2l! ln ~12 2c!
, if 0 , c # 2

12 and 0# l , c

22

~12 2l! ln ~2c 2 1!
, if 2

12 , c , 1 and 0# l , 12 c6
(29)

Figure 7. Prior support forQ in Example 3+5+
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if a51+ If aÞ 1, then Proposition 3 implies the data are marginally uninformative
for

n 5 5
~12 2l!a21 2 1

~12 2c!a21 2 1
, if 0 , c # 2

12 and 0# l , c

~12 2l!a21 2 1

~2c 2 1!a21 2 1
, if 2

12 , c , 1 and 0# l , 12 c6 + (30)

For example, if a 5 2, then

n 5 5
l

c
, if 0 , c # 2

12

l

12 c
, if 2

12 , c , 16 , (31)

i+e+, the data are marginally uninformative for the probability of misclassification
relative to the minimum probability of observability: min$Prob~ yt 5 16g,l!,
Prob~ yt 5 06g,l!%+

Note that it is straightforward to extend this example to the multinomial case
with the highly structured misclassification probabilities in Harless and Camerer
~1994!+

Figure 8. Prior marginal density forl ~a 5 1,2,3! in Example 3+5+
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3.7. Simultaneous Equations

ConsiderT independent observations from the two-equation reduced form

yt1 5 p1 xt 1 ut1, (32)

yt2 5 p2 xt 1 ut2, (33)

whereyt 5 @ yt1, yt2# ', xt is a fixed scalar, p 5 @p1,p2# ', ut 5 @ut1,ut2# ' 6p, V ;
N2~02,V!, andV 5 @vij #+ Givenl [ R, replace~34! by the structural equation
formed by subtractingl times~35! from ~34!:

yt1 5 lyt2 1 ~p1 2 lp2!xt 1 ~ut1 2 lut2!+ (34)

Herec [ @p1,p2,v11,v12,v22#
' is identified+ Unlessp1 2 lp2 5 0, l is non-

identified+ Suppose the prior conditional density ofl givenc is

f ~l 6c! 5 fSl* p1

p2
,

cv22

p2
2x 'xD, (35)

wherec is a known positive constant+ Prior density~37! is centered over the
identifying restriction+ It also has a variance that is inversely proportional to the
noncentrality parameterp2

2x 'x0v22 of reduced form~35!, following the sugges-
tion in Poirier~1996! that the strength of prior beliefs on structural parameters,
given reduced form parameters, should increase as the structural parameters be-
come more identified~as measured by the explanatory power of the instrumentx
in the reduced form equation fory2!+Using Proposition 3, the data are marginally
uninformative for

n 5 F 1 l 2
p1

p2

! cv22

p2
2x 'x

2 5 F 12
p1 2 p2l

!cv22

x 'x
2 (36)

or known one-to-one transformations, such as@~cv22!0x 'x#2102F21~n! 5 p1 2
p2l, yielding the coefficient ofxt in ~36!+ This corresponds to imposing the
identifying restriction stochastically+ For further discussion of identification in
the context of Bayesian analysis of simultaneous equations, see Dréze and Rich-
ard~1983, esp+ pp+ 522, 537!+

3.8. Probit

SupposeIyt 6xt ,b,s22~t 5 1,2, + + + ,T ! are independentN~xt
'b,s2! latent random

variables+ If the latent data are available, thenb ands22 are both identified+
Suppose, however, only sign information is available onIyt , i+e+, onlyyt 51 if Iyt $
0 andyt 5 0 if Iyt , 0 is observed+7 Definec 5 b0s andl 5 s22+ The likelihood
function is
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L*~c; y! 5 )
t51

T

@F~xt
'c!# yt @12 F~xt

'c!#12yt+ (37)

Clearlyc is identified andl is nonidentified+
Consider the conjugate~for the latent process! normal-gamma prior forb and

s22 ~which assumes thatb ands22 are a priori dependent!+Then prior beliefs for
c andl are also dependent, and the data are marginally informative forl+8 This
suggests thinking of standard probit analysis as “imposing the normalization
s22 5 1” is unfortunate: learning abouts22 occurs! In fact, nontrivial posterior
odds ofs22 5 1 versuss22 Þ 1 can be computed+

3.9. Nonparametric Multinomial Problem

Let Q be the unit simplex inRK11 and suppose a random variableY follows the
sampling mass function

P~Y 5 ak6u1, + + + ,uK11! 5 uk ~k 5 1,2, + + + ,K 1 1!, (38)

whereuk~k 5 1,2, + + + ,K 1 1! are unknowns satisfying 0# uk # 1, u1 1 {{{ 1
uK11 5 1, andak [ R is known~k5 1,2, + + + ,K 1 1!+Given a random sampley5
@ y1, y2, + + + , yT# ' from ~40!, let nk 5 (t51

T 1~ yt 5 ak! denote the number of obser-
vations equalingak ~k 5 1,2, + + + ,K 1 1!+ The likelihood function is

L~u; y! } )
k51

K11

uk
nk+ (39)

A convenient prior foru 5 @u1, + + + ,uK# ' is theK-dimensional Dirichlet distribu-
tion, denotedDK~ tb1, + + + , tbK11!, with density

f ~u6 tb1, + + + , tbK11! 5 cK ~ tb1, + + + , tbK11! )
k51

K11

uk
tbk21, (40)

where tbk . 0 ~k5 1,2, + + + ,k 1 1! are known, uK115 12 iK
' u, iK is aK 3 1 vector

with each element equal to unity, and the integrating constant is

cK ~ tb1, + + + , tbK11! 5
G~ tb1 1 {{{ 1 tbK11!

)
k51

K11

G~ tbk!

+ (41)

The attractiveness of prior~40! is that the corresponding posterior is also Di-
richlet with hyperparametersNbk 5 tbk 1 nk ~k 5 1,2, + + + ,K 1 1! and integrating
constantcK11~ Nb1, + + + , NbK11!+

In generalT ,, K+Given the observed datay, let ac denote theJc distinct mass
points appearing iny+ SupposeaK11 Ó ac and letal denote the remainingJl 5
K 2 Jc mass points not appearing in the observed datay+ Align ak ~k 5 1,2, + + + ,
K11! into a~K11!31 vectora[@ac

' ,al
' ,aK11# '+ Letc denote the probabilities
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corresponding to theJc distinct mass pointsac; let l denote the probabilities
corresponding to theJl mass pointsal, tbK11+

Define d [ ic
' c, td [ ic

' tbc 1 tbK11 and Nd [ ic
' Nbc 5 td 1 tbK11 1 T, whereic,

and rearrangeu so thatu 5 @c ',l'# '+ Analogously define tb 5 @ tbc
' , tbl

' , tbK11# '

and Nb 5 @ Nbc
' , Nbl

' , NbK11# '+ Note that Nbl 5 tbl and NbK11 5 is a Jc 3 1 vector with
each element equal to unity+ Then the data are marginally informative forl:
l ; DJl

~ tbl , td! is updated tol 6y ; DJl
~ tbl , Nd!+ This information is not surpris-

ing because Cov~c,l! 5 2E~c6 tb!@E~l 6 tb!# ' @1 1 ic
' tbc 1 il

' tbl 1 tbK11#21 Þ 0
implies c andl are dependent, whereil is a Jl 3 1 vector with each element
equal to unity, E~c6 tb! 5 @ic

' tbc 1 il
' tbl 1 tbK11#21 tbc, and E~l 6 tb! 5 @ic

' tbc 1
il
' tbl 1 tbK11#21 tbl+ As Proposition 2 suggests, the data are conditionally un-

informative forl given c: ~1 2 d!21l 6c ; ~1 2 d!21l 6c, y ; DJl
~ tbl
' , tbK11!+

For example, if tb 5 ~K 1 1!21iK11, thenl ; DJl
~ @K 1 1#21il,@K 1 1#21@Jc 1

1# ! is updated tol 6y ; Djl~ @K 1 1#21il,@K 1 1#21@Jc 1 1 1 T # !, and ~1 2
d!21L6c ; ~1 2 d!21L6c, y ; DJl21~ @K 1 1#21il,@K 1 1#21!+

4. IMPROPER PRIORS

Improper distributions have densities whose integrals diverge to infinity+9 When
nonidentified models are combined with improper priors, serious complications
can arise~e+g+, improper posteriors!+10 In general all bets are off+ But depending
on the nature of nonidentifiability and the extent to which the prior, albeit im-
proper, provides enough information on the nonidentified parameters, the poste-
rior may be proper+Specifically, f ~c,l! } f ~l 6c! f ~c!L*~c; y! is proper iff ~l 6c!
and f ~c6y! } f ~c!L*~c; y! are proper+ Many issues can be appreciated from
reconsideration of Example 3+1 as the prior variancest2 andv2 approach infin-
ity+ For further enlightening discussion and examples, see Gelfand and Sahu
~1996!+

First supposet r `, corresponding to impropriety in the marginal prior dis-
tribution of b and of the identified parameterc+ Then the posterior distribution
of @b,l# ' is a proper bivariate normal with mean@ y,0# ' and covariance matrix

Fs2 1 v2 2v2

2v2 v2 G, and the posterior distribution of@c,l# ' is a proper bivariate normal

with mean@ y,0# ' and covariance matrixFs2 0

0 v2G+ Analogous to Example 3+1:

~a! we learn aboutc marginally ~the prior is improper, but the posterior is a proper
N~ y,s2!!;

~b! we do not learn aboutl conditional onc ~despite the impropriety in the marginal
prior for c, the prior conditional distribution ofl givenc is a properN~0,v2!!;

~c! we learn aboutl givenb ~the prior isl 6b ; N~0,v2!, and the posterior isl 6b, y;
N~v2~ y 2 b!@s2 1 v2#21,s2v2@s2 1 v2#21!!;

~d! we learn aboutb marginally+

However, unlike in Example 3+1,we do not learn aboutl marginally+ In effect the
impropriety breaks the dependency betweenc andl that provided the link for
updating marginal prior beliefs on the nonidentified parameterl+
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Next supposev r `, corresponding to impropriety in the marginal prior
distribution of the nonidentified parameterl+ Then the posterior distribution
of @b,l# ' is a proper bivariate normal with mean@0, y# ' and covariance matrix

F t2 2t2

2t2 s2 1 t2G, and the posterior distribution of@c,l# ' is a proper bivariate normal

with mean@ y, y# ' and covariance matrixF s2 2s2

2s2 s2 1 t2G+
Analogous to Example 3+1:

~a! we learn aboutc marginally ~the prior is improper, but the posterior is a proper
N~ y,s2!!;

~b! we do not learn aboutl givenc ~despite the impropriety in the marginal prior for
l, the prior and posterior conditional distributions ofl givenc are properN~c,t2!!;

~c! we learn aboutl givenb ~the prior is improper, but the posterior is a properN~ @ y2
b#, s2!!;

~d! we learn aboutl marginally ~the prior is improper, but the posterior is a proper
N~ y,s2 1 t2!!+

Unlike in Example 3+1, we do not learn aboutb marginally~the prior and poste-
rior are properN~0,t2!!+

Therefore, these two asymptotic cases differ from the earlier results for proper
priors only in that the data are marginally uniformative forl ~ast r`! or b ~as
v r `!, respectively+ Also note the crucial role played by the prior distribution
l 6c in both the proper and improper cases considered in this subsection+We do
not revise this distribution after observingy, and we never learn aboutn5F~l 6c!+

Finally, as botht r ` andv r `, the marginal posteriors forb andl are
improper+The full conditionalsb6l, y;N~ y2l,s2! andl 6b, y;N~ y2b,s2!,
however, are both proper+ Furthermore, the marginal posterior for the identified
c is properN~ y,s2!+

These examples suggest, not surprisingly, that prior impropriety can affect our
ability to learn from the data in nonidentified models+Also there are connections
to the well-studied marginalization paradoxes~see, e+g+,Dawid,Stone, and Zidek,
1973,1980;Hartigan,1983; Jaynes,1980a,1980b;Kadane,Schervish,and Seiden-
feld, 1996a, 1996b; Kass and Wasserman, 1996, pp+ 1358–1359; Robert, 1994,
pp+ 131–133; Stone, 1976, 1982; Stone and Dawid, 1972; Sudderth, 1980!+

Finally, the Gibbs sampler has helped foster a renaissance of interest in Bayes-
ian inference+ The Gibbs sampler generates draws from complicated posterior
distributions by iteration through the so-calledfull conditional posterior distri-
butionsof blocks of parameters given the data and all other parameters+ For the
Gibbs sampler to provide a converging sequence~in distribution! of draws from
the joint posterior distribution, it is necessary that not only are all the full condi-
tionals proper, but that the joint posterior itself is proper~see, e+g+, Casella and
George, 1992;Roberts,Sahu, and Gilks, 1995!+Often the propriety of the former,
but not the latter, is easy to establish+ Cases involving improper priors and non-
identified models, however, are especially tricky~Hobert and Casella, 1996,
p+ 1462!+ Gelfand and Sahu~1996! formally discuss conditions under which the
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output from a Gibbs sampler based on an improper joint posterior for which all
the full conditionals are proper can be used to draw inferences on such embedded
models+

5. CONCLUSIONS

This study has discussed at some length the inescapable uninformativeness of
data that arise from likelihoods with nonidentified parameters+Although the Bayes-
ian approach clearly encompasses non-Bayesian dogmatic “solutions” to non-
identifiability, it shares with its competitors the inevitable fact that there are some
parametric quantities about which the data are uninformative, not only condition-
ally ~on identified parameters! but marginally as well+Consideration of improper
priors further complicates matters, possibly resulting in improper posteriors, and
leads to links with the literature on marginalization paradoxes+

NOTES

1+ Carmen Fernández~personal communication! suggested the following~somewhat nonstan-
dard! example demonstrating that the “only if” analog of Proposition 1 is not valid without further
restrictions+ Supposec and l are variation free withC 5 ~0,10!+ Letting [{] denote the greatest
integer function, suppose that the conditional distribution ofy givenc is uniform over~[c] , [c] 1
1!, and that the prior density forc given l is f ~c6l! 5 g~c 2 [c] ,l!, whereg~{! is any nonneg-
ative function such that*0

1 g~c,l! dc 5 +10+ Then it is straightforward to show that this prior
specification impliesf ~ y6l! 5 +10, 0 , y , 10+ Becausef ~ y6l! does not depend onl, the data are
marginally uninformative forl+ But it is clear from the prior specification thatc and l can be
dependent+

2+ In the reduced form two-regime switching regression model with a probit switching equation of
Vijverberg~1993!, the across-regime correlation coefficient is nonidentified+Koop and Poirier~1997!
noted that the author’s flat prior for the three disturbance correlations, defined over the region in
which the disturbance covariance matrix is positive definite, induces prior dependency between the
across-regime correlation and each of the regime-switching disturbance simple correlations+ Poste-
rior updating of the marginal distribution of the across-regime correlation results+ Application of
Proposition 3, however, implies the data are marginally uninformative for the across-regimepartial
correlation+ The prior dependence induced by a positive definiteness restriction on a covariance ma-
trix also plays a role in subsequent examples+

3+ James O+ Berger and Robert L+Wolpert suggested this interpretation to me+
4+ How doesn in Proposition 3 relate toa? Formally, the argument proceeds as follows+ First, note

A21 5 F IK21 2d

0K21
' 1

G
and let

S21 5 ~A21! ' oQA21 5 F Scc Scl

~Scl! ' SllG+
Then using oQ21A21 5 A'S21, rewrite a asa [ c' oQ21A21u 5 ~Scl! 'c 1 Slll+ Second, f ~l 6c! 5
f ~l 6c, y! 5 f1~l 6ml 6c ,sl 6c

2 !, where ml 6c 5 ml 1 ~Scl! '~Scc!21~c 2 mc! and sl 6c
2 5 Sll 2

~Scl! '~Scc!21Scl+ Third, becauseS21 is the inverse ofS, Scc~Scl! ' 1 SclSll 5 0, and so
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~Scl! '~Scc!21 5 2~Sll!21Scl+ Fourth, after some algebra, l 2 ml 6c 5 a0 1 b0a, wherea0 5
2@ml 2 ~Scl! '~Scc!21mc# andb0 5 ~Sll!21+ Therefore, n in Proposition 3 can be expressed as
n 5 F@~l 2 ml 6c!0sl 6c# 5 F@~a0 2 b0a!0sl 6c#+ The data are marginally uninformative abouta
and any known one-to-one function of it, such asn+

5+ Although~14! constitutes an interesting reference point, uniformity is not invariant to arbitrary
monotonic transformations+

6+ Winkler and Gaba~1990! analyzed this model with independent beta priors for bothg andl,
both over@0,1#+ Gaba and Winkler~1992! considered the case of differing misclassification rates for
Iyt 5 0 and for Iyt 5 1+

7+ When the latent data are potentially available and not just a convenient construct, then it is
reasonable to discuss priors forb ands22+An example is whereIyt denotes birth weight andyt denotes
low and high birth weights+ There is great precedence in the medical and demographic literatures for
working with the latter dichotomy even when the former is available+

8+ Indeed, f ~c6l! 5 f~c6l102 tb, oQ!, where tb and oQ are as given in Section 3+3+ The quantityn 5
Fl 6c~l 6c!, about which no marginal learning occurs, is not easy to interpret in this case+

9+ There are two distinct ways to make the concept of improper priors mathematically precise+ ~i!
One may remove the requirement that the probability of a set is at most one+ For example, Hartigan
~1983! permits sets to have infinite probability, but this implies that many traditional results of prob-
ability theory must be reproved or fail to apply to infinite probabilities+ ~ii ! The approach advocated
by de Finetti~1974! does not require that probabilities be countably additive+Again many traditional
results must be reproved or scrapped entirely, but probabilities are bounded by unity+ Improper priors
are not necessarily “noninformative” in any particular sense+ Indeed they can be dogmatic about
quantities of some interest~Bauwens, 1991!+

10+ For examples of improper priors leading to improper posteriors, see Berger~1985, p+ 187!,
Chamberlain and Imbens~1996!, Kass and Wasserman~1996, p+ 1359!, Mitchell ~1967!, O’Hagan
~1994, p+ 79!,Ye and Berger~1991!+ Ibrahim and Laud~1991! provide~i! sufficient and~ii ! necessary
and sufficient conditions for the propriety of the~i! posterior and~ii ! prior distributions for Jeffreys’s
priors in generalized linear models+
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