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Abstract

Since stochastic differential equations (SDEs) driven by G-Brownian motion are of great
importance in modeling situations that incorporate ambiguity, it is essential to address
efficient numerical schemes to approximate the solution of such equations. The stream of
research related to the numerical solutions of G-SDEs under standard assumptions is to
some extent well understood. In this note, we are interested in designing an implicit
0-Euler-Maruyama scheme to approximate the solution of G-SDEs under locally
Lipschitz continuous coefficients. The convergence of the proposed scheme is
established using the stopping time technique. In addition, we investigate the
exponentially/quasi-surely asymptotic stability property of the scheme.
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1. Introduction

The motivation of the model uncertainty/ambiguity topic stems from the fact that the pres-
ence of a family of probability measures, which are singular from each other, in studying super
hedging price and risk measuring problems is inevitable. In fact, since a family of martingale
probability measures leads to incompleteness, it is impossible to perfectly replicate hedges
with certainty.

Faced with such circumstances, several recent efforts have been put into developing the the-
ory of arbitrage-free pricing under ambiguity, where there is a lack of consensus among the
probability assignments. The optimal super-replication price of a European contingent claim in
the context of uncertainty with (non-dominated) martingale probability measures was acquired
in [7]. By focusing on ambiguity about both drift and volatility in a continuous-time frame-
work, [8, 9] formulated a model of utility that captures the decision-maker’s concern under
ambiguity. The reader can refer to [21, 22, 25] and the references therein for more detailed
discussions.
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In order to study the problem of ambiguity, [23, 24] developed the G-expectation theory
and G-It6 stochastic calculus, which systematically established a framework of time-consistent
sublinear expectation.

Since the stochastic differential equations driven by G-Brownian motion (G-SDEs for short)
have a pivotal role in modeling financial processes, they have attracted a great deal of attention
from researchers. For instance, [2] is devoted to studying the G-conditional expectation of a
discounted payoff related to a sufficiently smooth G-SDE, which is obtained by a generaliza-
tion of a Feynmac—Kac formula under volatility uncertainty. Also, the property of continuous
dependence on the parameters of stochastic integrals and solutions of G-SDEs was studied in
[16]. The pathwise properties and homeomorphic ones with respect to the initial values for
such equations were established in [10]. The authors in [6] proved that the stochastic stability
of stochastic delay differential equations driven by G-Brownian motion is equivalent to that
of the Euler-Maruyama scheme. In [1], a split-step backward Euler-Maryuama scheme was
employed to approximate the solution and the pathwise convergence of the scheme was proved.

Most of the results in the literature are concerned with G-SDEs under standard assump-
tions. However, recently, some research has been dedicated to the G-SDEs which possess
more complex coefficients. Both the existence and uniqueness of the solution of G-SDEs under
integral-Lipschitz conditions were investigated in [4]. In [3], the existence and uniqueness of
the solution of the Cox—Ingersoll-Ross process driven by G-Brownian motion was provided,
and some of its properties, including the Markov property and its distribution, were indicated.

We might need to equip ourselves with more advanced instruments of G-stochastic calculus
in order to study G-SDEs with less smoothness. For instance, the integrand space of the first
definition of the G-Itd integral is restricted to stochastic processes that are continuous in w,
while it might be required to define the G-It6 integral for processes that are beyond the quasi-
continuous space. In particular, this is relevant to the case of the G-Itd integral on [0, T] where
T is a stopping time; stopping time is a delicate issue in the G-framework and may no longer
be quasi-continuous unless some strong conditions are imposed—see [17] to more details.

To overcome this difficulty, [15] extended the definition of the G-Itd integral to the
larger spaces M>([0, T]) and Mz)([O, T]) that contain processes that are not necessarily
quasi-continuous, and also we have M%([0, T1) C MZ([0, T1) C M2 ([0, T1).

The existence and uniqueness of the solution of G-SDEs with local Lipschitz coefficients
under a Lyapunov-type condition are dealt with in [13], which also studies the stability of
the equation under any arbitrarily small perturbation of the initial value of the solution. They
benefited from [15] to find the solution of the equation in the M, ([0, T]) space by a localization
technique. Motivated by the aforementioned paper studying G-SDEs under locally Lipschitz
continuous coefficients, we develop a numerical scheme for the solution of the equation and
then prove its convergence and asymptotic stability properties.

To this end, numerical solutions of stochastic differential equations driven by classical
Brownian motion, in which the coefficients do not obey the global Lipschitz condition, can be
an inspiration for the G-SDE case. For instance, a numerical solution for SDEs with non-linear
and non-Lipschitz coefficients is presented in [20], and its strong convergence and almost sure
stability are proved. In [12], an SDE satisfying only a local Lipschitz property is considered.
Then the strong convergence of the Euler—Maruyama scheme and also the boundedness of the
pth moments of the exact and numerical solutions are investigated for some p > 2. Moreover,
an Euler—-Maruyama-type method in [19] is applied to the numerical solutions for stochastic
differential delay equations with variable delay under the local Lipschitz condition.
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Besides Euler-type schemes, the so-called 6-schemes include both explicit and implicit
methods governed by a parameter 6 € [0, 1]. In [11], a stochastic variant of the theta method is
employed to approximate a linear test SDE with multiplicative noise, and the mean-square and
asymptotic stability properties are subsequently analyzed. Moreover, the authors in [5] apply
stochastic theta methods to find random periodic solutions of stochastic differential equations
under non-globally Lipschitz conditions. The split-step theta method, addressing a class of
SDEs with piecewise continuous arguments and polynomial growth conditions, is investigated
in [18]. Additional relevant studies can be found in [26, 27]. Inspired by these 8-schemes for
SDEs, we adopt a similar approach to develop an approximation method for the G-SDE under
study.

The rest of the paper is arranged as follows. Section 2 is devoted to the necessary prelim-
inaries of G-expectation theory. In Section 3, we study the theoretical property of G-SDEs
under the locally Lipschitz condition. In Section 4, we introduce an implicit continuous
Euler-Maruyama scheme to approximate the solution of the associated equation and then the
convergence and stability of the scheme are examined. Section 5 introduces two test problems
to illustrate the theoretical findings.

2. Preliminaries

In this section we review some necessary preliminaries on G-Brownian motion calculus to
be used throughout the paper. Let 2 := Cg (R*) be the space of all R?-valued continuous paths
(wp)rer+ With wg = 0 equipped with the distance

o0
1 2 —i 1 2 1 2
w, W) = 2 [(maxa)—w )/\1], w, w” € Q.
p(o', ) Zl ma|o; — o]

Let ¢ € [0, 00). Define Q; := {w.Ar: @ € 2} and consider the canonical process B:(w) = w; for
w € Q. Set

Lip(2;) := {¢(Bi,ars - - - » Byar): forallneN, >0, ¢ € Cl.Lip(Rn)},

where a A b=min{a, b} and we denote by Cirip(R") the linear space of functions ¢ sat-
isfying the local Lipschitz condition |p(x) — ()| < C(1 + |x|™ + |y|™)|x — y| for x, y e R",
where the constant C > 0 and the integer m € N depend on ¢. Set Lip(Q2) := |, Lip(2,),
which reveals a linear space of real-valued functions defined on €2 and constructs a vector
lattice. Let [E be a functional defined on Lip(€2) satisfying the monotonicity, preservation
of constants, sub-additivity, and positive homogenity properties. The functional E is called
a sublinear expectation and the triple (€2, Lip(£2), IAE) a sublinear expectation space. [24]
constructs a sublinear expectation E on (€2, Lip(f2)) called the G-expectation. Note that
Lip(€2) can be extended to L’é(Q) for p > 1, which denotes the completion of Lip(£2) under
IX1l, := (E[IX|P)!/7 for X € Lip(<).

We denote by P a weakly compact but possibly non-dominated family of probability mea-
sures that represents E as IAE[X] = suppep Ep[X] for X € Lip(L2), where {Ep: P € P} represents
a subset of linear expectations. We denote by B(2) the Borel o-algebra of Q2. The capacity
associated with P is denoted by c(A) := supp.p P(A), A € B(R2). A set A is polar if ¢(4) =0
and a property holds ‘quasi-surely’ (q.s.) if it holds outside a polar set.

Let (€2, H, E) be a sublinear expectation space, i.e. H is a linear space of real-valued func-
tions defined on €2 and constructs a vector lattice, and E is a sublinear expectation on 4. The
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space H is considered as the space of ‘random variables’. Moreover, we denote by Cp, Lip(R")
the space of bounded and Lipschitz continuous functions on R".

Definition 2.1. A random variable Y € H is said to be independent of another random vector
X € ‘H under E if, for each test function ¢ € Cb,Lip(Rz), ElpX, V)] =E[E[p(x, Y)]lx=x;].

Definition 2.2. We say that a random variable X on the sublinear expectation space (2, H,, 1)
is called (centered) G-normally distributed and denoted as X ~ N (0; (02, 5%]) with 52 =

E[X?] and ¢? = —E[ - X?] if E[p(aX +bX)] = E[p(vaZ +b2X)], ¢ € Cp Lip(R), for any
a, b>0and X € # independent of X such that E[op(X)] = E[¢(X)].

Remark 2.1. Let X ~ N(0; [0 2 EZ]). Then the distribution of X is characterized by the
function u(t, x) = IAE[go(x +VX)], (1, x) €[0,00) xR, ¢ € Cy,Lip(R), where u is the unique vis-
cosity solution of the following non-linear parabolic partial differential equation (PDE), called
G-heat equation:

Ot — G(Oeu) =0,  uli=0 = o, 2.1)

with the infinitesimal generator
1
G(a) = E(Ezcﬁ —a2an). (2.2)

Since u(1, 0) = I@[go(X)], solving the PDE (2.1) simulates the G-normal distribution.
Note that the space Cp,Lip(R) can be replaced by CjLip(R) due to the assumptions on H.

Definition 2.3. A one-dimensional stochastic process B = (B;);=0 on (2, H, ]1:3) is called a
G-Brownian motion if By, ..., B, € H for each neN and 0<#; <--- <t, <00, and the
following properties are satisfied:

(i) Bo=0.

(ii) For each ¢, s > 0, the increment B, ; — B, is N(0; [gzs, & 2s])-distributed and is inde-
pendent from (By,, ..., B;,)foreachneNand 0 <t <. <1, <t

Letn/!:={0=15<---< t}{,ﬂ =t},n=1,2, ... be asequence of partitions of [0, 7]. Then
the quadratic variation process of G-Brownian motion (B;);>o is defined by

Ny,—1

<B>t = lim (Bt-_*_1 _Bt-)z,
uer)—>0 ! !

where (') = supg<;<y,—1 iy — ;'] and we assume that lim,—, c p(7r7) = 0. We can show
that (B); =B,2 -2 fé B; dB; in Lé(Q). The quadratic variation process (B); is an increasing
process with (B)g =0 and increment (B)sy; — (B)s, is identically distributed with (B);, and is
independent from €2 for s, # > 0.

It is worth noting that the canonical process Bi(w) defines a G-Brownian motion on
(2, Lip(R2), E) by remembering that E is the G-expectation on Lip(€2). The reader can refer
to [23, 24] for more details of G-expectation theory, including the notation of conditional
expectation [E[- | €2;].
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Lemma 2.1. Ler 52> = R[B?], 0? = ~E[- B3], 0 <z <t < 00, and n > 1; then
E[((B); — (B).)"|22:]1 =5"(t — 2)".
E[ — ((B): — (B))"|Q:] = —a"(t — 2",
o*(t—2) < (B) — (B);<5(t—2) g

Lemma 2.2. (Borel-Cantelli.) For a sequence of Borel sets (Ay)neN With Z;’zil c(Ay) < o0,
lim sup,,_, o, An is polar.

We set up the following sets:

LO(Q): the space of all 5(£2)-measurable real functions;
LO(Q,): the space of all B(£2;)-measurable real functions;
By (£2): the space of all bounded elements in LO();
By (£2¢): the space of all bounded elements in LO%(S2));
Cp(£2): all continuous elements in By, (£2);

and, for p > 0,
LP = {X e L%R): E[|XP] = suppep Ep[|XIP] < 00};
Ni={Xel)Q): X=0, c—q.s.}.

Lemma 2.3 (Markov’s inequality.) Set L/ := L JN. Let X €? for p> 0. Then, for each
o >0, c({|X] > a}) <E[IXP]/aP.

As indicated in the introduction, the G-It6 integral of a quasi-continuous process was first
defined in [24] and the definition was extended to the larger spaces containing the stochastic
process without assuming quasi-continuity in [15]. In the following, based on [14, 15], we
briefly review this.

Let p > 0. We denote by I5(Q) and I2(2,) the completion of By(£2) and By(£2;) under the
norm || - ||, respectively. We can prove that LZ(Q) is the space of the completion of Cy(£2)
under the natural norm || - ||, and

LZ(Q) ={Xe LO(Q) | X has a g.c. version with lim,,_, IAE[|X|1’I{|X|>”}] =0}.

Also, () = (X € L%Q) | limy— o0 E[X|P{jx =] = 0}. Clearly, LL(2) D LE().
Let T € RT. We define the following type of simple process:

N—-1
My 000, T)={n | ni@) =Y &)y, (D)
j=0

forallNeN,0=t0<~--<tN=T,.§jeBb(Q,j),j=0,...,N—l}.

This allows us to define It0’s integral with respect to G-Brownian motion and its quadratic
variation process for functions belonging to My (0, 7). From now, we assume that d = 1.
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Now, for n € My, 0(0, T), we define

N—-1

T
I(n) = /0 (@) dB; := Y &(w)(By., — By),

J=0

T N—1
)= /0 M@ dB) = 3 E@)((B)y,, — By).
=0

Let p > 1. We denote by ME(0, T) the completion of My, (0, T') under the norm

T rT 1/p
lao.ry = {E[ fo P dr]} . 23)

The mapping I: M>9(0, T) — L2(Qr) is a linear continuous mapping and thus can be
continuously extended to /: ME(O, T)— L%(QT). Moreover, for n € ME(O, 1),

T
E[ / " dBV:| o, 2.4)
0

Similarly, J can be continuously extended to J: Ml(O, T)— Li(QT). Note that M2(0, T) D
Ml (0, T) for p < g. We can show that fot ns dBy is continuous in ¢ quasi-surely for 0 <t <7,
and also [ ny dB; € MZ(0, T) for any n € MZ(0, T).

Proposition 2.1. Letp>1, X, n € MZE([0, T]) with n bounded; then Xn € M2([0, TY).

Analogously to My (0, T), we define Mb,o(O, T) as the collegtion of simple processes
where &; € L’Z;(Q,j) for p>1 and MZ(O, T), as the completion of My, o(0, T) under the norm
||77||M:();(0’T), which is defined similarly to || - ||M£(O,T) in (2.3).

Definition 2.4. Let p > 0 be fixed. A stochastic process (1;);>0 is said to be in M0, T) if
there exists a sequence of increasing stopping times {0}’ ; with o, 1 T quasi-surely such

that nljo.5, € M%(0, T) and fOT [ns|P ds < oo, quasi-surely.

Let F; := B(2;) fort > 0. Amap 7: 2 — [0, T] s said to be a stopping time if {t <t} € F;.
For each stopping time 7, p> 1, and n € ML, 1), using Proposition 2.1 we can prove that
Lio,.1(-)n € M2(0, T) € M5,(0, T). So, the integral | ny dB; is well-defined and we have

t INT
[ Tio.0y(s)ny dBy = / 1y dBy  q.s. 25)
0 0

Lemma 2.4 ([13].) Let n € ML,([0, T1). Then, for p > 0, there exists Cp > 0 depending only on

p such that
s P R t p/2
/OnvdBV }scpc—ﬂ’/zl@[(/o |nv|2dv> ]

E |:SUP0§s§t

where IAE[B%] =52
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3. The G-SDE under locally Lipschitz conditions
In this section we consider the following type of one-dimensional SDE driven by
G-Brownian motion:

t t t
Xi=x0 + f(Xs)dS+/ g(Xs)d(B>s+f o(Xs)dBs, te€[0,T], (3.1
0

where xo € R and f(x), g(x), o(x) € M? ([0, T]) C MY([0, T]) for any x € R and some p > 2.
Also, for any R > 0, the coefficients f, g, 0 : R — R satisfy the assumption

|b(x) = b(y)| < Kg|x — | (3.2)

for any x, y € R with |x| V |y| < R and some positive constant Kg. Note that function b is taken
from set {f, g, o}. Moreover,

() +2xg(0) + o (0 < K(1+ |x) (3.3)
for any x € R and some positive constant K.

Definition 3.1. Let p > 2. The process (X;):c[0,7] € M ([0, T1; R) is said to be the solution of
G-SDE (3.1) if it satisfies the equation and has t-continuous paths on [0, T].

It is well known that G-SDEs under globally Lipschitz coefficients possess a unique solu-
tion. Now, based on [13, Theorem 4.5 and Example 4.7], we present following theorem which
deals with the locally Lipschitz coefficients case.

Theorem 3.1. Under the assumptions (3.2) and (3.3), G-SDEs has a unique solution.

In the next section we deal with the stability property of the trivial and approximation
solutions.

3.1. Stability of the G-SDE
In this section we review the concept of stability of the trivial solution X = 0 of the G-SDE
(3.1). To this end, we first assume that
f(0)=0, g(0)=0, o(0)=0. (3.4)

Definition 3.2. Let X** be the solution of G-SDE (3.1) starting at s and X(s) =x, x € R. Let
p > 0. If there exist some positive constants C and A such that ]E[|XS “IP1 < Clxg|Pe =9 then
the trivial solution is called exponentially p-stable. In particular, when p = 2, the trivial solutlon
is said to be asymptotically exponentially stable in mean square. Moreover, the trivial solution
of the G-SDE is said to be quasi-surely exponentially stable if there exists a positive n > 0 such
that lim sup,_, .. {log (|1X;"*)/t} < —n q.s.

We now present [13, Corollary 5.6] for the one-dimensional case.

Theorem 3.2. Let p > 0. Assume that conditions (3.2) and (3.4) hold, and there exist constants
o1, a2, a3 € Rwith 0 < oy < a3 such that, for x € R,

@) + G2xgx) + 07 () < a1’ (3.5)
where the function G is defined by (2.2) and

a3 <50’(x) <a? (3.6)
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for any x e R. Then, the trivial solution of the G-SDE (3.1) is exponentially p-stable if o1 <0
and p <2+2|a1|/a§, or0 < 501% andp < 2—20:1/01%.

Remark 3.1. In addition to conditions (3.2) and (3.4), let the G-SDE (3.1) satisfy the condition
xf(x) V |xg(x)| V o2(x) < K|x|> for some K >0 and any x € R. If the trivial solution of the
equation is exponentially p-stable, p > 0, then it is quasi-surely exponentially stable. See [13,
Theorem 5.8].

4. A time discretization scheme

In this section we set up a so-called 8-Euler—Maruyama method (6-EM for short) to approx-
imate the true solution of the G-SDE (3.1); we then prove that it converges to the exact
solution.

Let n € N. We consider a time discretization of the interval [0, T] as 0 = tg << tj’f,n =T,
with the time steps A; = t?+1 —tffori=0,..., N, — 1. We denote by Y the numerical solution
6-EM obtained by the scheme

Yie1 = Vi 4+ (1= O)FYDA; +0f Yir1)A; + g(¥i) AB); + o (Yi) AB; 4.1)

fori=0,1,...,N, — 1, where 0 € [0, 1], )~’0 =x, A(B)i=(B),, — (B)y, and AB; =By, , —
B;;. Note that 6 € [0, 1] controls the degree of implicitness of the scheme.
Let t € [0, T]. Now, we define a continuous-time approximation of the scheme (4.1) as

t t
Y"(t)=Y0+(1—9)/(;f(Ym)ds—I—@/Of(Ym)ds
'

t
+/0 g(YLsJ)d(B)mL/O o (Ys)) dB(s), (4.2)

where |s|:=1i and [s]: =i+ 1 for t; <s <tiy1; we set |[N,|:= N, and [N,]:= N, as a
convenience. Note that the process ()N’”(t)){,e[o,ﬂ} e ME([0, T]; R).

In the following we investigate the convergence of the discretization scheme (4.2) in the pth
mean for p > 1. To this end, inspired by Lemma 2.1, we present following remark.

Remark 4.1. Let p > 0 and n € M%,([0, T1; R). Then
s 14 . t
/ md(B), } sa%”‘E[/ ol dv}
0 0

We assume that for p > 2, there exists a constant A such that

IAEI:SUPO<s<t

for any 7 € [0, T1.

E(supyi<7 IXOF) v E(supy <7 [Y"(0)I) < A. (4.3)

This assumption does not pose a limitation. For example, the relation (4.6) stated in Theorem
4.2 ensures that (4.3) holds true.

Now, we present Young’s inequality before investigating the convergence of the numerical
scheme.

Lemma 4.1 (Young’s inequality.) For 1/r+ 1/g =1,

s . 1
ab<-a +——b? foralla,b,§>0.
7 qsa/r
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Now let R > 0. Set 1 := inf{t > 0: |)~’”(t)| >R}, pr:= inf{t>0: |[X(®)| >R}, and yg:=
TR N\ PR.

Lemma 4.2. Assume that R > 0 and t € [t;, ti+1] C [0, T A yg] for some i € {0, ..., N, — 1}.
Let assumption (3.2) hold. Then, there exists a positive constant ¢ depending on Kg, C>, o, T,
A, f(0), g(0), and h(0) such that

E[Y"(1) = Vi1 < &t — 1),
BOY"(5) — Yig1°] < &tig1 — 1).

Proof. According to (4.2), we can write

t t
V'O =Yi+6 f fX ) ds+(1-0) f F(¥rs7) ds
ti ti

t t
+/ g(Y\_sJ)d<B)s+/ o (Ys)) dB(s).
ti ti

Using Holder’s inequality, Lemma 2.4, and Remark 4.1 results in

t
E[Y"(r) — ViI*1 < 40%(t — 1;) / E[[f(Yis)I*] ds
t;
t
+4(1 —0)*(t —1;) / B (Ys)I?] ds
ti

t t
+ 45— 1) / B¢ ds + 4Co7 / i8] (V1)) ds.
ti 14
Since [t, t;+1] S [0, T A yr], by the locally Lipschitz property (3.2) and assumption (4.3), we
can see that
E[1b(¥(5))I7] < 216(0) | + 2KRE(supg< <7 [7"(5)[?) < 2[b(0)|* + 2KzA
for b€ {f, g h}. Then, E[|Y(r) — Vi|*] < 8(KZA + My ¢ ;)(T(2 +T*) + C25)(1 — 1;), where
Mo n = max{[f(0)|2, |g(0)[?, |2(0)|?} and the second assertion follows. O

Theorem 4.1. Let n€ N and set e,(t) := X(t) — ?"(t) for t€[0,T]. Then the continuous
scheme (4.2) converges to the true solution of (3.1) in the sense

lim E(supo;= ea(0)]*) =0,

hy,—
where hy = supg;<y, 1 |6 — 17|
Proof. For any ¢ € [0, T], we have that
E(supg<, < lea(W)I”) < E(supo—, <; len M L)) + E(supg<, <, leaW) 1 yery).

Applying Lemma 4.1 for the second term by setting r =p/2 and g =p/(p — 2) for p > 2, we
arrive at

T 2 T 2 26 A 14

E(Sup05v§z le,(V)|7) < E(Supogvgz len(v) l{yR>T}) + ;E(SUPOSVSI lex(VI7)

1-C/p)
+ —z7=5 E(lpe=n)-
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According to (4.3), we see that IAE(supOSVg le,(V)|P) <2PA and

]E(I[VRST]) <c(R=T)+c(pr =T)

. V' ()P\ - IX(oR)IP
=E(1{msT}T +E I{PRST}T

1 o L by _ 24
= E(E(Supoﬁfr [Y"(0)I7) + E(supg<,<7 IX(DI7) < I

Finally,

2(1 - (2/17))> @.4)

. . 2rtls
2 2
E(Supnggz len(W)]7) < E(Sup()gvgz len(v A vr)| )+A< P + RP 52/ 0—2)

Note that by the time evolution of X and Y" in (3.1) and (4.2),

VAYR VAYR
en(v A yR) =0 /O FX(s) ds+ (1 —0) /0 FX(5)) ds
VAYR VAYR
+ /0 2(X(s)) d(B); + /0 o (X(s)) dB(s)
VAVR ~ VAVR ~
—9/0 f(Ym)ds—(l—@)‘/o f(Ym)ds

VAVR o VAYR ~
- fo (T d(B)s — /0 o (V,s) dB(s)

for any v<t. Due to (a+b+c+ d)? < 4(a* + b* + 2 + d?) and by remembering (2.5), we

have
)

/O (FX(5)) — FV )1 [0,0nye] (5) ds
)
)

/0 (FX(s) = F T L)L [0.0n g1 (5) ds

IAE(supOSvSt len(v A yR)|2) < 492 I@(supoqq

)

+4(1 — 9)2 I@J(sup0<v<,

+ 4IAE (SUPOSVSt /0 (g(X(s)) — g(?l_sj ))l[O,VAVR](S) d(B);

+4E <Sup0<v<t /0 (0 (X(5)) = o (V1)) 10.vayz1(5) dB(s)

Remebering that 8 € [0, 1], the Holder inequality, Lemma 2.4, and Remark 4.1 lead to

A t A ~
E(supoy<; leav A yR)I) < 4(r fo E((FX(5)) = FTV 1)) 10,0071 ()] ) ds
l A ~
i /0 BGS) —fFro)Lio.nye (1) ds
t A ~
+ 5t /O E(I(g(X(5)) — (Y1 5))L[0,11y1($)I?) ds

! A ~
+ Cﬁfo E(l(o (X(s)) — G(YLsJ))l[o,myR](S)|2)dS)-
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Due to the local Lipschitz condition (3.2), we get
A l A ~
E(supy,<; len(v A yR)I?) < Mg / E[1X(5) = Y5y 1*1{0,1y1(5)] ds
0
t A ~
1 4TKS / BLUX) = P PLio.aye(9)] ds
0
t
< (2Mg + 8TK3) / BLUX) = 7'(5) P10y ()] ds
0
t A ~ ~
+ 2Mp / ELY"(s) = Y15 1?1 {0,001 (5)] ds
0
t A ~ ~
+ STKIZQ/ E[[Y"(s) = Y11 1" 10,741 ()] ds
0

t
< Mg+ 8TKD) f Bllen(s A ye)P1 ds
0
N,—1

fiv1 o
+2me Y [ BT ~ TP Lo &
i=0 1

i

i

No— L o o~ -
+8TKg ) / BIIY"(s) = Vi1 P10,y (9] ds,
i=0 V1
— 2 =
where Mg =4K5(T + To* + C,0). By Lemma 4.2, we get

t
B(supoy: len(v A yR)I?) < (2M + STKR) /0 B(lea(s A yp)1?) ds

Nozl oty Noz b et
+2MREZ/ (s—t,~)ds+8TK,%EZ/ (tiy1 — ) ds
i=0 i i=0 vl
t
< (2Mg + 8TKR) / E(len(s A yr)|%) ds
0

Ny—1
+3(Mg+4TKR) > At
i=0

Note that, for simplicity, the points tf have been replaced by #; for i=0, 1, ..., N,. Since

Z;VZ”O_ ! Ati=T, Z,Nio_ ! Atjz < h,T and, using Gronwall’s lemma, we get

E(supgy<; len(v A yR)I) < cmgTe* T,

where mr = Mg + 4TK1%. Now, we return to (4.4). We have

s 201 - (2/17))> @.5)

~ 2 - 2mgT
E(supg<y<; len(W)|7) < cmgTe " hn +A< p RP§2/(0=2)
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and we can choose the step sizes and the parameters § and R such that

+1
o ekl _ € 2TA e 21 -@2/p)A &,
cmgrTe h, < 3 » < 3 R8I 0=2) < 3
then the desired assertion follows. O

Remark 4.2. In light of (4.5), taking § = h,, and R = h,, V=2 yields the estimate

E(SUP0§v§t |en(V)|2) <chy,
for some positive constant c. This implies that the proposed scheme achieves a global mean-

. 1/2
square convergence order proportional to hn/ .

4.1. Numerical stability

In this section we aim to inspect the numerical stability characteristics of the scheme (4.1)
in the exponentially mean-square and quasi-sure senses as the value of T approaches infinity.
It is important to note that the approximation is not limited to a bounded interval. To this end,
we start with the following definitions.

Definition 4.1. A numerical scheme {Y;};cy applied for approximating G-SDE (3.1) with the
initial value xo is called exponentially p-stable if there exist positive constants C, A, and Ag
such that, for any i € N, A; € (0, Ag) and E[|Y;|P] < CE[|x0|p]e_’\’A* for some A* € (0, Ag).

Definition 4.2. A numerical scheme {1~G} ieN applied for approximating G-SDE (3.1) with the
initial value x is called quasi-surely exponentially stable if there exist positive constants A and
Ag such that, for any i € N, A; € (0, Ag) and lim sup;_, .. {log (|Y;])/iA;} < =X g.s.

Theorem 4.2. Let assumption (3.2) and the necessary assumptions in Theorem 3.2 hold. If

Fol Vv [go)] < ¢lx] (4.6)

for any x € R and some ¢ > 0, and

052
201 < —(k:3 +5(1+ 22)>, (4.7)
o

where k is a sufficiently large positive constant and

166(B — 4¢(1 +7%) < —c1 — ¢2 — 3, “5)
—168(B 4+ 4¢(1 +T%) < —c1 — 2 + c3, ‘
where ¢1 = (1 — 2a1)?, ¢ = 64¢2, ¢3 = 16¢(1 — 201), and

6(2
B=4Cr= + 1+ + 2.
o

Then the proposed scheme (4.1) is conditionally asymptotically mean-square stable.
Proof. Taking the square of both sides of (4.1) yields
Vi V7440 -0’2 TDAT + 07 Vi DA] + & TN(ABY) + 0> (V)(AB)’)

+2(1 = OV f VDA 4+ 20V f (Viy 1) A 4 2Yig(Y)A(B); 4 2Yio (V) AB; (4.9)
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fori=0,1,...,N,— 1. By adding and subtracting 2(1 — 9)G(27,'g(1~/,~) + 02(?,~))A,~ on the
right-hand side of (4.9), we have

V2, < V2 4+4(0 =02 TDA + 072 (Vi) AT + Z(V)(A(B):) + o> (YV)(AB)?)
+1) + I + 2Y,0(Y)AB;, (4.10)
where
=2(1 - 0)(Yf (V) + GQ2Yig(Y)) + o (V) A
L =-2(1 —0)GQYig(Y) + o2 (V) A; + 20V Vip1) A +2Yig(V) A(B);.
By 3. 5) we get . I <2(1 —6)a; Y2A By considering the two cases 2Y,g(Y )+ O'2(Y) > (0 and

2Y,g(Y) + GZ(Y) <0 and relatlon (4.6), and using the inequality 2ab < a*+b*, we get I <

(A + &332 + 9)Y2A + 622y H—lA By applying [E on both sides of (4.10), we get

+4((1 = 0’ BIPINIAT + 0BTV DIA? + B2 ¥)(A(B))*] + EloX(Y)(AB)?])
+2(1 = O B[V]A; + (1 + 3> + OR[YF]A; + 08°E[YA ] A + 2E[Yio (V) AB;.
Applying Lemmas 2.1 and 2.4, the relations (2.4), (3.6), and (4.6) result in

E[V2] = (0 +na0B[ V7] + GE[VE ],

where
yi=482((1 — 0> +7HA; + (1 —2a1)0 + B,
4.11)
£ =002 40A; + 1A,
We select the partition of [0, 7] such that & < 1, which results in A; < x1, where
—C+ (4 16)172
K1 = = .
86¢
Thus, we have that
A~ 1 - A\ A e
B[72,] = S (] = (14 S a7, @12)
1- gz 1- Si
We set
_p SR
1 _Ez

The condition &; 4+ y;A; < 0 results in A; < k2, where

_ —(B+0(1+¢* —2a1))
48202+ (1 -0)2+35h
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and we need 8 + 9(1 + &2 — 2a1) < 0, which leads to

B

< ——or——.
1462 — 20

(4.13)

Note that, by (4.7), B < 0. Furthermore, the condition y;A; > —1 results in
4241 = 0)* +THA? + (1 = 2a1)8 + B)A; + 1 > 0.
So we should have (1 — 2a1)8 + B)? < 1682((1 — 6)% + )2, and hence
—406% +6(1 — 201 +80)+ B —4c(1+3) <0,
4202 +6(1 — 2y — 82) + B +4c(1 +54) >0,

which is ensured by (4.8). Finally, by considering conditions (4.13), we set A* = min{«1, k2}
and impose A; € (0, A*) for each i € N. Now return to (4.12). In a recursive manner, we have

that
g R N O,
) T2\
873 < [T (52 )Ei%s)
i—0 %
J
for m > 1, where
1 A
0< & <1
1=

forje {0, ..., m— 1}. Thus

. 14+ p(A)A\ "~
E[YZ,[] E <SupA€(O’A*) l—y—g(A)> E[Yg]

Note that £(A) and y(A) are defined similarly to (4.11) with the slight difference that A; is
replaced by A. We set

(4.14)

1+y(A)A
1-&@)

where Aa+ is a function of 0, c, o, a1, a3, C, and A €(, A*). Tt is clear that Apx > 0. By
considering (4.14), we have that E[Yi] <(1—Apx A)"’E[Yg], and for sufficiently large m,

1-— )\,A*A = SupAe(O’A*)

A~

E[¥2] < e o mAR[72], (4.15)
which completes the proof. (]

Corollary 4.1. Let the assumptions of Theorem 4.2 hold. Then the numerical scheme (4.1) is
quasi-surely exponentially stable.

Proof. By Theorem 4.2 and relation (4.15), we have

A~

E[72] < e *a AR [72] (4.16)
for sufficiently large n € N, where A*, Aa*, and A are positive constants. Now, let ¢ > 0 be
such that %(A A+ — &) > 0. By Markov’s inequality and using (4.16), we have
[ Y2 .

[ n] < C_SnAE[Yg].

iy —(px—e)nA/2y _
(Tl > I rwr
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Since Z;’;] C(|)~’n| > e_()‘A*_E)”A/Z) < 00, owing to the Borel-Cantelli lemma we get

lim sup |?n| < e~ (hax —enhA /2

n—oQ

quasi-surely. So, there exists Q c Q with C(2) = 1 such that, for all w € € and for any € > 0,
there exists no(w, €) € N and |Y,(w)| < e~ *a* =2/ for any n > ng(w, €), and then

log (Fu(@))) _ _<m —s)
nA N 2 .

Ultimately, we have that

lim sup log (l?nD < —<)\A* _8> q.s
nooo  nA 2 - u

5. Simulation experiments

In this section we implement the proposed scheme (4.1) for two test problems satisfying
conditions (3.2) and (3.3). For this, we need to generate the sample paths of G-Brownian
motion. The distribution of G-Brownian motion is defined as I@[q)(B.)] for a suitable function
@. As a result, the properties of the G-Brownian motion distribution depend on the selected
¢, and this selection must be uniquely specified whenever we simulate sample paths of the
process. In [28], the authors focus on the test function @(x) := I{y<4 for some a € R, which
leads to

Elo(B)] = Ell{5,<a)] = suppep E' [Ip,<a]
=suppep P(Br = a)

= SUppcp ng(a).

They initially generate a sample path of the G-Brownian motion at discrete points and subse-
quently the increments of G-Brownian motion are derived accordingly. Note that all probability
measures P € P are incorporated in the proposed technique, and that the obtained results
correspond to the Heaviside function ¢.

Example 5.1. The first example, which includes additive noise, is presented as follows:
dX, = —X,dr — (X, + X)) d(B), + 0.2dB,, >0, Xo=1, (5.1)

where (B;);>0 is a G-Brownian motion with o2=1 and gz =0.5. As we see, the example
satiafies the conditions (3.2) for Kz = 1 + 3R? for any R € R such that |x| v |y| <R, and also
the condition (3.3) holds for K = 0.04. Hence, the equation possesses a unique solution.

Let {ti}ﬁi o be a uniform partition of the interval [0, T], where the step size is defined
by h:= ti;y1 —¢; for each i=0, ..., N — 1. By applying the discretization scheme (4.1) to
equation (5.1), we obtain

~ 1 ~ ~ ~
Vi1 = m(a — (=Y — (Yi+Y)AB); +02A8), i>0, 60, 1],
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TABLE 1. The average pathwise error at 7 = 2 computed over 100 trajectories for Example 5.1 with the
parameters 02 = 0.5 and 2 = 1.

Step size 0 e
0 0.1342
277 : 0.0643
1 0.0009
0 0.1142
278 : 0.0505
1 0.0005
0 0.0739
279 ! 0.0360
1 0.0003
‘ ‘ +‘ 6‘ 0
6=0.5
=1 |+

approximation solutions

*

0.4 1 1 1 1 1 1 1 1 1

time

FIGURE 1. The sample paths of the 6-EM for equation (5.1) are presented with parameters o2 = 0.5,
52=1,anda step size of & = 0.2 over the interval [0, 2].

with Yy = 0. Because an exact closed-form solution is unavailable, we apply the scheme with
6 = 1 on a uniform fine discretization grid with a step size of 2719, We calculate

e(t, ) == X(T, w) = Y(T, 0|, j=1,...,100,

as an error estimate for the numerical method along each single trajectory. We denote by ¢
the average pathwise error calculated over 100 trajectories. Table 1 displays the values of ¢
corresponding to 6 in the set {0, 0.5, 1}. As observed, the implicit scheme with 6 = 1 outper-
forms the semi-implicit scheme with 6 = %, which in turn is better than the case with 6 =0.
As expected, reducing the stepsize leads to improved results. Figure 1 illustrates three sample
paths of the 8-EM equation (5.1).

https://doi.org/10.1017/jpr.2026.10103 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2026.10103

Numerical solution for SDEs driven by G-Brownian motion 17

TABLE 2. The average pathwise error at 7 = 3 computed over 100 trajectories for Example 5.2 with the
parameters 02 = 0.5 and 2 = 1.

Step size 0 e
0 0.1570
274 : 0.0391
1 0.0340
0 0.0403
275 : 0.0176
1 0.0199
0 0.0189
276 ! 0.0101
1 0.0111
1 T T T T T T T T T
—%—0
0=0.5
=1
05 b
3 of ]
s
©
E
= -0.5 b
s
&
qF —:f
e

0 02 04 06 08 1 12 14 16 18 2
time

FIGURE 2. The sample paths of the §-EM for equation (5.2) are presented with the parameters o2 = 0.5,
o= 1, and a step size of h = 0.2 over the interval [0, 2].

Example 5.2. The second example, featuring multiplicative noise, is as follows:

dX, = —X>dr+e ®l/2dB,, >0, Xo=1. (5.2)
As we can see, the example satisfies the conditions (3.2) and (3.3) with parameters Kg = 1 +
5R* and K = 1. Similar to Example 5.1, considering the partition {t,-}f.v= o of [0, T] and applying

the scheme in (4.1) leads to

Vi1 +0RY =¥, — (1 =Y + e W12aB,  i>0, 9 €0, 1].
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It is clear that IN/,[ 1 s the root or zero of the real-valued function f; with
fi(x):= x+0he —ci, xeR, (5.3)

where ¢; = ?i (- 9)h1~/,~ + e Mil/2AB;. Using the root-finding technique called the Newton—
Raphson method, we solve the non-linear equation (5.3) to compute the numerical solutions
at the specified points. We need to be mindful of rounding errors when solving non-linear
equations numerically. Analogous to Table 1, the smaller step size yields more accurate results,
as shown in Table 2. Moreover, Table 2 shows that the semi-implicit method with 0 = % and
the fully implicit method with 6 = 1 produce more satisfactory results than the explicit method
with 6 = 0. However, for step sizes of 27> and 27°, the semi-implicit method performs slightly
better than the fully implicit one, which could be attributed to the effects of rounding error.
Figure 2 illustrates three sample paths of the 6-EM equation (5.2).

6. Conclusion

To the best of our knowledge, this is the first paper dedicated to numerical solution of the
stochastic differential equations driven by G-Brownian motion under locally Lipschitz con-
tinuous coefficients. The research outlined designs an implicit continuous Euler—Maruyama
scheme to discretize the G-SDE (3.1). Then, the convergence and exponential mean-square
stability of the 6-EM scheme was investigated, which leads to quasi-sure exponential stability
as well.
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