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Abstract In this paper we show that@” diffeomorphism having an invariant Floquet
torus which is non-normally hyperbolic can be approximated, incthe® topology, by
another one which exhibits a homoclinic tangency.

1. Introduction

The homoclinic phenomena have an important place among the most important dynamical
behaviours. Among these are the homoclinic tangencies (see below for a definition) and
one of its major features is that a small perturbation of them creates very rich and non-
equivalent dynamical behaviours. It was conjectured by Palis that the obstruction to stable
dynamics is just the presence of homoclinic tangencies. More precisely: et Eiff

be the set ofC" diffeomorphisms withr > 1 of a compact manifold/, then the set of
diffeomorphisms which exhibit a homoclinic bifurcation is dense in the complement of the
closure of the structurally stable diffeomorphisms. For a comprehensive treatment of this
topic see PT].

Among the non-stable dynamical behaviourstheeinvariant tori with parallel quasi-
periodic dynamics. This dynamics is typical in the conservative systems, for another
context as the dissipative system etc, &%, BHT]. When an invariant torus is normally
hyperbolic it persists undet” perturbations from a geometrical point of view; but not
dynamically, i.e. the perturbed torus dynamics is not the same as that of the original torus.

Our aim here is to verify Palis’ conjecture in this context. We need to state the general
context and give some definitions in order to state our main theorem.

§ Work partially supported by IMPA.
1 Work partially supported by IMPA-Brasil and CONICIT-Venezuela.
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Let M be a smooth compact manifold artd: M — M aC” diffeomorphism{ > 3),
an invariant torus with parallel dynamids a submanifoldd -invariantV ¢ M, such that
Jp : V — T" aC" diffeomorphism which satisfies

poHop l(x)=x+w (mod 2r)

wherew € R" andT” = R"/2x7Z" is then-dimensional torus. In such a case we will
call wy, ..., w,, the components ab, the (inner) frequencies df. They are well defined
except the integer multiples ofr2

An invariant torus isnormally hyperbolicif there exists aD H-invariant splitting
TrM = N* @ N* @ TT" such that for some Riemaniann metfic|| we have:

(@) sup|DH|NS| < infm(DH|TT%);

(b) supllDH|TT)|| < infm(DH|N});

where the sup and inf are taken pne T" and wheren(T) := inf{|Tv| : |v| = 1},
for a linear transformatiori’. (a) says to us that the contraction At is sharper than
the possible contractions irllT and (b) says that the expansioni# is sharper than the
possible expansions irnT.

We are interested in studying invariant tori with parallel dynamics which are not
normally hyperbolic. In general, the dynamics in the normal direction is too complicated
and almost nothing is known. We will restrict to where this dynamics is very simple. Let
V be atorus with parallel dynamics, we say tWais aFloquet torusof H if there existC”
coordinate® : U — T" x R™ defined in a neighbourhodd of V, such that? in such
coordinates takes the form

H(x,y) = (x+o+0(yl), Qv+ 0(lyl?), (xeT" yeR") 1)

whereQ2 € GL(m, R) does not depend on In such a case we call theFloquet matrixof

V and to the arguments of the eigenvalues of modulusl, afith non-negative imaginary
parts, we will callthe central normal frequencies V. These frequencies are well defined
modulus integer multiples ofr2 We observe, by the way, that the four definitions of
normally hyperbolic given inHIPS] are equivalent for Floquet tori.

We point out that/ a Floquet torus is non-normally hyperbolic§¥is not a hyperbolic
matrix, and hence, iffV has a central normal frequency. When we only look at the
geometry of the manifold/, these tori bifurcate in the following way. Let us assume
thatV is non-normally hyperbolic in the weakest way, then we have three cases:

(1) < has aunique eigenvalue of modulus 1 which is 1 and has multiplicity one.

(2) € has aunigue eigenvalue of modulus 1 whick-lsand has multiplicity one.

(3) < hasjusttwo eigenvalues of modulus 1, being these non-real, and with multiplicity
one.

Let H, be a generic family which unfold§ with Ho = H then:

(i) Incase (1)V disappears for in one side of zero and fqr in the other side of zero
we have two invariant tori. This case is known as the saddle-node case.

(i) In case (2) there exists a torus which survives for all values of parameterd
besides, fop in one side of zero, we have two invariant tori which build a periodic
torus of period two. This case is known as the flip case.
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(iii) In case (3) we also have that a torus survives for all values of parameted foru
in one side of zero there appears a new invariant torus, but whose dimension is one
more than that of the original torus. This case is known as the Hopf case.

Given p € M we definestable manifolqrespectivelyunstablé of p, W*(p) (respectively

WH(p)), by
Wip) = {q e M: lim discH" (@), H"(p)) =0}
(respectiverW“(p) = [q eEM: Iirp dist(H" (q¢), H" (p)) = 0})

A homoclinic pointassociated te is a pointy € W*(p) N W*(p) \ {p}. If p is a periodic
hyperbolic point ofH, thenW* (p) andW*(p) areC” immerse manifolds. We say that
is ahomoclinic tangencyif ¢ is a homoclinic point associated with a hyperbolic periodic
point p such that TW*(p) + T,W"(p) # T, M.

Now we can state our main result.

THEOREM. Let H : M — M be aC" diffeomorphism which has a non-normally
hyperbolic invariant Floquet toru9 c M. Then for allDiff "~3(M) neighbourhood
N of H there existdd € N such thatd exhibits a homoclinic tangency.

By the definition of a Floquet torus, a tubular neighbourhood @ always orientable.
An interesting problem is to know if the conclusion of the theorem is true in a more general
setting, for example for a non-normally hyperbolic torus with parallel dynamics. The
following corollary gives a positive answer to this problem when the dimension of the
torus is greater than one, without assuming anything about the normal behaviour.

COROLLARY. LetH : M — M be aC" diffeomorphism which has an invariant torus
V c M of dimensionn > 2 with parallel dynamics. Then for all neighbourhoods
N C Diff "=3(M) of H there existdl € N such thatd exhibits a homoclinic tangency.

Proof. Let H = H|y, in conveniently choosen coordinatBgx) = x + o (mod 2r).
Take H near enoughd with the following form: H(x) = x + «' (mod 2r), with
o = (01,0, ..., w,;) near enough taw = (w1, ...,w,), such thatw,, ..., ), are
rationally dependent with respectda. ThenH has a non-normally hyperbolic invariant
circle with parallel dynamics, so there exigisnear enough té7 exhibiting a homoclinic

tangencyH can be extended i in such a way thaH is near enough téf . O

In [BBH] the bifurcation of a Floquet torus is considered, taking into account the
dynamics on the torus. To do that, they consider the unfolding:of )-parameter
families H,, where atu = po, Hy, has a non-normally hyperbolic Floquet torus. An
interesting problem, not addressed here, is to get parameterar enough tgg such that
H,, exhibits homoclinic tangencies. Moreover, one can ask: what can be concluded about
the dynamical properties of these { 1)-parameter familiedl,,? This would interprete
the results in quasi-periodic bifurcation theory.

Now we give an idea of the theorem'’s proof. We consider the simplest caseamhdn
m = 1 and we are in a saddle-node bifurcation case. The result is obtained by using several
perturbations. First, using normal forms, we get that the derivative along the torus can be
written asQ = (}9) with « > 0 and where the first direction is the direction along
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the torus and the second is the normal direction. As the torus dynamics is quasiperiodic
it can be perturbed to get a saddle-node periodic oiturns the normal direction on

the right and this allows us to perturb in such a way to create a weak contraction in a
transversal direction to the torus. Also, the strong stable foligkinassociated with this

weak contraction makes an angle with the tangent direction to the torus that is as small as
we please. Then we can break the torus to create a criticality between the unstable manifold
of the saddle-node witl¥**. Now the result follows fromN§IPT].

This paper is organized as follows. In 82 we prove some results about normal forms
which allows us to give the definitions of bifurcation tori of saddle-node, flip and Hopf
type. In 83 we consider the case whiéns one dimensional and prove some results about
the behaviour of certain perturbationsifalong the normal direction df . Finally, in 84
we give the proof of the theorem.

2. Preliminaries
In this section we prove some results about normal forms which we will use in the proof
of the theorem and to define several types of Floquet tori.

Through this section we are going to consider Floquet tori so we can assume from now
onthatH : T" x R™ — T" x R™ is given by

H(x,y) = +o+a@)y+0(yld. 2+ 0yl?). 2
We say thafl” = T" x {0} is quasi-periodidf
(k,w) + 2ko #0, Vk € Z"\ {0} Vko € Z

where(k, w) = Y_!_; kiw;. T" will be adiophantine torusf there exist8 > 0 andC > 0,
such that

Ik, w) 4+ 2ko| = Clk|™" P, Vk € Z" \ {0} Vko € Z (3)

with |k| = maxi<;<n |ki.

If T is a non-normally hyperbolic Floquet torus then it has a central normal frequency
7. We say thafl” satisfies anixed diophantine conditioifithere existC > 0 andg > 0
such that

|k, ®) + It + 27ko| > Clk|™"# (4)

Vk € 7" \ {0}, Vko € Z andVI € Z with |I| < 2.
We are interested in the case wh&h is non-normally hyperbolic in the weakest
possible way. This happens in the following three different ways:
(1) 1isthe unique eigenvalue, of modulus 1{p&nd has multiplicity one,
(2) —1isthe unique eigenvalue of modulus 1 @fnd has multiplicity one,
(3) < has only two non-real eigenvalues of modulus 1, each one having multiplicity one.
In any of these cases we can restiittto the central manifoldv¢ of T". AsT" is
a Floquet torus, we get tha¥“ is diffeomorphic toT” x R in the first two cases and to
T" x R? in the last case. We observe tfit continues to be a Floquet torus fAf < So
we can take coordinates a#i¢ in such a way that{ |y looks like (2). We can assume
from now on thain = 1 in the first two cases and that= 2 in the last case.
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Let A be the eigenvalue a® with argument € [0, 7], i.e. A = 7. We assume that
satisfies the mixed diophantine condition (4).

Summing up: we assume thdt: T" x R™ — T" x R™ is given by (2) withmm = 1, 2;
Q = +1if m = 1 andQ has two eigenvalues with non-zero imaginary parts i& 2, and
o satisfies (4). Remark that§® = 1 then (4) is the diophantine condition (3).

Now we are going to present the normal forms for these kinds of diffeomorphisms in
each of the above three cases. Firstly we recall a well-known lemma.

LEMMA 1. Leth : T" — C be aC” function. Letx = ¢! andw € R”" both satisfying a
diophantine condition (4). Then there exist€’a™? function,¢ : T* — C, such that

@(x) — rp(x + @) = h — h(x) (5)

wheref =n + 1+ [B] and

- / h(x)de, ifa=1
h = Tn
0, in any other case.

In addition, if 4 just takes real values and € R theng can be taken as a real-valued
function.

Proof. See H, Annexe]. m|

The following three propositions present the normal forms. The first is used in all of the
above described cases. DenotéWy, (R) the set ofn x n matrices with real coefficients.

PROPOSITIONL. LetH be aC” map as above. There exists a change of coordinate$
in a neighbourhood of” such that, in such coordinates

H(x,y) = (x +o+ay+ 0(yl?, 2y + odyl?),

wherea € M, «,(R), and0 is given by Lemma 1. Moreover,f # 1, i.e. we are in the
second and the third cases, we can take these coordinates suéh=thait

Proof. To begin, we assume that = 1. Let

. / ax)dx, fQ=1

a=4J1n

0, if Q#£1
then by Lemma 1 there exists: T" — M, «;» (R), such that
e(x) —p(x+w)Q=a—a(x), VxeT" (6)
whereg is C"~?. Hence, if we define the change of coordinates
Q(x,y) =(x+oX)y,y)

we have that

dloHo®d(x,y) =@+ w+ay+ 0(lyl?), 2y + Olyl?).
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If m = 2 then we begin making a change of coordindtes) — (x, Ey), with E linear,
such that2"1QEy = Ay if we identify R? with C. With this identificationM,,» ~ C”",
equation (6) becomes

P(x) = hp(x + ®) =a —a(x).

This equation can be solved again using Lemma 1. In this&¢as® and® is defined in
the same way. m|

PROPOSITION2. Let H be aC” map as above with: = 1. Givenl < N < (r — 6)/6,
there exists a”~(N+D? change of coordinates such thAt in these coordinates has the
following form

Hx,y) =@ +o+ay+ 0%, +by*+---+byy" + 0N +h).

Moreover, ifQ2 = —1 then such coordinates can be taken in such a waydhat 0 and
by =0fork=1,...,[N/2].

Proof. By Proposition 1 we can writéf in C"~% coordinates as
H(x,y) = (x+o+ay+ 002, Qy+ba(x)y*+ -+ by (0)y" + 0" ).
We observe that given2 i < N and letting

0, if @ = —1 andi is even
/ bi(x)dx, ifnot
Tﬂ

i

we have that there exists =% mapg : T" — R such that
Qo(x) — Qo +w) = b — bi(x), VxeT"
Now we define th&” =% change of coordinates
D(x,y) = (x,y +9(x)y)
and get that
O o Ho®(x,y) = (x+w+ay+ 002, Qy+b2x)y* + -+ +bi1(x)y ™!
+biy' + biyr )y T by @y + 0N TY)

wherel;j is not necessarily equal to,. So makingV changes of coordinates of this type
we get the thesis of the proposition. m|

Now we address the above proposition in the case 2. For the sake of simplicity
we identify R? with C. Using this identification and from Proposition 1 we getifi?
coordinates that

H(x,y) = (x+ o+ 0(|z1%). Az + Ba(x,2) + -+ + By (x,2) + 0(|z2]"*h)

whereix € C is one of the eigenvalues &t and B; (x,z) = Z;ZO,B;'.(x)z"‘-"Z/', with
Bi:T" - C.
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PROPOSITION3. With the above conditions there exists @ VD¢ change of
coordinates which bring#/ into the following form:

Hx,2)=x4+w+ O(IZIZ), Az + ,3A3ZIZI2 + ,4§5Z|z|4 + .-
+ Barv—1y/21+12 12| AV V2 L 0 (12N L),

Proof. The proof of this proposition follows the same line as that of Proposition 1. We

define ’ _—
3} _1/ ﬁ}(x) dx, ifiisoddandi = 5
0, in any other case
then by Lemma 1 there exigt =% mapsp; : T" — C, Vj =0,...,i, such that
9j(x) = AT gi(x + w) = B — Bi(x)
Vx € T"andvj =0,...,i. Let®(x, z) be the change of coordinates

D(x,z) = (x,z+¢(x,2)
wherep(x, z) = Y5 0;(x)z'~/z/, and put

Bi = :'BAéil)/z: if i is odd

0, if 7 is even
then
P loHod(x,2) =+ o+ 0(z%, Az + Ba(x,2) + -+ Bi_1(x, 2)
+Bizlzl T 4 Biya(x, ) 4+ + By (x, 2) + 0(2IVFY)

where Bi (x, .) is an homogeneous polynomial of degée@ the variables andz. In
general By (x, .) does not coincide witlBy (x, .). In the same way as in Proposition 1 this
allows us to conclude the proof. m|

Now we will give the definitions of the different types of bifurcation tori. [t be a
Floquet torus, then we get the following.

Saddle-nodeWe say thafl” is aquasi-periodic saddle-node bifurcation toriis2 has a
unique eigenvalue of modulus 1, which is equal to 1 and its multiplicity is equal to
one. In addition to this, it happens thiatz 0 andb, # 0, wherea andb; are given
by Proposition 2.

Flip. We say thafl” is aquasi-periodic flip bifurcation torug 2 has a unique eigenvalue
of modulus 1, which is equal te 1 and its multiplicity is equal to one. In addition,
b3 # 0, wherebs is given by Proposition 2 (we are assuming that 0 andb; = 0
in that proposition).

Hopf. Finally, we say thafl” is a quasi-periodic Hopf bifurcation torug if Q has two
eigenvalues of modulus 1,and, that are non-real and have multiplicity equal to
1. In addition 33 # 0, wheregs is given by Proposition 3.

In [BBH] the unfolding of these kinds of bifurcation tori in the case of vector fields is
discussed.
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3. Propositions
In this section we give some results which we will use in 84. We consider @iEre
diffeomorphismsd : T x R — T1 x R™, such that hag' as a non-normally hyperbolic
Floquet torus, i.e.

Hx,y)=x+ow+ f(x,y), 2y +gx,y))

with f andg C” functions such thaf (x, 0) = 0 andg(x, y) = O(|ly|%. Moreover, we
assume that either = 1 orm = 2 depending on if2 has as eigenvaluesl or if the
eigenvalues arg = ¢'7, A with r € 27Q \ nZ, see §2.

In what follows we will consider perturbation§s of H which leavesT? invariant.
Let G be the line (respectively plane) bundle®f x R™ restricted toT* whenm = 1
(respectivelyn = 2). We are interested in describing the dynamics which this perturbation
Hjs induces orG. In these bundles we introduce the following metrics/if Vo € G then
d(V1, V2) := max, ey, MiNy,ey, [lvr — v2l|, where|lvi|| = [lvz2]] = 1. We observe that if
m = 1thenG ~ T? and ifm = 2 thenG ~ T x G p, whereG p is the set of planes iR3.

The perturbationg/s has the following form:

Hs(x,y) = (hs + f(x,y), Qy + g(x, y)).

hs has the effect of inducing saddle-node-like dynamicsIén For constructingzs we
follow [M]. Let w = 27 p/q and fixxg = 0 together with its orbit undeR, (x) = x + w
(mod 27), {0, w, 2w, ..., (g — Dw} (Mod 27). Letyp : R — R be defined ag(x) =
coggx + ) + 1, then

. ¢ (x +21) = ¢(x),

e ¢ LON[0,27]1={0,w, ..., (g — Dw} (Mmod 2r),

. ¢'(iw)y>0Vi=0,1,...,9g — 1.

Now we defingzs ashs(x) := (x + w + §¢(x)) (mod 2r), see Figure 1.

LEMMA 2. For§ > 0small enoughiC(g) such that:

() ks — Rullcr = C(g)é;

(i)  the unique fixed points @13 are{0, w, 2w, ..., (¢ — Dw} (Mod2r);
(i) hj(hi(x0)) = Landh(hi(xo) #0, Vi =0,...,q — 1;

(iv) there exists an interval c [0, 2] such that

SgM
hi) —xl = <= Vrel

whereM = maxc(0.1] ¢-

Proof. See M, Lemma 1]. |
Hjs induces orG a mapHs : G — G, which is given by
Hs(x, L) := (h{(x), DH{ (x, 0)L).

LetAs = {(x,y) : x € TLand|y|| < £}, with& > 0.
Assume now that: = 1 soQ2 = +1.
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2

27 p/q

hs

0 2r — 27 p/q 2

FIGURE 1. Functiongis andR,,, with p = 3 andg = 5.

ProPOSITIONA. If @ = 1and3¢ > 0 such thatH(§’|A{,E twist the vertical to the right,

then fors # 0 small enough we have that:

() Hs(TTh =TTY

(i) WU T, Th = WU T, TY = G, (v = hij(xo));

@iy wsaThH = w*(TTh = G;

(iv) if A C G isan invariant set undefl; and has elements of negative inclination then
A=TTL

Proof. This proposition has the same proof as that\df Proposition 4]. |

Remark.An analogous result can be obtained if we chauf’lﬁqué by twisting the vertical
on the left and changing the ‘element of negative inclination’ with the ‘element of positive
inclination’ in (iv).

Now consider the cas® = —1. In general, the last proposition is false. It is enough to
take the case whe® Hs(x, 0) = (é fl), with a # 0. What is true is that we always can
perturbH;(x, y) in a neighbourhood df? in such a way that the last proposition is going
on to be true.

PROPOSITIONS. LetQ = —1andé € R*T. Assume thaf (x, y) = O(y?). There exists

C > Osuch that for eacls ands small enoughiHs ¢ : A — T!xRacC” perturbation

of Hs such that:

() NHsla, — Hs,elacllcr < Ce;

(i)  Hs.(TTYH =TT

(ii)y WU T, T = WU T T = G, (5 = h(x0));

(iv) WS(TTH = w*(TTYH = G;

(v) if A C G isaninvariant subset undeflg,é and has elements of negative inclination
thenA = TTL
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Proof. Consider fore > 0

Hsc(x,y) = (hs(x) + exy + f(x,y), =y + g(x, )
then
0 -1

DHj o (x,0) = <h'5(x) 6x>

and so

DH2,(x,0) = <(h§z)/(x) exhg(h(;(x)l) - eh(;(x)>.

Now [exh(hs(x)) —€hs(x)| = |€x(1+8¢ (hs(x)) —€(x +w+8¢ ()| > €]x8¢'(hs(x))+
8¢ (x) — w| > e(Jw| — C'8x) > 0if § is small, whereC’ is a constant which bounds the
expression¢’(hs(x)) + ¢(x). Now we are in position to apply Proposition 4ﬂif6 and
from here get the conclusions of the proposition. |

We want to do now the same as in the above propositions, butavith2. To do that
we first need the following.

LEMMA 3. Leta # 0,1t = 27p’/q and

1 0 o 1 0 «
A=10 cost —-sint|=| O R .
0 sint cost 0 ’

1 o1 a2
Al=1] 0
0 R? =1

with oo # 0. Moreoverg; has the same sign as

Then

Proof. We want to compute”. We observe that th&’s have the form

(1 Bn ﬁ,’,)
A= o .-
0 Re

It is easy to see that the recursive relationship between the coeffigieatsl ), is
Bn = Bn—1+ asin((n — D7),
By = By +acod(n — Do),
and from here we get that
Bn = B1+ a(sin((n — D)t) + sin((n — 2)t) + - - - + Sin(r)),
B, = By + a(cod(n — 1)t) + co(n — 2)T) + - - - + COK1)).
As 1 = 0 andp] = « it turns that

By = a(l+cos(n — 1)7) + cog(n — 2)7) + - - - + COKT))
1—coqt) 4+ cognt) —cog(n — 1)1)

2(1+ cogq1))
If n = q thenp, is different from zero and has the same signrasThe same argument
shows that the same happengto m|
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Let
Hx,y)=x+o+ f(x,y), 2y +g(x,y))

o <095t —sinr)
sint  cost
andw,t € 27Q, w = 27xp/q andt = 27p’/q. In addition, we assume that
f(x,y) = azy2 + O(|ly[?), with az > 0, andy = (y1, y2). Consider

where

Hs(x, y) = (hs(x) + azy2 + O(lly[%), Qv + g(x, y)),

we observe that

1 0 ar
DHp(x,0) = 0 Q
0

DHS" (x, 0) induce a mappindls : G — G, whereG is the plane bundle ofi?.
Foré = 0, because of Lemma 3, we have

1 ai az
q
DHO(X,O): 8 S_Zq/:l

wherea, > 0. Observe, also, tha@ (x) = x. Let Py be the plane spanned by the vectors
(1,0,0) and(O, ap, —ay). Let

Ao ={(x, P) :x € T*and(1,0,0) € P},
thenHo(x, P) = (x, P) V(x, P) € Agand if (x, P) ¢ Agthen
lim_Hg(x, P) = (x, Po).

Foré > 0 the situation is more complicated.o continues being an invariant set, but
its elements are fixed points if its first coordinate is of the following waymod 2r) for
j=0,...,9—1.

To simplify, we consider the sub-bundig of the line bundle ofT! defined by

G1={(x,L):x e TrandL c P1}

where P is the plane spanned by the vectors= (1, 0, 0) andv2 = (0, 0, 1). We denote
F : G1 — G1 as the mapping induced lyH{ on G1.

PrROPOSITIONG. For F as above we have that it is well defined and satisfies:

(i) FTOTYH =TT

(i) W (UHT,TY = WH(UIGT, Y = G1 (x; = hj(x0));

iy wsTThH = w(TThH = Gq;

(iv) if A C Gpisaninvariant set undeF and has elements of negative inclination then
A=TTL

whereG1 has the orientation given by the ordered bésg v2}.
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Proof. For§ > 0 small enough

(h1)  a1(x,8) ax(x,8)
DHI(x,00=[ 0

9 =
0 Q 1

with a1(x, 8) andaz(x, 8) different from zero. Moreoverz(x,8) > 0Vx € TL. Then
DHs P, = P; soF is well defined. Also, we have
(h1)  ax(x, 8))

()

DH{ (x,0)|p, = ( 5 1

We observe that (7) implies th&tH (x, 0) acts onG1 as a mapping twisting the vertical
and as T ¢ G the proposition follows by applying the proof of Proposition 4. O

4. Proof of the theorem

Let H : M — M satisfying the hypotheses of the theorem, then we can assume that
H : T xR" - T" x R™ is given by (2). If H has more than one normal central
frequency we can perturb it, in th& topology, in such a way that the perturbed n¥ép

has only one central frequeney Also, we can assume thatsatisfies the diophantine
condition (4) since the set af € T" which satisfies (4) is dense forfixed.

The next step is making = 1 andm = 1 or 2. Ifn > 1 then we can perturH in order
thatT” has an invariant circlé which is normally hyperbolic foff | .. In addition to this,
we can also perform the perturbation in such a way that the normal compon@risafot
changed and has parallel dynamics with inner frequensy. SoC is a Floquet torus of
dimension one that is non-normally hyperbolic. If we restficto the central manifold
W¢ of C, we have thaﬁ|Wé has the form (2) with = 1, w = w1 andm = 1 (respectively
m = 2) if t = 0 orx (respectively O< t < 7). Moreover,w; andt continue satisfying
(4). So we can assume that= 1 andm = 1 or 2 depending on.

Fori € C let3J(A) be the imaginary part of. By Proposition 1 and what was discussed
at the beginning of §2 there exist&€a~2 diffeomorphism® defined from a neighbourhood
of T1 in W to a neighbourhood ¢f! in T x R™, such thatb o H|w< o ®~1 is given by:

Hsn(x,y) = (x+w+ay+0(G%,y+0(x?%), ifm=1landr=1 (8)
Hi(x,y)=(x+0+ 0%, —y+ 0(H?), ifm=1andr=-1 (9)
Hy(x,y) = (x + o+ O(|y[®. @y + O(ly?). if m=2and3()#0  (10)

o <CQSr —sinr).
sint  cost

Each of these cases correspond, respectively, to wHBtHem bifurcation torus of saddle-
node, flip or Hopf type of, see §2. We can assume without loss of generalitydh&ato
in (8).

The idea of the proof is to approximaté, by diffeomorphisms which exhibit a
saddle-node bifurcation with criticalities and the use the well known resuliBfT] to
approximate those by another which exhibit homoclinic tangencies. These perturbations

with
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will be performed in thec” 3 topology. For the first approximation we use the results of
83 and the following lemma whose proof can be foundNh [

LEMMA 4. Lete > Oandr € Z*. 3C(r) > 0, such that gived > 0 and a linear map
A:R" — R" with ||A — Id|| < C(r)8" ¢, there exists a diffeomorphisg: R” — R”,
such that|¢ — Id|cr < €,¢(0) =0, D¢(0) = A andp(x) = x if || x| > 6.

We let
HU(xa )’) = (-x +(,()+ f(xa y)7 Ay +g(-x7 y))
with A =1, —1, or Q always that = sn, f, or h (for the saddle-node, flip and Hopf cases,

respectively). We consider two cases: the first one whenasn or f, and the second one
wheno = h.

Saddle-node and Flip casélere we first perturb of the following way
Hoe (X, y) = (x + o+ €1+ f(x,y), Ay + g(x, y)) (11)

in order to get thaH(,,ﬂHl‘1 is a rotation with rational angl® = w + €1, i.e.® = 27p/q
(o =snorf).
Once we have a rational dynamicé]]rﬁ, we consider fos > 0 andez > 0,

HSFIS]_,S,)L(xv )’) = (hs(x) + f(-xv )7)» )‘y + g(-xv )’))
Hfey,6,0,65(x, y) = (hs(x) +€2xy + f(x,y), —=Ay + g(x, y))

whereh; is as in Lemma 2 witlw = @.

In what follows we write these mappings Hs. Whens is positive,H,, |T! has saddle-
node dynamics sincé # 1 ensures normal hyperbolicity. Hence there exists a strong
stable foliationF** defined alongr'™. It happens that (T, F**, T,T}) — 0 whenx — 1
unless in the limit we would get an invariant setof D H,, different from Tr? and this is
forbidden either by Proposition 4 or by Proposition & if= sn oro = f, respectively. For
details of this argument seM]].

Now we fix e, €0, anda, and we taker € T1. Using Lemma 4 we can perturb in such
a way that the new diffeomorphismahas a criticality, that is to say“ (x;) is tangent to
F*5 atx. Generically, this criticality is quadratic and hence the result follows fidRiT].

Hopf case.Here we begin perturbingy, as follows. First let, be given and put

o — cogt +€2) —sSin(t + €2)
T \sin(t +€) codt +€)

then

Hh,él,éz,b(xa )’) = (-x +(,()+ 61 + byZ + f(xa y)7 Q/y +g(xa )’)) (12)

wheree1, €2 andb are small enough, such that= w + €1 andT = t + ¢, are rational,
i.e.@w=2np/qgandt =27 p’/q.
Now we introduce

H(x,y) = Hnepepb,80.(x, ¥) = (hs(x) + by2 + f(x, ), 22y + g(x, ). (13)
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In the same way, as in the above cadeeavesT? invariant with its dynamics of saddle-
node type. AsT! turns to be normally hyperbolic there exists a strong stable foliation
Fs5. Let P be the section of the plane bundle Bh such thatP(x) is the plane spanned

by the vectorsvy = (1,0,0) andvz = (0,0,1). Then P is invariant underd and
therefore the same happens@where Q(x) = P(x) N F*(x). Also, we obtain that
SUp.c1 £(Q(x), T,TYH — 0if A — 1. This follows from Proposition 6 with the same
arguments as in the saddle-node case. Now applying Lemma 4 we get a criticality between
W (x;) andF*s. O
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