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SUMMARY
This paper presents a robust adaptive impedance controller for electrically driven robots using poly-
nomials of degree N as a universal approximator. According to the universal approximation theorem,
polynomials of degree N can approximate uncertainties including un-modeled dynamics and external
disturbances. This fact is completely discussed and proved in this paper. The polynomial coefficients
are estimated based on the adaptive law calculated in the stability analysis. A performance evaluation
has been carried out to verify satisfactory performance of the controller. Simulation results on a two
degree of freedom manipulator have been presented to guarantee its successful implementation.

KEYWORDS: Impedance control; Robot manipulator; Function approximation technique; Robust
adaptive control; Universal approximation theorem.

1. Introduction
Human’s brain as a very advanced and intelligent controller carries out various tasks precisely when it
is in contact with environment. Suppose that you want to pick up and move a component. Your brain
exactly determines the required force for keeping the component and then tracks a desired trajectory
to reach the destination. Furthermore, the brain switches smoothly between position and force control
without any problem. This high capability owes to exact recognition of the environment nature by
our brain. As a result, there is not considerable uncertainty in the interaction between human and its
surrounding environment.

In the last few decades, various interaction control strategies such as hybrid control,1–3 impedance
control4–6 and hybrid impedance control (HIC)7, 8 for robot manipulators have been proposed based
on imitating the human performance. Hybrid position/force control can only control either the posi-
tion or the force without considering the manipulator impedance.9 Impedance control is basically a
position control scheme in which the manipulator behavior is determined by proper choice of desired
impedance parameters. HIC takes the advantages of hybrid position/force control and impedance
control to regulate position, force and impedance. However, HIC suffers from switching between
controllers. In interaction control problem, manipulator behavior is highly affected by uncertainties
in contact with environment. Two aspects of uncertainties include manipulator dynamics and environ-
ment properties. Manipulator dynamics is nonlinear, highly coupled and multivariable. In addition, a
prefect model is not usually available. Therefore, a nominal model is used for designing control law,
while it differs from the actual model. Other face of uncertainty is related to environment, when the
environment properties are not available or our information is incomplete. In these situations, regulat-
ing impedance parameters is a difficult task. In other words, inaccurate selection of these parameters
degrades the controller performance in both transient and steady states.

∗ Corresponding author. E-mail: izadbakhsh_alireza@hotmail.com

https://doi.org/10.1017/S0263574720001009 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574720001009
https://orcid.org/0000-0001-5644-1735
https://orcid.org/0000-0003-0192-3678
mailto:izadbakhsh_alireza@hotmail.com
https://doi.org/10.1017/S0263574720001009


1182 Polynomial-Based robust adaptive impedance control

To solve the aforementioned problems, some robust and adaptive approaches based on uncertainty
estimation have been proposed. As pointed out in the paper,10 function approximation methods such
as neuro-fuzzy systems,11–13 Szasz–Mirakyan Operator,14 differential equations,15, 16 Fourier series
expansion and Bernstein polynomials17–25 have been utilized in robust adaptive control of many
nonlinear systems. The Stone–Weierstrass theorem, from the classical real analysis’ point of view,
can be used to guarantee that these mathematical tools possess the universal approximation property.

In ref. [10], a third-order Taylor series expansion plays the role of uncertainty estimator. The
Taylor series coefficients are then tuned based on the adaptation law obtained in the stability anal-
ysis. According to ref. [26], such an approximation is not technically correct. The reason is that
the second condition of the Stone–Weierstrass theorem is not satisfied for such an approximation.
Moreover, the proposed approach in ref. [10] does not give suitable stability analysis for the overall
control system. It uses the assumption that the control signal is bounded to prove the stability and
boundedness of the closed-loop internal signals. It is worth emphasizing that the controller operation
does not influence the plant in the saturated area of the control input, since the actuators are driving
the system by their maximum value. In this situation, the tracking error may be unacceptable due
to unsatisfactory performance of the controller.27 Nevertheless, the stability analysis presented in
ref. [10] does not address the saturated area properly. Another challenging issue is that in ref. [10],
stability is discussed separately in saturated and unsaturated operation areas. However, this stability
analysis is not complete and comprehensive, since transitions from saturation area to unsaturated
area and vice versa are neglected.

Another considerable point is that Taylor’s theorem will only approximate a differentiable function
at specific points and can produce a Taylor series that does not converge to the original function.
Hence, we need to find a better technique to approximate our nonlinear functions.

This paper presents a robust adaptive impedance controller for electrically driven robots using
polynomials of degree N as a universal approximator. In this paper, based on the Stone–Weierstrass
theorem, it is proved that these polynomials are universal approximators. The overall closed-loop
system is composed of full-actuated robotic manipulator for n degrees of freedom (DOF), and
the proposed controller is proved to be uniformly ultimately bounded (UUB) stable. Moreover,
a performance evaluation is added to verify satisfactory performance of transient response of the
controller.

This paper is organized as follows. Section 2 briefly presents dynamic modeling of the robotic
system including the robot manipulator and the permanent magnet DC motors in the task space. In
section 3, impedance control is introduced shortly. In section 4, we will see how polynomials can
be used to approximate any continuous function with Weierstrass approximation theorem. Section 5
presents the controller design scenario. The stability analysis and performance evaluation are also
presented in this section. Simulation results are illustrated in Section 6. Finally, concluding remarks
are drawn in section 7. In what follows, we use the notation λmin(•) and λmax(•) to indicate the
minimum and maximum eigenvalues, respectively, of a positive definite bounded matrix. The norm
of vector y ∈ �n is defined as ‖y‖ =√

yT y and that of matrix ‖A(y)‖ =√
λmax(A(y)T A(y)).

2. Dynamic Equation of Electrically Driven Robot
The mathematical dynamics model of a rigid-link electrically driven robot having n-DOF in contact
with the environment is described by28, 29

D(q)q̈ + C(q, q̇)q̇ + g(q) + τd = HI − J T (q)Fext (1)

L İ + RI + Kbq̇ = u(t) (2)

where q, q̇ and q̈ denote the n × 1 vectors of generalized link position, velocity and acceleration,
respectively, D(q) ∈ �n×n is a symmetric positive definite matrix, C(q, q̇)q̇ ∈ �n is the vector of
Coriolis/centrifugal forces, g(q) ∈ �n is the vector of gravitational forces, τd ∈ �n is the vector of
external disturbances, H ∈ �n×n is an invertible constant diagonal matrix characterizing the electro-
mechanical conversion between the current vector and the torque vector, I ∈ �n is the vector of motor
armature currents, J (q) ∈ �n×n is the Jacobian matrix and Fext ∈ �n is the external force exerted by
the robot at the end-effector. The constant positive definite diagonal matrices L ∈ �n×n , R ∈ �n×n

and Kb ∈ �n×n represent the electrical inductance, the electrical resistance and the back EMF effects,
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respectively, of the actuators. Also, u(t) ∈ �n denotes the control input voltage applied for the joint
actuators.

When controlling the dynamic behavior of the end-effector/environment interactions comes to be
a main concern, it is often desirable to describe the manipulator dynamics in its operational space.
Let h ∈ �n be a task space vector defined by:30

h = φ(q) (3)

where φ(•) ∈ �n → �n is generally a nonlinear transformation describing the relation between the
joint space and task space. We can relate the velocities and accelerations in the task space to those in
the joint space by the following relations:

ḣ = J (q)q̇ (4)

ḧ = J (q)q̈ + J̇ (q)q̇ (5)

Now, substituting Eqs. (4) and (5) into Eq. (1), and multiplying both sides by J (q)−T yields

M(h)ḧ + C ′(h, ḣ)ḣ + G(h) = J (q)−T HI − Fext (6)

where

M(h) = J (q)−T D(q)J (q)−1

C ′(h, ḣ) = J (q)−T
(
C(q, q̇) − D(q)J (q)−1 J̇ (q)

)
J (q)−1

G(h) = J (q)−T (g(q) + τd)

In these equations, J (q)−T means (J (q)T )−1.

3. Standard Impedance Control
Impedance control utilizes a single control law, which attempts to regulate both position and force
by specifying a dynamic relationship between them. This relationship is chosen to be a second-
order linear impedance because such systems are well understood and simple to control. A standard
impedance control law is shown in Eq. (7), where Mt ∈ �n×n , Bt ∈ �n×n and kt ∈ �n×n are constant
positive definite matrices, representing the desired inertia, damping and stiffness matrices in task
space. Vectors h ∈ �n and hd ∈ �n represent the actual and the desired end-effector positions, and
Fext represents the generalized force the environment exerts upon the end-effector

Mt(ḧ − ḧd) + Bt(ḣ − ḣd) + kt(h − hd) = −Fext (7)

The target impedance parameters are specified by the user and have the dimensions of the task space.
They cause the manipulator to exhibit the dynamics of a multi-directional mass–spring–damper sys-
tem. The target impedance matrices are typically chosen to be diagonal, resulting in uncoupled
response along each principle direction of h. With this in mind, ref. [31] proposed the standard
adaptive impedance controller using function approximation technique (FAT) and introduced the
following target impedance

Mt(ḧt − ḧd) + Bt(ḣt − ḣd) + kt(ht − hd) = −Fext (8)

where ht ∈ �n is the state vector of the reference model (8). The FAT-based controller is designed
such that h converges to ht asymptotically, which yields convergence of the new target impedance
(8) to (7) as desired. It does not require any knowledge of the system dynamics’ parameters,
except for the Jacobian matrix and torque constant. However, weighting matrices (Fourier series
coefficients) with large dimensions impose a considerable computational load in its real-time imple-
mentation. This problem has been improved in ref. [32]. In the next section, we present a simpler
FAT-based adaptive impedance controller, for rigid-link electrically driven robot interacting with the
environment.
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4. Function Approximation Using Polynomials of Degree N
Uncertainty estimators are not confined to fuzzy systems and neural networks. Polynomials are
incredibly useful mathematical tools as they are simply defined, can be computed very quickly on
computer systems and can represent a variety of functions. They can also be integrated easily and
pieced together to form spline curves that can approximate any function to any accuracy desired. In
the calculus courses, it is well known that a polynomial of degree N can be constructed as follows

fN (t) =
N∑

i=0

ai t
N−i (9)

It is interesting to investigate the capability of the last equation, Eq. (9), from a function approxima-
tion point of view. Herein, we will prove that Eq. (9) has the universal approximation capability. In
the following, we suppose that the input universe of discourse T is a convex set in �. First, we need
the following useful theorem. In this theorem, the variable “t” means time and the dimension of the
compact set “T” is one.

Stone–Weierstrass theorem [17]
Let o be a set of real continuous functions on a convex set T. If

1. The set o is algebra, that is the set o is closed under multiplication, addition and scalar
multiplication;

2. The set o separates points of T, that is,

∀ t1, t2 ∈ T, t1 	= t2, ∃ fN (t) ∈ o : fN (t1) 	= fN (t2) (10)

3. The set o vanishes at no point of T, that is,

∀t ∈ T, ∃ fN (t) ∈ o : fN (t) 	= 0 (11)

Then, for any real continuous function f (t) on T and arbitrary ε > 0, there exists a function fN (t) in
o such that

Sup
t∈T

| fN (t) − f (t)| < ε (12)

Proposition 1 (Universal approximation theorem). Let f (t) be a continuous real function on
the convex set T in �. Then, for each arbitrary ε > 0, there exists a function in the form of

fN (t) =
N∑

i=0

ai t
N−i (13)

such that

Sup
t∈T

∣∣∣∣∣
N∑

i=0

ai t
N−i − f (t)

∣∣∣∣∣< ε (14)

Proof of Proposition 1. Let o be a set of continuous function on T. Now, suppose fN ,1(t) and
fN ,2(t) are given as

fN ,1(t) =
N∑

i=0

ai t
N−i

fN ,2(t) =
N∑

j=0

ā j t
N− j (15)
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we have

fN ,1(t) + fN ,2(t) =
N∑

i=0

ai t
N−i+

N∑
j=0

ā j t
N− j (16)

fN ,1(t). fN ,2(t) =
(

N∑
i=0

ai t
N−i

)
.

⎛
⎝ N∑

j=0

ā j t
N− j

⎞
⎠ (17)

Hence, fN ,1(t) + fN ,2(t) ∈ o and fN ,1(t). fN ,2(t) ∈ o. Furthermore, for any arbitrary ς ∈ �, we
can get

ς. fN (t) =
N∑

i=0

ςai t
N−i (18)

which is also in the form of (9). So, according to (16) to (18), we can conclude that o is an algebra.
Therefore, the first condition of the Stone–Weierstrass theorem is satisfied for o. Now, we show
that o separates various points on T. Choose the parameters of fN (t) in (9) as N = 1. Since t1 	= t2,
then a0 + a1t1 	= a0 + a1t2, which can be simplified to t1 	= t2. Therefore, the second condition is also
verified. To show that o vanishes at no point of T, we simply observe that any function in the form of
(9) with aN 	= 0, and ai = 0 for i = 0, 1, .., N − 1 has the property of

∀t ∈ T, fN (t) 	= 0 (19)

Hence, o vanishes at no point of T. Thus, the three conditions of the Stone–Weierstrass theorem are
satisfied. Therefore, the result follows by Stone–Weierstrass theorem.

5. Control Design
Based on the aforementioned discussion, a polynomial-based adaptive impedance controller is devel-
oped for robotic systems. The controller will be designed in the following order. At first, fictitious
control law Id is designed for I , which is not actual control input of the manipulator. Next, the actual
control signal u(t) is constructed in (2) to ensure convergence of I to Id which results in convergence
of h to desired trajectory ht.

5.1. The output-tracking control loop
As a preliminary to the control design, let us define the actuator current tracking error as eI = (I −
Id) ∈ �n . Therefore, the robot dynamic (6) can be rewritten as

ḧ = J (q)−T HeI + J (q)−T HId − Fext + �(t) (20)

Where �(t) ∈ �n represents the lumped uncertainty denoted by

�(t) = (In − M(h))ḧ − C ′(h, ḣ)ḣ − G(h) (21)

and In denotes the identity matrix. Before we proceed with the details of controller derivation,
consider the three following assumptions.

Assumption 1. The manipulator is operating away from any singularity. In other words, the robot
moves in the space in which J (q) is non-singular.

Assumption 2. The nonlinear term �(t) is assumed to be an unknown function, and its upper
and lower bounds are also assumed to be unavailable.

Assumption 3. The desired joint trajectories and their time derivatives are in L∞ spaces [33].

As a result of Assumption 2, traditional adaptive control scheme is not applicable. Under these
circumstances, a PD type control law supported by an auxiliary control input υ(t) ∈ �n is proposed as

Id(t) = H−1 J (q)T
(

Fext + ḧt − K ph̃ − Kd
˙̃h + K pυ(t)

)
(22)
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where K p ∈ �n×n and Kd ∈ �n×n are positive proportional and derivative gain matrices, respectively,
and h̃ = h − ht . Substituting (22) into (20) leads to

ẋ(t) = Ax(t) + B(J (q)−T HeI + K pυ(t) + �(t)) (23)

where

A =
[

0n In

−K p −Kd

]
∈ �2n×2n, B =

[
0n

In

]
∈ �2n×n, x(t) =

[
h̃T ˙̃hT

]T ∈ �2n

Now, the control problem can be stated as designing a control input υ(t) such that, x(t) converges to
zero or at least it is bounded by a constant. With this in mind, the universal approximation theorem
will be used to represent �(t) as linear combinations of basis functions as

�(t) = W T
� Z� + ε� (24)

where W� ∈ �(nN1+n)×n is a block diagonal constant matrix, N1 is the degree of polynomial function,
Z� ∈ �(nN1+n) is the vector of basis functions which will be defined later and ε� ∈ �n is the approx-
imation error of �(t). This approximation opens the opportunity to design the control law υ(t)
based on compensation of the perturbation present in the plant. Making use of the polynomial-based
uncertainty estimator, we propose

υ(t) = −K −1
p Ŵ T

� Z� (25)

where

Ŵ T
� =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ŵ T
�,1 0 0 · · · 0 0

0 Ŵ T
�,2 0 · · · 0 0

... 0 Ŵ T
�,3

...
...

...

...
... · · · · · · Ŵ T

�,n−1 0

0 0 · · · · · · 0 Ŵ T
�,n

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ �n×(nN1+n) (26)

Z� = [ yT · · · yT︸ ︷︷ ︸
n

]T ∈ �nN1+n (27)

With Ŵ�,i = [
âi,N1 âi,N1−1 . . . âi,0

]T ∈ �N1+1, i= 1, 2, . . . , n and y = [
1, t, . . . t N1

]T ∈ �N1+1.
Notice that the set of functions

{
1, t, t2, ...t N1

}
form a basis for function for this vector space. Now,

substituting (24) and (25) into (23), we obtain the output-tracking loop dynamics as

ẋ(t) = Ax(t) + B(J (q)−T HeI + W̃ T
� Z� + ε�) (28)

where W̃� = W� − Ŵ� is the parametric estimation error.

5.2. The current tracking control loop
Here, the control objective is to design a control input u(t) to realize the perfect motor current vector
in (22) with the aim of reducing the error signal eI as small as possible. It returns to this fact that,
a constant-bounded disturbance will not destroy the stability result under robust control Id which is
a result of uniform ultimate boundedness of the tracking error using the Lyapunov-based theory of
guaranteed stability of uncertain systems [34]. With this in mind, we propose the following control
input

u(t) = f̂ − KceI (29)

where f̂ is the estimate of f = L İd + RI + Kbq̇ and Kc ∈ �n×n is a constant diagonal matrix of
desired error dynamics. The current tracking loop dynamics with the controller (29) and motor (2)
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can then be represented in the form of

LėI + KceI = f̂ − f (30)

Following the same procedure as previous section, a polynomial-based uncertainty estimator will be
used to represent the uncertainty term f̂ as

f̂ = [
f̂1(t) f̂2(t) ... f̂n(t)

]T ∈ �n (31)

in which

f̂i (t) =
N2∑
j=0

b̂i, j t
N2− j , i= 1, 2, ..., n (32)

with fi denoting the i-th row of the lumped uncertainty f . Equation (31) can be represented as
follows

f̂ =
⎡
⎣ N2∑

j=0

b̂1, j t
N2− j

N2∑
j=0

b̂2, j t
N2− j . . .

N2∑
j=0

b̂n, j t
N2− j

⎤
⎦T

(33)

One can easily represent (33) as

f̂ = Ŵ T
f Z f (34)

where Ŵ T
f and Z f are expressed as

Ŵ T
f =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ŵ T
f,1 0 0 · · · 0 0

0 Ŵ T
f,2 0 · · · 0 0

... 0 Ŵ T
f,3

...
...

...

...
... · · · · · · Ŵ T

f,n−1 0

0 0 · · · · · · 0 Ŵ T
f,n

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ �n×(nN2+n) (35)

Z f = [ yT · · · yT︸ ︷︷ ︸
n

]T ∈ �nN2+n (36)

with Ŵ f,i = [
b̂i,N2 b̂i,N2−1 ... b̂i,0

]T ∈ �N2+1, i= 1, 2, ..., n and y = [
1, t, ..., t N2

]T ∈ �N2+1.
Suppose that f can be modeled as

f = W T
f Z f + ε f (37)

where ε f ∈ �n is the bounded approximation error and matrix W f ∈ �(nN2+n)×n is a block diago-
nal constant matrix. Define the parameter error vector as W̃ f = W f − Ŵ f . Now, Eq. (30) can be
represented by

LėI + KceI = −W̃ T
f Z f + ε f (38)

which is a stable linear time invariant system driven by the parameter error as well as the
approximation error.

5.3. Stability analysis
To carry out the stability analysis of the closed-loop system formed by the robot dynamic model
(1), (2), together with the controller (22) and (29), the following Lyapunov function candidate is
proposed:

V (x, eI , W̃�, W̃ f ) = 1

2
[xT Px + eT

I LeI + T r(W̃ T
� 	�W̃�) + T r(W̃ T

f 	 f W̃ f )] (39)
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Differentiating (39) with respect to time and using (28) and (38) yield in

V̇ (x, eI , W̃�, W̃ f ) = 1

2
xT (AT P + PA)x − eT

I KceI + xT PBJ(q)−T HeI

+ xT PBε� + eT
I ε f + xT PBW̃ T

� Z� − eT
I W̃ T

f Z f

− T r(W̃ T
� 	�Ŵ�) − T r(W̃ T

f 	 f Ŵ f ) (40)

where 	� ∈ �(nN1+n)×(nN1+n) and 	 f ∈ �(nN2+n)×(nN2+n) are all positive definite matrices. Since A is
Hurwitz, one can arbitrarily choose a positive definite matrix Q and let P ∈ �2n×2n be the unique
symmetric positive definite matrix that satisfies the Lyapunov equation

AT P + PA = −Q (41)

Thus, substituting (41) into (40) we have

V̇ (x, eI , W̃�, W̃ f ) = −1

2
xT Qx − eT

I KceI + xT PBJ(q)−T HeI

+ xT PBε� + eT
I ε f − T r(W̃ T

� (	�
˙̂W� − Z�xT PB))

− T r(W̃ T
f (	 f

˙̂W f + Z f eT
I )) (42)

By selecting the update laws as

˙̂W� = 	−1
� (Z�xT PB − σ�Ŵ�)

˙̂W f = −	−1
f (Z f eT

I + σ f Ŵ f )
(43)

where σ(•) are positive numbers, (42) is simplified to

V̇ (x, eI , W̃�, W̃ f ) = − [
xT eT

I

]
�

[
x
eI

]
+ [

xT eT
I

]
P ′

[
ε�

ε f

]
+ σ�T r(W̃ T

� Ŵ�) + σ f T r(W̃ T
f Ŵ f ) (44)

where

� =
⎡
⎢⎣

1

2
Q −1

2
PBJ(q)−T H

−1

2
(PBJ(q)−T H)T Kc

⎤
⎥⎦

is a positive definite matrix by proper selection of Kc and Q, and P ′ =
[

PB 02n×n

0n In

]
∈ �3n×2n .

Result 1. Suppose a sufficient number of basis functions are used and the approximation error
can be ignored, then it is not necessary to include the σ -modification terms in (43). Hence, (44) can
be reduced to

V̇ (x, eI , W̃�, W̃ f ) ≤ − [
xT eT

I

]
�

[
x
eI

]
≤ 0 (45)

and asymptotic convergence of x and eI can be concluded using the Barbalat’s Lemma.

Result 2. Owing to the existence of ε� and εI in (44), it is very easy to prove the following
inequalities hold
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− [
xT eT

I

]
�

[
x
eI

]
+ [

xT eT
I

]
P ′

[
ε�

ε f

]

≤ −1

2
λmin(�)

∥∥∥∥
[

x
eI

]∥∥∥∥2

+ σ 2
max(P ′)

2λmin(�)

∥∥∥∥
[

ε�

ε f

]∥∥∥∥2

,

T r(W̃ T
(•)Ŵ(•)) ≤ 1

2
T r(W T

(•)W(•)) − 1

2
T r(W̃ T

(•)W̃(•))

(46)

where σmax(P ′) denotes maximum singular value of matrix P ′. Together with this relationship

V (x, eI , W̃�, W̃ f ) ≤ 1

2

[
λmax(�)

∥∥∥∥
[

x
eI

]∥∥∥∥2

+ λmax(	�)T r(W̃ T
� W̃�)

+ λmax(	 f )T r(W̃ T
f W̃ f )

] (47)

where � =
[

P 0
0 L

]
, we may write (44) in the form of

V̇ (x, eI , W̃�, W̃ f ) ≤ −μV + 1

2
(μλmax(�) − λmin(�))

∥∥∥∥
[

x
eI

]∥∥∥∥2

+ 1

2
(μλmax(	�) − σ�)T r(W̃ T

� W̃�)

+ 1

2
(μλmax(	 f ) − σ f )T r(W̃ T

f W̃ f )

+ 1

2

[
σ 2

max(P ′)
λmin(�)

∥∥∥∥
[

ε�

ε f

]∥∥∥∥2

+ σ�T r(W T
� W�) + σ f T r(W T

f W f )

]
(48)

By selecting μ ≤ min

{
λmin(�)

λmax(�)
,

σ�

λmax(	�)
,

σ f

λmax(	 f )

}
, then (48) can be further derived as

V̇ (x, eI , W̃�, W̃ f ) ≤ −μV + 1

2

[
σ 2

max(P ′)
λmin(�)

∥∥∥∥
[

ε�

ε f

]∥∥∥∥2

+ σ�T r(W T
� W�)

+ σ f T r(W T
f W f )

] (49)

This implies that V̇ < 0 whenever

V >
σ 2

max(P ′)
2μλmin(�)

sup
t0<τ<t

∥∥∥∥
[

ε�(τ)

ε f (τ )

]∥∥∥∥2

+ 1

2μ
[σ�T r(W T

� W�) + σ f T r(W T
f W f )] (50)

Hence, we have proved that (x, eI , W̃�, W̃ f ) are UUB.

Because x is bounded, boundedness of x(t) =
[

h̃T ˙̃hT
]T

can be obtained, whereas ht and ḣt

are bounded. Since the Jacobian matrix is non-singular, boundedness of q̇ = J (q)−1ḣ can also be
obtained, whereas ḣ is bounded. In addition, q = ∫ t

0 J−1(q)ḣdt + q(0) is also bounded, for finite
operational times. Therefore, the robotic system will be stabilized with UUB performance under the
proposed design.

5.4. Performance evaluation
The stability analysis presented in the previous section only demonstrates boundedness of
(x, eI , W̃�, W̃ f ), but in practical applications, the transient performance is also of great importance.
For further development, we may solve the differential inequality in (49) to calculate the upper bound
for V (t).
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V (t) ≤ e−μ(t−t0)V (t0) + σ 2
max(P ′)

2μλmin(�)
sup

t0<τ<t

∥∥∥∥
[

ε�(τ)

ε f (τ )

]∥∥∥∥2

+ 1

2μ
[σ�Tr(W T

� W�) + σ f Tr(W T
f W f )] (51)

Consider the lower bound of V (t) in (39) as

V (x, eI , W̃�, W̃ f ) ≥ 1

2
λmin(�)

∥∥∥∥
[

x
eI

]∥∥∥∥2

+ 1

2
[λmin(	�)T r(W̃ T

� W̃�)

+ λmin(	 f )T r(W̃ T
f W̃ f )] (52)

This implies that

∥∥∥∥
[

x
eI

]∥∥∥∥≤
√

2V (x, eI , W̃�, W̃ f )

λmin(�)
. Together with (51), we may compute the

bound as ∥∥∥∥
[

x
eI

]∥∥∥∥≤
√

2V (t0)

λmin(�)
e

−μ(t−t0)

2 +
√

σ 2
max(P ′)

μλmin(�)λmin(�)
sup

t0<τ<t

∥∥∥∥
[

ε�(τ)

ε f (τ )

]∥∥∥∥
+ 1√

μλmin(�)
[σ�T r(W T

� W�) + σ f T r(W T
f W f )] 1

2 (53)

This proves that the time history of
∥∥∥[ x

eI

]∥∥∥ is bounded by an exponential function plus some

constants. This also implies that by adjusting controller parameters, we may improve output error
convergence rate. As a consequence,

lim
t→∞

∥∥∥∥
[

x
eI

]∥∥∥∥≤
√

σ 2
max(P ′)

μλmin(�)λmin(�)
sup

t0<τ<t

∥∥∥∥
[

ε�(τ)

ε f (τ )

]∥∥∥∥
+ 1√

μλmin(�)
[σ�T r(W T

� W�) + σ f T r(W T
f W f )] 1

2 (54)

Considering the Frobenius norm definition,
(∥∥W̃(•)

∥∥2
F

= T r(W̃ T
(•)W̃(•))

)
, one can also obtain the

following bounds for the weighting vector W̃� and W̃ f , respectively.

lim
t→∞

∥∥∥W̃�

∥∥∥
F

≤
√

σ 2
max(P ′)

μλmin(	�)λmin(�)
sup

t0<τ<t

∥∥∥∥
[

ε�(τ)

ε f (τ )

]∥∥∥∥
+ 1√

μλmin(	�)
[σ�T r(W T

� W�) + σ f T r(W T
f W f )] 1

2 (55)

lim
t→∞

∥∥∥W̃ f

∥∥∥
F

≤
√

σ 2
max(P ′)

μλmin(	 f )λmin(�)
sup

t0<τ<t

∥∥∥∥
[

ε�(τ)

ε f (τ )

]∥∥∥∥
+ 1√

μλmin(	 f )
[σ�T r(W T

� W�) + σ f T r(W T
f W f )] 1

2 (56)

The transient performance analysis is then completed.

6. Simulation Results
In this section, we present simulation results for the proposed control scheme. The simulation task is
carried out based on a two DOF planer robot including the actuator dynamics. The dynamic model
of the robot system can be described in the form of Eq. (1) as [35]

D(q) =
[

m1l2
c1 + I1 + m2(l2

1 + l2
c2 + 2l1lc2 cos(q2)) + I2 m2l2

c2 + m2l1lc2 cos(q2) + I2

m2l2
c2 + m2l1lc2 cos(q2) + I2 m2l2

c2 + I2

]
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Fig. 1. Tracking performance of endpoint in the task space.

C(q, q̇)q̇ =
[−2m2l1lc2 sin(q2)(q̇1q̇2 + 0.5q̇2

2 )

m2l1lc2 sin(q2)q̇2
1

]

g(q) =
[

m1lc1g cos(q1) + m2g(lc2 cos(q1 + q2) + l1g cos(q1))

m2lc2g cos(q1 + q2)

]

J =
[−l1 sin(q1) − l2 sin(q1 + q2) −l2 sin(q1 + q2)

l1 cos(q1) + l2 cos(q1 + q2) l2 cos(q1 + q2)

]
(57)

where qi (i = 1, 2) is the joint angle, mi is the mass of each link, li is the length of each link
and g is the gravity acceleration. The manipulator parameters are defined as l1 = l2 = 0.75 m,
lc1 = lc2 = 0.375 m, m1 = m2 = 0.5 kg and I1 = I2 = 0.0234 (kgm2). The actuator dynamic model
parameters are selected as H = diag(10, 10)(N-m/A), R = diag(1, 1)
, L = diag(0.025, 0.025) H
and Kb = diag(1, 1)(volt/rad/s).

Simulation 1. The endpoint starts from x(0) = [0.8 m 0.75 m 0 0]T to track a 0.2 m radius circle
centered at (0.8 m, 1 m) during 2 s. The initial condition of the target impedance states is the same
as the initial value of the desired task space trajectory. We assume that the end-effector position can
be obtained from a position sensor, such as vision systems, electromagnetic measurement systems,
position sensitive detectors or laser trackers. The values of the parameters in M(h), H(h, ḣ) and
G(h) are assumed to be unknown.

A vertical wall with a stiffness of ke = 5000 (N/m) is located at hxe = 0.95m along the y-axis. The
environment dynamic was modeled as a regular spring, that is,

fext = ke(hx − hxe) for hx ≥ hxe (58)

where fext is the force acting on the surface, ke represents the environment dominant stiffness, hx

is the coordinate of the endpoint in the X direction and hxe denotes the location of the undeformed
environment. Hence, the external force vector becomes Fext = [ fext 0 ]T. Parameter matrices in the tar-
get impedance are selected to be Mt = diag(0.5,0.5), Bt = diag(100,100), and kt = diag(1500, 1500)
[31]. The controller parameters were selected as K p = diag(1200, 1200), Kd = diag(70, 70) and
Kc = diag(100, 100).

Let us select the 3-first terms of polynomial, as the basis function for approximation of f and �(t).
Therefore, Ŵ f ∈ �6×2, and Ŵ� ∈ �6×2. The initial weighting matrices are also assigned to zero. The
adaptive gain matrices are selected as 	 f = 10−4 × I6 and 	� = I6 where I(•) is the identity matrix.
Furthermore, Q has been selected as 103 × I4. In this step, we assume that the approximation error
can be neglected and hence the σ -modification parameters are chosen as σ f = σ� = 0. Under these
settings, Fig. 1 represents the desired and actual trajectories of the proposed adaptive impedance

https://doi.org/10.1017/S0263574720001009 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574720001009


1192 Polynomial-Based robust adaptive impedance control

Fig. 2. External forces.

Fig. 3. Tracking in the current tracking loop.

controller in the task space. Since the surface is away from the desired initial endpoint position,
different phases of operation can be observed. The robot was initially moving in free space toward
the wall. Following the commanded trajectory, the manipulator comes into contact with the wall at
about t = 0.27 s (Fig. 2), enforcing the motion of the manipulator to stop in the normal direction to
the wall. Because of the constraint from the wall and the tendency of the manipulator to follow the
commanded trajectory, a collision force fext, shown in Fig. 2, is generated between the manipulator
and the wall. The robot end-effector slides on the surface of the wall while exerting a certain normal
force during this period. The performance in the current tracking loop is very good, as shown in
Fig. 3. The control voltages to the actuators are reasonable that can be verified in Fig. 4. Finally,
Figs. 5 and 6 represent the function approximation performance.
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Fig. 4. Motor voltages.

Fig. 5. Approximation of �(t).

For better illustration of the proposed algorithm superiority, variation of the payload and external
disturbances, as the most important parameters that affect the controller performance, is considered.
Toward this end, we assume that link 2 should pick up a heavy payload at t = 0.8 s and release it at
t = 1.5 s during the tracking path. Since the load mass can be viewed as a part of the second link, the
payload variation condition is that the mass of �m2 kg is added to the mass of link 2 at t = 0.8 s,
that is, m2+ �m2, and removed at t = 1.5 s. In this simulation, we take �m2 = 4 kg. The disturbance
torque profile τd = [τd,1(t) τd,2(t) ]T in (1) for every joint is given by
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Fig. 6. Approximation of f .

Fig. 7. Tracking performance.

τd,1(t) =

⎧⎪⎨
⎪⎩

−50t + 20 0 ≤ t ≤ 0.4

16.67(t − 0.4) 0.4 ≤ t ≤ 1.6

20 cos(2.5π t) 1.6 ≤ t ≤ 2

,

τd,2(t) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

20 sin(3.33π t) 0 ≤ t ≤ 0.76

0 0.76 ≤ t ≤ 08

−20 0.8 ≤ t ≤ 1.2

−133.33t + 179.996 1.2 ≤ t ≤ 1.5

40(t − 1.5) 1.5 ≤ t ≤ 2

(59)

which are strong and complex. The controller parameters are the same as before. Under these
circumstances, Fig. 7 shows the tracking performances of the proposed approach subject to the
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Fig. 8. External forces.

Fig. 9. Tracking in the current tracking loop.

aforementioned uncertainties. From this simulation, it is concluded that the proposed control strat-
egy can achieve a favorable performance and represents high robustness. The external forces are
presented in Fig. 8. The tracking performance in the current control loop is given in Fig. 9. The
control signals are plotted in Fig. 10. As shown in this figure, motor voltages are bounded. Finally,
Figs. 11 and 12 represent the function approximation performance of �(t) and f , respectively. To
show the important role of polynomial-based uncertainty approximator, the results are simulated in
the absence of υ(t) in the control law (22). Figure 13 shows the result of trajectory tracking in this
manner.
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Fig. 10. Motor voltages.

Fig. 11. Approximation of �(t).

Simulation 2: Highly Complex Trajectory
In order to demonstrate the capabilities of the put forward controller in certain tasks where there

is a need for accurate tracking of rapid and complicated trajectories, another desired trajectory is
considered. Its time equation is given in ref. [35]. Suppose that the initial manipulator configura-
tion is x = [

0.5m 0.46m 1.4 −0.041
]T

. The above-mentioned trajectory is of immense importance,
considering the fact that it involves complex and quick reactions among various dynamics of the
manipulator. The controller parameters are chosen as described early on. Suppose that the stiffness
of a vertical wall is ke = 50000 (N/m) which is placed at hxe = 0.61 m along the y-axis. The results
obtained from the above-described simulation can be found in Figs. 14 and 15. The tracking perfor-
mance of the endpoint can be found in Fig. 14, according to which, the controller has the capability
to overcome various uncertainties with negligible tracking errors. Figure 15 presents the external

https://doi.org/10.1017/S0263574720001009 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574720001009


Polynomial-Based robust adaptive impedance control 1197

Fig. 12. Approximation of f .

Fig. 13. Tracking performance in the absence of υ(t).

Fig. 14. Tracking performance.
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Fig. 15. External forces.

Fig. 16. The current tracking performance.

forces. As shown in this figure, when the manipulator reaches the obstacle, this force increases to
high values. In Fig. 16, tracking performance of the current controller is plotted. As shown in this
figure, when the external forces increase, the controller applies larger currents to cancel the unde-
sirable influences of this force on the tracking performance. Moreover, this figure implies that in
this situation, the current tracking performance is also acceptable. The control signals are plotted
in Fig. 17, which are bounded. Finally, the accuracy of function approximation for the signals �(t)
and f can be seen in Figs. 18 and 19, respectively. According to these figures, in both conditions
(during the interaction and when there is no interaction), the performance of uncertainty estimation
is satisfactory.
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Fig. 17. Motor voltages.

Fig. 18. Approximation of �(t).

7. Conclusion
A polynomial-based robust adaptive impedance controller for electrically driven robots has been
proposed in this paper. The control law considers the actuator dynamics and has been derived under
the assumption that no information of the system and environment is in hand. It has been assumed
that the robot is actuated by permanent magnet DC motors. Moreover, it has been assumed that the
desired trajectories do not include singular configurations that the Jacobian matrix is not invertible.
According to the Stone–Weierstrass theorem, the universal approximation property of polynomials
with degree N has been verified. The controller consists of two loops, the inner loop regulates motor
currents and the outer loop is responsible for position control. The system stability has been verified
by the Lyapunov second method. Simulation results on a 2DOF planar robot manipulator actuated
by DC motors verify the effectiveness of the proposed controller.
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Fig. 19. Approximation of f .
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