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1. Introduction. In fundamental papers Bernstein (3) and Loeve(8) have proved
central limit theorems for wide classes of dependent variables. Their theorems are
stated in terms of conditional distributions. In the case of dre-dependent variables
(see § 3) they assume the existence, as the 'conditioning' variates vary, of finite upper
bounds for certain conditional absolute moments higher than the second. More
recently, Hoeffding and Robbins (7) have proved central limit theorems for m-depen-
dent variables with finite third absolute moments, and Moran(io) has given a direct
generalization of the Lindeberg-Levy theorem for stationary discrete linear scalar
processes.

In the present paper extensions of the Lindeberg-LeVy theorem are given in § 3
for stationary m-dependent scalar variables and for certain other types of stationary
dependent scalar variables, some of which are of importance in the statistical study of
stationary stochastic processes. In proving the extensions mentioned above a general-
ization, given in § 2, of a convergence theorem given by Cramer ((4), p. 254) is used.
Extensions of these results to vector variables are considered in § 4. Some applications
of these extensions and generalization are given in § 5.

2. A convergence theorem. We use the following extension of the usual definition of
convergence in probability ((4), p. 252):

DEFINITION 1. Let Xhkr (h> & = 1,2, 3,...) 6c a triple sequence of random variables,
r assuming a finite or an infinite number of values. Suppose that a random variable (or
a constant) X exists such that, for any e> 0, P(\ Xhkr — X | <e)->-1 uniformly in r as
h, k -¥• oo. Then we say that Xh k r converges in probability to X uniformly inr ash,k^~ co.

THEOREM 1. Let {Wn} (n = 1,2,3,...) be a sequence of random variables. Suppose
that, for each k such that n= hk + r (h,lc integers; O^r<k), there exist random variables
Unk and Vnk, distribution functions (d.f.'s) Fk(x) and F(x), and a constant V such that

(a) Wn = Un>k+Vn,k,
(b) the d.f. of Unk->Fk(x) as h^-co (for all r and for k^-K) if xis a continuity point

ofFk(x),
(c) Fk(x) -+ F(x) as k-> oo ifxis a continuity point of F(x), and
(d) Vnk converges in probability to V uniformly inr ash,k->co.

Then the d.f. ofWn->F(x —V) asn-+coifx—V is a continuity point of F(x).
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Proof in the case of scalar variables. Since, by (a), Wn— V = Unik + (Vnk — V) we assume,
without loss of generality, that V = 0. Then we have to show that the d.f. of Wn -> F(x)
as »->• oo if x is a continuity point of F(x). Note that A, k, r are integers; fe > 0, h > 0,
0 < r < &. Let <?, e > 0. We have

(i) by Boole's inequality (ll),

for all r, h ̂  ^ ( 5 , e), say, and k ^ ^1(5, e), say, by (d) and Definition 1;
(ii) P(Wn^x, | Vn>k | ^e), by (a), lies between

and

which, by an argument similar to that used in (i), differ from P{Unk4,x — e) and
P(Untk^x + e) respectively by less than 8 for all r,h> H^S,e) and &^K^d,e);

(iii) P(*7n>A.<a;-e) and P(Untk^x + e), by (6), differ from Fk(x-e) and Pfc(z + e)
respectively by less than 8 for each r,k^K and h^H2(k,8,e,x,r), say, and hence,
for all r, & > if and

A ̂  H3(k,8,e,x) = max H2(k,8,e,x,r),
k

ii x — e and a; + e are continuity points of Fk{x);
(iv) Fk(x — e) and Pfc(a; + e), by (c), differ from P(a; —e) and F(x + e) respectively by

less than S for k ^ iT2(£, e, a;), say, if cc — e and x + e are continuity points of F(x); and
(v) P(a; — e) and F(x + e) differ from F(x) by less than 8 for e < E(8, x), say, if x is

a continuity point of F(x).
The numbers of discontinuity points of Fk(x), F(x) are at most enumerable and, hence,

e = e(8, x) > 0 can be chosen to satisfy the conditions imposed on e in (iii)—(v). Fix
e = e(8, x). Kx{8, e), K, K2(8, e, x) are now functions of 8, x only and, hence, a positive
integer k = k(S, x) ^ max (Klt K, K2) can be chosen to satisfy the conditions imposed
on A; in (i)-(iv). Fix k — k(8, x). H^S, e),H3(k, 8, e, x) are now functions of 8, x only and
hence, an integer H(8, x) ^ max {Hy, H3) can be chosen such that all h ̂  H(8, x) satisfy
the conditions imposed on h in (i)-(iii). Combining (i)-(v) we now have that P(Wn ^ x)
differs from F(x) by less than 58 for a l l r in0^»-<&, a fixed k = k(8, x)>0 and all
h Js H{8, x) and, thus, for all n > N{8, x) = kH. Hence the d.f. of Wn-*F(x) as n->oo if
a; is a continuity point of F(x).

In applications of Theorem 1 we sometimes split Vn>k into a sum of a finite number
of variables VUik. x>Vn,k;2> ••> ^n,k;q> which converge in probability to constants F1; T^ • • •,
Vq respectively uniformly in r as h, k-*-co. By a simple extension of Slutsky's theorem
((4), p. 255) we then have that Vnk converges in probability to V = V1 + V2 +...+Va

uniformly in r as h, k~>oo. Alternatively, we can obtain this result directly by using
Definition 1, Boole's inequality, and the fact that

3. The central limit theorem for some stationary scalar processes. The Lindeberg-Levy
theorem ((4), p. 215) is extended to the case of stationary m-dependent scalar variables
in Theorem 2 and to the case of certain stationary linear scalar processes in Theorem 3.
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We define ^-dependent variables as follows* (7):

DEFINITION 2. Let dn be a function of n (or a constant). Suppose {X^ (i = 1,2,3,...)
is a sequence of random variables such that the two sets of variables (Xlt X2,..., Xr) and
(Xs,Xs+1,...,Xn) are independent whenever s — r>dn. Then we say that {Xt} (i = 1,2,3,
...) is a sequence of dn-dependent variables or is a dn-dependent process.

THEOREM 2. Let {XJ (i = 1, 2,3,...) be a sequence of stationary m-dependent scalar
variables with means zero and S'(XiXi) = Ct_y Then the d.f. of the random variable

m
(X1+ X2+ ...+ Xn)IJn->the normal d.f. with mean zero and variance 2 Cp as n->co.

—m
Proof. We note that Gp = 0 for | p | > m. Let h, k, r be as in Theorem 1 and let k ̂  2m.

Define
Yt = X(i_ilk+1 + Xii_iJk+2+...+Xik_m\
7 Y MY -i- j-Y (i=l,2,...,h),

The Yt are stationary and mutually independent. Hence the d.f. of Unk->Fk(x) as
A->oo, where Fk(x) is the normal d.f. with mean zero and variance

m
ff| = lim(A/n)^(r})= 2 (l/fc)(fc-m- \p \)CP.

m
Now, as k -*• oo, cr\ ->• 2 Cp> a n ( i , hence, Fk(x) -> the normal d.f. F(x) with mean zero and

—m
m

variance 2 @P- The Zi also are mutually independent and stationary. Hence
—m

uniformly in r as h, fc->oo, since the variance of Z^ is independent of h, k. Also, with
s = min (m, r),

,fc;2)= 2 (l/»)(r-1

) ( / ) | )

uniformly in r as A, A; ->• oo. Thus Vn> k. u Vn- k; 2 converge in probability to zero and, hence,
Vnk to F = 0 uniformly in r as A, & -»• oo.

Applying Theorem 1 to Wn = Unk+VnJe = (X1 + X2+ ... + Xn)l^/n, we now obtain
Theorem 2.

DEFINITION 3. Let{Yj}(j = ..., — 1 , 0, 1, 2, ...) be an m-dependent scalar process and
n

At (t = 0,1,2, . . . ) be scalar constants such that for every integer i, 2^(^t-< converges in

probability to a variable Xt as n->co. Then we say that {Xt} (i = ...,— 1,0,1,2,...), where
Xt = 2 ^-iXi-i is a discrete linear scalar process with m-dependent scalar residuals.

<=o

* When dn is a constant m and i can take all integral values (positive, negative, and zero);
for m-dependence, (Xa, Xa+1,..., Xr) and {X,,X,+1,..., Xn) should be independent whenever
8 — r>m, for all integral a,r,s,n(a^r<8^n).

16-2
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The process defined above is a generahzation of the discrete linear process (l) or
process of linear regression (12) (which is the case m = 0). A particular case is the
discrete process set up by 'equally spaced' variables from a stationary 'continuous
autoregressive process' ' denned' by a linear differential equation of order m +1
((*)> § 5). The residuals associated with this process are m-dependent.

THEOREM 3. Let (a) {Y^ (i = ...,— 1, 0, 1, 2, ...) be a stationary m-dependent scalar
process with zero mean and finite variance and (b) A, (t = 0,1, 2,...) be scalar constants

such that ^,At is absolutely convergent. Then (i) {Xt} (i = ..., — 1, 0, 1, 2, ...), where
00

•^i = S ^-tXi-u *s a stationary discrete linear scalar process with m-dependent scalar
t=o

residuals, zero mean and finite variance, and (ii) the d.f. of the random variable
CO

(X1 + X2 + ... +Xn)l-Jn-*-the normal d.f. with zero mean and variance 2 Cj> as n->co,

where CiH = <?(X<X,).
In proving this theorem we use the following lemma (6).
LEMMA 1. Let {S^ (i = 1,2, 3,...) be a sequence of random variables with zero means

such that (a) (o(S%) = o~% is finite and (b) S(Sn+p — Sn)
2 -> 0 uniformly inp(>0)asn->oo.

Then, as n->co, (i) cr^-^-cr2 (finite) and (ii) Sn converges in probability to a variable S
with zero mean and variance a2.

CO

Proof of the theorem. From (6) of the theorem it follows that 2 -4? is convergent. Let
o

8n = 2 AYi-t- Then, by (a) of the theorem,
<o

and <?(Sn+p-Sn)
2^(2m+l)<?(Yl)ZAf->0

n

uniformly in p as n->oo. Thus the conditions of the lemma are satisfied and Sn con-
verges in probability to a variable S = Xt (by Definition 3) with zero mean and finite
variance as w.->oo. This gives (i) of the theorem, {Xt} being a stationary process since,
by (a) of the theorem, the distribution of

i+pi+ki+q) 2 t

(i,j,k,...,q integers) is independent of i. We now proceed to the proof of (ii)—a direct
generahzation of Theorem 2.

We consider first the case m = 0, when {X{} is a stationary discrete linear process.
Let h, k, r be as in Theorem 1. Define

fc-l CO

-M.fc = S -^-(Xi-li Qi,k = 2 •^•i^i-t>
<=0 t=k

Un,k = (1/Vn) 2 Pi,k, yn,u = (1/V») S Qi,k-
i=l 1=1

Then X^P

and Wn = (Z1 + Z a + ... +Xn)/s/n = Un>k+Vn>k.
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The Pik are stationary ^-dependent variables with zero means and, by Theorem 2,
the d.f. of Unjft->-the normal d.f. Fk(x) with zero mean and variance

o. Also, by (6) of Theorem 3, Fk(x)->the normal d.f. F(x) with zero mean and
variance (̂ 40 + ^ + ̂ 2+...)2«?(Ff) as fc^-oo. Further, VUfk converges in probability
to V = 0 uniformly in r as h, Jc->co, since

S
1=0

uniformly in r as ^, A; ->• oo. Applying Theorem 1 to Wn we now obtain (ii) of Theorem 3,
since

by (6).
We next consider the case m > 0. The proof is a modification of that in the previous

case, the only changes being that (1) the Pik are now (k + m)-dependent, and (2) <?(Y%)
m

is replaced by either £ ^{YJi+II) or (2ra+ 1) 0<f (Tf) or (2m+ 1) <f (Ff) as is relevant,
p=—m

where | 6 \ < 1.

4. Extensions to vector variables. The results proved in §§ 2,3 can all be modified to
give us analogous results for the case of vector variables. The statement of Theorem 1
does not need any modification in the case of vector variables. The modifications of
Theorems 2 and 3 give us Theorems 2 A and 3 A, extensions of the Lindeberg-L^vy
theorem ((4), p. 316) for stationary m-dependent vector variables and for certain
stationary linear vector processes (see (9) for a particular case) defined as follows.

DEFINITION 3A. Let {Y^} (j = ..., — 1, 0, 1, 2, ...) be an m-dependent l-dimensional
vector process and At (t = 0,1,2,...) be g x I matrix constants such that for every integer i,
n

tY{_t converges in probability to a variable Xt as n->co. Then we say that {Xi}
t=o

00

(i — ..., — 1, 0, 1, 2, ...), where Xt = S - ^ ^ - j . *5 a discrete linear g-dimensional vector
t=o

process with m-dependent l-dimensional vector residuals.
The proofs of Theorems 2 and 3 can be modified in the usual manner to give us the

analogous results in the vector case. In proving Theorem 3A we use in place of Lemma 1
its analogue for the vector case, which we can obtain by modifying the usual proof of
Lemma 1. Theorems 2 A and 3 A, which we use in § 5, are as follows:
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THEOREM 2 A. Let {Xt} (i = 1, 2, 3,...) be a sequence of stationary m-dependent vector
variables with mean vectors zero and ^(X^'j) = Ct_j. Then the d.f. of the random variable

... +Xn)l*Jn^>ihe normal d.f. with mean vector zero and covariance matrix

as

THEOREM 3A. Let (a) {Y^ (i = ..., — 1, 0, 1, 2, ...) be a stationary m-dependent
l-dimensional vector process with zero mean vector and finite covariance matrix and

(6) At (t = 0,1,2,...) be gxl matrix constants such that '£lAl is absolutely convergent.
o

00

Then (i) {Xt} (i = ..., — 1, 0, 1, 2, ...), where Xt = 2 -^t^i-i> ^8 a stationary discrete
linear g-dimensional vector process with m-dependent l-dimensional vector residuals,
zero mean vector and finite covariance matrix and (ii) the d.f. of the random variable
(Xx + X2 +... + Xn)l«]n-+the normal d.f. with zero mean vector and covariance matrix

00

2 Cp as n->oo, where C^ = ^(.X^XJ).
— 00

5. Some applications in statistics. The asymptotic normality of sample automoments
of stationary m-dependent variables is discussed in §5-1, and of serial correlation
coefficients of stationary independent (O-dependent) processes in § 5-2. Conditions for
the validity of certain extensions of Quenouille's test are discussed in § 5-3.

Theorem 1 can be used to set up sufficient conditions, to be discussed elsewhere, for
the asymptotic normality of the maximum-likelihood estimator of an unknown
parameter when the observations used in estimation are realized values of a stationary
m-dependent process.

5-1. Method of automoments. This is a general method, analogous to the method of
moments, of estimation which can be used when the sample of observations consists
of realized values of dependent variables. It consists in equating a number, equal to
that of the unknown parameters, of realized values of sample automoments to their
expectations, which are the corresponding population automoments (assumed finite),
the sample automoments being so chosen that we can obtain estimates of all the
parameters to be estimated.

When the variables are stationary m-dependent, the weak law of large numbers for
stationary dependent variables shows that the sample automoments are consistent
estimators of the corresponding population automoments, assumed finite. Theorem 2 A
shows that, provided that the variances of the terms that enter into the automoments
exist finitely, the vector variable consisting of the sample automoments is asymptotic-
ally normally distributed about the corresponding vector for the population. The
covariance matrix associated with the asymptotic distribution can be worked out in
any particular case.

To take an example, suppose {ZJ (i = 1,2,3,...) is a stationary 1-dependent process,
n

and the automoments Zit Z\, ZtZi+1, where Z\ = (1/ra) 2^*. £f£i+fc= (IIn) 2 ZtZi+k,
I I
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are used as estimators of their expectations. Then the vector variables {Zit Z\, ZtZi+1}
(i = 1, 2,3,...) are 2-dependent, and we obtain that the vector variable

is asymptotically normally distributed provided that <o{Z\) is finite.

5-2. Serial correlation coefficients. Hoeffding and Robbins (7) show that, if
(i = 1,2, 3,...) is a stationary independent process with zero mean and unit variance,
then ^JnZiZi+1/Zl is asymptotically normally distributed with zero mean and unit
variance, provided that the sixth moment of Zi is finite. They show further that the
same asymptotic property holds for rlt where

is a sample serial correlation coefficient with lag k.
We prove below that the above property holds, without assuming that any moment

higher than the second exists finitely. Consider

Since Jn Zi is asymptotically normally distributed with zero mean and unit variance
((4), p. 215), rfiZi is asymptotically zero, and, hence, niZi.n

iZi is asymptotically zero
((4), p. 254), and since the variables ZiZi+k (i = 1,2,3,...) are stationary, ^-dependent,
standardized and uncorrelated, by Theorem 2, ^JnZiZi+k is asymptotically normally
distributed with zero mean and unit variance. Hence, the numerator in the expression
for rk is asymptotically normally distributed with zero mean and unit variance; and,
since Z\ is asymptotically unity ((4), p. 253) and Zt asymptotically zero, the denomi-
nator is asymptotically unity. Hence rk (and rx, in particular) is asymptotically
normally distributed with zero mean and unit variance.

Asimilarproof shows that, under the same conditions, V^-Zi^+j./^ is asymptotically
normally distributed with zero mean and unit variance.

5-3. Quenouille's test. Extensions of Quenouille's test for autoregressive schemes
were discussed in a previous paper (2). In the case of the alternative test, based on
H_tHtr0 Theorem 3A shows that the existence of (1) finite second moments of the
residuals Yu when m = 0 and (2) finite fourth moments when m > 0 is sufficient for the
joint distribution of the H_tHtCt and hence of the H_tHtrt to be asymptotically normal
and thus for the validity of this test when no estimation is involved. (In this connexion
it should be noted that the first component Y\ in the vector Zu ((2), p. I l l ) can be
omitted without the argument given being invalidated. If Y\ is not omitted we have
to assume the existence of finite fourth moments of the Yu even when m = 0.) In the
case of moving averages (p = 0, ht = Ht = 1) the adaptations of Quenouille's test and
the alternative test are identical, so that in this case (if m > 0) the existence of finite
fourth moments of the Yu is sufficient for the joint distribution of the tfr,(= rt) to be
asymptotically normal and thus for the validity of these tests.

I am greatly indebted to Prof. M. S. Bartlett under whose supervision part of this
work was done. Theorems 2 and 2 A have already appeared in a dissertation (5), but
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the present proofs are simpler, Theorem 1 being a simplification of a theorem used
there. I am also indebted to the referee for the reference (6) and for some helpful
criticisms and suggestions.
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