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On the binomial transforms of Apéry-like
sequences

Ji-Cai Liu

Abstract. In his proof of the irrationality of {(3) and {(2), Apéry defined two integer sequences
through 3-term recurrences, which are known as the famous Apéry numbers. Zagier, Almkvist-
Zudilin, and Cooper successively introduced the other 13 sporadic sequences through variants
of Apéry’s 3-term recurrences. All of the 15 sporadic sequences are called Apéry-like sequences.
Motivated by Gessel’s congruences mod 24 for the Apéry numbers, we investigate congruences of
the form u, = a” (mod Ny) (« € Z, N € N*) for all of the 15 Apéry-like sequences {uy, }ux0. Let
Nq be the largest positive integer such that u, = a” (mod N, ) for all non-negative integers n. We
determine the values of max{Ng|a € Z} for all of the 15 Apéry-like sequences {1, } n>0. The binomial
transforms of Apéry-like sequences provide us a unified approach to this type of congruences for
Apéry-like sequences.

1 Introduction

1.1 Apéry-like sequences

In his ingenious proof of the irrationality of {(3) and {(2), Apéry [2] introduced two
particular sequences {a, }s>0 and {b, }ns0 through 3-term recurrences with given
initial values:

) (n+1)’apg - Q2n+1)(178* +17n+5)a, + n’a,.1 =0, (ag=1,a; =5),

(1.2) (n+1)*by4y — (1In* +1n +3)b, — n*b,_, =0, (by=1,b; = 3).

Apéry also showed that the sequences {a, } n»0 and { b, } n>0 possess explicit formulas:
" (n 2(n + k)2
an = >
DI
no(n\*(n+k
e )
kz:;) k k

These sequences are known as the famous Apéry numbers.
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Table 1: Apéry-like sequences of the second kind.

J.-C. Liu

(A,B,A) [Name| Other names Formula
(7,-8,2) | A |Franel numbers Un = Lk=o (2)3
(9,27,3) | B Up = Zl’::o(_l)k3n_3kg3nk)(Zi)(zkk)
(10,9,3) | C un = iz (1) ()
(11,-1,3) | D | Apéry numbers Un = Yo (Z)z(”lk)

2
(12,32,4) | E un = Lo 4" () CF) ,
(17,72,6) | F un = Thoo(-)*8" (1) T8, (I;)

Let F,(y) and Fy,(y) be the generating functions for the sequences {a, },>¢ and
{by} ns0, respectively,

Fa(y) = Z any",
n=0

Fy(y) = 2 bay".
n=0

The recurrences (1.1) and (1.2) can be rewritten in forms of differential equations for
the generating functions F, (y) and Fy,( y). In other words, F, () is annihilated by the
differential operator:

La =60, -y(20, +1)(176}, +176, +5) + (6, +1)°,
and Fy (y) is annihilated by the differential operator:
Ly = 05— y(116; + 116, + 3) — y*(0, +1)%,

where 0, = ydiy.

It is a surprise that the solutions of the recurrences (1.1) and (1.2) are integers.
Motivated by the two interesting examples, Zagier [14] searched for triples (A, B, 1) €
Z? such that the solution of the recurrence:

1.3) (n+1)2ups1 — (An* + An+ A u, + Bn*u, 1 =0, (u_y;=0,uy=1)
is an integer sequence {u, },>0. The generating function F(y) = X0, u,y" for the

sequence defined by (1.3) is annihilated by the differential operator:

(1.4) L1 =05 - y(AB; + AB, + 1) + By* (0, +1)°.
In Zagier’s computer search, six sporadic solutions are found, the integrality of which
are not explained easily. For (A, B, 1) = (11,-1,3), we already know that there is a
desired solution {b, },»¢.

The six sporadic sequences are called Apéry-like sequences of the second kind,
which are listed in Table 1 (see [9, p. 642]).
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Table 2: Apéry-like sequences of the first kind.

(a,b,c,d) Name Other names Formula
(7,3,81,0) | (&) |Almkvist-Zudilin | u, = S}, (-1)*3"*(2)("TF)(CF)
numbers X (Zkk)
(11,5,125,0) | (1) Uy = ZZ:O(—I)"(Z)3 ("3
()
(10,4,64,0) | («) | Domb numbers |u, = 3}_, (Z)Z(zkk)gZZik)
(12,4,16,0) | (e) Un = Y=o (Z)z(znk)2
(9.3,-27,0) | (O) = Zio 2o (2) (D (D)
(17,5,1,0) | (y) | Apéry numbers |u, = X (}) ("}")
(13,4,-27,3) | s Un = Ykeo (Z)i("lk)(znk)
(6,2,-64,4) | s Yang-Zudilin | u, = ¥}, (})
numbers
(14,6,192,-12) | si5 un = Lioo(-D* (D G )
(C D+ ()

Almkvist and Zudilin [1] conducted similar searches related to {a,} 0. They
searched for triples (a, b, ¢) € Z* such that the solution of the recurrence:

15) (n+1)>upy - @n+1)(an* +an+b)u, + cn’u, 1 =0, (u_y=0,uy=1)

is an integer sequence {u, } ,»0. Six sporadic sequences (6), (1), («), (&), ({) and (y)
were found, which include the desired sequence {a, } 0.

Cooper [6] added a parameter d to the recurrence (1.5), and studied a more general
recurrence:

(1.6) (n+1)uy - 2n+1)(an* + an+b)u, + n(cn* +d)u,_, = 0,

with u_; =0 and uy = 1. Note that the case d =0 in (1.6) reduces to (1.5). The
generating function F(y) = Yo, u, y" for the sequence defined by (1.6) is annihilated
by the differential operator:

1.7) Ly =6, - y(20, +1)(ab; +aby + b) + y* (c(6, +1)° +d(6, +1)).

In Cooper’s search, three additional sporadic sequences were found, named s7, s19,
and s;g.

The nine sporadic sequences are called Apéry-like sequences of the first kind,
which are listed in Table 2 (see [9, pp. 642-643]).

1.2 Motivation

Chowla et al. [5] investigated congruence properties for the Apéry numbers {a, } >0,
and conjectured that a,, =1 (mod 8),a2,41 =5 (mod 8),a,, =1 (mod 3) and
azn+1 =2 (mod 3) for all non-negative integers n, all of which were proved by
Gessel [8] in the forms:

https://doi.org/10.4153/50008439524000924 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439524000924

362 J.-C. Liu

(1.8) a, =5" (mod 8),

(1.9) a,=(-1)" (mod 3).
Since (3, 8) =1, congruences (1.8) and (1.9) can be restated in a unified form:
(1.10) a,=5" (mod 24),

for all non-negative integers n.
In 2016, Malik and Straub [11, Corollary 5.2] established the following three
interesting results:

(1) If {uy fnso is one of the 15 Apéry-like sequences, we have u, = u; (mod 2) for
alln>1.

(2) If{un}nsoisone of C,B,F, (§), (), (¢), ({) and s;5, we have u,, = u; (mod 3)
forall n > 1. If {u, } 5o is A or (y), we have u, = (-1)" (mod 3) for all n > 0.

(3) If {uy}uso is D, we have u,, = 3" (mod 5) for all n > 0. If {u, }n0 is (1), we
have u, =0 (mod 5) forall n > 1.

From the above results due to Malik and Straub [11], we find that
(1L11) b, =3" (mod 10),

for all non-negative integers n.

The two interesting examples (1.10) and (1.11) motivate us to find more congruences
of this type for all of the 15 Apéry-like sequences {u, } 0.

For an Apéry-like sequence {u, },»o and an integer &, let N, be the largest positive
integer such that

(1.12) u, =a" (mod N,),

for all non-negative integers n. Since all of the 15 Apéry-like sequences are not
geometric sequences, we conclude that the set {d e N: Vn > 0 u, = a” (mod d)} is
bounded, and so N, is well-defined.

The main purpose of the article is to determine the values of € Z such that
Ng = max{N,|a € Z} and the values of max{N,|a € Z} for all of the 15 Apéry-like
sequences {u, }n»0. The binomial transforms of Apéry-like sequences provide us a
unified approach to this type of congruence (1.12) for Apéry-like sequences.

We remark that Gessel proved (1.10) through Lucas congruences, and we shall
reprove (1.10) by using the binomial transforms. The two approaches are essentially
different.

1.3 Main results

For a sequence {u, },»0 with 1y = 1and a complex number x, the binomial transform
of {uy, } n>o is defined by

(L13) va(x) = kﬁﬁ(g)(—x)"‘kuk,
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for all non-negative integers n. Note that v, (x) is a polynomial of degree n with
integer coefficients. Throughout the article, given a sequence {u, } ,»0, the polynomial
sequence {v,(x)} >0 denotes its corresponding binomial transform (1.13).

For a positive integer M, let rad(M) denote the radical of M:

rad(M)= [] p.
pIM
p prime

For an Apéry-like sequence {u, },»0 and an integer a, let

(m(a),v2(a),v3(a)) if {14, } n>0 is of the second kind,
M, =

(v(a),va(a),vs(a),ve(a)) if {uy, }uso is of the first kind,

(1.14)

where (ny,n,,:+,n,) denotes the greatest positive common divisor of integers
Ny, Nyy ooy Ny
The main results of the article consist of the following two theorems.

Theorem 1.1 Let {u, } 40 be one of the 15 Apéry-like sequences and o be an integer.
For all non-negative integers n, we have

(1.15) up,=a” (mod rad(M,)).

Theorem 1.2 Let {u, } 40 be one of the 15 Apéry-like sequences. For all integers o, Ny
divides N, and

(va(u1),v3(m1)) if {uy }nso is of the second kind,
(va(u1),v3(u1),va(u1))  if {tin }uso is of the first kind,

where N, is defined by (1.12).

(116) N, =M, = {

Remark From Theorem 1.2, we deduce that
N, = max{Ng|a € Z}.

In particular, the congruence u,, = uf' (mod N, ) includes all of the congruences u,, =
a" (mod Ny ) as special cases for all integers a.

1.4 Values of N,

By (1.16), we can determine the values of Ny, for all of the 15 Apéry-like sequences.
The values of 1 and N, for the Apéry-like sequences of the second kind are listed in
Table 3.

The values of u; and N,, for the Apéry-like sequences of the first kind are listed in
Table 4.

From Tables 3 and 4, we show the novel fact that Gessel congruence (1.10) and
Malik-Straub congruence (1.11) are already optimal.

1.5 Structure of the article

In Section 2, we investigate the binomial transforms of Apéry-like sequences, which
are important ingredients in the proof of Theorems 1.1 and 1.2. We first establish a key
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Table 3: Values of u; and N,,,.
Name Other names Formula uy | Ny,
A | Franel numbers Zk 0( ) 2|6
B Zk 0( 1)k3" 3"(;0(3'2)(1") 3|6
c L3
D | Apéry numbers =Yk (}) (”zk) 3|10
2
E - SR ] 4
F = i) () =i (8) | 6
Table 4: Values of u; and N,,,.
Name Other names Formula Uy | Ny,
() | Almkvist-Zudilin | u, = Yo (-1)*3"2%(2) (") CH () | 3] 24
numbers
() = Sho (DG () + () [10] 10
(«) | Domb numbers k=0 (k) (zkk)(ZZ:ik) 4|12
2
(&) 0 zzzo(z)z(if)z 4|2
() un = Tio Tt () (DD 3] 6
(y) | Apéry numbers |u, =Y}, (Z)z("zk) 5124
n n 2 n
S7 Uy Zk:O (k)4( Zk)(zﬂk) 4
10 Yang-Zudilin | u, = ¥}, (Z) 2
numbers
= SO (734 12 2
()

equivalent condition for (1.12) through binomial transforms of Apéry-like sequences.
Secondly, we prove that all of the binomial transforms of Apéry-like sequences satisfy
the Gauss congruences through constant term sequences. Thirdly, we compute the
generating functions for the binomial transforms of Apéry-like sequences, and the
annihilating differential operators for these generating functions. Section 3 is devoted
to the proof Theorem 1.1. In Section 4, we establish an auxiliary result and prove
Theorem 1.2 in detail.

2

2.1

Lemma 2.1
integers n,

Binomial transforms

A key equivalent condition

»=a” (modN),
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if and only if for all positive integers n,
vp(a)=0 (mod N).

Proof Ifu, =a" (mod N) for all non-negative integers 1, then

v =a” (") (- n-k m ,
(@) =a };(k)( 1)"* =0 (mod N)

for all positive integers #.
If v,(a) =0 (mod N) for all positive integers n, then for all non-negative

integers n,
" (n
Up =) ( )oc”_kvk(oc) =a" (mod N),
ko \K
where we have used the binomial inversion formula in the first step. [ ]

2.2 Gauss congruences

A sequence {uy } »1 is said to satisfy the Gauss congruences if u,, ¢ = u,, 41 (mod %)
for all primes p and all positive integers n,k. A sequence {u,},» is called the
constant term sequence of a Laurent polynomial A € C[xj,...,x3'] if u, is the
constant term of A" for every n > 1. It is well-known that Gauss congruences hold
for the constant term sequence of a integral Laurent polynomial (see, for instance,
[4, Lemma 3.1]).

Recently, Gorodetsky [9] showed that all of the 15 Apéry-like sequences are
constant term sequences.

Lemma 2.2 (See [9, Theorem 1.1].) Let {1, } n>0 be one of the 15 Apéry-like sequences.
Then {u,},s0 is a constant term sequence of a Laurent polynomial with integer
coefficients in 2 or 3 variables.

Theorem 2.3 Let {1, }n50 be one of the 15 Apéry-like sequences and a be an integer.
Then the corresponding binomial transform {v, (a)} ,so satisfies the Gauss congruences:

- k
(2.) Vapk (@) = vppea(a)  (mod p*),
for all primes p and all positive integers n, k.
Proof Itsuffices to show that the binomial transform {v, («) } ;50 is a constant term
sequence of a Laurent polynomial with integer coefficients.

For a Laurent series f(x1,...,x¢),let CT(f(x1,...,xx)) denote the constant term
of the Laurent series. By Lemma 2.2, for all non-negative integers n,

u, = CT(A"),

where A is a Laurent polynomial with integer coeflicients in 2 or 3 variables. It follows
that for all non-negative integers #,
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We conclude that the binomial transform {v, («) } ,»0 is a constant term sequence of
the integral Laurent polynomial A — a. [ ]

2.3 Differential operators

Lemma 2.4  For a sequence {u, } o and a complex number x, let F(y) = Yoo u,y"
and G(z) = X720 va(x)2". Then

2.2) G(z) = — F( ? )

1+xz 1+xz

Proof By (1.13), we have

k=0 n=k

bt k X (n+ k n
(2.3) =Y ugzt ), ( )(—xz) .

k=0 n=0 k
Note that
(2.4) 5 (”Zk)(—xz)" - (14 x2)

n=0

Combining (2.3) and (2.4), we complete the proof of (2.2). ]

Theorem 2.5 For an Apéry-like sequence {uy}nso and a complex number x, let
F(y) = X3l uny" and G(z) = X570 vn(x)2".
If F(y) is annihilated by the differential operator (1.4), then G(z) is annihilated by
the differential operator:
02 +z((3x—A)02+ (3x —A)B, +x - 1) - 2*(0, +1)*(2Ax - 3x* - B)
(2.5) -22x(0, +1)(0, +2)(Ax - x> - B).
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If F(y) is annihilated by the differential operator (1.7), then G(z) is annihilated by the
differential operator:

07 —z(260, +1)((a-2x)02 + (a-2x)0, + b - x)
- 22(0, +1)((6ax — 6x* - ¢)0% + (12ax — 12x* - 2¢)6,
+6ax +2bx -7x* —c—d)

-22x(0, +1)(0, +2)(20, +3)(3ax — 2x* - ¢)

(2.6) -2*'x%(0, +1)(0, +2)(0, + 3)(2ax — x* - ¢).
Proof Let
z
2.7 = .
@7 4 1+xz

Then (2.2) can be rewritten as
(2.8) F(y) = (1+x2)G(2).
Differentiating both sides of (2.8) with respect to z, we obtain
(2.9) 0,F(y) = ((1+xz)292+xz(1+xz))G(z).
Differentiating both sides of (2.9) with respect to z, we arrive at
(210)  3F(y) = ((1+x2)°607 + 3xz(1+ x2)*0. + xz(1+ x2) (1 + 2x2) ) G(2).
Differentiating both sides of (2.10) with respect to z, we get
HiF(y) = ((1+x2)*02 + 6x2(1 + x2)* 62
(2.11) +xz(1+xz)*(1lxz +4)0, + xz(1+ xz) (6(xz)* + 6x2 +1))G(2).

Finally, substituting (2.7)-(2.11) into the annihilating differential operators (1.4)
and (1.7) for F(y), after simplifications, we are led to the annihilating differential
operators (2.5) and (2.6) for G(z). [

From the annihilating differential operators (2.5) and (2.6) for G(z), we imme-
diately get the recurrences for the binomial transforms {v,(«a)},s0 of Apéry-like
sequences {u, } us0-

Corollary 2.6 Let {u,, } n>0 be an Apéry-like sequence and o be an integer. If {1y } n>0
is of the second kind, then {v,(a)},s0 satisfies a recurrence in the form:

(2.12) n*v, (a) + i(n)vpi(a) + fo(n)vp—z(a) + f3(n)ve_3(a) =0,

where f;(x) is a polynomial of degree 2 with integer coefficients for i = 1,2,3.
If {un Y nso is of the first kind, then {v,(a)},s0 satisfies a recurrence in the form:

(2.13)
v (@) + g1 (n)va1(@) + g2(n)va2(a) + gs(n)va-s(a) + ga(m)vu-s(a) =0,
where g;(x) is a polynomial of degree 3 with integer coefficients for i =1,2,3, 4.
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3 Proof of Theorem 1.1

We shall prove the case that {u, },»o is an Apéry-like sequence of the second kind.
The proof for the Apéry-like sequences of the first kind runs analogously, and we omit
the details.

Assume that {u, } ,»0 is an Apéry-like sequence of the second kind. We shall prove
that for all non-negative integers n,

up, =a”  (mod rad((vi(a),va(a),vs(a)))),
which is equivalent, by Lemma 2.1, to
(3.1) vp(a) =0 (mod rad((vi(a),v2(a),vs(a)))),

for all positive integers #.

Since rad((vi(a), v2(a), v3(«))) is square-free, let rad((vi(«), va(@),v3(a))) =
pipa ... ps where py, pa, ..., ps are distinct primes.

It is clear that (3.1) holds for n =1,2,3. Let i € {1,2,...,s}. If p; divides n, then, by
(2.1), we have

(32) va(a@) = vupp, (@)  (mod pi).
If p; does not divide n, then 1/n? is invertible modulo p;. It follows from (2.12) that
(3.3) vu(a) = avpr (@) + c2vy—2(a) + c3vp—3(a)  (mod p;),

where ¢, ¢3, c3 are elements of Z/p;Z.
Using (3.2), (3.3) and the induction on n, we obtain

vp(a)=0 (mod p;),

for all positive integers 7.
Since p1, p2, ..., ps are distinct primes, we have

vp(a)=0 (mod pips...ps),

for all positive integers n. This completes the proof of (3.1).

4 Proof of Theorem 1.2

4.1 An auxiliary result

Lemma4.1 Let c be an integer and f(x) be a polynomial with integer coefficients. For
all integers o, we have

(4.1) (ma+c¢ fla))=(-a+c f(c)).
Proof  Assume that f(x) = a.x® + a,_1x°"1 +... + a;x + a € Z[x]. Note that

(4.2) f(x)=f(c) =as(x* —c*) + a1 (x* " =+ ...+ ai(x—c).

We rewrite (4.2) in the form:

fx) = (=x+c)g(x) + (o),
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where g(x) is a polynomial with integer coefficients. It follows that
(-a+c fla)) = (ma+e (-a+c)gla) + f(c)) = (-a+cf(0)),
as desired. ]
4.2 Proof of Theorem 1.2

Assume that {u, },»0 is an Apéry-like sequence of the second kind. Using the fact
vi(a) = —a + u; and (4.1), we have

My = (vi(«), v2(a), v3(a))
= ((n(a),v2(a)), (vi(a), v3(a)))
= ((—ma+up,va(a)), (—a +up,vs(a)))
= ((—a+up,va(u1)), (—a +up,vs(ur)))
= (—a+up,va(ur),vs(ur))
= (—a+uy, (v2(m1),v3(m))) »

and so My, = (v2(uy),v3(u1)) and M, divides M, for all integers «.
Similarly, we can show that for an Apéry-like sequence {u, } >0 of the first kind,

M, = (—oc + Uy, (Vz(u1),V3(M1)aV4(”1)))’

and so M,,, = (v2(u1), v3(u1), va(u1)) and M, divides M,,, for all integers «. It follows
that for all integers «,

(4.3) MM,
and
(v2(u1),v3(u1)) if {1y }nxo is of the second kind,
" {(vz(ul), v3(u1),v4(u1)) if {tty }nso is of the first kind.

By Lemma 2.1, we conclude that N, is the largest positive integer such that
(4.4) vp(a)=0 (mod N,),
for all positive integers #. By (4.4) and the definition (1.14), we have
(4.5) No| Mg,
for all integers . Combining (4.3) and (4.5), we obtian
(4.6) Na| My,
for all integers «. It remains to prove that

(4.7) Ny, = M,,.
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By (4.6), we have N, |M,,. To prove (4.7), it suffices to show that M, |N,,, which

is equivalent to

(4.8) u, =u; (mod M,,),

for all non-negative integers n. Next, we shall prove that (4.8) is true for all of the 15
Apéry-like sequences.

By (1.15), we have
(4.9) U, =u; (mod rad(M,,)),

for all non-negative integers n. If M,,, is square-free, then M,, = rad(M,,), and so
(4.8) obviously holds. It follows from the values of M,, in Tables 3 and 4 that (4.8) is
true for Apéry-like sequences A, B, C, D, F, (1), ({) and syo.

Next, we shall prove that (4.8) is also true for the remaining seven Apéry-like
sequences. Let M;; denote the square-free part in the prime factorization of M,

*
Mul = H P
PIMu Pt My
p prime

Since M, divides rad(M,, ), by (4.9), we have

(4.10) u, =u; (mod M, ),
for all non-negative integers n. Moreover, we have

(4.11) (M, ,M,, /M, ) =1

To prove (4.8), by (4.10) and (4.11) it suffices to show that
(4.12) u, =uy (mod M, /M),

for all non-negative integers .
For the remaining seven Apéry-like sequences, (4.12) reads

(4.13) I;(Z)z(" Z k)2 =5" (mod 8),
(4.14) ki04"‘2"(2”k)(2:)2 =4" (mod 4),
(4.15) zn: Z)Z(zkk)(zz ) ik) =4" (mod 4),

<
S [ My R

n n

w9 20 ()()

(4.17) Z (Z)Z(Zk) =4" (mod 8),
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e SV )= ot

w Ere G e

k=0

We remark that Gessel [8, Theorem 3(ii)] proved (4.13). Next, we shall prove
(4.14)-(4.19) respectively.

Proof of (4.14) It suffices to show that for all positive integers n,

(4.20) Z 4= 2"( )(2:)2 =0 (mod 4).

k=0

If nis an odd positive integer, then (4.20) clearly holds. If n is an even positive integer,

then
S (B () 0 i

k=0

as desired. ]

Proof of (4.15) It suffices to show that for all positive integers #,
n\*(2k\ (2n - 2k
= 4).
(k) (k)( n-k ) 0 (mod4)
mod 2) for all positive integers k, we have

(if ) =) =0 tmoan

as desired. [ |

M=

k

Il
(=1

Proof of (4.16) It suffices to show that for all positive integers #,

SOr(ICIE () () e s

Since (zkk ) =0 (mod 2) for all positive integers k, we have

Q)
(G N R (R o)
L))

=0 (mod 4),

M=

k

as desired. -
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Proof of (4.17) It is easy to check that (4.17) holds for n = 0,1, 2. Let

aHIGE

It suffices to show that for all integers n > 3,
(4.21) a, =0 (mod 8).
By the recurrence (1.6), we have

(2n +1)*azns — 4(4n +1)(120° + 61 + 1) ay, + 128n°ay,_, = 0.

It follows that

(4112 +6n+1)az, +4d, =0 (mod 8),
and so
(4.22) Aapel = Az, =4a, (mod 8).

4n?+6n+1
On the other hand, we have

2n (2n)2(2k)2
o\ k 2n

aZn:Z_:
SEE) RO
S0 S (%)
w NG CRC) moas,

where we have used the following congruence (see [10]):

(4.24) (25) = (i ) (mod 4).

2t

Furthermore, for n > 2 we have

é(z””) ()
()
52( V)

<500

(4.25) =0 (mod 2),
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where we have used (4.24). Finally, combining (4.23) and (4.25), we arrive at
(4.26) az, =a, (mod 8),

for all integers n > 2.
By using the induction on #, (4.22) and (4.26), we complete the proof of (4.21). m

Proof of (4.18) It is easy to check that (4.18) holds for n = 0,1, 2, 3. Let

=G )0
fard n
It suffices to show that for all integers n > 4,
(4.27) b,=0 (mod 8).

By the recurrence (1.6), we have

(2n +1)°byps1 — 2(4n +1) (261 +13n + 2) by, — 61(6n —1) (61 +1)by,_; = 0.
It follows that

(4n* + 61 +1)bypyy +2(2n* + 30+ 2) by, + 6nby, ;=0 (mod 8),

which can be rewritten in the form:
(4.28) bans1 = Piban + Pabanr  (mod 8),

where f3, 8, are elements of Z/8Z.
On the other hand, we have

e B

B S )
ol [

e ()
50

(4.29) v 2,;)( ) (2n+2k+1)(2(2k+1)) (mod 8),

2n 2n

i M:

M=

where we have used (4.24).
Sinceforn >1and k > 1,

()G =212 )Ge 1) =0 moa2),

https://doi.org/10.4153/50008439524000924 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439524000924

374 J.-C. Liu

and
()= (G =G =0 o
we have
26 (206
DARIGY
o E ) e

where we have also used (4.24).
Furthermore, for n > 2 we have

kzzg] (2n - 1) (Zn +2f1k + 1)(2(2;(”-4- 1))
ZZ: (Z(n -1)+ 1) (Zn +22nk + 1)(2(2;: 1))
_ 2 lg (nlzl)z(n ; k)(zkn+ 1)
e ) G0
(4.31) =0 (mod2).
Finally, combining (4.29)-(4.31) gives

(4.32) by, =b, (mod8),

for all integers n > 2.
By using the induction on #, (4.28) and (4.32), we complete the proof of (4.27). m

-2 ()G

Since (2kk) =0 (mod 2) for k > 1, we have

= B ()CIGIE) o

Proof of (4.19) Let

(4.33)
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By the recurrence (1.6), we have
(2n+1)°caper — (41 +1)(28n* + 14n + 3) ¢y, + 648n° 3y = 0.
It follows that

(4n* + 6n+1)capiy + (4n* +6n+5)cy, =0 (mod 8),

and so
4n’> +6n+5
Gyl = ———¢
T v en+1 "
=—(1+ ——— ¢
( 4n2+6n+1) 2
(4.34) =3¢y, (mod 8).

On the other hand, by (4.33), we have
2 on\(2n + k\(3k\ 2k
en =2 3 () ) G()
kz:;) 3k k 2k/\ k
(2n)(2n+2k)(6k)(4k)
6k 2k 4k)\2k

(435 43 ,;) (3(22n )(Zn +2k+ 1)(3(2k + 1))(2(2k + 1)) (mod 8).

k+1) 2k +1 22k +1)/\ 2k+1

=3

i M:

Since (‘21:) =0 (mod 2) and (3"k)("+k)(3k) = (Zk)(4k)("+k) 0 (mod 4) fork > 1,

we have o o
2 ()G )
= 2 (GG
=2 (GG

(4.36) =3"¢, (mod 8),

where we have used (4.24).
Furthermore, noting that for k > 1,

(4k+1) ) 2(4k+1)(4k—1

2k 2k -1 zk—z)EO (mod 2),
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we have
2o Vo) ()
% o) (e )G ) (5
=4n(n-1)
(4.37) =0 (mod 8).

Finally, combining (4.35)-(4.37) gives
(4.38) cn =3"¢c, (mod 8).

By using the induction on #, (4.34) and (4.38), we complete the proof of (4.19).
We remark that one can also prove (4.14)-(4.19) through an alternative approach
using automata (see, for instance, [3, 7, 12, 13]). [ |

Acknowledgements The author is grateful to the anonymous referee for both the
careful reading of the manuscript, and also the valuable comments and suggestions,
which well improve the exposition of the paper.

References

[1]  G. Almkvist and W. Zudilin, Differential equations, mirror maps and zeta values. In: N. Yui, S.-T.
Yau, and J. D. Lewis (eds.), Mirror symmetry. V, AMS/IP Studies in Advanced Mathematics, 38,
American Mathematical Society, Providence, RI, 2006, pp. 481-515.

[2] R. Apéry, Irrationalité de {(2) et {(3). Astérisque 61(1979), 11-13.

[3] E Beukers, p-linear schemes for sequences modulo p”. Indag. Math. (N.S.) 35(2024), 698-707.

[4] A.Bostan, A. Straub and S. Yurkevich, On the representability of sequences as constant terms.

J. Number Theory 253(2023), 235-256.

[5] S.Chowla, J. Cowles and M. Cowles, Congruence properties of Apéry numbers. ]. Number Theory
12(1980), 188-190.

[6] S.Cooper, Sporadic sequences, modular forms and new series for 1/m. Ramanujan J. 29(2012),
163-183.

[7] J. Denef and L. Lipshitz, Algebraic power series and diagonals. ]. Number Theory 26(1987), 46-67.

[8] I Gessel, Some congruences for Apéry numbers. J. Number Theory 14(1982), 362-368.

[9] O. Gorodetsky, New representations for all sporadic Apéry-like sequences, with applications to
congruences. Exp. Math. 32(2023), 641-656.

[10] G.S. Kazandzidis, Congruences on the binomial coefficients. Bull. Soc. Math. Grece (N.S.) 9(1968),
1-12.

[11] A.Malik and A. Straub, Divisibility properties of sporadic Apéry-like numbers. Res. Number Theory
2(2016), 5.

[12] E.Rowland and R. Yassawi, Automatic congruences for diagonals of rational functions. J. Théor.
Nombres Bordx. 27(2015), 245-288.

[13] A. Straub, On congruence schemes for constant terms and their applications. Res. Number Theory
8(2022), 42.

[14] D. Zagier, Integral solutions of Apéry-like recurrence equations. In: J. Harnad and P. Winternitz
(eds.), Groups and Symmetries, CRM Proceedings and Lecture Notes, 47, American Mathematical
Society, Providence, RI, 2009, pp. 349-366.

Department of Mathematics, Wenzhou University, Wenzhou 325035, PR China
e-mail: jcliu2016@gmail.com

https://doi.org/10.4153/50008439524000924 Published online by Cambridge University Press


mailto:jcliu2016@gmail.com
https://doi.org/10.4153/S0008439524000924

	1 Introduction
	1.1 Apéry-like sequences
	1.2 Motivation
	1.3 Main results
	1.4 Values of Nu1
	1.5 Structure of the article

	2 Binomial transforms
	2.1 A key equivalent condition
	2.2 Gauss congruences
	2.3 Differential operators

	3 Proof of Theorem 1.1
	4 Proof of Theorem 1.2
	4.1 An auxiliary result
	4.2 Proof of Theorem 1.2


