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EFFICIENT SEMIPARAMETRIC
SCORING ESTIMATION OF SAMPLE
SELECTION MODELS

SONGNIAN CHEN AND LUNG-FEI LEE
Hong Kong University of Science and Technology

A semiparametric likelihood method is proposed for the estimation of sample se-
lection modelsThe method is a two-step semiparametric scoring estimation pro-
cedure based on an index restriction and kernel estimdtinder some regularity
conditionsthe estimator isn-consistent and asymptotically normahe estimator

is also asymptotically efficient in the sense that its asymptotic covariance matrix
attains the semiparametric efficiency bound under the index restridtimnthe
binary choice sample selection modealso attains the efficiency bound under the
independence assumptidrhis method can be applied to the estimation of general
sample selection models

1. INTRODUCTION

The sample selection model was introduced in Grat8id4) and Heckmaii1974)

to study the female labor supply proble8ubsequentlyit has been extended to
incorporate more general discrete choice settifegs, Lee 1978 Dubin and
McFadden1984). Under the normal distributional assumptjgarametric esti-
mation methods such as the maximum likelihood procedure and simple two-stage
methods are available for the estimation of such modeézently alternative
approaches that relax the normality assumption have been proj®msadpara-
metric estimation of the binary choice equation has been considered by Cosslett
(1983, Han (1987, Horowitz (1992, Horowitz and Hardlg1996), Ichimura
(1993, Klein and Spady1993, Manski(1985, Powell Stock and Stoke(1989),

and Shermarl993. For the binary choice sample selection mothelsed on the
Edgeworth approximation of unknown distributiohee (1982 included addi-
tional terms in a two-stage estimation methGdsslet{1991) has shown that the
model can be consistently estimated without parametric distributional assump-
tions Based on a series approximation to unknown density funct®akant and
Nychka(1987 have proposed a consistent semi-nonparametric maximum like-
lihood method The asymptotic distributions of both the estimators of Cosslett
and Gallant and Nychka are unknow®emiparametric estimators that afe-
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consistent and asymptotically normal are available in Ahn and Pqd@43),
Andrews(1991), Donald(1995, Ichimura and Le€1991), Newey(1988, Pow-
ell (1989, and Robinso1i1988, among othersThe approaches in Ahn and Pow-
elland Powell and Robinson are single equation two-stage estimation methods by
kernel methodswhereas the approaches in Andrew®nald and Newey are
based on series approximation of conditional expectatidhe approach in
Ichimura and Lee is a semiparametric nonlinear least-squares mdtheds-
ymptotic efficiency issue for semiparametric estimation of a two-equation sam-
ple selection model has been investigated in Chambe(E886 under the
restriction that the error terms are independent of the regre&vasnberlain has
derived an asymptotic efficiency bound for the variancegretonsistent semi-
parametric estimators for the model

Inthis paperwe propose a semiparametric likelihood estimation method based
on an index restriction and kernel estimatidhe estimation method is motivated
by methods of adaptive estimatigBickel, 1982 Manski 1984 and Schick
1986 and semiparametric estimation of index modétfimura 1993 Ichimura
and Lee 1991 and Klein and Spadyl993. The estimator is asymptotically
normal For the binary choice sample selection modeider some regularity
conditions the estimator is asymptotically efficient in the sense that its asymp-
totic variance attains the asymptotic efficiency bound of Chambe(l986.
This approach involves the construction of effective score functions given an
Vyn-consistent estimate and is a two-step maximum likelihood estimation proce-
dure This procedure can be applied to the estimation of general sample selection
models with polychotomous choice and sequential choice models with selectiv-
ity. For the latter mode]she estimator is semiparametric asymptotically efficient
under index restrictionsn a recent papeAi (1997 proposed a one-step semi-
parametric likelihood-based estimator that is also semiparametric effielent
estimator is defined by setting an estimated sample score equal to zero and thus
involves solving a nonlinear equatio@iven an initialyn-consistent estimatpr
our estimator has a closed form

This paper is organized as followSection 2 introduces the semiparametric
scoring estimatotarge sample properties are discussed in SectitmSection
4 a small Monte Carlo study is carried out to illustrate the usefulness of the
estimator Section 5 points out generalizations of the procedure to estimation of
sequential choice models with selectiviBection 6 concludes

2. SAMPLE SELECTION MODELS AND
SEMIPARAMETRIC ESTIMATION

Sample selection models consist of some discrete choice equations and outcome
equationsThe outcome equations are defined on the whole populdtigtrtheir
outcome values can be observed only selectiwfyhin a utility maximization
framework (McFadden 1974), suppose there are different alternativesLet
U = xd,, + U, be the associated utility for alternatiid = 1,...,L. Letl, be a
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dichotomous indicator that alternati/gill be chosenl, = 1 & X8, , — X6j o =
u—u,j#1,j=1...,L; andl, = 0, otherwise Associated with the first choice
alternativethere is a vector of continuous outcomgs= Xy, + € wherey ande
arek-dimensional row vectors ang, is a matrix of coefficientsThe value ofy
can be observed only wheép= 1. A more general model may allow continuous
outcome equations associated with each of the alternatii@sever for nota-
tional simplicity we will concentrate on the model with outcome equations avail-
able only forl; = 1.

LetXa) o =X o— X0 o, | =1,...,L — 1 and letxa, = (Xay o, ..., X -1,0) be
a vector of indicesAs an index modelwe assume that the joint densityeoénd
u, whereu = (uy,...,u.) (and hence the marginal densitywfconditional onx
can depend oronly throughxa,. Letf (e, u| xa,) be the conditional joint density
of e andu andh(u| xa,) be the conditional marginal density oftonditional on
x under the index restrictiomhus the choice probability for the alternativés

0 L X8, 6~ X0g o~ Uy L
P(l, = 1/x) =f (H >h(u|Xao)<H dus> du. (2.1)
—oo \s#| J—0 s#l
The density function of conditional onl; = 1 andx is
f(ylly = 1x)
o/ L X810~ X8sotUr _ L
=f ( )f(y—X%,UXaO)(H dus> duy /P(11 = 1]x).
—oo \s=2 J -0 s=2

(2.2)

From(2.1) and(2.2), the choice probabilities for the discrete alternatives are all
functions of the indicegea,, and the conditional density function giis a func-
tion of xa, andy — Xy,.

As a generalizatignlet us assume that the number of indices in the choice
probabilities ism wherem can be greater thaequal tg or less than the number
of choicesL. This generalization will include some models with multivariate
qualitative dependent variables and models with partial observabilityapture
possible constraint¢et 0 be the vector of parameters® a convex subset in a
finite-dimensional Euclidean spacehea andy are functions of. Let 6, denote
the true parameter vectdfor any possible valué of 6, in ®, denotexa (0) =
(Xa1(0),...,Xam(0)). Let p(x;a|0) denote the density function afx(6) evalu-
ated ak; «(0) and letg(y; — Xy, X; a|0) denote the density ¢fy — xy (6), Xa (6))
evaluated aty; — x;y(0), x;«(0)). Furthermorelet p(x;«|l, = 1,0) denote the
density function ofxa(#) conditional onl, = 1, evaluated ak;a(6),g(y; —
Xiy, X a|l; = 1,0) denote the density dfy — xy(0), xa (8)) conditional orl; = 1,
evaluated aty, — x;y(0),x;«a(0)), andf(y; — xv|l1 = 1, X,0) be the condi-
tional densityy — xy(6) conditional onl; = 1 andxa(6) evaluated afy; —
Xiy(0), % a(0)). If there are no confusionsve denotexa = xa(#) andxy =
Xy (6), with 6 suppressed for simplicitt 6,, denotex, = a(6,) andy, = y(6,).
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The choice probabilities if2.1) are
P = 1x) = E(I;[Xay). (2.3)

From(2.2), it is apparent that the density functiony€onditional onl; = 1 and
x is exactly the density function gf— Xy, conditional onl; = 1 andxa,, i.e.,

Ayl = LX) =f(y — Xyoll1 = 1, Xaro, 65)
=g(y— XYo, Xto| 11 = 1,6, )/p(xao“l 1,6,). (2.4)

The sample selection model implies the preceding specific index struGtuee
index structure plays a useful role for semiparametric estimation of econometric
models Taking into account index structureBowell (1989 proposed a two-
stage method and Ichimura and L@®91) proposed a semiparametric nonlinear
least-squares method for estimation of sample selection m@kleral studies
including Horowitz and Hardl€1996), Ichimura(1993), Klein and Spady1993),
Powell et al (1989, and Ruud1986), have explored index structures for semi-
parametric estimation in different contexie estimation method proposed in
this paper will also take advantage of the index structitiie a kind of adaptive
estimation procedure motivated by the works on adaptive estim@ione 1975
Bickel, 1982 Manski 1984 and Schick1986 for semiparametric models
Given a random sample of sizg for any possible valu#, the probability
functionP,(x;,0) = E(l,| x;, 6) of |, conditional onxa evaluated at a poing «
can be estimated by nonparametric regressiedarayal 964 Watson 1964):

P (x.9) = nhlx.6) (2.5)
M ANX,0) '
where
Xia — X«
Adﬂmﬁ)— EJ <4———L>, (2.6)
Jil aLn a],n
v=lg,...,1,0r L K(-) is a kernel function ofR™, anda, , > 0 is a bandwidth

sequencelet z = (x;,V;). Thenf(y — xy|l; = 1, Xa,0) evaluated at the point
(yi — Xiv, X;a) can be estimated by

f I = _ Cn(zi’g) 2 7
n(Yi =Xyl = Lxa) = A(I1]%.0) (2.7)
where
1 (Vi =%y) = (Y = X7) Xia—Xa
Cn(ziae) Z llj m+k < k ) J (28)
J¢| 2,n a2,n a2,n
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andJ(-) is a kernel function oR™ *with a bandwidtta, ,. These nonparametric
functions can be used to formulate a semiparametric likelihood function

n

InL,(0) = r_11 E{Ili Info(yi = Xiylly =L xa)+ i [ In Pn,l(xi,e)}-
=1

i=1

However instead of working with this functiqgrwe consider a simpler two-step
estimation methadln the existing semiparametric literatyuvariousyn-consistent
estimators existsee the discussions after the assumptions in the next section for
detail9 for the sample selection model that can be used as the initial estimate for
the scoring methadenotee; (8) = y; — x;y. Given anvyii-consistent estimai,

of 6,, a two-step scoringTSC) estimator can be defined as

én = a_n + lr:l(e_n) X S‘l(én)’ (29)
where
12 ainf(e(@)|ly=Lxa) L 9InP,(x,0)
S.(6) = N i_Eltn(Zive){lli 50 g —0}
(2.10)

and

dInf(e(O)]ly =L xa) aInfi(€(0)|ly=1Lxa)

1 n
In(6) = N _Eltn(zi,e){lli

a0 06’
L 9InP,(X,0) aInP,,(x,0
Z nIH( i ) (r;io(’ i )}’ (2-11)

wheret,(z,60) is a trimming function that is designed to trim the observations
from the tails of the indices for a finite sample

The function of trimming is to control for the erratic behavior of the nonpara-
metric estimates that appear as denominato(2.i0) and(2.11). The trimming
function is chosen to be continuously twice differential8ach a smooth trim-
ming function can be defined as followlset G be a distribution function with
support on the intervdl, 1] such that the derivatives Gf at the end pointg and
1 are zeroA simple G with such a smooth property is

=c=1 (2.12)

NI

G(0) j“ D - w2d
c) = — (1-w?)?dw,
., 16

wherel2(1—w?)?is a density function with suppolrt-1,1]. ThisGis apparently
abounded polynomial function ¢g,1]. Define the following trimming function
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1 1=c
t*(c) = {G(0 3<c<1 (2.13)
0 cC=3.

The denominators i(2.10) and(2.11) at 8, involve A, (1, x;,6,), | =0,1,...,L,
andC,(z,6,). Let 6;n>0,] = 1,2 be sequences of positive numbers converging
to zero at certain rates to be specified subsequdrelyl, = 1 to unify notation
The trimming functiort,(z,0) is defined as

L
ta(2;,0) = t"(Cn(z,6)/52,n) lljot*(An(h | %i,0)/81.n)- (2.14)

The trimmed proportion of sample observations goes to zemgass to infinity
So the trimming becomes less severe as sample size incraaskeasymptoti-
cally, all the sample information can be presenfed

3. LARGE SAMPLE PROPERTIES AND THE ASYMPTOTIC EFFICIENCY
3.1. The Asymptotic Normality

Our proposed estimator can be shown to be consistent and asymptotically nor-
mal. To justify these propertiesve assume the following regularity conditions
for the model

Assumption 1

(1) The samples$ly;,..., I, X, Vi), =1,...,nare independent and identically distrib-
uted(i.i.d.).

(2) ®isacompactneighborhood of the true parameter végtiora finite-dimensional
Euclidean spac&he mappings (#) andy(6) are twice continuously differentia-
ble on®.

(3) The density functiorf(e|l, = 1,t,0) and the probability functionB(l, = 1]t,6),
wheret = xa(#) ande =y — xy(0), are twice continuously differentiable in
ande.

(4) The functions suf=e [|0%/0600" Inf(y — xy(0)|1. = 1, xa(6),0)| and supece 0%/
3000 In P, (x,0)| for all | = 1,...,L have finite first moments

(5) The information matrix (6,) is nonsingularwhere

Inf | Inf |
|(90)=E{ dIn (e(eo)\ale 1, Xao,6,) 1N (6(00”6; 1, Xa, 0)

dln P.(X 05) dInPi(x, 00)}

L
ral 0

(6) 6, is anyn-consistent estimator @f,.
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Assumption 2

(1) The suppor§, of xis a compact set

(2) The density functionsp(t|f), g(e, t|0), the functionsE,(l,|t)p(t|6), | =
1...,L,E¢(l1]e,t)g(e,t|0), and their derivativeqga/at)p(t]|6), (9/ow)g(e,t),
0/0t) [Eo(11|t)p(t|O)], I =1,...,L,(8/0w)[Es(11|€,1)g(€,t|6)] are uniformly con-
tinuous int ande, uniformly in @ € ©, and are uniformly boundedherew = (e, t).

(3) The functionsEy(x|t)p(t]6), Ex(I,x[t)p(t]0), | = 1,...,L, Es(l1x|€,t)g(e, t]0)
and their derivative$d/at)[E,(x|t)p(t|0)], (9/0t)[Es(Lix|t)p(t]|0)], | = 1,...,L,
(9/0W)Eg(11X|€,1)g(€,t|0) are uniformly continuous ihande, uniformly in 9 €
®, and are uniformly bounded

Assumption 3

(1) The kernel functiorK(t) on R™ is a function with bounded support such that
JrmK(t) dt = 1 andfzm |K(t)| dt < co. Similarly, J(w) is a kernel function with
bounded support oR**™

(2) The kernel functionk (t) andJ(w) are twice differentiableand their first- and
second-order derivatives are bound€hde termsK, J and their first-order deriva-
tives have bounded variation

(3) TheK(t) is a high-order kernel function with zero moments up to some finite order
si, andJ(w) has zero moments up to some finite ordgr

(4) The bandwidth sequencga; .} for K(t) and {8, .} are chosen such that
limn_e (0/IN*N)@2E 064 | = oo and lim,_, ., na2% /82, = 0.

(5) The bandwidth sequencga, n} for J(w) and {6, ,} are chosen such that
Mo (0/IN* )3 @D 64 | = oo and lim,_,., na3% /83 , = 0.

Assumption 4

(1) The density functionp(t|6) andg(e, t|6) are differentiable it ande, respectively
to the orders; ands;, and these derivatives are all bounded uniformly i& ©.

(2) The functionsg,(1,]t)p(t|0), E¢(l;x|t)p(t]|0), Es(x|t)p(t|#) and their derivatives
(/00 [Ep(xt)p(t]0)], (9/0) [Eo(li[t)p(t]6)], (9/0) [Ep(I x[t)p(t]6)], 1 =1,..., L,
are differentiable irt to the orders; + 1, and these derivatives are bounded uni-
formly in 6 € @.

(3) The functionsEy(l1|e,t)g(e,t]|0), Ey(l1X|€,t)g(e,t|0) and their derivatives
(0/0W)[Eq(11]€,1)g(e,t|0)] and (9/0W)[Ey(11X|€,t)g(e, t|6)] are differentiable in
(e,1) to the orders; + 1, and these derivatives are bounded uniformly i& 6.

The conditions in Assumption 1 are some basic regularity conditions for the
model that justify some of the fundamental relations on the likelihood functions
The initial vn-consistent estimate can be constructed in several irysxam-
ple, for the model with binary choiceve can estimate the choice equation by
Ichimura’s semiparametric nonlinear least-squares mdtlehémurag 1993 and
the maximum likelihood method of Klein and Spad®93 or by the noniterative
approaches of Horowitz and Hard[E996 and Powell et al(1989 and the out-
come equation by two-stage methods of André®391), Newey (1988, and
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Powell(1989. Alternatively we can estimate all the parameters simultaneously
by the semiparametric nonlinear least-squares method in Ichimura a9
For models with polychotomous choigélse choice equations can be estimated
by a semiparametric likelihood method in LEES9H. Note that by choosing
noniterative estimators as our initial estimaiegplementation of our procedure
could avoid difficult nonlinear optimization problemi&he nonsingular informa-
tion matrix assumption is an identification conditiddentification of the sample
selection model has been considered in Chambe{1#i86), Powell (1989 and
Ichimura and Le€1991). Essentiallyit requires that the regressors in the choice
equations have variables that are not contained in the outcome equétiads
dition, the indices in the polychotomous choice case need to be distinguishable
from each other

Assumption 2Z1) can be relaxed at the cost of slower rates of convergence for
some nonparametric estimatéisus stronger smoothness and boundedness con-
ditions will be neededt should be noted that compact supportyor xy(0) is
notimposed by any of the assumptiofke rest of Assumption 2 and Assumption
4 is mainly boundedness and smoothness conditions

The asymptotic properties of the estimator depend on some convergence
properties and the orders of asymptotic biases of the kernel estinPatgser
bandwidth rates are chosen to guarantee convergence of the kernel estimates
Assumption 34) can be relaxed slightly but is made for convenie(sze com-
ment on this rate directly following equatidA.4) in Appendix A). High-order
kernels are needed to obtain the desired small order of asymptotic .bideses
uniform continuity and boundedness conditions guarantee that the conver-
gences of the kernel functions are uniforilnese regularity conditions can be
implied by some basic conditions on the joint density function of the depen-
dent and explanatory variables in the modehese conditionshowevey are
more direct As the focus here is on efficient estimation and a first-s{@p
consistent estimator is utilized to construct the score estigigtoronsistency
is not discussed separatefctually, weaker smoothness conditions and regu-
lar kernels will be sufficient to ensure the consistency of the score estinaator
its proof only requires uniform convergence of the relevant nonparametric func-
tionals in the construction of the score estimator and the consistency of the
first-step estimator

THEOREM 1 Under Assumptions—4,the TSC estimatat, is consistent and
asymptotically normal

‘/ﬁ(én - 90) g N(07 I 71(00))-
Proof The limiting distribution ofyn(é, — 6,) can be derived from Taylor’s

expansionBy Taylor's expansion 08,(8,) at 6, Si(6,) = Si(6,) + (9S.(6,)/
960")(6, — 6,) whered, lies betweerd, andé,. Therefore
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\/ﬁ(én - Ho) = \/ﬁ(én - 60) + mln_l(én) |:Sn(00) + S(;é,n) ( n o):|

Sq( n)

|: I 1(6 ) :| X \/T](B - 00) + I 1(9n) X m&(eo),

(3.1)

wherel is an identity matrixThe asymptotic distribution af, can be derived in
several stepg-irst of all, under the regularity conditions and the identification
condition that (6,) is nonsingularwe show in Sections B and B3 of Appendix

B that
In 2(8n) > 174(6) (3.2)
and
IS0, o
90" — —1(6,), (3.3)

and therefore [I + 1,,2(8,) (05(6,)/96')] X vA(6, — 6,) —> 0 by Slutsky’s
lemma From theseit follows that

\/ﬁ(én - 00) = Ir;l(eo)m&(ao) + Op(1)~ (34)

The final step is to show thatnS,(6,) 25 N(0,1(6,)), which is the most com-
plicated part of the analysiEor that purposadefine

aln f(fi(60)| li =1 X ao,6,)

1 n
S8, = - zltr?o(zi,@o){hi

a0
i amp.—g)} (3.5)
with
t7°(z;,0) = t*(C(z,0)/82,n) Ilklot*(A(hXi,49)/81,n)- (3.6)
In Section B1 of Appendix B we show that
VIA[Sh(80) — Si(80)] > 0 (3.7)
and
VIS (6) => N(O, 1 (6)). (3.8)
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Combining these results
VT (6, — 65) => N(O,172(6,)). (3.9)

From the proof of the theorem we can see that 8, is a consistent estimator
for 1 7(6,).

3.2. The Asymptotic Efficiency

In this subsectionwe investigate the efficiency of the TSC estimatéor the
binary choice sample selection mod€éhamberlain1986 has derived the as-
ymptotic efficiency bound for semiparametric estimators of that méaem the
asymptotic distribution if3.9) one can see that the TSC estimator attains Cham-
berlain’s efficiency boundTo investigate the efficiency of our estimator for the
polychotomous choice sample selection model with index restrictivasieed

to derive the semiparametric bound for such a m3drar an easy expositiowe

will follow the discussion in Newey1990. First, let us review some of the
terminology as in Newey1990. A parametric submodel of a semiparametric
model is a parametric model that satisfies the semiparametric assumptions and
contains the truthA parametric submodel is said to be regular if the likelihood
function satisfies some general differentiable conditions and its information ma-
trix is nonsingularThe semiparametric asymptotic variance bowrfdr a semi-
parametric model is defined as the supremum of the Cramér—Rao bounds for all
regular parametric submodel$he intuition behind this efficient criterion is based

on Stein’s ided1956 that a parametric maximum likelihood estimator for any
parametric submodel should be at least as efficient as any semiparametric esti-
mator An estimato# is said to be regular in a parametric submodébif eachy,,

vn(# — 6,) has a limiting distribution that does not depend on any local data-
generating process wher®r each sample of size, the data are distributed
according tod, wherevn(6, — 6,) is boundedAn estimatord is regular for a
semiparametric model if it is regular in every regular parametric submodel and
the limiting distribution does not depend on the parametric submdtelsemi-
parametric bound/ is applied to the class of regular estimatorse class of
regular estimators excludes superefficient estimators and estimators using more
information that is not contained in the semiparametric motleéorem 22 in
Newey(1990 provides a powerful characterization for a semiparametric estima-
tor to be regularA way to derive the semiparametric bound for a model is to
derive the relevant tangent set and its efficient screet 6 = (6',n')’ be the
parameters of a submodel and$st= (S;,S))’ be the score vectoh tangent set

Zis defined as the mean-squares closure of all linear combinations of ores
for parametric submodel3he efficient scoreSis the(unique vector such that

S—S€Z and E(St) =0, OteZ

https://doi.org/10.1017/5026646669814402X Published online by Cambridge University Press


https://doi.org/10.1017/S026646669814402X

EFFICIENT SEMIPARAMETRIC SCORING ESTIMATION 433

The semiparametric variance bound is shown td/be (E[SS]) ! (Theorem
3.2 in Newey[1990]).

For the polychotomous choice sample selection model with index restrictions
a parametric submodel corresponds to a parametric family of conditional choice
probabilitiesP, (x«,8), | = 1,...,L, and the conditional densify{y — xy|l; = 1,
Xa,8), whered = (6’,n')" andy is an additional finite-dimensional parameter
(column vectorAs anindex modek appears only through the index vecttxe,
Xy). As a conventionwe may assume that it contains the true model=a, i.e.,
P|(X0[,(0,,O)l) = PI(X’O)a DI’ andf(y_ X?" Il = l’ XC(,(G,,O)’) = f(y_ XY‘ Il = 17
Xa,0). The log likelihood function for a single observation for this parametric sub-
modelisInL(8|1,x) =311, In P, (xa,8) + 11 Inf(y—xy|l, =1, xa, 8) + g(x, ),
whereg(x,7) refers to the marginal densitprobability) function ofx of the para-
metric submodelConsider a set of submodels of the foPixa, §) = P (x,0) +
nq (xa) andf(y — xy[ly = 1 xe,0) + nq*(y — Xy, xa), whereq*(y — xy, Xa),
a(xa),l=1,...,Lare continuously differentiable with bounded supports such that
Si1q(xa) =1 andf g*(y — Xy, xe) dy= 1 (in different contextssee Chamber-
lain, 1986 Newey 199Q p. 111). Therefore the score vectg = (S;,S))" is S, =
St 1 (L/P(X,80)) (9P (%,00)/00) + 11(8/06) In (Y —Xyoll1 = 1, Xato, 6) ands, =
2:_=1 ||(1/P| (X’ 90)Q| (Xao) + Il(l/f(y - X70| I =1 Xa,, 90))(1*()/ — XYo, Xao) +
(0Ing(x,0))/dn. As the functiongy (xa,) andq*(y — Xy,., Xa,) are unrestricted
except for certain normalization conditions and they are functions of indlees
tangent set for the model is

1
XYoll1 =1 X, 6,)

L 1
IZ{I_ElhmDu(X%)Hlf(y_ C(Y — Xyq, Xato)

L
+ D(x):IZElD,(XaO) =0, fC(y— XYo, Xato) dy = 0,E(D (X)) = O}.

With 9/00Inf(y — Xyolli = 1 Xae,0,) and (dInP(x,60,))/d6 in equa-
tions (B.13) and (B.14) of Appendix B it is straightforward to verify that
the efficient score for our model IS = 1,(0Inf(e(0,)|11 = 1 Xao,0,)/00) +
S L(@InPi(x,6,))/96 by checkingS, — S € T andE(S't) = 0, Ot € 7.
Thereforge the semiparametric asymptotic variance bound is

V=[E(SS)] ™
- E{I aInf(e(0o)|l1 =1L Xao,0,) dINf(e(6o)|11= 1 X, )
- 1 96 00’
L 9InP(x,6,) dInP(x,6,) )1
aP Ky a0’ } '
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Also note thatSis the influence function for our TSC estimator (§.15). The
regularity of the TSC estimator follows trivially from Newe{99Q Theo-

rem 22). Consequently the TSC estimator attains the semiparametric efficiency
bound

4. A SMALL MONTE CARLO STUDY

Inthis section we perform some Monte Carlo simulations to investigate the finite-
sample performance of our estimator

Simulated data are generated from the following motle¥ 11, . qu,>0;
andy = |;(z;y; + X2y2 + Up), where 1., is the usual indicator functioThe true
parameters are = 1 andy, = y, = 1 The regressorg; andz, are randomly
drawn from the standard normal distributjaandx, is drawn from a uniform
(—2,2), all of which are independent of each oth€hree different designs are
considered by varying the distribution of the error teum, u,). Correlation be-
tweenu, andu, is introduced by setting, = v0.5u; + vV0.5N(0,1). In the first
designu, is drawn from arN(0, 1) (normal, u, is a standardized normal mixture
in the second desigimonnormal, andu, is a heteroskedastic norm@iN) error
term equal to amN(0,1) (1 + 0.5(x; + X5)) in the third design

Here we consider the results of estimatimgndy by comparing our esti-
mator (CL) with the estimators proposed by Klein and Spaii993 KL) and
Powell (1989 PW). We use the standard normal density function as the kernel
function for both KL and PW estimators as higher-order kernels do not lead to
improved finite-sample performance for the sample sizes under consideration
here We use the product kernel based on the standard normal density function
for our two-step estimatotft is difficult to propose optimal bandwidths for the
estimators considered herk generalized cross-validation criterion is used in
selecting the bandwidths for Klbased on the likelihood criterigrand PW
(based on the least-squares critejiestimators For the bandwidths,; and
a,» associated with our estimatove use the bandwidth chosen for the KL
estimator as the first bandwidth,;, whereasa,, is selected based on likeli-
hood cross-validatiarSimilar to the results reported in Klein and Spad993,
trimming has almost no effect on the estimatasd thus untrimmed estimates
are reported here

The results from 300 replications with sample sizes 100 and 300 are presented
in Tables 1 and ZFor each of the estimators we report the mean vahean, the
standard deviatioSD), and the root mean square erf&MSE).

In Table 1 we report the simulations when the sample size is equal to 100
Compared with the KL estimatpour efficient estimator improves in terms of
bias and variance performand¢towever the improvement over the PW estima-
tor is almost negligibleSimulation results with sample size equal to 300 are
reported in Table 2which displays the same pattern reported in Table 1 with
reduced RMSE's
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TaBLE 1. Sample size equal to 100

Estimators True Mean SD RMSE
Normal
ay 1.000 1038 Q287 Q289
Yipw 1.000 1002 Q141 Q141
Yopw 1.000 Q977 Q209 Q210
g 1.000 1017 Q279 Q279
YViel 1.000 1002 Q140 Q140
Yol 1.000 Q975 Q208 Q209
Nonnormal
ay 1.000 1053 Q241 Q246
Yipw 1.000 Q993 Q157 Q157
Yopw 1.000 Q994 Q205 Q205
ag 1.000 1033 Q234 Q236
Yicl 1.000 Q994 Q156 Q156
Y2cl 1.000 Q993 Q204 Q204
HN
ay 1.000 1055 Q277 Q0282
Yipw 1.000 1007 Q198 Q197
Yopw 1.000 Q988 Q231 Q231
g 1.000 1035 Q270 Q272
Yicl 1.000 1007 Q197 Q197
Yol 1.000 Q987 Q230 Q230

5. ESTIMATION OF SEQUENTIAL CHOICE SAMPLE
SELECTION MODELS

The method can be easily generalized to the estimation of sequential choice mod-
els with selectivity Consider the model with two-stage decisions and a single
continuous outcome equationhere arel; alternatives in the first-stage deci-
sion If the first alternative was chosen in the first decisitimee second-stage
decision would involvd., alternativesThe disturbances in these decisions can
be correlatedDefine thelL, mutually exclusive and exhaustive dichotomous in-
dicatorsJ; for individuali whereJ; = 1 if the | alternative in the second-stage
decision is chosen and 0 otherwiSde continuous dependent varialglean be
observed only whed; = 1. The observations will bél;,J,J;;yi),i = 1...,n
wherel; = (ly;,...,I ;) andJ = (Jy,...,Jd.,i). Suppose thaxa is a vector of
dimensiommg, x4 is a vector of dimensiom,, ande () =y — Xy is a variablelet
K(-),K(-), andJ(-) be kernel functions oR™, R™*™M, andR™*™M"1 respec-
tively. Define
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TABLE 2. Sample size equal to 300

Estimators True Mean SD RMSE
Normal
ay 1.000 1010 Q152 Q153
Yipw 1.000 Q997 Q085 Q084
Yapw 1.000 Q998 Q125 Q125
ag 1.000 1004 Q151 Q151
Y1el 1.000 Q997 Q084 Q084
Yol 1.000 Q997 Q125 Q125
Nonnormal
ay 1.000 1021 Q121 Q123
Yipw 1.000 Q993 Q084 Q084
Yopw 1.000 Q992 Q120 Q120
ag 1.000 1015 Q120 Q121
Yicl 1.000 Q993 Q084 Q084
Y2cl 1.000 Q991 Q119 Q119
HN
ay 1.000 1020 Q136 Q137
Yipw 1.000 1007 Q099 Q099
Yopw 1.000 1002 Q124 Q124
ag 1.000 1014 Q135 Q135
Yicl 1.000 1007 Q099 Q099
Y2cl 1.000 1001 Q124 Q123
Xa— X«
An(|||Xi,9)— EIU am <;>, l=1...,L,,
j#l 1,n a'l.n

An(L]%.0) = —— 2 S <¢>

J#l aLn

A(J| 0) EI J 1 K(Xia—xja Xi(S_Xj(S>
X. = .
n\vl | Ais J¢| 1j v arszanrmz a2,n ) az,n ’
IZL...,Lz,
_ Xia — Xja xi6—xj8>
An(1] =
n( | |,0) J; 1j m1-¢—m2 ( az,n 3 a2,n ’

https://doi.org/10.1017/5026646669814402X Published online by Cambridge University Press


https://doi.org/10.1017/S026646669814402X

EFFICIENT SEMIPARAMETRIC SCORING ESTIMATION 437

and

1 0 1
Cn(z,0) = — 2;, ETRVY W
j#i N

’ ’

J(ei(ﬂ)—ej(ﬁ) Xia — X« Xi8_Xj5>

a3,n aS,n aB,n '
The probabilitieP(l, = 1| x;a) andP(J = 1[I = 1 x;a, %;8) can be estimated
by Pni(%i,0) = (An(li[x;,0))/(An(1]x;,0)) and Py (xi,0) = (An(J[xi,0))/
(An(1]x;,0)), respectively The conditional density functiofi(e;(8)|14;Jdy; =
L X a,x8,0) can be estimated bf(€;(0)|1d; = LXxa,x8) = (Ci(z,0))/
(AL(31]%,0)). The log (pseudo likelihood function for the sample observa-

tions will be
1 nkL Lo
In Ln(e) E Z |:2 II| In Pn |(XI’0) + Ill 2 J]I In Pn J(Xl’a)

= =
+ 1 dii Info(e(0) 14 di = L X @, X 5,9)]-

The corresponding TSC estimator will Bg= 6, + 1,2(6,)S(6,), where

S.() = %— i (Zivén){lli 3 aInfo(e (0,)] 14 Jy 8201, Xia(6n), % 6(60n))
L, L1
iy 2 “ dln Pn,(xl,e ) 2 “ dln Pn,a(xl,a )},
| (G.) = %itn(zi,én){lli 3 aInfo(e (0,)] 14y :01, Xia(6n), % 6(60n))

« aInf(e(6n)[13i 30 = 1, X a(6,), % 8(6,))
00’

L2 9InP, (x,6,) dlnP, (X6
+ |1i 2 J|i n(,')la( i n) r:')le(, i n)
=1

+§ aInPnI(xl’ n) alnpnl(xl, n)}
I| 90 90’ ’
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with (2,6, equal 10 t*(Co(z,6,)/8.n) ITi2ot" (An(li %, 8)/31.0) TTiZot"
(An(‘]l | X ,an)/62,n)- As

dInf(e(b,)]11d1 = 1, Xato, X85, 65)
a6

B <E<[6Xyo Xarg axéo}
B a0’ 90’ 96

[ Xy, OXag XS, D

Xag, xﬁo)

90 ° 00 > 06
XV Inf(e(0)11d1 =1, Xatg, X8, 6,),

aln P, (x,6,) <[ Xag axao] ([ Xarg aXBO] >)
= - Xtg, X0,

a0 96 > 00 90 00
and(d In P;(x,0,))/00 = [(0Xa,/00) — E((0Xar,/06) | Xao)JV In P(l, = 1| Xa,), from
the appendixesinder similar regularity conditionsn(6,, — 6,) N N(O,1 ~%(6,)),

X VINP(J = 1|xae, X8,),

where
oInf(e(6,)]11d, =1, Xag, X5, 6,
|(00)=E{|1J1 ((O)|120L o [o] o)
% dInf(e(b,)]11J1 =1, Xa,, X80, 6,)
00’
L2 3InB(x,6,) alnB(x,6
+| 2 | I( o) ale(, o)
b aInP.(xe)alnR(x 00)
2 %0

6. CONCLUSION

In this article we have considered semiparametric efficient estimation of sample
selection models under index restrictioAstwo-step semiparametric scoring
procedure is proposetihe estimator attains the semiparametric efficiency bound
for the polychotomous choice sample selection model under the index restriction
Further it also attains the efficiency bound under the independence assumption
for the binary choice sample selection madetere are complications for the
semiparametric likelihood-based method when the densities of the error term and
the linear index in the selection equations approach.zZecarefully designed
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trimming scheme is introducedombined with special structures of the index
restriction to ensure the efficiency of the estimatosmall Monte Carlo study is
carried out to illustrate the usefulness of the estimatbe method can be ex-
tended to sequential choice sample selection models

As the independence restriction is slightly stronger than the index restgiction
it will be desirable to determine the semiparametric efficiency bound for the
polychotomous choice sample selection model under the independence restric-
tion and propose an estimator that attains the efficiency boutess ambitious
goal is to determine whether there exists an estimator under the independence
restriction that is more efficient than the estimator proposed in the plajpea
topic for future research

NOTES

1. There are technical issues on trimming indices that make it difficult to work directly with this
semiparametric likelihood function

2. In an earlier version of this papéeg 1990, the density functions of indexes are assumed to
be bounded away from zertn that casetrimming is not needed and the proofs can be simpler
However such an assumption is too strong to be practical

3. General semiparametric efficiency bounds for polychotomous choice models under indepen-
dence restrictions are difficult to fingbee Thompsaril993.
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APPENDIX A: SOME USEFUL LEMMAS

The asymptotic properties of the TSC estimator depend on some convergence properties
of the nonparametric functions,(1,]x;,6),C.(z;,6) and their derivatives with respect to

6. In this section we discuss three propositions and one lemma in preparation for the proof
of the main theorenihe proofs of Propositions 1 and 2 can be found in Ichimura and Lee
(1992).

PROPOSITION 1 Let K(v) be a function on R with a bounded support D such that
Jo|K(v)| dv < co. Let t(z,0) be a continuous rdimensional randomector Suppose that
E(c(z,z,0)|t,z,0)g(t|9), where dt|0) is the density function of(,6), is uniformly
continuous in tuniformly in(6, z). (A function dt, z;,6) is said to be uniformly contin
uous intuniformly in(#, z;) if Oe > 0and there exists &> 0 (may depend oaonly) such
that wheneer ||t; — to| =8, |9(t1,z,0) — g(tr,z,0)| = € for all (z,6).) Then

E|:C(Z,Zi,0) aim K(M)‘ZI]

lim sup|

n—o 7.6

n an

- E[C(Z1Zi50)t(zi’g)yzi59]g(t(ziye)|0)H =0.

Furthermore if K (v) is a function with zero moments up to the ordégri ., fpvit ---
vimK(v) dv =0, forallij=0,j=1,...,m iz + - +in<s*andfp o] |K(v)|dv < oo,
and E(c(z,z,0)|t,z,0)g(t]0) is differentiable on R with respect to t to the ordersand
all the dervatives are uniformly boundedthen

E[C(Z,Zi,g)%nK(w)a}

sup
n an

7,0

- Elc(z,z,0)t(z,0),2,0]9(t(z,0)|0) | = O(a5).

PROPOSITION 2 Let K(v) be a function on R with a bounded support D such that
K(v) goes to zero at the boundary of D and its gradigii€ (v))/dv is boundedSuppose
that(d/0t)[E(c(z z,0)|t,z,0)9(t]|0)], where dt|6) is the density function of £,6), are
uniformly continuous in,tuniformly in(z,#). Then

K(t(zi,e) —t(z,0)>

an

lim sup||E| c(z,z,0
Jim, SUp| €| o(2.2:0) g P '

- S [E(e(2.2,0)t(z.0).2.0)0(1(z.0)|0)] | = 0

Furthermoreif K (v) has zero moments up to the ordérs(c(z, z,0)|t,z,0)g(t|0) is
differentiable at t eerywhere to the order*s+ 1, and these devatives are uniformly
boundedthen
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aK(t(zi ,0) — t(Z,B))

E| c(z.2,0) o
su c(z,z,
z“f DY gl v

Z;

d .
™ [E(c(z,7,0)[t(z,0),2,0)9(t(z,6)|6)]| = O(ay ).

Denote Av|x,0) = E(v|xa,0)p(xa|0), and
C(z,0) = E(11|€(0), xa,0)g(e(8), x| 6) = T (e(0)[1, = 1, Xa,0) E(I1| X, 8) p(Xr | 9).
PROPOSITION 3 Under Assumption$—4, we hae

sup|An(v]x,0) — A(v] x,0)| = Op[(nall,/In2n)~2] + O(afi,) (A1)
S X6
and
sup|Cn(z,0) — C(z,0)| = Op[(naZ’;*/In2n)~¥2] + O(ag,). (A2)
SC)

Proof. Define a Euclidean class of functions as in Pakes and Poll&#89. By Ex-
ample 210 of Pakes and Pollaythe class of functions df, x) indexed by(t, a, «) of the
formvK(t — xa/a) is uniformly bounded and Euclidean for= I;...,I_or 1, by Assump-
tion 3. The class of functions dfz, 1,) indexed by(s,t,a;,a,,a,y) of the forml;J((s —
(y—xvy))/a,(t—xa)/ay) is also uniformly bounded and Euclideamaddition E[vK (t —
Xa/a)]? = Ma™ and

s—(y—Xxy) t—xa\]?
SEETE S e

for some finiteM. By Theorem 237 of Pollard(1984)

sup|An(v]xi,0) — E[A.(v]x,0)|x 1] = Op[(naf’,/In%n) %] (A.3)
S X6
and
sup|C,(z,6) — E[Cn(z,0)|z]] = Op[(nad’;¥/In?n)~%2]. (A.4)
S,X6

Actually the rate in(A.3) can be improved t@p[(naf',/In n)~+2] as a result of the com-
pact nature of, X ® by using the results in Ichimura and LEE9).

As K(-) has zero moments up to ordsf and J(-) has zero moments up to order
s;, Proposition 1 guarantees that sup, |E[An(v]x%;,0)Ix] — A(v|x;,0)| = O(afn)
and sup |E[Cn(z,0)|z] — C(z,0)| = O(a;zfn). In summary sups xe|An(v]x;,0) —
Aw[x.,8)| = Opl(nally/In>n) 2] + O(af,) and suge|Co(z.6) — C(z.6)| =
Opl(nagi*/In2n)~¥2] + O(ag,). u

Define py(x,0) = (dxy/90,—dxa/d0), ng(X,0) = dxa/d0, re(Xi,X;,0) = pa(X;,0) —
po(Xi,0), andsy(X;, Xj,0) = ny(Xi,0) — ny(X;,0). The first-order derivatives dk,(I;]x;,0)
andC,(z, ) with respect t@ are
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6An(v|Xi,0) 1 n 1 <Xia —Xja>
= 15)(%, %0 VK
a0 nflj;vjse(x' % )aﬂl arn
and
BCn(Zi,ﬂ) _ 1 n Lo (X. % 0) 1 VJ<€|(0) - EJ(G) Xjax — Xja>
96 n_lj#i FIRNASA ERA R aEFkJrl a2,n ’ az,n )

whereVK (w) = (d/ow’)K(w) andVJ(v) = (d/dv")J (v) denote gradienfcolumn) vectors
of the kernel functionsSimilarly to the arguments leading t4.1) and(A.2), Theorem
2.37 of Pollard(1984) and Proposition 2 imply that

aAn(v|Xi50) aA(U‘Xire) ‘
sup - ;

sup 20 p = Op[(nal";2/In?n)~Y2] + O(asi,).

For any componerdy of 6, by Lemma 2 in Appendix D

aA(U | Xi 70)

30, = tr V[E(vi | X; @, 0) 14,(X;,0) — E(vi 16, (Xi,0)| X, 0)] p(X; | )
+ [E(vi % @,0)14,(Xi,0) — E(vi 09, (Xi,0)] X 2, 0)| VP(X; | 0),

whereVE(-|t,0) = (3/dt")E(-|t,6) andVp(t,0) = (3/dt")p(t|0). Also,
aC:n(zi ’0) _ 8C(Zi 50)

Sup| = " g | = OelnaEiN/in? m) 2]+ O(aE,)
where
aC(z,0

éek ) = tr VLE(1y; ps (Xi,0)|€i(68), X ,0) — E(l4i € (), X @, 0) pg, (i, 0)]

X g(fi (0)7 Xi CY|0)
+ [E(ly po (Xi,0)|€i(0), X ,0) — E(ly|€(0), X a,0) pg, (X, 6)]
X Vg(ei (0)7 Xi CY| 0),
by Lemma 2 in Appendix DwhereVg(w|6) = (3/ow’)g(w|8).
Definetj(c) = 1 for 3 = ¢ and= 0 otherwise tnq(z,0) = tg‘(Cn(zi,o)/Bz,n)HLOtg‘
(An(1i]%i,0)/81,n), andtea(z,0) =t5(C(z,6)/82,1) H:':otg(A(h |Xi,6)/61 ). These trim-
ming functions are introduced to simplify notations in subsequent prébfs following

lemma is useful in controlling denominators with small value by trimming functions in
nonparametric estimation

LEMMA 1. Under Assumption$—3
)

1:n(zire) - M
Ci™(z,0)C™M(z,0) 5&?114'"12)

(A.5)
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and

tn(ziie) - M
AT(z;,0)A™(z;,0) — sy

(A.6)

in probability uniformly in(z, ), where M is a generic constarand m, m, = 0.

2
atn(z,0) 1 _ M A7
(9(9' CrTl(Zi,H)CmZ(Zi,G) - 5éT11+m2+1) ( . )
and
ait,(z,0 1 M
n(z,60) A8)

=
0 AM(z,0)A™(z,0) s
in probability uniformly in(z,#), for my, m, = 0.

(3) The inequalities iA.5) and (A.6) still hold by replacing §(z,6) by t.4(z,0),
t5°(z,0), Or tha(zi,0).

Proof. We will prove(A.5) only. (A.6)—(A.8) can be proved similarlNow we rewrite
(tn(z,0))/(C™(z,0)C™(7,0)) as
tn(zi 70)
Ca(z,0)C™(z,0)

_ tn(Zi,G)
- le(z. Q)sz(z_ 0) [1{|Cn(zive)*c(zi’6)‘252,n/4,cn(2i,9)>52,n/2}
n (] 19

+ L{Co(21,6)-C(z,0)|=5,0/4,Col21,6)=57.0/2} )

First, note that

ta(z,0) M
P —
CTH (2, 0)CT(z,,0) 120~ CEDI /G4 0)=520/2 = T

uniformly in (z;,0). Second

< tn(Zi,G)

1 - 0)— = )
Cgﬂl(zi’e)cmz(zi,e) {ICn(2,0)—C(2,0)|=82,n/4,Cn(2,0)>82,n/2}

= e for somezi,0>
62,n

32,n
=P SUHCH(Zi,G) - C(ZI70)| = >
2.0 4

where the term on the right converges to zétoerefore(A.5) holds n
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APPENDIX B: ASYMPTOTIC DISTRIBUTION

In this appendixwe will derive the asymptotic distribution of the TSC estimaffine
derivations are divided into several steps

B.1: vN(S(6s) — Si(6,)) = 05(1) and vNS;(6,) L5 N(0,1(6,)). In this step we in-
vestigate the limiting property ofn(S,(6,) — S:(6,)). We would like to show that this
difference converges in probability to zero aménce vnS,(6,) has the same limiting
distribution asynS;(6,).

To simplify notation defineA Ay (1| xi,0) = An(l1]%i,8) — Al [ Xi,0), AAn (1| Xi,0) =
(0AL(I1]i,0))/00 — (0A(l, ] x;,0)) /060 for| =0,...,L,AC(z,0) =C,(z,0) — C(z,0),and
AC,4(z,0) = ((0Ci(z;,0))/390) — ((0C(7,6))/96), wherely = 1. By an expansion

1 aC,(z,0) 1 dC(z,0)
C.(z,0) 00  C(z,0) 6
e Gu(a.0) 1EE)
= C(z.0) AC, 4(z,0) — AC,(z;,0) 90
+;<AC (7] zalL(Ziﬁ)—AC 6)AC 0)
Cn(Zi,G)C(Zi,B) [ n(zi7 )] 96 n(zi7 ) n,H(Zia ) )
(B.1)
and a similar expansion is valid for tfi&/A, (1| x;,0)) (0A(1}| X;,0)/90). Define
alnl(l,z,0) _ [aInC(zi,H) aInA(Il\xi,e)}
00 S 00 0
L alnA(lLx,0)  aIlnA(1]x,60)
* .:21'”[ 00 a 90 ]
8|nf i0 Ii::LXi ,0 L aInP Xi,0
_, dnfle >|8; a )+.§1'“ LI ©2)

It follows thatvnS,(6,) can be rewritten as

alnl(liyzheo)

96 + Ili[l-c,n(zi) - L:Ln(xi)]

1 n
VNS, (6,) = ﬁ _thn(zbeo){

L
+ IZElIIi [Ll,n(xi) - Lo,n(xi)]
+ 151 [Qen(Zi) — Qun(Xi)]

L
+ IZEl i [Ql,n(xi) = Qon(X )]},
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where
L (Z) _ ACn,B(Zi’ao) _ Acn(zi’ao) aln C(Ziyeo)
ema C(Zireo) C(Ziaeo) 60 ’
L, a(x) = AAn,9(|||Xi,90) _ AAL(1 | Xi,00) dIn Al ]Xi,6,)
b Al i,65) Al i,65) a0 ’
Q (Z) _ [Acn(ziyeo)]z aln C(Zi,eo) _ ACn(Zi’ao)ACn,e(Zi’eo)
ema Cn(ziaeo)c(zi,eo) a0 Cn(ziyeo)c(ziaeo) ’
and
Qun(x) = [AAGLXi,600)]2 aln AL [, 0,) AAn(II|Xi»00)AAn,0(II‘Xiyeo)
IL,n\Aj) — -

An(l]%i,00) Al [ i, 65) a6 An(l1%i,00) AL [ i, 6)

The trimming functiont,(z,6,) depends on nonparametric estimat€se difference
ta(zi,60,) — t7°(z,6,) can be analyzed by a Taylor series expansefine d; n(z) =
I ot*(Ally | %;,0)/81,0)Vt*(C(2,6)/85,) and di n(z;) = t*(C(2;,8)/85,0) g, 4 t*
(Al [%i,0)/84,0) VE*(A(l; | Xi,60)/81 ). As the functiort * is twice continuously differen-
tiable in its arguments and these derivatives are bourdeg, 6,) — t7°(z,6,) satisfies
the Lipschitz condition of order:1

‘tn(zi’eo) - tr?(zi’go”
L
= Cl{‘|5£,%1ACn(Zis00)|‘ + IZOH(SJ:%AAn(II|Xi:00)”}(tnd(zis00) + tr??j(zifao)) (BS)

for some constart;. Also,

L
tn(ziveo) - '[,?O(Zi,ao) - dc,n(zi)8£,r11ACn(zi700) - 2 dl,n(zi)ai%AAn(ldxi,ao)
1=0

L
= CZ{‘|3£,%1ACn(Zis00)|‘2 + I720”5]:%A'A‘n(|l|Xi’0o)”2}

for some constart,. With these expansiong follows that

10 alnl(l;,z,6,
mwm:12WM%%—%+ﬁ+W+@+m (B.4)
i=1
where
13 L ainl(l,z,6,
L(nl) = = E{dc n(Zi)‘SZ_:rI-]ACn(Ziago) + 2 dl n(zi)‘sl_nlAAn(ll‘Xi,eo)} ( N O),
mELe = 30

1 n L
LY = — > t7(z,00) 1u[Len(z) = LinOx)] + 2 1i[Lin(X%) = Lon(x)] {5
VN i=1 I=1
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and

alnl(li,zi,eo)
J0

‘Rn‘ \/ﬁ 2<C2{ ‘82r11AC (ZI7 o)“z + E |6J.,%AA(| ‘le 0)”2 H
i=1

l n

m IZ (Cl{”(dz %AC (ZH 0)” + 2 Halr%AA(l |X|, o)”})

X {” Len(z) = Lin(z)] + I;”'-l,n(xi) - LO,n(Xi)”}(tnd(Ziveo) + tha(zi,6o))

1.0 L
+ E 2 tn(zi,eo){HQc,n(Zi) - Q:Ln(Xi)H + E ”Ql,n(xi) - QO,n(Xi)H}
i=1 =1
=Rn+ R+ Rys  (say.

B.1.1: ShowR, = 0,(1). We first consideiR,;. By (A.1), (A.2), and Assumptions 1
and 3

Ru1 = nY2{[Op[(naf,/In?n)~1] + O(a2%)]1612 + [Op[(nal*/In? n) 1]
+ 0(a3%)185.2} = 0,(1).

Similarly, we can show thaR,, = 0p(1) andR,3 = 0,(1).
B.1.2: ShowL® = 0,(1). DenoteL?; = 1/vA S 1 t7(z,00) 1 [Le () — Lyn(X)]
and

(r12)2 = F |2 t° (le 0) E i [LI n(Xl I-O,n(xi )]

It follows thatL® = L, + L'?,. TheL'?) andL?, can be simplified to

n 1 0C,(z,0,) 0InC(z,6,)
L= — 2 °°<zi,eo>lli{c(z9)( g Colz.60)
=1 1»Y0
1
A(|1|Xi700)
0AL(11]Xi,60,)  dInA(l]%i,6,)
x( e T g (il 6) }
and

n

L
(nZ)2= 2 w(ziaeo)lzllli

1 aAn(lllxiyeo) aInA(Il‘leeo)
{A(I||xi,00)< 960 - 20 An(|I|Xi»90)>
1 AL Xi,0,)  9InA(L|x;,6,)
- A(1|xi,00)< 90 B 90 An(l\Xi,90)>}.
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Let

q)l(zhli’Zj?ljyanva)

’

1
C(z,0) as n Az n
8|nC(Zi,0) 1 1 <€|(0)7EJ(0) Xiaija>

96 C(z,0) apix asn T aun

1 (6,(0)_(5](0) Xia—Xja>

Fo(Xi, Xi ,0) mikrs VI
a2,n

=17°(Z,6,) |1 Ilj[

1 9 1 VK(Xia—Xja>
A(l4]%;,60) 0%, )a]"Jxl ap

N aInA(l1]x,0) 1 1 (Xia—xja>]
a0 A(l1]%;,0) al, a;, ’

n

It follows that L(nZ)1 =1/(vi(n — 1)) 2L, 3% @1(z, 11, 7, 1;, a4, 6,), Which can be ana-
lyzed as dJ-statistic Similarly, define

(DZ(Xi,Ii’Xj»Ij,amH)

s L | [l 1 ; 1 VK<Xia—Xja>
=t7(z, O)|:§:1 AL X, 0) So(Xi, X, )aT:l

aln

| 8|nA(I|\Xi,0) 1 1 (Xia—xja>

i 36 Al [x;,6) afy arn

1 1 Xia — X a
" A0 Yo% g VK( ar, )
JraInA(l\xi,e) 1 1 (xiaijaﬂ
a6 A(l]x,6) af, ain '

It follows thatL(,f)2 =1(Vn(n — 1) L1 3% (X, i, X, 1, @n, 6o).

The next step is to show that bolﬂ‘f and L(nZ converge in probability to zerd he
following result on thdJ-statistic will be useful for this purpose

PROPOSITION 4 Let z,..., z, be ii.d. obsepations and¥,(z;, 2>, a,) be a sequence
of measurable functionSuppose that the following conditions hold

(1) There exist Lebesgue square integrable functiqs)hj = 1,2 such that
|E(Wn(21,22,80)]21)| = hy(2y), |E(Wn(21,22,80)]22)| = hy(25);

(2) E(¥n(z1,22,an)) = O(ay) andvar(¥,(z1,22,a,)) = O(1/ap); and
(3) limp,. E(Wn(z1,22,a0)|7) = 0, almost eerywhere(a.e), j = 1,2.

If lim,_, ., vna; = 0 andlim,_, ., naj, = oo, then
n n p
\/ﬁ(n ey Z ; Vn(z,z,a,) — 0.

Proof. See Ichimura and Le@991).

https://doi.org/10.1017/5026646669814402X Published online by Cambridge University Press


https://doi.org/10.1017/S026646669814402X

EFFICIENT SEMIPARAMETRIC SCORING ESTIMATION 449

As the kernel function&(-) andJ(-) are respectivelyof orderss; ands;, Proposi-
tion 1, Proposition 2and Lemma 1 imply that

‘E(q)l(zia|i7zj7|j9an)|zi7|i)‘

C oy e e alnC(z,0) (% |olnAl]x,0)|?
= O(maxafydidafndz || =y | *| T
and
-y InAG X, 2
|E((D2(Xi’|iaxjaIj,an)|xi’|i)| = O(ajs,lnal,n) T

uniformly in z, x;, and l;, which in turn imply that E(tbl(zi,li,z,-,lj,an)) =
O(max{a$, 814, a6z 1) andE(®a(x;, Ii, X, 1j, an)) = O(a$i, 814). Itis straightforward
to verify that val®i(z,l;,z,lj,an) = O(max{l/(ai‘ﬁzﬁln) 1/(agtk+2s82 )b and
var(®,(xi, li, X, 1j,an)) = O(1/al"h282 ). Because

E(P.(z;, 1,7, 1;,a0)1z, 1)

=1t3(2;,00) |4

’

6(0) 61(0) X a x,-a)

a2, n

|
|

1
X {m |:Il] rH(XHXJ? 0) m+k+1

dInC(z,6,) 1 [I
a0 C(z,6,) | Y alik

(6(6’0) €(60,) X« Xja>

b
aZ, n

]
J

1 E|:| ( 0) 1 VK(Xia*Xja)
—_——_— . X.,X.,
AL x,00) | 830 %000) Gmes ar,

dlnA(l4|x;,0 1 1 Xja — X«
" (l| i 0) E|:|1] K( 1 ] )
a0 A(|1|X,, o) Ln al,n

and lim_, .t7(z,6,) = 1, it follows that

lim E(®4(z,1i,7,1j,a0) |z, 1)

n—oco

—|[ 1 aC(zi,eo)_< 1 )260(zi,00)

C(Ziyeo) a0 C(Ziseo) 96 C(Zireo)

1 0A(11]%i,65) < 1 )2 0A(11]%;,65)

a A(l4]%:,6,
A(|1|Xi,00) 20 A(|1|Xi,00) 90 ( 1|X o)]
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Similarly,

E(q)Z(Xi,Ii9Xj7|j7an700)|Xi’|i)

Xi ag — Xj ao>
i

ain

S { L 0 ! VK(
= 2 A Tg) B0 8 ) g _

8|nA(|||Xi,00) 1 1 Xiaoixjao
— Elly = K| ——=)|x

a6 A(|I|Xi,eo) a:Ir:]n al,n

1 E[ 0 1 VK(Xiao—Xjac,) 1
A(L]x;,0,) S0 %;,60) aryt ap X

dInA(l|x;,65) 1 [ 1 <xia0—x,-a0>
+ E| o K{ ———)|x
a6 A(1]x;,6,)

arn ain

and hence

lim E(®x(x;, i, %, 1j,an)[ %, 1;)

n—oo
L 1 AL %i,0,)  dInAl|xi,60,)
E { > - . Al ]%i,6,)
I1=1 A(I ‘le o) a0 a0 A(|I|Xi’0o)
1 AA(L|x;, 6 Jaln A(1]x;,6,
- (L1x.00)  aIn A% 0) A<1|xi,eo>}
A(1]x,60,) a0 a0 AL x;,0,)

=0.
On the other hand
E(q)l(zj,Ijaziali>an)|zi7|i) = Ili{E[Tl(zjy|j>ziaan)|zi] - E[Tz(Zij,Zi,an)\Zi]
— E[Ts(z,1j,z,a.)|z] + E[Tu(7,1j,z,a,) [z ]},
where
Ti(z,1,z,an) = t7(2;,00)E[14re(X, Xi,00)| € (66), X 0, Z ]

1 VJ(fj(Bo) 7(:](00) Xjaofxiao> 1
an

>< b I
anm+k+l an C(Zj700)

dC(z,6,)
06

% 1 J<€J(0)_E|(G) Xjao—Xiao>< 1 >2
gtk a, = a C(z,60) /)’

Ts(z,15,zi,80) = t7°(Z;,00) E[14S9(X;, Xi,60) | X 2o, Zi |

1 Xj Ao — Xi Qg 1
X m+1 VK ’
an an Al(xj ’00)

€j (00), X] a0:|

T(z,1j,2,a,) = tr?o(zj,eo)E[Hj
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1 K Xj CYO - Xi C!O 1 2
X% | gm a, Ay(%,600) )

As shown in Appendix Cfor each componerik

and

a'A‘l(xj ) 00)
a0

Ta(z, 1, zi,80) = tr?o(zj,eo)E[lu

. X ag

lim E(TLk(ijlj,Zi:an)‘Zi) = —trVE| —— Xj g a.e., (BS)
oo 96,

. (9Xi Qg

lim E(T,k(z,1j,z,an)|2) = —trVE(— Xiao) ae, (B.6)
n—oo ? 06k

. X g

lim E(Ta (X, 1;,%,a,)|z) = —tr VE Xia, | ae, (B.7)
n—oo ) a@k

and

. X g

lim E(T4,k(Xj,|j,Xi,an)|Zi) = —trVE W Xj g a.e. (88)
n—oo k

Hence it follows that lim_,.. E(®1(7, 1}, 7, 1i,an)|z,1;) = 0 ae. It remains to analyze the
following term

L
E(®,(z, |jyzi,|i»an)|zi,|i) = 2 {1 E[Wl(zj,llj,zi,anﬂzi] =i E[Wa(z,15,2z,a,)]z]

=1

- E[WS(Zjalljfziyan)‘Zi] + E[W4(Zj’|ljfziyan)‘zi]}a
where

Wi(Z;, 1, Zi,80) = 17(Z,00) E[1j Sy(X), i, 00) Xj o, X |

1 Xjao—xi (e 73 1
ap' an Al ]%,65)

Xj ao]

1 Xjao—Xiao 1 2
X _mK ’
an an A(ll | Xjaeo)

Ws(z;, 1, zi,an) = t5(Z,00) E[ 1 Sy (X, Xi,00) | Xj o, Xi ]

1 Xj g — Xi (&%) 1
X —7 VK )
al'rln an A(1| Xj’eo)

0A(l]%;,6,)
a6

Wa(z,ly,z,a,) = tﬁ”(zj,@o)E[hj

and

(:)A(l‘ Xj ) 00)
a0

- 1 Xj Qg — Xj Qg 1
Wy (z, 1,2, a0) = t57(7,60,)E| Iy Xj @ a_H‘ K a A2(1]%,,00)"
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As shown in Appendix Cwe have

. (:)Xi A

lim E(Wlk(Zj,||j,Zi,an)|Zi) = —trVE Y’ Xiag |, ae, (Bg)
n—oo k

. 8Xi Qg

lim EML (7, 1y,z,a0)|2) = —trVE< 38 Xiao), ae, (B.10)
n—oo k

. X ag

lim E(Ws«(7,1y,z,a,)|z) = —tr VE 20 Xi oo | E(li [ X cto)

n— oo k

+ [16,(Xi,05) — E(mg,(Xi,60) | X; )]
X VE(lh |Xi CYO), a.e., (Bll)
and

. X @
lim E(W,«(z,1,z,a,)|z) = —tr VE TR
n—oco

X a0> X E(In ‘Xi ao), a.e. (BlZ)
Therefore

L
r!iinog E((I)Z(Zjaijzi,liaan)|zi,|i) = —[ny(Xi,05) — E(mo(Xi,05)] X ao)] I:21VE(|M X ao)

=0 ae,
becaus&,|_; E(l;| xa,) = 1 impliesS_; VE(I,| xa,) = 0. Finally, Proposition 4 implies
that both Lf)l and L(nz)2 go to zero in probability as lim,, nafﬁ*/ﬁfn =0j=12
lim,_,. nals28; , = oo, and lim,_, . nag'+k*2s, ,, = co.

B.1.3: ShowL{ = 0,(1). TheL{ is also aU-statistic Define

‘I’n(ZiJi,Zj,'j)

1 €(0,) — €(0,) Xiag— X
= {dc,n(zi)aiﬁ[llj m+k‘]< I( 0) J( O), = ! 0) _C(Zi»eo)]
az,n a2,n a2,n

L 1 Xjao — X
+ > dln(zi)‘sirj{[llj m K<M> - A(|I|Xia00):|}
=0 ain ayn
alnl(l;,z,6,
X (I? 19 0).
00

TheL{P can be rewritten ak{P = (1/(vi(n — 1)) 21 3% ¥(z, 15,7, 1;). By the as-
ymptotic unbiasedness of nonparametric density estimatess apparent that
iMoo E[Wn(Zi,1i, 7, 1))z, 1] = 0. It remains to investigat& [ ¥,(z,1;,z,1i)|z, |i].

By the index property in the modeE(x|e(6,),Xa,) = E(X|Xa,) that implies
E([0Inf(e(@o)11 = 1Xau0,)]/90|€(6s),xas) = 0, and E([dInP(x,00)]/

90| e(6,), Xa,) = 0 because
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alnf(e (00)‘ I = 1 X ao,6)
00

= [E(P(,(Xi 700)| Xi o) — pﬁ(xi "90)]v Inf(e (‘90)| I =1 % a,6,) (B.13)

and

aInP(x,0,)

20 = [09(Xi,05) — E(15(Xi,00) % @)V IN Pl [ X o), (B.14)

where Vinf(e|l; = Lt,0) = 9/d(e,t)'Inf(e|l; = L,t,0) and VInP(l, = 1]t) =
d/ot’In P(1, = 1|t) (see Appendix C for the derivation @8.13) and(B.14)). It follows that

alnl(li,z,0,)
E( a0

€ (6), X; ao)

aInf(e (o)1 =1 % ao,6,)
20

aln P, (x;,6,)
20

aInf(e (00)| I =1 X ao,6,)
a0
aIn P (x,00)
a0

= E{E[Ili|5i(00)yxi] € (6), X; ao}

L

Z {E[|li|€i(eo),xi]

€(65),% ao}

{E[lll |6 (6o), % ao] € (65), Xi ao}

+

E {E[Ili l€i (65), Xi 6]

M-

€ (605), Xi ao}

=0
by using the index property th&i(l|e(6,), X) = E(l;]€(6o), Xato). HenceLY = o,(1) by
Proposition 4

B.1.4: Asymptotic Distribution of vNS;(6,). It follows from (B.4) and the results in
(B.1.1)—(B.1.3) that
alnl(l;,z,0,)

\/ﬁS‘l(Go) = = E too( i 0) 20

Op(1)9

i.e., vNS,(6,) is asymptotically equivalent tgnS;(6,). Because

alnl(l,z6,) alnl(l,z06,)
E[(tﬁ"(zﬁo) -1 T} = E{E[(té’"(zﬁo) D

€(6,), Xao:|}

dalnl(l,z6,)
=Eq (t5°(2,6,) — DE| ——— | €(6,), Xao
06

=0
andE[(t2(z,6,) — 1?0 Inl(1,2,6,))/90]|?] — 0 by the dominated convergence theorem
then

1 2 alnl(li,z,60,)

S(8o) = 5 2~ + (D (B.15)

a0

By the central limit theoremvnS:(6,) 25 N0, 1(6,)).
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B.2: Covariance Matrix. The following uniform law of large numbers is useful here
whose proof can be found in Ichimura and L@891).

PROPOSITION 5A UNIFORM LAW OF LARGE NUMBERS. Let{z} be a se
quence of .i.d. randomuvectors The measurable function(h,6,a,) takes the form
h(z,6,a,) = (1/a9)h,(z,6)h,(z,6,(s(z,6))/a,), where g = O(1/nP),p>0,d=0, 6 € 0,
and 9z,0) is a finite-dimensionabectorvalued functionSuppose that the following con
ditions are satisfied

(1) 6 is acompact subset of a finitimensional Euclidean space

(2) The function h(z,#6) is differentiable with respect t6. The rth-order moment
where r= 2, of supee | h1(z,0)] is finite. The first moment oup,ce [0h1(z,6)/00|
exists and is finite

(3) |hy| = c for some constant.c

(4) E(h2h3) = O(ad) uniformly in6 € ©, for somed.

(5) The functions §(z 60,u) and Hz,6) satisfy the bounded Lipschitz condition of or
der 1 with respect t@ and u

If limp_. (n/InN)a2d*¥0d-d = o then supee |1/NS11h(z,60,a,) — E(h(z6,
an))| -2 0. Furthermore in addition to the preceding conditiong E(h(z6,a,)) con
verges to a limit function i(#) uniformly in6 € O, thensupee |1/NZ1h(Z,6,a,) —
h..(6)| -2 0.

Define

alnf(e ()|l =1Lxa68) oInf(e(0)ly=1x%a,6)
06 06’

l n
Ih(0) = n _:Eltn(zi,g){hi

N i' dInP(x;,0) dln P.(xi,e)}
“t 96 a0’

and

aInf(e(0)|ly=21xa,0) dInf(e(0)]ly =1 % a,0)
a6 060’

70 = = S0 1,

L 9InP(x;,0) dln P|(xi,6)}

+ D0,

= 90 00’
To show that ,(6,) will converge in probability td (6,), we proceed in three steps

(1) 1,(9) — 15(#) converges to zero in probabiljtyniformly in .
Under the assumptions in the main texy Lemma 1 (A.2) and(B.1),

dINCn(z,0) aInC(z,0)
tn(zi,0)< e )
> I i
= {Op[(naf**5;3/In?n) /2] + O, (a az%)}[l + %ﬁ)zm]
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uniformly in z; and6. Similarly,

dlnAL(z,0) dInA(z,0)
t(z, )< 0 o9 )
= {Op[(na™ 861 3/In?n)~+2] + Op(a§5£ﬁ)}[l+ W]

uniformly in z andé. Then it follows easily by(B.2) and the assumptions in the
main text thal,(6) — 17(8) = 0p(1) uniformly in 6.

(2) From (A.1) and (A.2) and an expansion similar t¢B.3) it follows that
SURz, o) 1tn(2Zi,0) — t7°(zi,0)| = 0p(1). Hencel;(0) — 15°(6) = 0,(1) uniformly
in 6.

(3) By applying the uniform law of large numbers in Propositioh3(#) converges in
probability tol (6) uniformly in 6.

Therefore 1,(6) converges in probability tb(6) uniformly in 6. Becausd,, is a con-
sistent estimate of, andl (9) is continuous irg, 1 () converges in probability to(6,).
Under the identification condition th&fe,) is nonsingularl,, (6,) L5 “1(6,).

B.3: Show That(8S,(0))/96" -2 —1(6,). From(2.10),

aSﬂ(,e) _ E i (ZI, azlnln(li,’Zi,G) }i alnln(llyzlae) at (Zl:e)
n<y 06006 n<: a6
As
alnln(lirzisa)
360 96’
|: 1 82Cn(2i,0) 1 6Cn(2i,9) aCn(Ziae)
"1 C.(z,0) 0000 C2(z,0) 90 a0’
1 9?An(11]%;,0) n 1 0AL(11]%;,0) 3An(|1|xi,'9)]
An(14]x,8) 96006’ A2(14]x;,0) 96 06’
i [ 1 2An(11]x:,6) B 1 AL [%i,0) 9AL(1)%;,0)
= ALl ]%,0) 960 00’ AZ(1,|%;,60) a0 a0’
1 32An(1|xi,9) 1 aAn(1|Xi90) aAn(l‘XlaH)i|
An(1]x;,0) 9606 A2(1]%,6) a6 06’ ’

By following similar approaches to those in Sectior2B

1 n
- 2 tn(Zi,B)
ni=

a2Inln(1i,z,60) , <82Inl(l,z,9)>
90 06’ 960 00’
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uniformly in 6. As 0=n is a consistent estimate @, it follows that

100 . 9%Inl,(1,7,0)
n i:Z;Ltn(Zi,en) 90 00’

p 9%In f(e(0o)[1; = 1, Xarg,6,) L. 9%In Pi(X,6,)
— E\lIl; + I eeesee—
3696’ =1 36 06’

Becausd (e(0)|1; = 1, Xa, ) is a density functionunder the regularity conditions that
differentiation operators with respectfdand the integration operator are exchangeable
the following “likelihood equation” is valid

f[azlnf(e(G)Hl = 1 Xa,0) N dInf(e(9)|1L =1 xa,0) 6|nf(e(9)\|1=1,xa,0)]
260 96’ a0 a6’
X f(e(0)|1, =1 Xa,0) dy= 0.
At 0,, it follows that
E<8|nf(€(00)||1 =1, Xa,,0,) dInf(e(b,)]11 =1 X, 6,)

26 96’
82|nf(6(90)||1= 1 Xa,,6,)
_7E< 9000’ lh=1x).

Similarly, as3—; P (x,6) = 1, it follows that

|1::LX>

L {azln P (x,0) N alnP(x,0) dln P,(x,e)}PI(X 8) =0
&1 000 96 96’ ’ ‘
At 6,,
L 9InP(x,6,) dInP(x,0 L 92InP(x,6
(Z ) .( o) alél o) ) (; aola(o' o) X>'
With these |dent|tie,s't follows that

10 . 0%Inl,(1,,z,0)
- Z tn(zi,en) # i> |(00)

It remains to show that/h > ; (9 In In(l,,z,,a)/ae)((at (z,,0))/60 ) converges to zero
in probability By following the approach in Section.B8 we can show that

120 9Inl,(l;,z,0) dt,(z,0) 1% ainl(li,z,0) ot°(z,0) ,

n“ 96 a0’ n<; 90 90’

uniformly in 6, where

120 9Inl(l;,z,0) at,ﬁ”(zi,e) 1.0 alnl(li,zi,e) dInC(z,0)

- = 2 kc n(zn

ni<; 060 00’ i 060 00’

1 n 9lnl(l;,z,0) & aln Al | x,0)

2é Jn( i )#
=1 j=0

with kZ(z,6) = [Ti=ot*(A(l%,6)/81,5) X Vt*(C(2,60)/82,0)(C(2,6)/82,,) and

L
kjo,on(zi’a) = t*(C(Zi,e)/Sz,n)l gll t*(A(Illxi,g)/S:Ln)
=0,1#j

. A(lj]x,0)
X Vt4(A(|J|X|,0)/6Ln) T
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forj=0,...,L. Becausé;, andk: , are bounded and they do not vanisizavheres <
C(z,0)/82,n < L andz < A(l}]%,0)/81, < 1, for all | = 0,...,L, it follows from the
uniform law of large numbers in Proposition 5 that

alnl(ll,z,,e) 0ty (z,0)
a0’

1
n;

uniformly in 6. Hence

Inln(l.,Z.,(?) a(z,0)
YT — 0.

APPENDIX C SOME ALGEBRAIC EXPRESSIONS

C.1: Derivation of (B.13) and (B.14). BecauseéE(x |1y = 1,€(6,), Xan) = E(X| Xao),
it implies that(d/de)E(x|1, = 1€, Xa,) = 0. Therefore

dC(z,0,) { ( da
7 | E -
30, tr VE( x 20,

Xao) X E(|1|E(90), Xarg)

+ [E(Pek(X, 65) ‘ Xarg) — Pek(X, 90)]VE(|1| €(6,), Xao)] g(e(0o), Xa‘ao)
+ [E(Pek(X,90)| Xarg) — Pek(X,Go)]E“ﬂf(eo), Xao) Vg (€e(6s), Xao|65)

t VE< deto
= —trVE(x —
96,

Xao) X E(11]€(6s), Xato)g(e(6y), Xto|6o)

+ [E(Pek(X,90)| Xatg) — pﬁk(xveo)] X V{E(|1|E(00), Xao)g(e(eo), Xao|00)}‘

(C.2)
Similarly,
Al ] X, 60,) _ datg
a—ﬁk = —tr VE(Xa—ak Xa0> X E(1}]| Xao) p(Xag|05)
+ (X= E(X\Xao)) >< V{E(l1]Xao) p(Xao| o)} (C.2)

As E(11]€(0), xa)g(e(0),xa|0) = g(e(0),xa|l; = 1,0)E(ly) and E(l4|Xa)p(xa|0) =
p(xa|l; = LO)E(l,), it follows that

V' In{E(I1]€(0),xa)g(e(0), xa|0)} — (O,V" In{E(11|xer) p(xr|0)})
=V'Ing(e(0),xa|l;=160) — (O,V'Inp(xa|l, = 1,0))
=V Inf(e(8)|l; =1 xa,0),
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becausd (e(0)|1, = 1, xa,8) = g(e(0), x|l = 1,0)/p(xa|l; = 1,6). Using these rela-
tions

1 dC(z6,) 1 dA(11|X,0,)
C(z,0,) 96 A(l4]x,6,) 96y

= [E(pa,(X,00)[Xto) = pg (X, 06)] X VIN{E(I1]€(6o), Xato) gle (6o), Xato|60)}
= [6,(x.00) — E(m, (X, 00)[ Xao)] X VIN{E(I1| Xero) p(Xaro | 6)}
= [E(po,(%,00)| Xao) = p4,(X,00)]V Inf (€(65)] 11 = 1, Xao, 6o),
which is(B.13). Equation(B.14) can be deduced in a similar way

C.2: Derivation of (B.5)—(B.8). Because,(z;,6,) andC(z,6,) are functions ofy; —
X{ Yo, Xj o) and are continuous everywheRroposition 2 implies that

rliinw E(Tow(7,1j,2,an,00)|2)
= _g(éi (65), X a'o| 65)

X trv{[pek(xiygo)E(lli [€i(05), Xi o) — E(11i pg, (Xi,00) € (65), X; axo)]

1
- [Pek(xiﬁo)E(Hi |€i(05), X ) — E(ly Pek(xi,90)|€i(90),xi ao)]m

X Vg(‘fi (65), i 0(0‘490)

—9(e&i(6o), % @olb,) X tr V{[Pak(xi ,00) — E(Pok(xi ,00) X a06)]

—r }
9(€(6), X; ao‘eo)

- [Pek(xi ,00) — E(pﬁk(xi ,00)‘ Xi a5)]V In 9(€(6), X; ao‘eo)

—tr V[E(nek(xi ,00)| X ) — nﬁk(xi ,05)]

1

+ 9(e (00 X ol 6) [pa,(Xi,00) — E(pg (Xi,00)| X at5)] X VQ(€; (65), X; o] 05)

- [Pek(xi ,00) — E(pek(xi ,00) 1% a5)]V In 9(ei(6o), % o 6,)

Il
|
=
<
m
| —
o
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which is(B.5). Similarly,

lim E(T3,k(xj ’ Ij > Xi »an,an) ‘ Xi)
n—oo

= _p(xi ao‘ 6)

1
Xtr V{[E(lli ﬁgk(xi ,00) X o) — nek(xifao)E(lli [Xi ao)] m}

X Vp(xi ao' 65)

1
— [E(11im,(Xi,00) | X; @) — Mg, (Xi,00) E(13i [ X )] Aq(Xi,0,)

1
—p(X; ao| B5) X tTV{[E(ngk(Xi ,00) | Xi o) — m)k(xi,@o)] m}

- [E(Tlek(xi :00)| X, o) — nok(xi ,0,)]V In p(X; ao‘ 05)

8Xi [ )

—tr VE(T X ao) + [E(nak(xi 700)| Xi ) — nek(xi ,05)1VIn p(xi ao' 65)
k

- [E(nﬁk(xi ,00)| Xi o) — nek(xi ,00)1VIn p(xi ao‘eo)

aXi [0 7Y
a—ek Xj g ae,

which is(B.7). On the other handProposition 1 implies that

Il

|
=
<
m

ac(zi 760)
90,

lim E(Tz,k(zjaIjazi>an700)|zi) = E['n €(6,), % ao]
n—oo

1 2
% < C(Zi ,90) ) g(ei (00)’ X C!0| 00)

. E[aC(zi,eo)
96,

I =216 (6,), X ao] Cz.60

With relation(C.1),

E[ aC(z,6,)
96,

i = Le(6o), X ao]

tVE( deto
r Xi 70,

X; ao) X E(lyi|€(65), Xi a5) g€ (65), X a6 | 65)

+ [E(pa,(Xi,00) X @) = E(pg,(Xi,00) 11 = L& (65), X )]
X V{E(ly |Ei (65), X; ao)g(ei (65), X; aowo)}

Jda

—trVE(X—
r (xagk

Xi ao> X E(l5|€(05), X o) 9(€i (65), X 0] 05) €.
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Hence lim— o E(T2.k(Z, 15, Zi,an,00)Zi) = —tr VE(X;| X o) (9x (65)/36k) a.e., which is
(B.6). Relation(C.2) implies that

E ( aAl(xi 700) I

Y’ Xi ao) X E(4x ao)p(X ol 65)
k

Ja,
W= inao> = —trVE(x, 26,

+ [E(ne,(Xi,00) 11 = 1, X; )
- E(n(ik(xi ,00)| Xi o)) X V{E(ly; ‘ Xi ao)p(xi a0| 60o)}

Xi ao> X E(ly ‘ Xi o) P(Xi ao' 0o).

tr VE (x, 22
= —tr
X'aak

Hence it follows that

. AL(Xi,6,) 1 2
r[fﬂmE(T4,k(Xj,|,-,Xi,an,00)\xi) =E IliT Xi &g A(x.60) P(Xi ol 05)
aAl(XhoD) >
B E( a6 | TN A6

dag
= —tr VE(X; | X; @) a—ek ae,

which is(B.8).

C.3: Derivation of (B.9)—(B.12). The expressions oV, and W, are similar to the
expressionsl; and T4, respectively Following similar analysis to that previously de-
scribed forT; andT,, (B.9) and(B.10) hold. Proposition 2 implies that

lim E(Ws (X, lj, Xi, @n,0n) | Xi)

n—oo

—p(x ol 65)

1
X tr V{[E(Ili Mo (Xi,00) | Xi 5) — M, (Xi,00)E(1j | X a0)] m}

= [E(i 19, (Xi,00) [ Xi ) — 1, (Xi,06) E(1i [ X at6)]V In p(X; ] 65)
E(li % ao)
p(xi 0(0‘90)

—p(Xaq ‘ 00){tr V[E(nek(xi :90)| Xi o) — nﬂk(xi ,00)]
+ [E(16,(Xi,00) | X @) — 14,(Xi,60)]

—1 E(li| % ao)
8 (p(xi ol 6o) VE(li [Xiao) = 3= — = Vp(X; 0£o|'90)>}

pz(xi 0[0|00)
E Ely [ % ao) v
— [E(mg (Xi,00) | Xi o) — 1, (Xi,65)] p(% ag) O0) P(Xi o] 6,)

= —tr VE(X;| X: ao) E(ln [% @)

- [E(ﬂek(xi ,00) X ao) — nﬁk(xisao)]VE(lli Ixiao) ae,
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which is(B.11). Finally, Proposition 1 andC.2) imply that

lim E(Wy (X}, i, Xi, @n,60) | Xi)
n—oo

1 2
Xi ao) (A(ll X; ,00)> p(X; ao‘eo)

_ Eli[ % o)
=)

0A(1]x;,6,)
= E<|.i -

<6A(1lxi,00)
0

day
{*tr VE(Xi| % ao) aiak P(Xi a6 65) + [E(mg,(Xi,00) [ 1i = 1, X; rg)

E(ly [ % ao)

- E(ﬂak(xiaeo)‘xi ao)]VP(Xi ao‘eo)} X p(xi 010|00)

dag
—tr VE(Xi|Xi ao) — E(Ili |Xi ao) ae,
90,

which is(B.12).

APPENDIX D: AUSEFUL LEMMA FOR
DERIVATIVES OF CONDITIONAL
EXPECTATIONS

In this sectionwe derive some formulasvhich are useful here and interesting on their
own, for probability limits for derivatives of some nonparametric estimates with respect to
certain parameter vectors

For a random vectofy, x) € R'** and a vectow € R let E(y|xa = t) denote the
conditional expectation of given xa evaluated at. It is obvious that this conditional
expectation depends on the parameter veetdimoughxe. In the following lemmawe
derive a formula for the derivative &(y|xa = t)p(xa = t) with respect to the parameter
a, wherep(xa = t) denotes the density aix evaluated at.

LEMMA 2. Assume that By|xa = t)p(xa = t) and E(yx|xa = t)p(xa = t) are con
tinuously differentiable with respect toand t and these two functions and their deri
tives are uniformly bounded by a square integrable funcfidrend[ E(y|xa = t)p(xa =
t)]/0a = —(E(yx| xa = t)p(xa = t))’, where’ denotes the derative with respect to.t

Proof. Let E(y|xa =t) = h(a,t). By the definition of the conditional expectation

fyA(Xa)dP= fE(y|xa)A(xa)dP=fp(a,t)h(a,t)A(t)dt (D.1)
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for any real functiom € C, whereP is the underlying probability measyi@ denotes the
set of real-valued functions dRthat have compact support and continuous partial deriv-
atives of all ordegrandp(a,t) = p(xa = t), the density function ok« evaluated at. Let
g(a,t) = E(yx|xa =), the conditional expectation afy givenxa evaluated at. Taking

the partial derivative with respect toon both sidesfor the left-hand side we obtain

L,= fxy/\’(xa)dP=fE(xy\ xa)/\’(xa)dP=fg(a,t)p(a,t)/\’(t)dt

= —f[g(a,t)p(a,t)]’)t(t)dt. (D.2)
The last equality follows from an integration by parts formulm the other handhe

derivative of the right-hand side is equal B, = [fA(t)([d(h(a,t)p(a,1))]/0a) dt.
Therefore

d(h(a,t ,t
JA(I)[W + (g(a,t)p(a,t))’] dt=0 (D.3)

holds for any function € C. Letf(a,t) =[d(h(a,t)p(a,t))]/da + (g(a,t)p(a,t))’. Then
we havef A(t) f(a* t) dt= 0 holds for any functiom € C anda* in the domain ofx. Let
fi(a, 1) denote théth component(a,t). For eacH, asfi(«, t) is continuous and uniformly
bounded by a square integrable functibemma A2 in Chamberlairf1986 implies that
for anye > 0 we can choosed € Csuch that [( fi(a*t) — A(t))?dt)¥? < €. Therefore

fﬁz(a*,t)dt = Uf|(a*,t)(/\|(t) —fi(a®1)) dtH

1/2 1/2
= <ff|2(a*,t) dt) (f(ﬁ(a*,t) - /\|(t))2dt>
1/2
= <Jf|2(a*,t) dt) €.

Because it holds for any> 0, thus[ f?(a* 1) dt = 0. Hencef,?(a* t) = 0 on the real line
Consequentlywe havegd(h(a,t)p(a,t))]/da = —(g(a,t)p(a,t))’ as asserted u
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