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Abstract

We study the restriction of the absolute order on a Coxeter group W to an interval [1, w]T , where w ∈ W
is an involution. We characterise and classify those involutions w for which [1, w]T is a lattice, using the
notion of involutive parabolic subgroups.
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1. Introduction

Let (W, S) be a Coxeter system with set T =
⋃

w∈W wSw−1 of reflections. Let
�T : W −→ Z≥0 denote the length function on W with respect to the set T of generators,
called the reflection length. The absolute order on W, denoted ≤T , is defined by

u ≤T v ⇔ �T (u) + �T (u−1v) = �T (v).

The reflection length was first considered by Carter [9] to classify conjugacy classes
in the Weyl groups. Both the reflection length and absolute order play a crucial role in
the construction of dual Artin groups attached to finite Coxeter groups. In this context,
denoting [u, v]T := {w ∈ W | u ≤T w ≤T v}, such groups are built as so-called interval
groups from the intervals [1, c]T , where c is a Coxeter element in W, that is, a product
of the elements of S in some order. An important feature is that, when W is finite,
the poset [1, c]T is a lattice, isomorphic if W is the symmetric group to the lattice of
noncrossing partitions [4]. The absolute order therefore also allows one to generalise
the lattice of noncrossing partitions to every finite Coxeter group and is thus also
actively studied in connection with combinatorial structures related to noncrossing
partitions (see, for instance, [1, 29]). In the interval group setting, the lattice property
ensures that the attached interval group is a so-called Garside group. Such a group
is torsion-free, admits a solution to the word and conjugacy problems, has a finite
K(π, 1), a nontrivial computable centre, etc. In the case of a finite Coxeter group W,
the interval group attached to [1, c]T turns out to be isomorphic to the Artin group of
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the same type. This motivates the study of the poset [1, c]T , also in nonspherical type,
as a tool to understand Artin groups of nonspherical type. For more on the topic, we
refer to [2, 24]. For which W and which choice of Coxeter element c the poset [1, c]T
is a lattice remains a difficult, open question in the field. A solution to this question is
known only for finite, affine, universal and rank three Coxeter systems.

In fact, every element w ∈ W such that [1, w]T is a lattice gives rise to an interval
Garside group. It is thus natural to seek elements w satisfying this property. We
summarise the known results on this question:

• if W is finite [2, 7, 25], universal [3] or of rank three [10, 19], and c is a (parabolic)
Coxeter element, then [1, c]T is a lattice;

• if W is of type Ãn [13], then for suitable choices of Coxeter elements c, the interval
[1, c]T is a lattice and for other choices, it is not;

• if W is of type C̃n [14], then for every Coxeter element c, the interval [1, c]T is a
lattice;

• if W is of affine type and not covered by the three previous points, then for any choice
of Coxeter element c, the interval [1, c]T is not a lattice [23];

• in type An, the interval [1, w]T is a lattice for every w ∈ W (as every element is a
parabolic Coxeter element in this case);

• in types Bn and Dn, there is a full classification of elements w such that [1, w]T is a
lattice [21] (unlike type A, there are elements for which the lattice property fails);

• if W is arbitrary and w ∈ W is such that �T (w) ≤ 3, then [1, w]T is a lattice [19].

The aim of this paper is to classify the involutions w such that [1, w]T is a lattice.
We develop uniform tools to answer this question. More precisely, given an involution
w in a Coxeter group W, denote by P(w) its parabolic closure, which turns out to be
finite. Since P(w) is a reflection subgroup of W, it is again a Coxeter group, with set
of generators Tw. The poset [1, w]T fully lies inside P(w) and coincides with [1, w]Tw .
We can thus restrict our study to finite Coxeter groups which are parabolic closures
of involutions. We then show in Proposition 3.10 that [1, w]T coincides with the set of
involutions in P(w), and in Theorem 3.11 that [1, w]T is a lattice if and only if the set of
parabolic closures of involutions in P(w) is stable by intersection. Finally, using these
results, we classify in Section 4 the involutions w such that [1, w]T is a lattice.

In a forthcoming joint paper with E. Chavli, we will identify and study the attached
interval Garside groups.

2. Preliminaries

Let (W, S) be a Coxeter system. Let V be its geometric representation and
T :=

⋃
w∈W wSw−1 its set of reflections. (For basics on Coxeter groups, we refer

to [5, 20].) We denote by Φ = Φ+ � Φ− the corresponding root system, and by
t ↔ αt the 1-to-1 correspondence between reflections and positive roots. Recall that
there is a function N : W −→ P(T) such that N(s) = {s} for all s ∈ S and N(xy) =
N(x)Δ xN(y)x−1, where Δ denotes symmetric difference. One has |N(w)| = �S(w)
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for all w ∈ W, where �S stands for the length function on W with respect to the
generating set S. The elements of N(w) are called the (left) inversions of w and may be
characterised geometrically as those t ∈ T such that w−1(αt) ∈ Φ−, equivalently, such
that �S(tw) < �S(w). If W is finite, we say that (W, S) is a finite Coxeter system, and
denote by w0 its longest element, which is involutive and satisfies N(w0) = T .

The reflection length �T (w) of an element w ∈ W is the smallest number k for which
there exist reflections t1, t2, . . . , tk ∈ T such that w = t1t2 · · · tk. If t1, t2, . . . , tk ∈ T and
w = t1t2 · · · tk with k = �T (w), we say that the word t1t2 · · · tk is a T-reduced expression
(versus an S-reduced expression when ti ∈ S and k = �S(w)) of w ∈ W. The absolute
order ≤T on W is then defined as u ≤T v if and only if �T (u) + �T (u−1v) = �T (v), that
is, there is a T-reduced expression of v having a T-reduced expression of u as a
prefix (equivalently, as a suffix, since T is stable by conjugation). It is natural to seek
geometric interpretations of �T (w) and algorithms to determine it. When W is finite,
we have the following result.

THEOREM 2.1 (Carter’s lemma, [9, Lemmas 1–3]). Let (W, S) be a finite Coxeter
group. For w ∈ W, let Vw = {v ∈ V | w(v) = v}, which we write as Ht if w = t ∈ T.
Then:

(1) �T (w) = dim(V) − dim(Vw) for all w ∈ W;
(2) for all t ∈ T, w ∈ W, we have t ≤T w⇔ Vw ⊆ Ht;
(3) given w ∈ W and t1, t2, . . . , tk ∈ T such that w = t1t2 · · · tk, we have �T (w) = k if

and only if the roots {αti}ki=1 are linearly independent.

Let Mov(w) := Im(w − IdV ). It is called the moved space of w and is stable by w.
We have Mov(w)⊥ = Vw (see [6, Proposition 1]). In particular, �T (w) = dim(Mov(w)).

Theorem 2.1 does not generalise to arbitrary W, where, typically, the reflection
length can be unbounded in general [15]. In affine types, one can derive a formula
analogous to that in point (1) (see [22]).

For arbitrary Coxeter systems, we have the following result.

THEOREM 2.2 (Dyer, [17, Theorem 1.1]). Let (W, S) be an arbitrary Coxeter system.
Let w ∈ W. Let s1s2 · · · sk be any S-reduced expression of w. Then, �T (w) is equal to the
minimal number of letters to delete in the word s1s2 · · · sk to get a word representing
the identity.

Let I ⊆ S. Recall that the subgroup (WI := 〈I〉, I) is itself a Coxeter group, called a
standard parabolic subgroup. A parabolic subgroup is a subgroup of the form wWIw−1

for some w ∈ W. Parabolic subgroups are examples of reflection subgroups, that is,
subgroups generated by a subset of T, which themselves carry a canonical structure of
a Coxeter group [12, 16]. Recall that if W′ ⊆ W is a reflection subgroup of W, then its
set T ′ of reflections with respect to its canonical Coxeter group structure is given by
W ′ ∩ T . Parabolic subgroups can also be described as centralisers of subspaces of V.

https://doi.org/10.1017/S0004972725100531 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972725100531


[4] Absolute order and involutions 495

Parabolic subgroups are stable by intersection; hence, given w ∈ W, one can
consider its parabolic closure P(w), defined as the smallest parabolic subgroup
containing w.

The following result is folklore (see, for instance, [18, Section 2.4]) and will be
useful later on.

PROPOSITION 2.3. Assume that W is finite. Let w, x ∈ W, t ∈ T.

(1) P(w) = CW(Vw) := {w ∈ W | w(v) = v for all v ∈ Vw} and rank(P(w)) = �T (w).
(2) If w ≤T x, then Vx ⊆ Vw; hence, P(w) ⊆ P(x).
(3) We have t ≤T w⇔ t ∈ P(w).

Since P(w) is a reflection subgroup of W and hence has set of reflections P(w) ∩ T ,
the set of elements of T such that t ≤T w is precisely the set of reflections of P(w). In
particular, it is a generating set.

3. Involutive parabolic subgroups and lattices of involutions

Let (W, S) be a Coxeter system.

DEFINITION 3.1. Let P ⊆ W be a parabolic subgroup. We say that P is involutive if
there is an element x ∈ W such that x2 = 1 and P(x) = P.

LEMMA 3.2. If P is involutive, then P is finite.

PROOF. Let x ∈ W such that x2 = 1 and P = P(x). In particular, x has finite order. By
[8, Proposition 1.3], there are I ⊆ S and w ∈ W such that WI is finite and x ∈ wWIw−1.
Since wWIw−1 is a parabolic subgroup containing x, we have P ⊆ wWIw−1. The latter
being finite, we deduce that P is finite. �

The above lemma, together with Proposition 2.3, will allow us to restrict to finite
Coxeter groups when studying [1, w]T with w an involution.

PROPOSITION 3.3. Let (W, S) be a finite Coxeter system and let u ∈ W be an
involution. Let t ∈ T. Then,

t ≤T u ⇔ tu = ut and t ∈ N(u).

PROOF. Assume that t ≤T u. Then, Vu ⊆ Ht. Thus, Rαt = (Ht)⊥ ⊆ (Vu)⊥. However,
since u is involutive, (Vu)⊥ is precisely the (−1)-eigenspace of u. Thus, u(αt) = −αt
and hence, t ∈ N(u). Moreover, since Rαt is stable by u, we see that Ht = (Rαt)⊥ is
also stable by u. Since Rαt and Ht are the eigenspaces of t, it follows that tu = ut.

Conversely, assume that tu = ut and that t ∈ N(u). Since t and u commute with
each other, they are simultaneously diagonalisable. It follows that u preserves Rαt and
Ht, which are the eigenspaces of t, so that u(αt) ∈ {±αt}. Since t ∈ N(u), this forces
u(αt) = −αt. Writing Ht = E1 ⊕ E−1, where u acts by IdV on E1 and by −1 on E−1,

V = E1 ⊕ E−1 ⊕ Rαt,
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where ut acts by IdV on E1 ⊕ Rαt and by −IdV on E−1. Now, Vu = E1 while
Vut = E1 ⊕ Rαt. Hence, �T (u) = �T (ut) + 1, which concludes the proof. �

COROLLARY 3.4. Let (W, S) be a finite Coxeter system and t ∈ T. Then,

t ≤T w0 ⇔ w0t = tw0.

PROOF. The corollary follows immediately from the previous proposition together
with the fact that N(w0) = T . �

COROLLARY 3.5. Let (W, S) be a finite Coxeter system and u ∈ W. Then, u2 = 1 if
and only if u is the longest element in its parabolic closure P(u). In particular, if P
is an involutive parabolic subgroup, then there is a unique involution u ∈ P such that
P = P(u).

PROOF. Assume that u is an involution. Let t ∈ P(u). By Proposition 2.3(3), t ≤T u.
By Proposition 3.3, t ∈ N(u). It follows that every reflection in P(u) is an inversion
of u, which happens if and only if u is the longest element of P(u). The converse is
immediate as longest elements of finite Coxeter groups are always involutive. �

PROPOSITION 3.6. Let (W, S) be a finite Coxeter system and u ∈ W be an involution.
Let v ∈ W such that v ≤T u. Then, v is an involution and vu = uv.

PROOF. We begin by showing the second statement. Since v ≤T u, we have Vu ⊆ Vv.
Hence, v preserves Vu and, thus, it also preserves (Vu)⊥ = Mov(u). Since Vu and
Mov(u) are the eigenspaces of u, it follows that uv = vu.

For the first statement, we begin by observing that

V = Mov(u) ⊕ Vu = Mov(v) ⊕Mov(v−1u) ⊕ Vu, (3.1)

where the second equality holds by [6, Corollary 1]. Since u is involutive, it acts by
−IdV on (Vu)⊥ = Mov(u) = Mov(v) ⊕Mov(v−1u). It suffices to show that v acts by
−IdV on Mov(v) to conclude that v is involutive. Hence, let x ∈ Mov(v). We have

v−1(v(x) + x) = v−1(v(x) − u(x)) = −(v−1u(x) − x),

but v−1(v(x)+x) ∈Mov(v) since v(Mov(v))=Mov(v), while−(v−1u(x)−x) ∈Mov(v−1u).
The decomposition (3.1) forces v−1(v(x) + x) = 0 and hence, v(x) = −x. �

In [26, Propositions 2.4 and 2.5], it is proven that every involution in a finite Coxeter
group admits a T-reduced decomposition made of reflections which are pairwise
commuting (such decompositions also appeared in the work of Deodhar [11] and
Springer [27], without the notion of reflection length). We deduce from the above
proposition that this result holds for every T-reduced decomposition.

COROLLARY 3.7. Let (W, S) be a finite Coxeter system and u ∈ W an involution. Let
t1t2 · · · tk be a T-reduced expression of u. Then, the reflections t1, t2, . . . , tk are pairwise
commuting.
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PROOF. Let 1 ≤ i < j ≤ k. Since u = titjtjti (t1 · · · ti−1)tj (ti+1 · · · tj−1)(tj+1 · · · tk) and the
conjugate of a reflection is again a reflection, we have titj ≤T u. We deduce from the
previous proposition that titj is an involution and hence, titj = tjti. �

REMARK 3.8. A classical tool in the study of posets [1, c]T , where c is a (parabolic)
Coxeter element, is the so-called Hurwitz action on T-reduced decompositions of
c [2, Section 1.6]. It is an action of the braid group on �T (c) strands on such
decompositions. A property which has many important consequences in the study of
dual Artin groups is the transitivity of this action. It can be defined on T-reduced
decompositions of an arbitrary w ∈ W, but in the case of an involution, this tool is
quite irrelevant. Except in particular cases, it has no chance to be transitive since
when you have a T-reduced decomposition made of pairwise commuting reflections,
the action just modifies the order of the factors. In particular, there are, in general,
several Hurwitz orbits, resulting, for example, in relations of the form t1t2 = t3t4 with
|{t1, t2, t3, t4}| = 4 occurring in the case of involutions. For instance, in type B2 with
w = w0 and S = {s, t}, we have w0 = t(sts) = s(tst). Such relations are not captured by
the Hurwitz action.

PROPOSITION 3.9. Let (W, S) be a finite Coxeter system and let u ∈ W be an
involution. Let P(u) denote the parabolic closure of u. Let v ∈ W. The following are
equivalent:

(1) v ≤T u;
(2) v2 = 1 and v ∈ P(u);
(3) v2 = 1 and Vu ⊆ Vv.

If any of these conditions holds, then uv = vu.

PROOF. Suppose that condition (1) holds. We deduce condition (2) and also the last
statement using Propositions 3.6 and 2.3(2).

Assume condition (2). Since v ∈ P(u) = CW(Vu), we have Vu ⊆ Vv, which gives
condition (3).

Assume condition (3). We have Vu ⊆ Vv and hence, Vv = Vu ⊕ (Vv ∩Mov(u))
yielding

V = Vv ⊕Mov(v) = (Vu ⊕ (Vv ∩Mov(u))) ⊕Mov(v).

Since u and v are involutive and Mov(v) = (Vv)⊥ ⊆ (Vu)⊥ = Mov(u), we see that u
(respectively v) acts by 1 on Vu (respectively by 1), by −1 on Vv ∩Mov(u) (respectively
by 1) and by −1 on Mov(v) (respectively by −1). Thus, v−1u is involutive with
Vv−1u = Vu ⊕Mov(v) and Mov(v−1u) = Vv ∩Mov(u). We deduce that

�T (v) + �T (v−1u) = dim(Mov(v)) + dim(Vv ∩Mov(u)) = dim(V) − dim(Vu)
= dim(Mov(u)) = �T (u),

which shows that v ≤T u, yielding condition (1). �
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PROPOSITION 3.10. Let (W, S) be a finite Coxeter system. Let u ∈ W be an involution.
Then, [1, u]T is the set of involutions of P(u). Moreover, denoting by IP(u) the set of
involutive parabolic subgroups of P(u), we have an isomorphism of posets

ϕ : [1, u]T −→ (IP(u),⊆), v �→ P(v).

PROOF. The first statement is an immediate consequence of the equivalence between
points (1) and (2) of Proposition 3.9.

We now prove the second statement. Since P(u) is parabolic, the parabolic
subgroups of P(u) are exactly the parabolic subgroups of W included in P(u) (this
is easily seen, for instance, using the description of parabolic subgroups as centralisers
of subspaces in the geometric representation). Let v1, v2 ∈ [1, u]T , which by the already
proven statement are involutions. If ϕ(v1) = ϕ(v2), then v1 ∈ P(v2) and v2 ∈ P(v1).
Using the equivalence between Proposition 3.9(1) and (2), we obtain v1 ≤T v2 and
v2 ≤T v1, and hence, v1 = v2. The map is thus injective. It is surjective since, if P is
an involutive parabolic subgroup of P(u), then there is an involution v ∈ P(u) such
that P = P(v). By Proposition 3.9, again we deduce that v ≤T u and hence, v ∈ [1, v]T .
Finally, the map ϕ is an isomorphism of posets since, using again Proposition 3.9, we
have

v ≤T u⇔ v ∈ P(u)⇔ P(v) ⊆ P(u). �

THEOREM 3.11. Let (W, S) be a finite Coxeter system. Let u ∈ W such that u2 = 1.
Then, [1, u]T is a lattice if and only if the set IP(u) of involutive parabolic subgroups
of P(u) is stable by intersection. In this case, in the notation of Proposition 3.10, for
v, w ∈ [1, u]T , we have ϕ(v ∧ w) = P(v) ∩ P(w).

PROOF. Assume that the involutive parabolic subgroups of P(u) are stable by
intersection. It suffices to show the existence of meets since the poset is finite and
has a maximal element P(u) (see [28, Proposition 3.3.1]). Hence, let v, w ∈ [1, u]T .
Then, by Proposition 3.9, v, w ∈ P(u) and v2 = w2 = 1. In particular, the parabolic
subgroups P(v) and P(w) are involutive, and hence by assumption, the same
holds for P = P(v) ∩ P(w). Thus, there is z ∈ P such that P = P(z) and z2 = 1. By
Proposition 3.9, z ≤T v, w. Now, let z′ ∈ W be such that z′ ≤T v, z′ ≤T w. In particular,
z′ ∈ P(w) ∩ P(y) = P(z). Since z ∈ [1, u]T , by Proposition 3.6, it is an involution. Using
Proposition 3.9, we deduce that z′ ≤T z.

Conversely, assume that the involutive parabolic subgroups of P(u) are not stable
by intersection. Then, there are two involutions v, w ∈ P(u) such that P := P(v) ∩ P(w)
is not involutive. Consider the longest element z1 = w0,P of P. Since it is an involution,
by Proposition 3.9, we have z1 ≤T v and z1 ≤T w. Since P is not involutive, we have
P(z1) � P. Since both P(z1) and P are generated by reflections, there is t ∈ P ∩ T such
that t � P(z1). Hence, t �T z1, and by Corollary 3.4 applied to the Coxeter group P,
it follows that tz1 � z1t. Setting z2 := tz1t, we see that z2 is an involution lying in P
and distinct from z1, with �T (z1) = �T (z2). By Proposition 3.9, z2 ≤T v, w. We can now
easily deduce that v and w cannot have a meet for ≤T . Assume for a contradiction
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that Z ∈ [1, u]T is a meet of v and w. Then, Z is an involution, and Z ≤T v and Z ≤T w;
hence, Z ∈ P(v) ∩ P(w) = P and z1, z2 ≤T Z. Since �T (z1) = �T (z2) and z1 � z2, we have
z1 <T Z. Hence, there is t ∈ P ∩ T such that z1 ≤T z1t ≤T Z. Since Z is an involution,
by Proposition 3.6, z1t is also an involution. We thus have z1t = tz1 and hence, t ≤T z1
by Corollary 3.4, which contradicts z1 ≤T z1t.

The last statement follows immediately from the isomorphism of posets in
Proposition 3.10, since the meet in the lattice of involutive parabolic subgroups is
clearly given by the intersection. �

Given an involution u of a finite Coxeter group W, we thus obtain that [1, u]T
is a lattice if and only if the involutive parabolic subgroups of P(u) are stable by
intersection. If P(u) is not irreducible, then as we shall see in Lemma 4.1 below, P(u)
will decompose as a direct product P(u1) × P(u2) × · · · × P(uk), where each ui is an
involution, and u = u1u2 · · · uk. The lattice will then be given by the direct product of
the lattices [1, ui]T . Classifying involutions u such that [1, u]T is a lattice thus reduces
to classifying finite irreducible and involutive Coxeter groups in which involutive
parabolic subgroups are stable by intersection. The first step is to determine the finite
irreducible and involutive Coxeter groups, which will be easy with the help of the next
proposition.

PROPOSITION 3.12. Let (W, S) be a finite, irreducible Coxeter system and let u ∈ W
be an involution. The following are equivalent:

(1) W = P(u);
(2) t ≤T u for all t ∈ T;
(3) u ∈ Z(W);
(4) �T (u) = rank(W).

In this case, u = w0 and [1, u]T is the set of involutions of W.

PROOF. (1)⇔ (2). Since T generates W, this equivalence is obtained by using
Proposition 2.3(3).

(2)⇔ (3). Assume statement (2). Then, t ≤T u for all t ∈ T . By Proposition 3.3,
we deduce that tu = ut for all t ∈ T , and hence that u ∈ Z(W) since T generates
W. Conversely, assume that u ∈ Z(W). Then, ut is an involution for all t ∈ T . Let
T = T1 ∪ T2, where T1 = {t ∈ T | t ≤T u} and T2 = {t ∈ T | t �T u}. Since u � 1, we
have T1 � ∅. Assume that T2 � ∅ and let ti ∈ Ti, i = 1, 2. Then, ut1 ≤T u ≤T ut2 and,
hence, ut2 is an involution such that t1t2 ≤T ut2. By Proposition 3.6, t1t2 is an involution
and hence, t1t2 = t2t1. The reflections in T1 therefore commute with the reflections
in T2. We thus obtain a decomposition as a direct product W = 〈T1〉 × 〈T2〉, which is
impossible since W is irreducible. Hence, T2 = ∅ and T1 = T , yielding statement (2).

The equivalence between statements (1) and (4) follows from Proposition
2.3(1). �

It is well known that if the centre of a finite, irreducible Coxeter group W is
nontrivial, then Z(W) = {1, w0} (see, for instance, [5, Ch. V, Section 4, Exercise 3]).
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Thus, from the previous proposition, the finite, irreducible and involutive Coxeter
groups coincide with those with a nontrivial centre, or those for which the longest
element has maximal reflection length, given by

A1, I2(2k) (k ≥ 2), Bn (n ≥ 3), D2k (k ≥ 2), E7, E8, F4, H3, H4. (3.2)

REMARK 3.13. In [26], several results on involutions in finite Coxeter groups are
collected and proven. In particular, Serre defines the degree of an involution u as
the codimension of Vu; hence, the degree is exactly the reflection length. He calls
an involution maximal if it has maximal degree. Using different methods, Serre
shows that maximal involutions are always conjugate [26, Corollaire 3.4] and that
for every involution v ∈ W, there is a maximal involution u ∈ W such that v ≤T u
[26, Théorème 3.7]. The setting of Proposition 3.12 corresponds to the case where
there is a unique maximal involution, in which case, it acts by −IdV on V. Indeed, let u
and W be as in Proposition 3.12 and assume that any of the four equivalent conditions
of the proposition holds. Since �T (u) = rank(W) = dim(V), we have V = Mov(u) and
since u is involutive, it follows that u acts on V as −IdV . In this case, Serre’s result also
gives v ≤T u for every involution v ∈ W.

4. Classification of involutions yielding a lattice

The aim of this section is to classify the involutions u in a Coxeter group W such
that [1, u]T is a lattice. We begin by the following preliminary lemma, which allows us
to reduce to the case where W is finite, irreducible and involutive.

LEMMA 4.1. Let (W, S) be a Coxeter system and u ∈ W an involution. Then, P(u) is
finite and there are involutions u1, u2, . . . , uk ∈ W, commuting with each other, unique
up to reordering, such that u = u1u2 · · · uk, P(ui) is irreducible for each i and

P(u) = P(u1) × P(u2) × · · · × P(uk).

The poset [1, u]T is then the direct product of the posets [1, ui]T .

PROOF. The fact that P(u) is finite is given by Lemma 3.2. Since P(u) is a parabolic
subgroup, it is a Coxeter group and we can decompose it into irreducible components
P1, P2, . . . , Pk, which are themselves parabolic, and this decomposition is unique up
to the order of the factors. We thus have P(u) = P1 × P2 × · · ·Pk, and u decomposes
uniquely according to this decomposition as u = u1u2 · · · uk, where ui ∈ Pi and ui is
involutive for all i. It remains to show that Pi = P(ui). If not, there is i such that
P(ui) � Pi. However, then, u lies in P1 × · · · × Pi−1 × P(ui) × Pi+1 × · · · × Pk, which
is strictly included in P(u) and parabolic, which is a contradiction. We thus get the
existence of the decomposition, and the uniqueness follows from the uniqueness of the
decomposition of P(u) into irreducible components and Corollary 3.5.

The last statement follows from the decomposition P(u) = P(u1) × · · · × P(uk) and
the fact that �T (u) =

∑k
i=1 �T (ui); this last claim holds since by Proposition 2.3(1),

�T (u) = rank(P(u)) =
k∑

i=1

rank(P(ui)) =
k∑

i=1

�T (ui). �
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s3 s4 s5 s6

s1

s2

FIGURE 1. Labelling of the Dynkin diagram of type D6.

We can now prove the main result, checking which finite irreducible Coxeter groups
among those listed in (3.2) satisfy the condition of Theorem 3.11.

THEOREM 4.2. The finite, irreducible, involutive Coxeter groups W such that [1, w0]T
is a lattice are those of type A1, I2(2k) (k ≥ 2), Bn (n ≥ 3), D4, H3.

PROOF. We go through the list given in (3.2) and check for each family whether
involutive parabolic subgroups are stable by intersection or not; applying Theorem 3.11
then completes the proof.

We first note that the cases Bn (n ≥ 3) and D2k (k ≥ 2) have already been treated by
Kallipoliti in [21, Theorems 7 and 8], who characterised all the elements w in types
Bn and Dn such that [1, w]T is a lattice. We can also reobtain it using the framework
developed in this paper by checking that involutive parabolic subgroups are stable by
intersection in these cases: in type Bn, using the list in (3.2), we see that involutive
parabolic subgroups are of type Bk × (A1)� and the intersection of subgroups of such
type is still of this type; in D4, proper involutive parabolic subgroups are of the form
(A1)� for � ≤ 3 and hence, also stable by intersection. In type D2k with k ≥ 3, one
can consider a standard parabolic subgroup P1 of type D4 and a simple reflection
s ∈ D2k\P1 commuting with every simple reflection in P1 except one. Then, P2 := sP1s
is again an involutive parabolic subgroup and P1 ∩ P2 has type A3; hence, is not
involutive. For instance, in D6, labelling the Dynkin diagram as in Figure 1, we set
P1 = 〈s1, s2, s3, s4〉, P2 = s5P1s5 = 〈s1, s2, s3, s5s4s5〉 and P1 ∩ P2 = 〈s1, s2, s3〉: indeed
P1 ∩ P2 is parabolic, of rank at most three since P1 and P2 have rank four and are
distinct, and 〈s1, s2, s3〉 is a rank-three parabolic subgroup included in P1 ∩ P2. Note
that the argument also works for types E7 and E8.

The case A1 is trivial, and in type I2(2k) with k ≥ 2, proper involutive parabolic
subgroups are of type A1; hence, stability by intersection is clear (but in this case,
every element w of the group has reflection length at most 2 and hence, [1, w]T is
necessarily a lattice).

The case H3 is already covered by our previously obtained result [19, Theorem 2.2]
since �T (w0) = 3 in this case. Nevertheless, we can reobtain it easily since proper
involutive parabolic subgroups in type H3 are of type (A1)� for � ≤ 2; hence, stability
by intersection is clear.
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For types F4 and H4, we can use an argument similar to that used for D2k (k ≥ 3).
Consider a standard parabolic subgroup P1 of type B3 (respectively H3) in F4
(respectively H4). Let s be the unique simple reflection which remains, that is, not
lying in P1. Then, P2 := sP1s has the same type as P1 and hence, is involutive, but
P1 ∩ P2 has type A2 (respectively I2(5)); hence, involutive parabolic subgroups are not
stable by intersection. �

Combining Theorem 4.2 with Lemma 4.1 gives the following corollary.

COROLLARY 4.3. Let (W, S) be a Coxeter system and u ∈ W an involution. Then,
[1, u]T is a lattice if and only if every irreducible factor of P(u) is of one of the following
types: A1, I2(2k) (k ≥ 2), Bn (n ≥ 3), D4, H3.
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