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The goal of this paper is to prove coherence results with respect to relational graphs for
monoidal endofunctors, that is, endofunctors of a monoidal category that preserve the
monoidal structure up to a natural transformation that need not be an isomorphism. These
results are proved first in the absence of symmetry in the monoidal structure, and then with
this symmetry. In the later parts of the paper, the coherence results are extended to
monoidal endofunctors in monoidal categories that have diagonal or codiagonal natural
transformations, or where the monoidal structure is given by finite products or coproducts.
Monoidal endofunctors are interesting because they stand behind monoidal monads and
comonads, for which coherence will be proved in a sequel to this paper.

1. Introduction

A monoidal functor is a functor between monoidal categories that preserves the monoidal
structure up to a natural transformation that need not be an isomorphism (see Section 3
below; this notion originated in Eilenberg and Kelly (1966, Section II.1)). Coherence
results for monoidal functors were obtained long ago in Epstein (1966) and Lewis (1972).
Epstein (1966) presented a result for such functors between symmetric monoidal categories
in the absence of unit objects, while Lewis (1972) allowed unit objects, and also considered
non-symmetric monoidal categories.

To get coherence with the unit objects, Lewis (1972) implicitly introduces graphs that
connect occurrences of the generating functor (see the beginning of the next section). The
standard graphs, which go back to Kelly and Mac Lane (1971), as well as earlier work of
Mac Lane and Kelly, connect occurrences of generating objects.

Our goal in this paper is first to extend these old coherence results to the situation where
instead of a monoidal functor between two categories, we have an endofunctor of a single
monoidal category. This involves matters that go beyond Lewis (1972), where application
of functors cannot be iterated. Monoidal endofunctors are interesting because they lie
behind monoidal monads and comonads, and the present paper lays the foundations for
a study of coherence in these monads and comonads.

Monoidal monads were first introduced in Kock (1970; 1972); more recent papers on
monoidal comonads are Moerdijk (2002), Bruguiéres and Virelizier (2007) and Pastro and
Street (2009). We will prove coherence results for monoidal monads and comonads in a
sequel to this paper (Dosen and Petri¢ 2010). In both the present paper and the sequel, we
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understand coherence with respect to graphs like those of Lewis (1972). Coherence states
that there is a faithful functor from a freely generated categorial structure, for which
we prove coherence, into the category whose arrows are such graphs. We obtain thereby
a characterisation of the freely generated categorial structure in terms of graphs. Such
coherence results give very useful procedures for deciding whether a diagram of canonical
arrows commutes. (A general treatment of coherence in this spirit may be found in Dosen
and Petric (2004).)

Moggi (1991) used a notion of monad inspired by Kock (1970; 1972) and based on the
notions of left and right monoidal endofunctors, for which we are also going to prove
coherence. We prove our results first in the absence of symmetry, and then with symmetry.
In the later part of the paper we extend our coherence results to monoidal endofunctors
in monoidal categories that have diagonal or codiagonal natural transformations (we call
these monoidal categories relevant categories), or where the monoidal structure is given
by finite products or coproducts.

Some of our coherence results may be understood as basic coherence results for
equations between deductions in modal logic. In this paper we find systems that may be
understood as fragments of K with the necessity operator primitive; in the sequel, which
considers comonads, we will find fragments of S4 with the necessity operator primitive.

2. Endofunctors in monoidal categories

In this section we deal with coherence for monoidal categories with endofunctors that are
not necessarily monoidal. This is a basic auxiliary result, which we will need later.

A monoidal category is, as usual, a category with a biendofunctor ®, a special unit
object I and the natural isomorphisms whose components are the arrows

aspc (A®B)®C > A® (B® C)
lAII®A—>A
rai AL — A,

which satisfy Mac Lane’s coherence equations (see Mac Lane (1998, Section VIIL.1); our
notation follows Eilenberg and Kelly (1966, Section II.1).

Let & be the free monoidal category with a family of endofunctors; both here, and
later, we use freedom to mean free generation by two arbitrary sets, one of which is
considered to be the set of generating objects, and the other as the set of generating
functors {E' | i € #}. Collectively, we call the generating objects and the generating
functors generators. If . is empty, then & is just the free monoidal category generated by
a set of generating objects.

The category & is made of syntactical material. Its objects are propositional formulae
built using the binary connective ®, the unary connectives E' and the nullary connective
I out of the generating objects, which we take to be the propositional letters p,q,r,... An
object of & is atomic when it is a generating object or is of the form E'A. An object of &
is diversified on generating objects when every generating object occurs in it at most once.
We define diversification on generating functors analogously, and say that an object is
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diversified when it is diversified both on generating objects and generating functors. For
E'A a subformula of an object B of &, the scope in B of the outermost occurrence of E!
in E'A is the set of all the generators in A.

The arrows of & are equivalence classes of arrow terms made out of the primitive arrow
terms 14, aqpc, L4, r4, wWith the operations -, ® and E' so that the equations assumed
for defining a monoidal category together with the functorial equations for E’, for each
i € 7, are satisfied (c¢f. DosSen and Petri¢c (2004, Chapter 2)). We will omit the superscripts
i of E' except when they are essential (we will do the same later with v, 1o, p’ and pR).
The existence of free structures like & is guaranteed by the purely equational definition
of these structures.

Every arrow term f of & is equal to an arrow term f,- --- - fi, which is said to be
developed, that:

— ifn=0,1s 14;
— if n > 1, is such that for every j € {1,...,n}, there is in f; exactly one occurrence of a,
[ or r and no occurrence of -; such an f; is called a factor.

The subterm a4 ¢, or l4, or r4, of a factor is its head (Dosen and Petri¢c 2004, Section 2.7).
A factor with head a4 p ¢ is an a-factor, and analogously in other cases. We are going to
prove the following theorem.

Theorem 1 (&-Coherence). The category & is a preorder.

Proof. Suppose we have two arrow terms f,g: A — B of &. To show that f = g, we
proceed by induction on the number n of occurrences of E in A, which is equal to this
number in B. In the basis, when n = 0, we have Mac Lane’s coherence result for monoidal
categories (see Mac Lane (1998, Section VII.2) or DosSen and Petric (2004, Chapter 4)).

When n > 0, we take a single arbitrary occurrence of E' in A, and replace it by E/
such that j is not an index of any E in A4 (if all the generating functors occur in A, we
can enlarge the set of generating functors with a new functor E/, which just acts as a
placeholder). We make this replacement at the appropriate place in B and in the arrow
terms f and g to obtain the arrow terms f’,g’ : A’ — B’ of &. By naturality and the
functorial equations, f’ is equal to a developed arrow term f,-f; such that no head of a
factor of fi: A" — C is in the scope of E/ and all the heads of the factors of f,: C — B’
are in the scope of E/. The object C is completely determined by A’ and B’. Analogously,
we have g’ = g,-g¢, with g : A’ — C and g, : C — B’. Since E/D in f; and g; amounts
to a generating object (it is a parameter), and since in f, and g, only what is within the
scope of E/ counts, by the induction hypothesis, we have f; = g; and f> = g2, s0 f' = g/,
from which f = g follows by substitution. |

3. Monoidal and locally monoidal endofunctors

An endofunctor may preserve the monoidal structure of a category up to a natural
transformation either globally or locally. We have global preservation when our endo-
functor E is a monoidal functor in the sense of Eilenberg and Kelly (1966, Section I1.1) —
see also Mac Lane (1998, Section X1.2). This means that we have a natural transformation
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in our monoidal category whose components are the arrows
Y4B : EA® EB — E(A ® B),

and we also have the arrow v, : I — EI; the monoidal structure is preserved up to y and
o, which means that the following equations hold:

Easpc-waspce(Yas ® lpc) = papec (14 ® Ypc) AEaEBEC (pa)
Elgowra(wo®1py) =lg4 (wl)
Ergewar-(1ga ® wo) = rea. (pr)

The global character of the preservation is manifested in (pa) by E from the left-hand
side falling on every index of a on the right-hand side. (The notation using y is taken
from Kock (1970; 1972).)

We have local preservation using the following three endofunctor notions suggested by
Kock (1970; 1972). Monoidal functors need not be endofunctors, but the notions we are
going to consider now are tied to endofunctors only.

We say that an endofunctor E of a monoidal category is left monoidal when we have a
natural transformation whose components are the arrows

vip:EA® B —> E(A® B),

and the monoidal structure is preserved up to y%, which means that the following
equations hold:

Easpc °wﬁ®3,c ° (U’iB ®1c) = w,ﬁ,B®C °dEA,B,C (wla)
Erg-wh; = rea. (phr)

The local character of the preservation is manifested in (ypla) by E from the left-hand
side falling on a single index of a on the right-hand side.

We say, analogously, that E is right monoidal when we have a natural transformation
whose components are the arrows

iy A®EB > E(A® B),

and the monoidal structure is preserved up to R, which means that the following
equations hold:

R R R
Easpc-wigpc = Vapeoc (14 ® Wgc)eaapEc (pRa)

Ely-ypfy = lga. (pR1)

We say that E is locally monoidal when it is both left and right monoidal, and,
moreover, we have the equation

Easpc-viepc (Whp ® 1) = wXpec - (li ® ) asgsc. (whyp®)

We define, in the same way as we defined the category & in the preceding section,
the free monoidal categories with a family of monoidal endofunctors, a family of left
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monoidal endofunctors, a family of right monoidal endofunctors or a family of locally
monoidal endofunctors, which we call .#, ¥, ¥R and %, respectively. All these categories
have the same propositional formulae as objects (provided the sets of generators are the
same). Then it is easy to see that the category #R is an isomorphic mirror image of
#L. For the categories .4, ¥, ¥R and %, we define the notions of developed arrow
term, factor and head of a factor analogously to the way we did for & in the preceding
section.

We define a functor G from .# to the category Fun of functions between finite ordinals
by stipulating that GA, for 4 a propositional formula, is the number of occurrences of E
in A (that is, the number of all E”s in A, for every i), while Gf for an arrow term f of
M is defined inductively on the complexity of f. We have that G1,4, Gay ¢, Gl4 and Gry
are identity functions, while for the remaining primitive arrow terms, we have the clause
corresponding to the picture

EA®EB

Gyas W H

E(A ® B)

and Gy is the empty function from @, which is GI, to {@}, which is GEI (in our picture
we obtain a crossing if there is an E in 4, which may or may not be different from the E
in the picture). We also have clauses corresponding to the pictures

G(f®g) Gf| | Gg GEf Gf

and G(g - f) is the composition of the functions Gf and Gg. It is easy to verify by induction
on the length of derivation that G so defined on the arrow terms of .# induces a functor
from .# to Fun.

Intuitively, Gf : GA — GB shows from which occurrences of E in 4 the occurrences of
E in B originate. We call Gf a graph. For example, for the two sides of the equation (ypa)
we have the pictures

(EA® EB)® EC (EA ® EB)® EC
Yas ®1c ‘ AEAEB.EC ‘
E(A®B) ® EC EA®(EB ® EC)
YA®B,C / 154 ® Yy c
E((A® B)® C) EA® E(B®C)
Eaypc YA,BeC
E(A4®(B®C)) E(4®(B®C))
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and for the two sides of (pl) we have the pictures

I ®EA I ®EA
o ® 14 lea /
El ® EA EA
Yr1.4
E(I ®4)
Ely |
EA

The functors from #%, ¥R and £ to Fun analogous to G, which we shall call G, are
defined in the same way as G apart from the clauses corresponding to the pictures

EA ® B A®EB
oia || [ et 47
E(4 ® B) E(4 ® B)

(this means that thﬁ’B is an identity arrow). The target category of G for #R and &
is the subcategory of Fun of bijections between finite ordinals, and for £ this is the
discrete subcategory of Fun, with all arrows just identity arrows.

If # is a category like .#, ¥, ¥R or &, then we use the name .#"-Coherence for
the proposition that G from # to Fun, or a category like Fun, is a faithful functor.
Since the image of #* under G is a discrete category, #~-Coherence amounts to the
proposition that £ is a preorder, and since #% and #R are isomorphic, .#R-Coherence
also amounts to the proposition that #® is a preorder. (Our notion of % -coherence
is a standard notion of coherence, which follows from Mac Lane’s coherence results
for monoidal and symmetric monoidal categories; see Mac Lane (1998) and Dosen and
Petric (2004), and references therein.)

Note that with this understanding of coherence, we cannot expect yp4p and g to be
isomorphisms. With the natural G image (now not in Fun) of the inverses of 4 p and o,
we have

EA®EB El
ﬁ;\@}i) I
EA®EB El

neither of which corresponds to an identity arrow. The reasons for this failure of
isomorphism are similar to the reasons for the failure of the isomorphism of distribution
investigated in DoSen and Petric (2004).

Instead of formulating our coherence results in terms of G and graphs, we could
have produced formulations based on diversified objects (see the preceding section). For
example, .#-Coherence, which we are going to prove in the next section, is equivalent to
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the proposition that for all arrow terms f,g : A — B of .# with B diversified, we have
f=gin ..

4. .#/-Coherence
The category ./ is equivalent to its strictification .#*", where
(A®@B)®C=4A®(B®C) aspc = lugBoc
I®A=A=A4Q1 Iy =14 =r4.

The preordered groupoid subcategory of .# over which we make the strictification is the
category & of Section 2 (see DoSen and Petri¢ (2004, Section 3.2), which, together with
Dosen and Petri¢ (2004, Section 3.1), provides a general treatment of strictification along
with references to earlier approaches).

Let H be the functor from .#*" to .#, and H' be the functor in the opposite direction,
by which .#%" and ./ are equivalent categories. We will show that the composite functor
GH from 4" to Fun is faithful. This implies, as follows, that G from .# to Fun is
faithful, that is, we have .#-Coherence. Suppose Gf = Gg. Then, since GHH'h = Gh for
every arrow h of .4, we get GHH'f = GHH'g, and, by the faithfulness of GH, we have
H'f = H'g, from which we get HH'f = HH'g, so f = g in ./.

Proposition 1. The functor GH from .#*" to Fun is faithful.

Proof. Every arrow term f of .#*" is equal to a developed arrow term f,- --- - f1 such
that each f; is either a y-factor or a yo-factor. By applying naturality and the functorial
equations, and the equations

Yrae(po ® 1pa) = 1ga = par-(1ga ® o),
which are (ypl) and (yr) strictified, we obtain from a developed arrow term an arrow term
equal to it of the form h-g,- -+ - g, where in h we have no occurrence of yp, and - may
occur only in subterms of i of the form E -+ Eyge - opo: I — E---EI; for gy - g
we assume that it is developed without yyg-factors.

If m > 1, each g; is a yp-factor, and we assign to g; a finite ordinal 7(g;) obtained by
applying the function GH(gu - - - - gj+1) to the number x(g;) of occurrences of E in g; to
the left of . Intuitively, this is the place where the contracted E of g; will end up in the
codomain of g,. For example, with g,-g; being

EllpliE‘(pm) ‘ El(lEzp ® Ezw;,q)’
we have x(g1) = 3 and 1(g;) = 2, which is clear from the following picture:
ENE’p® EXE'p® E'q))
ons ||
ENE’p® E*E'(p®q))
GHg, ‘

E'EXp® E!
£ 1(p®2(p®q))
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It is not difficult to see that for the y-factors g; and g;,; such that t(gj+1) =k <[ = 1(g;)
we have, by naturality and the functorial equations, that giy;-g = gj,-g; for some -
factors g; and g;, | such that 7(gj) = k and ©(g/, ;) = . So g, - - -~ - gy isequal to g, - - - g}
such that 7(gj, ;) > t(gj). If (g}, ;) = 7(g{), they can be permuted by the equation (lpa)
strictified. (Note that with five applications of that equation we may also permute the
two rightmost factors of yyeqres°(1Epeg) ® Vrs)° (Ppg ® 1erers).) We take heg) -+ - g}
to be a normal form of f. As an arrow term, this normal form is not unique, because
we may have differences based on the last-mentioned permutations or on equations like
EIA = lEA-

We may show, however, that if GHf = GHf' and f and f’ are in normal form, then f
and f’ differ from each other only in the way described in the preceding sentence. In f, let
a block f, be a composmon of yp-factors flA -+ o f;, such that ©(f; ) = - =1(f;,) = 1. We
stlpulate then that r(f,) =1 Let f be h- f,, ofl such that for i,j € {1,...,n}, if i < j,
then r(f,) < r(f]). The arrangement of these blocks is strictly increasing. Analogously,
let f’ be h’o}’,’lo f{ From GHf = GHf’, we can conclude first that n = n’, and then
proceed by induction on n. If n = 0, we conclude easily that h = I'. If n > 0, we conclude
that ©(f1) = =(f}), that GHf\ = GHJ{ and that GH(h+f,- -+ < f2) = GH(H - f+ -+« J3).
From this we conclude that f 1 fl, and, by the induction hypothes1s ho f,, ofz
W o f,’, fz. So f =g in 4.

1

Hence we have .#-Coherence.
Note that .# is not a preorder. The two arrows

(wo ® 1g1) =15}, (1gr ® wo)-rg) : EI — EI ® EI

have different G images, and are different in .# ; this counterexample to it being a preorder
is from Lewis (1972, Section 0). Another counterexample is given by the two arrows

(14 ® (Elgey1,B)) aparEB, (Era°par) ® 1gp: (EA® EI)® EB—EA® EB.

This counterexample shows that graphs are essential for coherence even in the absence
of Po-

However, let .#~ be the category defined like .# except that we exclude I and everything
that involves it — namely, [, r and y,. The category .#~ is a preorder, and graphs are
irrelevant for its coherence. When we try to determine whether there is an arrow of .4~
of a given type (that is, with a given source and target), we find that if there is such an
arrow, it must be unique.

This will become clear with the following example. Suppose we want to determine
whether there is an arrow

f:E(Ep® E(Eq ® Ep)) > EE(p ® E(q ® p)).

We first diversify the propositional letters and the occurrences of E in the target, and the
question is then whether we have an arrow

f':E(Ep® E(Eq ® Er)) > E'E*’(p @ E*(q ® 1))

for some superscripts assigned to the occurrences of E in the source. The leftmost E in
the source must be E'. Since this E has {p,q,r} in its scope as E! in the target, we are
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done with E'. The leftmost of the remaining Es in the source must be E2. Since this E
has only {p} in its scope, while E? in the target has {p,q,r}, we take as E? the leftmost of
the remaining Es in the source in whose scope we find {q,r}. By iterating this procedure,
we find the arrow

E'E*(1,® ;) E'y. b ops, - EN(E’p ® EX(E’q ® E*r)) > E'E*(p® E*(q ®71)).

5. #L, #R and £-Coherence

To prove ZL-Coherence, which, as we said towards the end of Section 3, amounts to
#* being a preorder, we proceed as for .#-Coherence. We introduce the strictification
of £ and in the proof of the faithfulness of GH we have a normal form that is a
simplified version of the normal form of the preceding proof for .#*". The h part of the
normal form with yg-factors does not exist, and instead of the y-factors part, we have a
yl-factors part. The blocks are now of length 1, that is, single ypE-factors, according to
the equation (ypra) strictified, and yp’-factors with wﬁ’l are identity arrows by the equation
(plr) strictified. We may prove ZR-Coherence either directly in the same manner, or just
appeal to the isomorphism of £~ and #R.

To prove #-Coherence, we proceed as before. Again, the h part of the normal form
does not exist, and we have pE-factors and ypR-factors. A block is a single p-factor, a
single wR-factor or a pair of factors made of one p’-factor and one pR-factor, which may
be permuted according to the equation (prypRa) strictified.

6. Coherence with linear endofunctors

A symmetric monoidal category is, as usual, a monoidal category with the natural
isomorphism whose components are the arrows

CA,BIA®B—>B®A,

which satisfy Mac Lane’s coherence conditions (see Mac Lane (1998, Section XI.1)).
A linear endofunctor in a symmetric monoidal category is a monoidal endofunctor E
that preserves ¢ globally; that is, we have the equation

Ecap-wap = ¥BA°CEAEB. (ype)

(We use the word linear rather than symmetric monoidal for brevity, and because of the
connection with the structural fragment of linear logic, whose name comes from linear
algebra.)

A locally linear endofunctor in a symmetric monoidal category may be defined as a
locally monoidal endofunctor E that satisfies

. L _ R L,,R,
Ecap-yip = Wp4°CEAB- (p™yp©c)

An alternative, simpler, definition is that it is either a left monoidal or a right monoidal
endofunctor in a symmetric monoidal category. If it is left monoidal, then from (pLypRc)
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we obtain the definition of R in terms of p’ and ¢, and we derive (yRa), (yRl) and
(prypRa).

Let .4, and ¥, be the free symmetric monoidal categories with a family of linear or
locally linear endofunctors, respectively; these categories are defined analogously to .#
and . We define the functors G from .#. and ¥, to Fun by stipulating first that GA
is the number of occurrences of generators in 4. Earlier we took GA to be the number
of occurrences of generating functors in A4, though we could just as well have counted
occurrences of generating objects, but it would have been superfluous. The remaining
definitions of the new functors G are analogous to the definitions of G from .# and % to
Fun, except that we add the clause corresponding to the picture

A®B

GCA’B X

B®A

The category .4 is equivalent to its strictification .#3", as ./ is equivalent to .#*" (see
Section 4), and, as before, we prove the following proposition, which entails .# .-Coherence.

Proposition 2. The functor GH from .#5" to Fun is faithful.
Proof. We will use the following abbreviation in .4 :
\PA1,A2;B =4f (wA1,Az ® 13)°(1EA1 ® CB,EAZ) EA{® BQ EA, — E(A1 ® A2) ® B.

We obtain a W-developed arrow term from a developed arrow term of .#%" by replacing
the head g4, 4, of every p-factor by W4, 4,; this replacement is justified by the equation
Va4, = VYa, 4,1 of 45", Every W-developed arrow term is equal in .#%" to an arrow term
of the form h-g, - - -g;, where in h we have no occurrences W and ¢, while occurrences
of - are restricted as in the proof of Proposition 1; for g, - --- -g;, we suppose that it is
Y-developed without yg-factors; that is, it has only W-factors and c-factors.

If m > 1, and g; is a W-factor, we assign to g; a finite ordinal 7(g;) exactly as we did
in the proof of Proposition 1. We then proceed along the same lines as in that proof to
obtain a normal form. When 7(g;+1) < 7(g;), we proceed exactly as before. The new cases
we have to consider are as follows.

Suppose we have the W-factors g; and g;; such that 7(g;+1) = t(g;). Then we may have
the opportunity to apply the following equations of .Z%" from left to right:

(V4,043,458 ® 1)WY u, 4;:8,0E4,08, (‘P¥1)

= (E(lAl ® CAz,As) ® 131®Bz) °lPA|®A2,A3 :B1®B; ° (LIIAI,AZQBI ® 132®EA3)

(\PA1>A2®A3 B, ® le) ° (lEA1®Bl ® lPz‘lz,z‘ls;Bz) (‘Pl{lz)
= lIlz‘1|®Az,A3 ;B1®B; ° (‘PAI,Az;Bl ® 132®EA3)~

We say a c-factor is atomised when in its head c4 g the objects A and B are atomic (see
Section 2). By the strictified version of Mac Lane’s hexagonal coherence condition for
symmetric monoidal categories (Mac Lane 1998, Section XI.1), and since c4; = l;l oy =
14, we may assume that all our c-factors are atomised. Suppose we have an atomic c-factor

https://doi.org/10.1017/50960129510000022 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129510000022

Coherence for monoidal endofunctors 533

g; and a W-factor g;11. Then we may have the opportunity to apply either the naturality
and the functorial equations, or the equation (yc), or the equations

W4, 45:8,0B, °(CB,,EA, ® 1B,0EA,) (Pel)

= (CBl,E(A1®A2) ® 132)0(131 ® \PAl,Az;Bz)

(1, ® Wa,,4,:8,) * (CE4,.B, ® 1B,0E4,) (Pc2)

= (CE(A1®A2),31 ® 132) OLI‘Al,x‘lz;BI®Bz

of .4 in order to obtain g;;1-g; = g/, - g for a V-factor g; and a c-factor g/, ;. Otherwise,
we must have the opportunity to apply the equations

(Wa,,40:8, ®1B,)°(1E4,0B, ® CB,EA) = Yy 4,:8,08, (We3)

W4, 45:8,08, °(1E4,0B, ® CEA»B,) = Wa, 4.8, ® 1, (Pcd)

which follow from the definition of ¥, in order to obtain g;y;-g; = g for a W-factor g.
After applying all these reductions, we reach our normal form, which has the following
structure

Let a block f,- be a composition of W-factors f;, - - - - - f;, all with the same 7 value and
such that f; - fi is never of the form of the left-hand side of (¥'¥'1) and (¥¥2). Our

normal form is h-g cf”n ot ofl such that:

— n = 0 and the arrangement of the blocks is strictly increasing (see the proof of
Proposition 1 in Section 4);

— the arrow term g has no occurrence of p or o (but ¢ may occur), and h has no
occurrence of y or ¢ (but ypy may occur);

— - may occur in h only as specified in the proof of Proposition 1.

The last part of the proof is obtained using a slight modification of the last part of the
proof of Proposition 1. We have the same kind of induction, but in the basis we do not
only have h = I/, but also h-g = ' -¢’. The fact that h = I follows as before, while g = g’
follows from a coherence result generalising Mac Lane’s symmetric monoidal coherence
(see Mac Lane (1998, Section XI.1) or DoSen and Petric (2004, Chapter 5)) in the same
way as the &-Coherence of Section 2 generalises Mac Lane’s monoidal coherence, and
which is proved analogously to the result for &-Coherence. |

We can then infer .# .-Coherence from this proposition.

To prove #.-Coherence, we proceed as for .#.-Coherence. We introduce the stric-
tification #5" of #. and prove the following proposition, from which we will infer
Z .-Coherence.

Proposition 3. The functor GH from £ to Fun is faithful.

Proof. We have a normal form for the arrow terms of £, which is a modification of

c

the normal form of the proof of Proposition 2. We use the following abbreviations for
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this normal form in &9

W s =ar (Wi 4, ®1p)-(1p4, ® cpa,): EA| @ B® Ay > E(4; ® A)) ® B

YR s =ar W5 4 ®1p)-(14, ® cppa,): A ® B® EA; - E(4; ® A>) ® B,

which are both obtained from the definition of W4, 4,.5 by adding the superscripts L or
R to y and deleting some occurrences of E in the subscripted indices.

The h part of the normal form with yg-factors does not exist now, and instead of
W-factors, we have WE-factors and WR-factors, which, collectively, we call P-factors. For
a W-factor g;, we define 7(g;) as before, and proceed as before when 7(gi+1) < 7(g;) for
the W-factors g; and g;;.

When 1(g;+1) = t(g;), we may apply one of the following equations of #*" from left to
right:

L L LwL
(Vi ,045.4,:8 © 18,) Vi, 4;:8,04,08, (P-¥")

= (E(lAl ® CAZ»A3) ® lBl®BZ) O\II/I‘L@Az,Ag ;:B1®B, ° (\Pﬁl,Az ;B ® 132®A3)

qjil ®A42,A43;B1®B; ° (\Pﬁl,Az ;B ® le®A3) (qul‘PR 1)

R L
= (TA1,A2®A3;31 ® 132)0(1’41@31 ® TAz,AMBz)

(\PﬁleoA;,Az;}_;l ® 13,) °T§1,A3;B1®A2®Bz (PLPR2)
= (E(IAI ® CA2>A3) ® 131®BZ) ° (Tﬁ],A2®A3;BI ® 132) ° (1A1®Bl ® Tﬁz,A:;;Bz)'

The equation (PP is obtained from the equation (PW1) in the proof of Proposition 2
above by adding the superscripts L to W and deleting both occurrences of E in the
subscripted indices. The equation (PXWR1) is obtained in a similar manner from (¥¥2)
read from right to left. The equation (PL¥R2), which is analogous to (PL¥L), could be
obtained similarly from an equation of .#%", which we did not need, and did not mention
before.

We have, moreover, eight equations obtained from the equations (Yc1)-(Wc4) by adding
the superscripts L or R uniformly to ¥ and deleting some occurrences of E in the
subscripted indices. These equations enable us to obtain a normal form with the following
structure.

A block f”i is a composition of W-factors f; - - - - - f;, all with the same 7 value such that
fisi o fi, is never of the form of the left-hand side of (W), and it is never the case that
fi;is a YR factor while fi, s a WE-factor. Our normal form is gof,lo ofl such that,
as before:

— n = 0 and the arrangement of the blocks is strictly increasing (see the proof of
Proposition 1);
— the arrow term g has no occurrence of p” and p® (but ¢ may occur).

With this normal form, we then proceed as in the proofs of Propositions 1 and 2. ]
If we had defined W% , j as

(15 ® W}, 4,)(ca8 ® 1g4,): A ® B® EA; — B ® E(4; ® A),
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WL and ¥R would have been more symmetric, and we could have used a modification
of our normal form that would not favour pushing W to the right as in (¥*¥R1) and
(WYLWR2). However, this approach would have made our exposition rather more involved.

7. Coherence with conjunctive relevant endofunctors

A conjunctive relevant category is a symmetric monoidal category with a diagonal natural
transformation, whose components are the arrows

AAA—>A®A

We assume the following coherence equations for A:

agaa° (A ®14)° Ay =14 ®Ay)-Ay (Aa)
li-Ar =1, (Al)

Can-Ag =AMy (Ac)

Ao = app°(As ® Ap), (Aac)

where

i s.cp =df 4acpep (14®(acpp(cpc ® 1p)-dgip))-aapcep :
(A®B)®(C®D) - (A®C)®(B®D),

(DosSen and Petric 1996, Section 2; Petric 2002, Section 1; DoSen and Petric 2004,
Sections 9.1 and 9.2); the word relevant is used here because of the connection with the
structural fragment of relevant logic).

A conjunctive relevant endofunctor in a conjunctive relevant category is a linear endo-
functor E in this category that preserves A globally; that is, we have the equation

EAy =wa4°Aga. (pA)

Let # be the free conjunctive relevant category with a family of conjunctive relevant
endofunctors. Let Rel be the category whose arrows are relations between finite ordinals
(and not between any sets, which one might have expected from what is perhaps the more
common usage of the denotation Rel; our category Rel is the skeleton of the category of
relations between finite sets, but a notation like Sk(Rel;,) would be too cumbersome). We
define the functor G from 2 to Rel as the functor G from .#. to Fun with an additional
clause corresponding to the following picture:

A

ol

A®A
Let 2~ be the free conjunctive relevant category, and let G from £~ to Rel (as a matter
of fact, Fun®?) be defined by restricting G from £ to Rel. A proof of #~-Coherence can
be found in Petri¢ (2002, Section 5).
The category Z is equivalent to its strictification 2", since ./ is equivalent to .#*" (see
Section 4), and, as before, our goal is to prove the following proposition, which entails
#-Coherence.
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Proposition 4. The functor GH from %" to Rel is faithful.

We will first prove the following auxiliary lemma for .# . (see Section 2 for the notions
of diversification and scope).

Lemma 1 (.#Z.-Theoremhood Lemma). For 4 diversified on generating objects and B
diversified, there is an arrow f : A — B of .#, if and only if the generators of 4 and
B coincide, and for every generating functor E' of B the union of the scopes of the
occurrences of E' in A is equal to the scope of E' in B.

Proof. The proof in the left to right direction is by a trivial induction on the length of
f in developed form.

For the other direction, we suppose {E',..., E"} is the set of generating functors of B,
and proceed by induction on n.

If n = 0, this set is empty, and we trivially have an arrow from A to B of symmetric
monoidal categories.

For the induction step, let E! in E'B; be the leftmost E of B. Since E! is not in the
scope of any other E in B, by the assumptions of the lemma, it is not in the scope of any
other E in A either. So we may assume that A4 is of the form

Di®E'A;® - ®D,®E'A, ® Dyyy,

with parentheses associated arbitrarily, and D; being E'-free. It is clear that we have an
arrow of ./ from A to E'(4,® - ® 4,) ® D; ® - - - ® D, 1. By the induction hypothesis,
there is an arrow of .Z, from A; ® -+ ® A, to By, and hence an arrow of .#. from
EY(A; ® --- ® A,) to E'B;. By appealing again to the induction hypothesis, we have an
arrow of .4, from p® D; ® --- ® D, to B in which E'By is replaced by p. From all this
we obtain an arrow of .#. from A to B. ]

Let B be a part (proper or not) of an object of .#5", denoted by A[B], and let A[B']
be obtained from this object by replacing B by B’ (we replace a single part B by a single
B'). For f: B — B/, let A[f]: A[B] — A[B’] be constructed from f with identity arrows,
® and E in the obvious way. We can then prove the following lemma.

Lemma 2. For the arrow term
f:A[EA, ® D ® EA;] —» B

of .#%" and with g : B — C a wy-factor such that the ordinals corresponding to the
outermost occurrences of E in EA; and EA, are i and j, respectively, and (GHf)(i) #+
(GHf)(j), but (GH(g-f))(i) = (GH(g-f))(j), there exists an arrow term

f/ tA[E(A1 ® A))® D] — C

of 43" such that gof = "< A[W 4, 4,.0)-
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Proof. Note first that every arrow term of .Z3" is a substitution instance of an arrow
term of .#5" with a diversified target. So we may assume that C in the lemma is diversified.
The fact that f’ exists follows from the assumption that we have g-f and from the .#.-
Theoremhood Lemma (Lemma 1). The fact that g f = '« A[W4, 4,.p] then follows from
M .~-Coherence. ]

Remark 1. Consider the arrow term f : A[D ® D] — B of .#%" with D atomic, and let
i and j, with i < j, be the ordinals corresponding either to the outermost occurrences
of E in D when D is of the form ED’, or, otherwise, to the two occurrences of D when
D is a propositional letter. If (GHf)(j) < (GHf)(i), then for h being f-A[cpp] we have
(GHh)(i) < (GHh)(j) and f = h-A[cpp].

A developed arrow term made only of A-factors is called a A-term. If h is a A-term,
then for GHh: GHA — GHB, the converse relation (GHh)™' : GHB — GHA is an onto
function. A A-term is atomised when for every A-factor in it, in the head A, of this
A-factor, A is atomic.

Let h be an atomised A-term such that E/ occurs exactly once in its source. By naturality
and the functorial equations, h is equal to an atomised A-term hs-h,-h; such that, for
every factor of hy:

— its head is neither in the scope of E/ nor is it of the form Agjy ;
— all the heads of the factors of h, are of the form Ag,, ; and

— all the heads of the factors of h3 are in the scope of E/ (cf. the proof of &-Coherence
in Section 2).

Analogously, we can transform every atomised A-term into the normal form hs-h;-h;
relative to an occurrence E' in its source (we have to replace this particular occurrence
of E' by a genuinely new E/, then factor the newly obtained arrow term as above, and,
finally, we substitute E’ for E/ everywhere in the term).

A A-capped arrow term is an arrow term f-h of #°" such that h: D — A is a A-term
and f: A — C is an arrow term of .#5". A A-capped arrow term f - h is atomised when h
is an atomised A-term.

A short circuit in an arrow term f-h, with h: D — A, is a pair of ordinals (i, j) such
that i,j € GHA, i < j, (GHh)~'(i) = (GHh)~'(j) and (GHf)(j) = (GHf)(i).

A useless crossing is defined analogously to a short circuit, except that here we have
(GHf)(j) < (GHf)(i). For an example of a short circuit and a useless crossing see the
picture after Lemma 6.

Lemma 3. Every arrow term of %" is equal to an atomised A-capped arrow term.

To prove this lemma we just apply naturality and the functorial equations together with
A; = 1;, which is (Al) strictified, and (Aac).

Lemma 4. Every arrow term of %" is equal to an atomised A-capped arrow term without
short circuits.
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Proof. We first apply Lemma 3 and then proceed by induction on the number n of short
circuits in an atomised A-capped arrow term. If n = 0, we are done. If n > 0, our arrow
term is of the form k-g-f-h, for f-h an atomised A-capped arrow term without short
circuits, g f -h an atomised A-capped arrow term with a single short circuit (i, j) and g a
y-factor. Let h3 - hy - hy be the normal form of the A-term h relative to the occurrence E' in
the source of h that corresponds to the ordinal (GHh)~!(i), which is equal to (GHh)™'(j),
and let g- f be transformed according to Lemma 2; here h, is not an identity arrow. Now
we can apply naturality and the functorial equations to ‘permute’ h3 with A[W 4, 4,.p], and
then the equations (Aa) strictified, (Ac) and (pA) in order to decrease n. After applying
(pA), we may have to apply A; = 1; and (Aac) again to atomise the resulting A-capped
arrow term, to which we then apply the induction hypothesis. L]

Lemma 5. If for the A-terms f,g: 4 — B we have GHf = GHg, then f = g.

Proof. We proceed essentially as in the proof of &-Coherence in Section 2, except that:

— When E does not occur in 4, we rely on £ -Coherence instead of Mac Lane’s
monoidal coherence.

— When E occurs in 4, the interpolant C is determined not only by A" and B’, but we
must also take into account Gf, which is equal to Gg. From Gf = Gg, we may also
infer Gf; = Gg; and Gf, = Gg,.

Another difference when compared with the proof of &-Coherence is that the number
of occurrences of E in A4 is not equal to the number in B, and in C we may have more
than one occurrence of E/. However, there is no essential difference compared with the
previous proof because we do not have to deal with A-terms like E/Ag;, that have A in
the scope of E/ and E/ in the index of A. Between two occurrences of E/ in C, there
will always be a ® in whose scope they are. Hence in f; and g; the subformula E/D will
again amount to a generating object, and in f, and g, only what is within the scope of
EJ counts. However, since there may be more than one occurrence of E/ in C, we may
need to apply the induction hypothesis more than once to establish that f, = g». ]

Note that the normal form of f relative to an occurrence of E in 4 is just a refinement
of the factorisation f; - f; used in the proof of &-Coherence in Section 2, and in the proof
of Lemma 5. For &-Coherence, we could take the factorisation f,-f; to be such that all
the heads of the factors of f| are in the scope of E/, and no head of the factors of f>
is in the scope of E/, while in the case of A-terms, switching the roles of f; and f, is
impossible.

An arrow term of #°" is in normal form when it is an atomised A-capped arrow term
without short circuits and without useless crossings. We can now prove the following
lemma.

Lemma 6. Every arrow term of #°" is equal to an arrow term in normal form.
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To prove this, we just apply Lemma 4, Remark 1 and the equation (Ac). Note that we
could not apply Remark 1 without previously applying Lemma 4. For example, we could
have

AE(p®q)

Ppeq.peq

E(cpp ® 140q) ‘

where dotted lines are tied to a short circuit and bold lines to a useless crossing.
We can now prove Proposition 4, which says that the functor GH from #*" to Rel is
faithful.

Proof of Proposition 4. Note that for an arrow term f-h of #* in normal form,
where h: A —» B is a A-term and f : B — C is an arrow term of /%", we have that
G(f - h) uniquely determines Gh, Gf and B. This is not entirely trivial, and is established
along the same lines as the more general Decomposition Proposition of DoSen and
Petri¢ (2010, Section 8). We then conclude the proof of the proposition using Lemma 5

and Proposition 2, that is, .#.-Coherence. ]

8. Coherence in cartesian categories with relevant endofunctors

A cartesian category is a conjunctive relevant category with the monoidal unit object I
being a terminal object. The unique arrow from A4 to I is iy : A — I. This notion of
a cartesian category is equivalent to the usual notion, where a cartesian category is a
category with all finite products (see Dosen and Petric (2004, Sections 9.1 and 9.2); some
authors use cartesian to denote categories with finite limits other than just finite products —
see Johnstone (2002, Volume I, Section A1.2) and Leinster (2003, Section 4.1)).

In accordance with what we had before, a cartesian endofunctor in a cartesian category
should preserve i, which would yield the equation

Eig=wo-iga (i)
analogous to (pA). However, since GI = @, we see easily that no definition of Giy
would enable us to obtain coherence with (yi); even the functoriality of G, that is,
G(g-f) = Gg-Gf, would fail (¢f. the last picture in Section 3, and the beginning of
Section 5 in DoSen and Petric (2010)).

However, we still get coherence for conjunctive relevant endofunctors in cartesian
categories, which we shall prove now. Let & be the free cartesian category with a family
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of conjunctive relevant functors. We define the functor G from % to Rel as the functor G
from # to Rel with an additional clause that says that Gi is the empty relation between
GA and @, which is GI.

The category € is equivalent to its strictification " since .# is equivalent to .#*" (see
Section 4), and, as before, our goal is to prove the following proposition, which entails
%-Coherence.

Proposition 5. The functor GH from %*" to Rel is faithful.

Proof. We proceed analogously to the proof of Proposition 4, but modify the lemmas
and terminology given there to take account of the presence of i in €*".

A developed arrow term made only of A-factors and i-factors is called a Ai-term. If h is
a Ai-term, then for GHh: GHA — GHB, the converse relation (GHh)™': GHB — GHA
is a function. A Aj-term is atomised when for every A-factor and every i-factor in it, in
the heads A4 or iy of this A-factor or i-factor, 4 is atomic.

For every atomised Ai-term h, and every occurrence E' in its source, we define the
normal form hsy-hy-hy of h relative to this occurrence of E' in exactly the same way as
we defined it for atomised A-terms in Section 7. A Aj-capped arrow term is an arrow
term f-h of € such that h is a Ai-term and f is an arrow term of .#%". A Ai-capped
arrow term f-h is atomised when h is an atomised Ai-term. The short circuit and useless
crossing notions are defined exactly as in Section 7.

An arrow term of €*" is in normal form when it is an atomised Aj-capped arrow term
without short circuits and without useless crossings. Lemmas 3-6 with 2" replaced by
%*" and A replaced by Ai can be proved along the same lines as in the proofs in Section 7.
For the proof of the modification of Lemma 5, where we relied on £~ -Coherence, we now
rely on cartesian coherence, that is, the faithfulness of G from the free cartesian category
into Rel (see DoSen and Petri¢ (2004, Section 9.2), and references therein).

Unlike in the proof of Proposition 4, here there is no difficulty in showing that G(f -h)
uniquely determines Gh, Gf and B because we may assume that the target of f-h is
®-free, which we can show by composing with

E'r,-(1,®ip)) : E"(A® B) —> E"A
and
E'(lg-(iy®13p)) : E"(A ® B) > E"B,

where E" is the sequence of n occurrences of E, and then using the following ‘extensionality’
equation of 4:

E" e cwprigpipe (E"(ra> (1, ® ip)) ® E"(Ip+(i4 ® 1)) Apo(ae)

= 1gn4@B).-

Since we may assume that the target of f - h is ®-free, we may assume that & is A-free, and
Gh, Gf and B are then uniquely determined from G(f -h) in a straightforward manner. []

https://doi.org/10.1017/50960129510000022 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129510000022

Coherence for monoidal endofunctors 541

9. Coherence in cocartesian categories with endofunctors

A disjunctive relevant category is a symmetric monoidal category with a codiagonal natural
transformation whose components are the arrows

Vi:A® A — A.

For V, we assume coherence equations dual to (Aa), (Al), (Ac) and (Aac).
A disjunctive relevant endofunctor in a disjunctive relevant category is a linear endo-
functor E in this category that satisfies the equation

EV4ows4 = VEa. (»V)

This equation, together with others, enables us to reduce to a propositional letter all the
indices of V, and that, together with the naturality of V, is, essentially, all we need to
push every occurrence of V to the left. This enables us to prove coherence for disjunctive
relevant categories.

A cocartesian category is a disjunctive relevant category with the monoidal unit object
I being an initial object. The unique arrow from I to 4 is !4 : I — A. Equivalently,
cocartesian categories are defined as categories with all finite coproducts.

It will follow from the coherence result below that any endofunctor E in a cocartesian
category is a disjunctive relevant endofunctor with the definitions

Vap =df Veuen) (E(14® 5)-17") ® E((14 ® 15)-15"))
Yo =af EI.
Moreover, this endofunctor preserves !, in the sense that it satisfies the equation
Elyepo = g4 (w!)

Unlike (i), this equation is in accordance with coherence. Note that the equations defining
o and y above follow from the initiality of I, the requirement that ® is a coproduct and
the equations (ypl) and (yr).

Let 2 be the free cocartesian category with a family of endofunctors. We define the
functor G from 2 to Fun as the functor G from .#,. to Fun with the additional clause
that corresponds to the picture

A®A

o

A

and the clause that says that G!4 is the empty function from @, which is GI, to GA. Then
we can prove Z-Coherence.

We proceed essentially as in the proof of &-Coherence in Section 2, and as in the
proofs of Lemma 5 and its modifications in the two preceding sections, but now rely
on cocartesian coherence, instead of monoidal coherence, #~-Coherence and cartesian
coherence, respectively (the only difference is that now we work relative to an occurrence
EJ in the target B, and the factorisation f, - f; is such that all the heads of the factors of
f1 are in the scope of E/ and no head of a factor of £ is in the scope of E/).
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An alternative way to prove Z-Coherence is to use the factorisation f,-f; such that
f1 is an arrow term of ¥, and in the developed arrow term f, every factor is either a
V-factor or a !-factor such that the index of its head is a propositional letter. To do this,
we use the equations (pV) and (y!) above.

Cocartesian coherence, that is, the faithfulness of G from the free cocartesian category
into Fun, follows from cartesian coherence (see DoSen and Petri¢c (2004, Section 9.2), and
references therein). Cocartesian coherence may be proved using a normal form inspired
by Gentzen’s cut elimination (see DoSen and Petric (2004, Sections 9.1 and 9.2)), but
we could alternatively use a developed strictified normal form f3-f,-f{, where f; has
atomised c-factors only, f, has atomised V-factors only, and f3; has atomised !-factors
only.

The coherence results of this paper yield coherence results for categories with ar-
rows oriented in the opposite direction. In these categories, we do not have monoidal
functors with y and o, but comonoidal functors with arrows oriented oppositely to p
and 1.
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