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Abstract. In this paper we show that aCr diffeomorphism having an invariant Floquet
torus which is non-normally hyperbolic can be approximated, in theCr−3 topology, by
another one which exhibits a homoclinic tangency.

1. Introduction
The homoclinic phenomena have an important place among the most important dynamical
behaviours. Among these are the homoclinic tangencies (see below for a definition) and
one of its major features is that a small perturbation of them creates very rich and non-
equivalent dynamical behaviours. It was conjectured by Palis that the obstruction to stable
dynamics is just the presence of homoclinic tangencies. More precisely: let Diffr (M)

be the set ofCr diffeomorphisms withr ≥ 1 of a compact manifoldM, then the set of
diffeomorphisms which exhibit a homoclinic bifurcation is dense in the complement of the
closure of the structurally stable diffeomorphisms. For a comprehensive treatment of this
topic see [PT].

Among the non-stable dynamical behaviours arethe invariant tori with parallel quasi-
periodic dynamics. This dynamics is typical in the conservative systems, for another
context as the dissipative system etc, see [BHS, BHT]. When an invariant torus is normally
hyperbolic it persists underCr perturbations from a geometrical point of view; but not
dynamically, i.e. the perturbed torus dynamics is not the same as that of the original torus.

Our aim here is to verify Palis’ conjecture in this context. We need to state the general
context and give some definitions in order to state our main theorem.
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Let M be a smooth compact manifold andH : M → M aCr diffeomorphism (r > 3),
an invariant torus with parallel dynamicsis a submanifoldH -invariantV ⊂ M, such that
∃ϕ : V → Tn aCr diffeomorphism which satisfies

ϕ ◦ H ◦ ϕ−1(x) = x + ω (mod 2π)

whereω ∈ Rn andTn = Rn/2πZn is then-dimensional torus. In such a case we will
call ω1, . . . , ωn, the components ofω, the (inner) frequencies ofV . They are well defined
except the integer multiples of 2π .

An invariant torus isnormally hyperbolicif there exists aDH -invariant splitting
TTnM = Ns ⊕ Nu ⊕ TTn such that for some Riemaniann metric‖ · ‖ we have:
(a) sup‖DH |Ns

p‖ < inf m(DH |TTn
p);

(b) sup‖DH |TTn
p‖ < inf m(DH |Nu

p);
where the sup and inf are taken onp ∈ Tn and wherem(T ) := inf{|T v| : |v| = 1},
for a linear transformationT . (a) says to us that the contraction inNs is sharper than
the possible contractions in TTn and (b) says that the expansion inNu is sharper than the
possible expansions in TTn.

We are interested in studying invariant tori with parallel dynamics which are not
normally hyperbolic. In general, the dynamics in the normal direction is too complicated
and almost nothing is known. We will restrict to where this dynamics is very simple. Let
V be a torus with parallel dynamics, we say thatV is aFloquet torusof H if there existCr

coordinates̃ϕ : U → Tn × Rm defined in a neighbourhoodU of V , such thatH in such
coordinates takes the form

H(x, y) = (x + ω + O(‖y‖),�y + O(‖y‖2)), (x ∈ Tn, y ∈ Rm) (1)

where� ∈ GL(m, R) does not depend onx. In such a case we call� theFloquet matrixof
V and to the arguments of the eigenvalues of modulus 1 of�, with non-negative imaginary
parts, we will callthe central normal frequenciesof V . These frequencies are well defined
modulus integer multiples of 2π . We observe, by the way, that the four definitions of
normally hyperbolic given in [HPS] are equivalent for Floquet tori.

We point out thatV a Floquet torus is non-normally hyperbolic iff� is not a hyperbolic
matrix, and hence, iffV has a central normal frequency. When we only look at the
geometry of the manifoldV , these tori bifurcate in the following way. Let us assume
thatV is non-normally hyperbolic in the weakest way, then we have three cases:
(1) � has a unique eigenvalue of modulus 1 which is 1 and has multiplicity one.
(2) � has a unique eigenvalue of modulus 1 which is−1 and has multiplicity one.
(3) � has just two eigenvalues of modulus 1, being these non-real, and with multiplicity

one.
Let Hµ be a generic family which unfoldsH with H0 = H then:

(i) In case (1)V disappears forµ in one side of zero and forµ in the other side of zero
we have two invariant tori. This case is known as the saddle-node case.

(ii) In case (2) there exists a torus which survives for all values of parameterµ and
besides, forµ in one side of zero, we have two invariant tori which build a periodic
torus of period two. This case is known as the flip case.
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(iii) In case (3) we also have that a torus survives for all values of parameterµ and forµ
in one side of zero there appears a new invariant torus, but whose dimension is one
more than that of the original torus. This case is known as the Hopf case.

Givenp ∈ M we definestable manifold(respectivelyunstable) of p, Ws(p) (respectively
Wu(p)), by

Ws(p) =
{
q ∈ M : lim

n→∞ dist(Hn(q),Hn(p)) = 0
}

(
respectivelyWu(p) =

{
q ∈ M : lim

n→−∞ dist(Hn(q),Hn(p)) = 0
})

.

A homoclinic pointassociated top is a pointq ∈ Ws(p) ∩ Wu(p) \ {p}. If p is a periodic
hyperbolic point ofH , thenWs(p) andWu(p) areCr immerse manifolds. We say thatq

is ahomoclinic tangencyif q is a homoclinic point associated with a hyperbolic periodic
pointp such that TqWs(p) + TqWu(p) 6= TqM.

Now we can state our main result.

THEOREM. Let H : M → M be a Cr diffeomorphism which has a non-normally
hyperbolic invariant Floquet torusV ⊂ M. Then for allDiff r−3(M) neighbourhood
N of H there existsH̄ ∈ N such thatH̄ exhibits a homoclinic tangency.

By the definition of a Floquet torus, a tubular neighbourhood ofV is always orientable.
An interesting problem is to know if the conclusion of the theorem is true in a more general
setting, for example for a non-normally hyperbolic torus with parallel dynamics. The
following corollary gives a positive answer to this problem when the dimension of the
torus is greater than one, without assuming anything about the normal behaviour.

COROLLARY. Let H : M → M be aCr diffeomorphism which has an invariant torus
V ⊂ M of dimensionn ≥ 2 with parallel dynamics. Then for all neighbourhoods
N ⊂ Diff r−3(M) of H there existsH̄ ∈ N such thatH̄ exhibits a homoclinic tangency.

Proof. Let Ĥ = H |V , in conveniently choosen coordinatesĤ (x) = x + ω (mod 2π).
Take H̃ near enoughĤ with the following form: H̃ (x) = x + ω′ (mod 2π), with
ω′ = (ω1, ω

′
2, . . . , ω

′
n) near enough toω = (ω1, . . . , ωn), such thatω′

2, . . . , ω
′
n are

rationally dependent with respect toω1. ThenH̃ has a non-normally hyperbolic invariant
circle with parallel dynamics, so there existsH̄ near enough toH̃ exhibiting a homoclinic
tangency,H̄ can be extended toM in such a way thatH̄ is near enough toH . 2

In [BBH] the bifurcation of a Floquet torus is considered, taking into account the
dynamics on the torus. To do that, they consider the unfolding of (n + 1)-parameter
families Hµ where atµ = µ0, Hµ0 has a non-normally hyperbolic Floquet torus. An
interesting problem, not addressed here, is to get parametersµ near enough toµ0 such that
Hµ exhibits homoclinic tangencies. Moreover, one can ask: what can be concluded about
the dynamical properties of these (n + 1)-parameter familiesHµ? This would interprete
the results in quasi-periodic bifurcation theory.

Now we give an idea of the theorem’s proof. We consider the simplest case whenn = 1,
m = 1 and we are in a saddle-node bifurcation case. The result is obtained by using several
perturbations. First, using normal forms, we get that the derivative along the torus can be
written as� = (

1 a
0 1

)
with a > 0 and where the first direction is the direction along
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the torus and the second is the normal direction. As the torus dynamics is quasiperiodic
it can be perturbed to get a saddle-node periodic orbit.� turns the normal direction on
the right and this allows us to perturb in such a way to create a weak contraction in a
transversal direction to the torus. Also, the strong stable foliationF ss associated with this
weak contraction makes an angle with the tangent direction to the torus that is as small as
we please. Then we can break the torus to create a criticality between the unstable manifold
of the saddle-node withF ss . Now the result follows from [NPT].

This paper is organized as follows. In §2 we prove some results about normal forms
which allows us to give the definitions of bifurcation tori of saddle-node, flip and Hopf
type. In §3 we consider the case whenV is one dimensional and prove some results about
the behaviour of certain perturbations ofH along the normal direction ofV . Finally, in §4
we give the proof of the theorem.

2. Preliminaries
In this section we prove some results about normal forms which we will use in the proof
of the theorem and to define several types of Floquet tori.

Through this section we are going to consider Floquet tori so we can assume from now
on thatH : Tn × Rm → Tn × Rm is given by

H(x, y) = (x + ω + a(x)y + O(‖y‖2),�y + O(‖y‖2)). (2)

We say thatTn = Tn × {0} is quasi-periodicif

〈k, ω〉 + 2πk0 6= 0, ∀k ∈ Zn \ {0} ∀k0 ∈ Z

where〈k, ω〉 = ∑n
i=1 kiωi . Tn will be adiophantine torusif there existβ ≥ 0 andC > 0,

such that

|〈k, ω〉 + 2πk0| ≥ C|k|−n−β, ∀k ∈ Zn \ {0} ∀k0 ∈ Z (3)

with |k| = max1≤i≤n |ki|.
If Tn is a non-normally hyperbolic Floquet torus then it has a central normal frequency

τ . We say thatTn satisfies amixed diophantine conditionif there existC > 0 andβ ≥ 0
such that

|〈k, ω〉 + lτ + 2πk0| > C|k|−n−β (4)

∀k ∈ Zn \ {0}, ∀k0 ∈ Z and∀l ∈ Z with |l| < 2.
We are interested in the case whenTn is non-normally hyperbolic in the weakest

possible way. This happens in the following three different ways:
(1) 1 is the unique eigenvalue, of modulus 1, of� and has multiplicity one,
(2) −1 is the unique eigenvalue of modulus 1, of� and has multiplicity one,
(3) � has only two non-real eigenvalues of modulus 1, each one having multiplicity one.

In any of these cases we can restrictH to the central manifoldWc of Tn. As Tn is
a Floquet torus, we get thatWc is diffeomorphic toTn × R in the first two cases and to
Tn × R2 in the last case. We observe thatTn continues to be a Floquet torus forH |Wc so
we can take coordinates onWc in such a way thatH |Wc looks like (2). We can assume
from now on thatm = 1 in the first two cases and thatm = 2 in the last case.
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Let λ be the eigenvalue of� with argumentτ ∈ [0, π], i.e.λ = eiτ . We assume thatω
satisfies the mixed diophantine condition (4).

Summing up: we assume thatH : Tn × Rm → Tn × Rm is given by (2) withm = 1, 2;
� = ±1 if m = 1 and� has two eigenvalues with non-zero imaginary parts ifm = 2, and
ω satisfies (4). Remark that if� = 1 then (4) is the diophantine condition (3).

Now we are going to present the normal forms for these kinds of diffeomorphisms in
each of the above three cases. Firstly we recall a well-known lemma.

LEMMA 1. Leth : Tn → C be aCr function. Letλ = eiτ andω ∈ Rn both satisfying a
diophantine condition (4). Then there exists aCr−θ function,ϕ : Tn → C, such that

ϕ(x) − λϕ(x + ω) = h̃ − h(x) (5)

whereθ = n + 1 + [β] and

h̃ =



∫
Tn

h(x) dx, if λ = 1

0, in any other case.

In addition, if h just takes real values andλ ∈ R thenϕ can be taken as a real-valued
function.

Proof. See [H, Annexe]. 2

The following three propositions present the normal forms. The first is used in all of the
above described cases. Denote byMm×n(R) the set ofm×n matrices with real coefficients.

PROPOSITION1. LetH be aCr map as above. There exists a change of coordinatesCr−θ

in a neighbourhood ofTn such that, in such coordinates

H(x, y) = (x + ω + ây + O(‖y‖2),�y + O(‖y‖2)),

whereâ ∈ Mn×m(R), andθ is given by Lemma 1. Moreover, if� 6= 1, i.e. we are in the
second and the third cases, we can take these coordinates such thatâ = 0.

Proof. To begin, we assume thatm = 1. Let

â =



∫
Tn

a(x) dx, if � = 1

0, if � 6= 1

then by Lemma 1 there existsϕ : Tn → Mn×m(R), such that

ϕ(x) − ϕ(x + ω)� = â − a(x), ∀x ∈ Tn (6)

whereϕ is Cr−θ . Hence, if we define the change of coordinates

8(x, y) = (x + ϕ(x)y, y)

we have that

8−1 ◦ H ◦ 8(x, y) = (x + ω + ây + O(‖y‖2),�y + O(‖y‖2)).
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If m = 2 then we begin making a change of coordinates(x, y) → (x,4y), with 4 linear,
such that4−1�4y = λy if we identify R2 with C. With this identificationMn×2 ' Cn,
equation (6) becomes

ϕ(x) − λ̄ϕ(x + ω) = â − a(x).

This equation can be solved again using Lemma 1. In this caseâ = 0 and8 is defined in
the same way. 2

PROPOSITION2. Let H be aCr map as above withm = 1. Given1 < N < (r − θ)/θ ,
there exists aCr−(N+1)θ change of coordinates such thatH in these coordinates has the
following form

H(x, y) = (x + ω + ây + O(y2),�y + b2y
2 + · · · + bNyN + O(yN+1)).

Moreover, if� = −1 then such coordinates can be taken in such a way thatâ = 0 and
b2k = 0 for k = 1, . . . , [N/2].
Proof. By Proposition 1 we can writeH in Cr−θ coordinates as

H(x, y) = (x + ω + ây + O(y2),�y + b2(x)y2 + · · · + bN(x)yN + O(yN+1)).

We observe that given 2≤ i ≤ N and letting

b̂i =



0, if � = −1 andi is even∫
Tn

bi(x) dx, if not

we have that there exists aCr−2θ mapϕ : Tn → R such that

�ϕ(x) − �iϕ(x + ω) = b̂i − bi(x), ∀x ∈ Tn.

Now we define theCr−2θ change of coordinates

8(x, y) = (x, y + ϕ(x)yi)

and get that

8−1 ◦ H ◦ 8(x, y) = (x + ω + ây + O(y2),�y + b2(x)y2 + · · · + bi−1(x)yi−1

+ b̂iy
i + b̃i+1(x)yi+1 + · · · + b̃N(x)yN + O(yN+1))

whereb̃j is not necessarily equal tobj . So makingN changes of coordinates of this type
we get the thesis of the proposition. 2

Now we address the above proposition in the casem = 2. For the sake of simplicity
we identifyR2 with C. Using this identification and from Proposition 1 we get inCr−θ

coordinates that

H(x, y) = (x + ω + O(|z|2), λz + B2(x, z) + · · · + BN(x, z) + O(|z|N+1))

whereλ ∈ C is one of the eigenvalues of� andBi(x, z) = ∑i
j=0 βi

j (x)zi−j z̄j , with

βi
j : Tn → C.
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PROPOSITION3. With the above conditions there exists aCr−(N+1)θ change of
coordinates which bringsH into the following form:

H(x, z) = (x + ω + O(|z|2), λz + β̂3z|z|2 + β̂5z|z|4 + · · ·
+ β̂2[(N−1)/2]+1z|z|2[(N−1)/2] + O(|z|N+1)).

Proof. The proof of this proposition follows the same line as that of Proposition 1. We
define

β̂i
j =




∫
Tn

βi
j (x) dx, if i is odd andj = i − 1

2
0, in any other case

then by Lemma 1 there existCr−2θ mapsϕj : Tn → C, ∀j = 0, . . . , i, such that

ϕj (x) − λi−j−1λ̄j ϕj (x + ω) = β̂i
j − βi

j (x)

∀x ∈ Tn and∀j = 0, . . . , i. Let 8(x, z) be the change of coordinates

8(x, z) = (x, z + ϕ(x, z))

whereϕ(x, z) = ∑i
j=0 ϕj (x)zi−j z̄j , and put

β̂i =
{

β̂i
(i−1)/2, if i is odd

0, if i is even

then

8−1 ◦ H ◦ 8(x, z) = (x + ω + O(|z|2), λz + B2(x, z) + · · · + Bi−1(x, z)

+ β̂iz|z|i−1 + B̃i+1(x, z) + · · · + B̃N (x, z) + O(|z|N+1))

whereB̃k(x, .) is an homogeneous polynomial of degreek in the variablesz and z̄. In
general,B̃k(x, .) does not coincide withBk(x, .). In the same way as in Proposition 1 this
allows us to conclude the proof. 2

Now we will give the definitions of the different types of bifurcation tori. LetTn be a
Floquet torus, then we get the following.

Saddle-node.We say thatTn is aquasi-periodic saddle-node bifurcation torusif � has a
unique eigenvalue of modulus 1, which is equal to 1 and its multiplicity is equal to
one. In addition to this, it happens thatâ 6= 0 andb2 6= 0, whereâ andb2 are given
by Proposition 2.

Flip. We say thatTn is aquasi-periodic flip bifurcation torusif � has a unique eigenvalue
of modulus 1, which is equal to−1 and its multiplicity is equal to one. In addition,
b3 6= 0, whereb3 is given by Proposition 2 (we are assuming thatâ = 0 andb2 = 0
in that proposition).

Hopf. Finally, we say thatTn is a quasi-periodic Hopf bifurcation torusf if � has two
eigenvalues of modulus 1,λ andλ, that are non-real and have multiplicity equal to
1. In addition,β̂3 6= 0, whereβ̂3 is given by Proposition 3.

In [BBH] the unfolding of these kinds of bifurcation tori in the case of vector fields is
discussed.
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3. Propositions
In this section we give some results which we will use in §4. We consider hereCr

diffeomorphismsH : T1×Rm → T1×Rm, such that hasT1 as a non-normally hyperbolic
Floquet torus, i.e.

H(x, y) = (x + ω + f (x, y),�y + g(x, y))

with f andg Cr functions such thatf (x, 0) = 0 andg(x, y) = O(‖y‖2). Moreover, we
assume that eitherm = 1 or m = 2 depending on if� has as eigenvalues±1 or if the
eigenvalues areλ = eiτ , λ̄ with τ ∈ 2πQ \ πZ, see §2.

In what follows we will consider perturbationsHδ of H which leavesT1 invariant.
Let G be the line (respectively plane) bundle ofT1 × Rm restricted toT1 whenm = 1
(respectivelym = 2). We are interested in describing the dynamics which this perturbation
Hδ induces onG. In these bundles we introduce the following metrics: ifV1, V2 ∈ G then
d(V1, V2) := maxv1∈V1 minv2∈V2 ‖v1 − v2‖, where‖v1‖ = ‖v2‖ = 1. We observe that if
m = 1 thenG ' T2 and ifm = 2 thenG ' T1×GP , whereGP is the set of planes inR3.

The perturbationsHδ has the following form:

Hδ(x, y) = (hδ + f (x, y),�y + g(x, y)).

hδ has the effect of inducing saddle-node-like dynamics onT1. For constructinghδ we
follow [M ]. Let ω = 2πp/q and fixx0 = 0 together with its orbit underRω(x) = x + ω

(mod 2π), {0, ω, 2ω, . . . , (q − 1)ω} (mod 2π). Let φ : R → R be defined asφ(x) =
cos(qx + π) + 1, then
• φ(x + 2π) = φ(x),

• φ−1(0) ∩ [0, 2π] = {0, ω, . . . , (q − 1)ω} (mod 2π),
• φ′(iω) > 0 ∀i = 0, 1, . . . , q − 1.

Now we definehδ ashδ(x) := (x + ω + δφ(x)) (mod 2π), see Figure 1.

LEMMA 2. For δ > 0 small enough,∃C(q) such that:
(i) ‖hδ − Rω‖Cr ≤ C(q)δ;
(ii) the unique fixed points ofhq

δ are {0, ω, 2ω, . . . , (q − 1)ω} (mod2π);
(iii) h′

δ(h
i
δ(x0)) = 1 andh′′

δ (h
i
δ(x0) 6= 0, ∀i = 0, . . . , q − 1;

(iv) there exists an intervalI ⊂ [0, 2π] such that

|hq
δ (x) − x| ≥ δqM

4
, ∀x ∈ I,

whereM = maxx∈[0,1] φ.

Proof. See [M , Lemma 1]. 2

Hδ induces onG a mapH̃δ : G → G, which is given by

H̃δ(x, L) := (h
q
δ (x),DH

q
δ (x, 0)L).

Let Aξ = {(x, y) : x ∈ T1 and‖y‖ < ξ}, with ξ > 0.
Assume now thatm = 1 so� = ±1.
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0

2π p/q

2π

0 2π − 2π p/q 2π

hδ

Rω

FIGURE 1. Functionshδ andRω, with p = 3 andq = 5.

PROPOSITION4. If � = 1 and∃ξ > 0 such thatHq
δ |A ξ

twist the vertical to the right,
then forδ 6= 0 small enough we have that:

(i) H̃δ(TT1) = TT1;
(ii) Ws(∪q−1

i=0 Txi T
1) = Wu(∪q−1

i=0 Txi T
1) = G, (xi = hi

δ(x0));
(iii) Ws(TT1) = Wu(TT1) = G;
(iv) if 3 ⊂ G is an invariant set under̃Hδ and has elements of negative inclination then

3 = TT1.

Proof. This proposition has the same proof as that of [M , Proposition 4]. 2

Remark.An analogous result can be obtained if we changeH
q
δ |A ξ

by twisting the vertical
on the left and changing the ‘element of negative inclination’ with the ‘element of positive
inclination’ in (iv).

Now consider the case� = −1. In general, the last proposition is false. It is enough to
take the case whereDHδ(x, 0) = (

1 a
0 −1

)
, with a 6= 0. What is true is that we always can

perturbHδ(x, y) in a neighbourhood ofT1 in such a way that the last proposition is going
on to be true.

PROPOSITION5. Let � = −1 andξ ∈ R+. Assume thatf (x, y) = O(y2). There exists
C > 0 such that for eachε andδ small enough∃Hδ,ε : Aξ → T1 × R a Cr perturbation
of Hδ such that:

(i) ‖Hδ|A ξ
− Hδ,ε|A ξ

‖Cr ≤ Cε;

(ii) H̃δ,ε(TT1) = TT1;
(iii) Ws(∪q−1

i=0 Txi T
1) = Wu(∪q−1

i=0 Txi T
1) = G, (xi = hi

δ(x0));
(iv) Ws(TT1) = Wu(TT1) = G;
(v) if 3 ⊂ G is an invariant subset under̃Hδ,ε and has elements of negative inclination

then3 = TT1.
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Proof. Consider forε > 0

Hδ,ε(x, y) = (hδ(x) + εxy + f (x, y),−y + g(x, y))

then

DHδ,ε(x, 0) =
(

h′
δ(x) εx

0 −1

)
and so

DH 2
δ,ε(x, 0) =

(
(h2

δ )
′(x) εxh′

δ(hδ(x)) − εhδ(x)

0 1

)
.

Now |εxh′
δ(hδ(x))−εhδ(x)| = |εx(1+δφ′(hδ(x))−ε(x+ω+δφ(x))| ≥ ε|xδφ′(hδ(x))+

δφ(x) − ω| ≥ ε(|ω| − C′δx) > 0 if δ is small, whereC′ is a constant which bounds the
expressionxφ′(hδ(x)) + φ(x). Now we are in position to apply Proposition 4 toH 2

δ,ε and
from here get the conclusions of the proposition. 2

We want to do now the same as in the above propositions, but withm = 2. To do that
we first need the following.

LEMMA 3. Letα 6= 0, τ = 2πp′/q and

A =

1 0 α

0 cosτ −sinτ

0 sinτ cosτ


 =


 1 0 α

0
0

Rτ


 .

Then

Aq =

 1 α1 α2

0
0

R
q
τ = I




with α2 6= 0. Moreover,α2 has the same sign asα.

Proof. We want to computeAn. We observe that theA′s have the form

An =

 1 βn β ′

n

0
0

Rn
τ


 .

It is easy to see that the recursive relationship between the coefficientsβn andβ ′
n is

βn = βn−1 + α sin((n − 1)τ ),

β ′
n = β ′

n−1 + α cos((n − 1)τ ),

and from here we get that

βn = β1 + α(sin((n − 1)τ ) + sin((n − 2)τ ) + · · · + sin(τ )),

β ′
n = β ′

1 + α(cos((n − 1)τ ) + cos((n − 2)τ ) + · · · + cos(τ )).

As β1 = 0 andβ ′
1 = α it turns that

β ′
n = α(1 + cos((n − 1)τ ) + cos((n − 2)τ ) + · · · + cos(τ ))

= α
1 − cos(τ ) + cos(nτ) − cos((n − 1)τ )

2(1 + cos(τ ))
.

If n = q thenβ ′
n is different from zero and has the same sign asα. The same argument

shows that the same happens toβn. 2
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Let
H(x, y) = (x + ω + f (x, y),�y + g(x, y))

where

� =
(

cosτ −sinτ

sinτ cosτ

)

and ω, τ ∈ 2πQ, ω = 2πp/q and τ = 2πp′/q. In addition, we assume that
f (x, y) = a2y2 + O(‖y‖2), with a2 > 0, andy = (y1, y2). Consider

Hδ(x, y) = (hδ(x) + a2y2 + O(‖y‖2),�y + g(x, y)),

we observe that

DH0(x, 0) =

 1 0 a2

0
0

�


 .

DH
q
δ (x, 0) induce a mapping̃Hδ : G → G, whereG is the plane bundle onT1.

For δ = 0, because of Lemma 3, we have

DH
q

0 (x, 0) =

 1 ã1 ã2

0
0

�q ′ = I




whereã2 > 0. Observe, also, thathq

0(x) = x. Let P0 be the plane spanned by the vectors
(1, 0, 0) and(0, ã2,−ã1). Let

30 = {(x, P ) : x ∈ T1 and(1, 0, 0) ∈ P },
thenH̃0(x, P ) = (x, P ) ∀(x, P ) ∈ 30 and if (x, P ) /∈ 30 then

lim
n→±∞ H̃ n

0 (x, P ) = (x, P0).

For δ > 0 the situation is more complicated.30 continues being an invariant set, but
its elements are fixed points if its first coordinate is of the following wayjω (mod 2π) for
j = 0, . . . , q − 1.

To simplify, we consider the sub-bundleG1 of the line bundle onT1 defined by

G1 = {(x, L) : x ∈ T1 andL ⊂ P1}
whereP1 is the plane spanned by the vectorsv1 = (1, 0, 0) andv2 = (0, 0, 1). We denote
F : G1 → G1 as the mapping induced byDH

q
δ onG1.

PROPOSITION6. For F as above we have that it is well defined and satisfies:
(i) F(TT1) = TT1;
(ii) Ws(∪q−1

i=0 Txi T
1) = Wu(∪q−1

i=0 Txi T
1) = G1 (xi = hi

δ(x0));
(iii) Ws(TT1) = Wu(TT1) = G1;
(iv) if 3 ⊂ G1 is an invariant set underF and has elements of negative inclination then

3 = TT1,
whereG1 has the orientation given by the ordered base{v1, v2}.
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Proof. For δ > 0 small enough

DH
q

0 (x, 0) =

(h

q
δ )′ a1(x, δ) a2(x, δ)

0
0

�q = I




with a1(x, δ) anda2(x, δ) different from zero. Moreover,a2(x, δ) > 0 ∀x ∈ T1. Then
DHδP1 = P1 soF is well defined. Also, we have

DH
q

0 (x, 0)|P1 =
(

(h
q
δ )′ a2(x, δ)

0 1

)
. (7)

We observe that (7) implies thatDH
q

0 (x, 0) acts onG1 as a mapping twisting the vertical
and as TT1 ⊂ G1 the proposition follows by applying the proof of Proposition 4. 2

4. Proof of the theorem
Let H : M → M satisfying the hypotheses of the theorem, then we can assume that
H : Tn × Rm → Tn × Rm is given by (2). IfH has more than one normal central
frequency we can perturb it, in theCr topology, in such a way that the perturbed mapH̃

has only one central frequencyτ . Also, we can assume thatτ satisfies the diophantine
condition (4) since the set ofω ∈ Tn which satisfies (4) is dense forτ fixed.

The next step is makingn = 1 andm = 1 or 2. Ifn > 1 then we can perturb̃H in order
thatTn has an invariant circleC which is normally hyperbolic forH̃ |Tn. In addition to this,
we can also perform the perturbation in such a way that the normal component ofH̃ is not
changed andC has parallel dynamics with inner frequencyω1. SoC is a Floquet torus of
dimension one that is non-normally hyperbolic. If we restrictH̃ to the central manifold
Wc
C

of C, we have thatH̃ |Wc
C

has the form (2) withn = 1,ω = ω1 andm = 1 (respectively
m = 2) if τ = 0 orπ (respectively 0< τ < π). Moreover,ω1 andτ continue satisfying
(4). So we can assume thatn = 1 andm = 1 or 2 depending onτ .

Forλ ∈ C let =(λ) be the imaginary part ofλ. By Proposition 1 and what was discussed
at the beginning of §2 there exists aCr−3 diffeomorphism8 defined from a neighbourhood
of T1 in Wc to a neighbourhood ofT1 in T1 × Rm, such that8 ◦ H̃ |Wc ◦ 8−1 is given by:

Hsn(x, y) = (x + ω + ay + O(y2), y + O(y2)), if m = 1 andλ = 1 (8)

Hf(x, y) = (x + ω + O(y2),−y + O(y2)), if m = 1 andλ = −1 (9)

Hh(x, y) = (x + ω + O(‖y‖2),�y + O(‖y‖2)), if m = 2 and=(λ) 6= 0 (10)

with

� =
(

cosτ −sinτ

sinτ cosτ

)
.

Each of these cases correspond, respectively, to whetherT1 is a bifurcation torus of saddle-
node, flip or Hopf type ofH̃ , see §2. We can assume without loss of generality thata 6= 0
in (8).

The idea of the proof is to approximateHσ by diffeomorphisms which exhibit a
saddle-node bifurcation with criticalities and the use the well known result of [NPT] to
approximate those by another which exhibit homoclinic tangencies. These perturbations
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will be performed in theCr−3 topology. For the first approximation we use the results of
§3 and the following lemma whose proof can be found in [N].

LEMMA 4. Let ε > 0 andr ∈ Z+. ∃C(r) > 0, such that givenδ > 0 and a linear map
A : Rn → Rn with ‖A − Id‖ ≤ C(r)δr−1ε, there exists a diffeomorphismφ : Rn → Rn,
such that‖φ − Id‖Cr < ε, φ(0) = 0, Dφ(0) = A andφ(x) = x if ‖x‖ ≥ δ.

We let
Hσ (x, y) = (x + ω + f (x, y),Ay + g(x, y))

with A = 1,−1, or � always thatσ = sn, f, or h (for the saddle-node, flip and Hopf cases,
respectively). We consider two cases: the first one whenσ = sn or f, and the second one
whenσ = h.

Saddle-node and Flip case.Here we first perturb of the following way

Hσ,ε1(x, y) = (x + ω + ε1 + f (x, y),Ay + g(x, y)) (11)

in order to get thatHσ,ε1|T1 is a rotation with rational anglēω = ω + ε1, i.e. ω̄ = 2πp/q

(σ = sn or f).
Once we have a rational dynamics inT1, we consider forδ > 0 andε2 > 0,{

Hsn,ε1,δ,λ(x, y) = (hδ(x) + f (x, y), λy + g(x, y))

Hf,ε1,δ,λ,ε2(x, y) = (hδ(x) + ε2xy + f (x, y),−λy + g(x, y))

wherehδ is as in Lemma 2 withω = ω̄.
In what follows we write these mappings asHσ . Whenδ is positive,Hσ |T1 has saddle-

node dynamics sinceλ 6= 1 ensures normal hyperbolicity. Hence there exists a strong
stable foliationF ss defined alongT1. It happens that6 (TxF

ss, TxT1) → 0 whenλ → 1
unless in the limit we would get an invariant set3 of DHσ different from TT1 and this is
forbidden either by Proposition 4 or by Proposition 5 ifσ = sn orσ = f, respectively. For
details of this argument see [M ].

Now we fix ε1, ε2, andλ, and we takex ∈ T1. Using Lemma 4 we can perturb in such
a way that the new diffeomorphism atx has a criticality, that is to sayWu(xi) is tangent to
F ss atx. Generically, this criticality is quadratic and hence the result follows from [NPT].

Hopf case.Here we begin perturbingHh as follows. First letε2 be given and put

�′ =
(

cos(τ + ε2) −sin(τ + ε2)

sin(τ + ε2) cos(τ + ε2)

)

then

Hh,ε1,ε2,b(x, y) = (x + ω + ε1 + by2 + f (x, y),�′y + g(x, y)) (12)

whereε1, ε2 andb are small enough, such thatω̄ = ω + ε1 andτ̄ = τ + ε2 are rational,
i.e. ω̄ = 2πp/q andτ̄ = 2πp′/q.

Now we introduce

H(x, y) = Hh,ε1,ε2,b,δ,λ(x, y) = (hδ(x) + by2 + f (x, y), λ�′y + g(x, y)). (13)
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In the same way, as in the above case,H leavesT1 invariant with its dynamics of saddle-
node type. AsT1 turns to be normally hyperbolic there exists a strong stable foliation
F ss. Let P be the section of the plane bundle onT1 such thatP(x) is the plane spanned
by the vectorsv1 = (1, 0, 0) andv2 = (0, 0, 1). Then P is invariant underH̃ and
therefore the same happens toQ whereQ(x) = P(x) ∩ F ss(x). Also, we obtain that
supx∈T1 6 (Q(x), TxT1) → 0 if λ → 1. This follows from Proposition 6 with the same
arguments as in the saddle-node case. Now applying Lemma 4 we get a criticality between
Wu(xi) andF ss . 2
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