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Abstract. Let M be a monoid (e.g. N, Z, or MP ), and A an abelian group. AM is then a
compact abelian group; a linear cellular automaton (LCA) is a continuous endomorphism
§: AM — AM that commutes with all shift maps. Let u be a (possibly non-stationary)
probability measure on AM; we develop sufficient conditions on u and § so that the
sequence {§V u}y—; weak* converges to the Haar measure on AM jp density (and thus,
in Cesaro average as well). As an application, we show that, if A = Z,, (p prime), § is
any ‘non-trivial’ LCA on A(ZD), and u belongs to a broad class of measures (including
most Bernoulli measures (for D > 1) and ‘fully supported’ N-step Markov measures
(when D = 1)), then "« weak* converges to the Haar measure in density.

1. Introduction

Let A be a finite set, and let M be a monoid (e.g. M = ZP, NE or ZP x NE). Let AM
be the configuration space of M-indexed sequences in A. Treat A as a discrete space; then
AM is compact and totally disconnected in the Tychonoff product topology. The action of
M on itself by translation induces a natural shift action of M on configuration space: for
alle € M, and a € AM, define 6®[a] = [bmlepg] where, for all m, by = ae.m, where <’
is the monoid operator (‘4 for M = ZP x N etc.).

A cellular automaton (CA) is a continuous self-map § : AM — AM which commutes
with all shifts: for any e € M, F 0 6® = 0° o §. Hedlund [2] proved that any such map
is determined by a local function § : AU —> A, where U C M is some finite set (thought
of as a ‘neighbourhood around the identity’ in M), so that, for any a = [amlm eM] S AM,
with F(a) = [bm|meM] e AM we have

forallme M, byn=f (a\(m.U)) .

If A is a finite abelian group with operator ‘+°, then AM is a compact abelian group
under componentwise addition. A linear cellular automaton (LCA) is a CA which is also
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a group endomorphism from .AM to itself. This is equivalent to requiring f to be a group
homomorphism from .AY into A. An affine cellular automaton (ACA) is one having a local
map of the form § = § + b, where b : AU — A is a homomorphism, and b € A is some
constant.

The term ‘linear’ comes from the special case when A = Z/,, for some prime p.
Since Z,,, is also a finite field, this map is actually a linear map from the (Z,,)-vector
space (Z, p)]U into Z,p; it generally takes the form

flal = fuay ()

uelU

where a = [au|u eIU] is an element of AY, and where { fu : u € U} is a set of coefficients
in Z/p.

The Haar measure on AM is the measure e« assigning mass A~V to any cylinder set
on N coordinates, where A = Card[A]. H«r is F-invariant for any LCA §, raising the
question: for what measures y do the iterates §¥u := o §~V converge to He in the
weak* topology, as N — co?

This was first investigated by Lind [5], who studied the LCA on (Z /2)Z with local map
f(a) = a(—1) + a1. Using methods from harmonic analysis, Lind showed that, if 1 is any

non-trivial Bernoulli probability measure on (Z /Z)Z, then

N I
ngn 00 N 1; § "= e

Lind also showed that the sequence of measures {§" 1« : N € N} does not itself converge

to the Haar measure; for all j € {2" : n € N} the measure §/ 1 is quite far from Haar.
Ferrari et al [9, 10] studied LCA with local maps f(a) = koag + k1a; acting on .AN,

where A = Z,4, g = p" for some prime p, and ko and k; are relatively prime to p, and

showed Cesaro convergence to the Haar measure in the weak* topology for a broad class

of measures satisfying a certain ‘correlation decay’ property, including most Bernoulli and

Markov measures. These results are summarized in [1], where the authors also prove that

most Markov measures on A% will Cesaro converge to Haar, when A = (Z,2) ® (Z)),

and f : A2 — Ais defined as § [(x1, y1), (x2, y2)] = (v1, x1 + y2).

These results raise four questions.

(1) Is there some broader class of measures whose §-iterates converge to the Haar
measure in Cesaro mean?

(2) Rather than Cesaro convergence, can we obtain convergence in density? (If u is
stationary, then Cesaro convergence to " is equivalent to convergence in density.
However, when p is non-stationary, convergence in density is a stronger result.)

(3) For what other linear CA can we prove convergence to Haar? What about affine CA?

(4) Can these results be generalized to LCA on higher-dimensional lattices (e.g. M =
ZP, NP) or non-abelian monoids such as free groups?

We address these questions by developing a sufficient condition for the sequence of

measures {3N | NeN} to converge, in density, to the Haar measure, where § : AM M

is an LCA, and M is a finitely generated monoid. We require the measure u to have a kind
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of mixing property, called harmonic mixing—we demonstrate that, for example, Bernoulli
measures (on AM, where M is any monoid) and N-step Markov measures (when M is Z
or N) have this property. We also require the automata § to have a kind of ‘expansiveness’
property, called diffusion, which we show is true for all ‘non-trivial’ LCA when A = Z,,,.

This paper is organized as follows. In §2, we develop background on harmonic analysis
over AM (§2.1) and linear cellular automata (§2.2). In §3 we discuss harmonic mixing and
give some examples. In §4 we discuss diffusion and its consequences. In §5, we show that,
for any prime p and D > 1, if A = Z,,, then all ‘non-trivial’ LCAs on AZ®) gre diffusive;
hence, such automata take harmonically mixing measures on AZ®) into the Haar measure.

Notation. Elements of A will be written as a, b, ¢, .... We often identify the elements
of A with the set [0...p) := {0, 1,..., p — 1}. Sans-serif letters (e.g. m,n, u,...) are
elements of M. Boldface letters (e.g. a, b, ...) are elements of AM anda = [am|m eM]'
Capitalized Gothic letters (e.g. §, ®) denote CAs. The corresponding lower-case Gothic
letters (e.g. f, g) denote the corresponding local maps.

2. Preliminaries
2.1.  Harmonic analysis on AM . Let T' be the unit circle group. A character of Ais a
group homomorphism ¢ : A —> T!. Let A be the group of all characters of A.

If A= Zn, then Ais canonically isomorphic with .A. First define y € A by

2mi
o= ()

(where we identify A with [0. . .n) in the obvious way). Then, for each k € Aanda € A,
define y* € Aby

X 2mi
yi()=yk-a)=exp|—k-a,
n
where ‘k - a’ refers to multiplication, mod n. Then le\ = {yk = A}, and the map
A >k —> yk € Alis an isomorphism.

Let AM be the group of characters of AM. If A is any abelian group, then AM s in
bijective correspondence with the set

{ [xmlment] € (.Z)M : xm = 1 for all but finitely many m € M}.
If [Xm |meM] is such a sequence, then define
meM

That is, if a = [amlmEM] is an element of AM, then x (a) = [ Tment xm(am) (where all but
finitely many terms in this product are equal to 1). The sequence [ Xmlm, eM] is called the
coefficient system of x. The rank of the character x is the number of non-trivial entries in

[Xm |meM]' -
For example, if A = Z/,, then AM is naturally isomorphic to the group

{ [xmlment] € AM - ¥ = 0 for all but finitely many m € M}.
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If [Xm|meM] is such a sequence, then let
X = ®yxm:AM—>?I‘1.
meM
Thus, ifa = [am|m€M] is an element of AM, then

2mi

x@ =[] exp (_Xm ‘am>~
meM p

Let M [.AM] be the space of (possibly non-stationary) probability measures on AM,

If 1 € M [AM], then the Fourier coefficients of  are defined as
lxl = (. x) =f xdpu,
AM

forall x € ;lM These coefficients completely identify . We will use the following basic
result from harmonic analysis.

THEOREM 1. If i1, 2, 13, - -, foo € M [AM], then

(ﬁ;[x] —— lloolx ] forall x € AM) = (I/Ln ——> oo in the weak* topology) .
n—o0 n—od

2.2. Linear cellular automata. If A = Z,,, and § : AV — Aisa homomorphism,
then there is a unique collection of constant coefficients [ July, elU] e AU so that, for any
a = [aul, ] € AY, we have fa) = Y,y fuau. Thus, if § : AM — AM s the
corresponding LCA, then, for all a = [amlm eM] e AM Fa) = Y uer fu-0(a). In other
words, we can formally write § as a ‘polynomial of shift maps’:

SZqu'O'u~

uelU

This defines an isomorphism between the ring of LCA over A™ and the ring of formal
polynomials with coefficients in A and ‘powers’ in Ml. Composition of CAs corresponds
to multiplication of these polynomials.

PROPOSITION 2. If § =) ey fuo", and & =),y gvo", then

Fo®=3 | D fugv|o®

keM \ uel, veV
u.v=k
If § is a LCA with coefficient system f = [ July eIU]’ and y is a character with coefficient
system y = [XmlmeM]’ then define y * f = [gk|keM], where, forall k € M, & € Ais
defined as
= > Gm f

uelU, meM
m.u=k

(almost all terms in this sum are equal to zero). Then it is not hard to show the following.

PROPOSITION 3. If x € AM and § : AM — AM qare determined by coefficient systems
x and f, respectively, then x o is also a character, and is determined by coefficient system
x £
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3. Harmonic mixing

A measure & on Al‘ﬂis called harmonically mixing if, for all ¢ > 0, there is some R > 0
so that, for all y € AM,

(rank[x] > R) = (Iﬁ[x]| < e).

(Notice that this definition does not require u to be stationary.)

For example, H“ is harmonically mixing; indeed, for all x except the trivial
character 1, we have (x, Hw<) = 0.

Let M [AM; (C] be the Banach algebra of complex-valued measures (with convolution
operator ‘*’ and the total variation norm ‘|| e ||ya:’), and let H C M [AM; (C] be the set of
harmonically mixing measures.

PROPOSITION 4. H is an ideal of M [AM; (C], closed under || ® ||var

Proof. 'H is clearly closed under linear operations. To show that H is a convolution ideal,
use the fact that ;v % v = /& - D and that ¥ is bounded by ||v||var. Thus, if 4 is harmonically
mixing, then so are @ * v and v * u.

To show closure in || e ||var, use the fact that, for any measures u and v,

it = vihar = sup {I(@, 1) = (.0} 1 ¢ € C (AT Igloo =1} O

Not all measures on .AM are harmonically mixing. For example, for m € M, we say
neM [AM] is m-quasiperiodic if there is an orthonormal basis {E’llneN} of L? (AM; /L),
consisting entirely of eigenfunctions of the shift map o™. It is not difficult to show that, if
W is m-quasiperiodic, then p is not harmonically mixing.

Also, if x : AM — T is a non-trivial character, then the Markov subgroup [4, 6, 12)
induced by y is defined as

AI)\(/H:z {aEAM:xoam(a)zl,forallmeM}.

If AI)\(41 is non-trivial, it is a subshift of finite type. If u is a stationary probability measure
on AI}(ﬂ, then @ cannot be harmonically mixing: if my, ..., mx € M are spaced widely
enough apart, and § := ]_[f:l Xx oo™ then (u, &) = 1, no matter how large K becomes.

—

However, u may still be harmonically mixing relative to the elements of AI}(’H; see
Corollary 13.

3.1. Harmonic mixing of Bernoulli measures.

PROPOSITION 5. Let A = Z,,, where p is prime. Let B be any measure on A which is not
entirely concentrated on one point. Let ,8®M = Qmem B be the corresponding Bernoulli
measure on AM. Then ,3®M is harmonically mixing.
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Proof. For all k € A, let ¢ := (p*, B), where y* € Ais as in §2.1. Since p is prime,
lck| < 1, unless k = 0, while co = 1. Thus, ¢ := maxo<x<p |ck| < 1. Thus, if x € AM
and rank[x] = R, then

(x. 82 = < R 1 ® ﬁ>‘ = | T tme 8] < c*
meM meM meM
becomes arbitrarily small as R gets large. a

A similar argument shows the following.

PROPOSITION 6. Let A be an arbitrary finite abelian group, and B a measure on A.
Suppose that, for any subgroup G C A, the support of u extends over more than one
coset of G. Then BEM is harmonically mixing.

COROLLARY 7. H is weak* dense in M [AM].

Proof. Let u € M [AM] be arbitrary. For any € € [0, 1], let v, = ?M eM [AM] be
the Bernoulli measure with one-dimensional marginal 8¢, where 8.[0] = 1 — €, and, for
alla € A\ {0}, Becla] = €/(A — 1) (where A = Card [A]). ve € H by Proposition 5 so
Ve * € ‘H also, by Proposition 4.

We want to show that wk*-lime_,ove * . = wu; this is equivalent to showing that
lime_o Ve * 4 = 71, pointwise. Clearly, wk*-lime_.o ve = 8o, where & is the point mass
on the constant zero configuration 0 € AM, Thus, for any x € AM

Ve * [L(X) = Ve (X) - (X) 2 So(x) - (x) = x(0) - W(x) = A(x). m
3.2.  Harmonic mixing of Markov measures. Now let M = Z, and suppose that u

is a Markov measure on A%, which is determined by the transition probability matrix
g = [qg|a,beA]’ with stationary probability vector v = [va|a€A], so that g -V = .
Thus, if ¢ € A% is a w-random configuration, then v, = Prob[co = a], and ql‘; =

Prob[ci = b|cy = al.

PROPOSITION 8. Let A be any finite abelian group. If all entries of @ are non-zero, then
W is harmonically mixing.

Proof. Let CA be the set of all functions & : A —> C.
Define the operator Q : CA — CA as follows: for any £ € CA and any a € A,

QlE)(a) = ) qi&(b).
be A

In other words, Q[£](a) = (&, q%), where q“ is the ath column of the matrix Q, and we
treat £ as an 4-indexed vector. N
Next, for any x € A, define the multiplication-by-x operator M, : C
that, for any & € CA and any a € A, M, [E](a) = x(a) - £(a).
Now, suppose ¥ = xo ® x1 ® -+ ® xn is a character on AM (in other words,
X =&, ez xn,but xnp =1 foralln > N andn < 0).

A5 Cc4s0
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CLAIM 1.

(@) IfN > 1, then {x,n) = (Mxof\’ QoM, ,0Qo0--0oM,y,  0Qlxn] V).
(b) Forany$ € CAandany x € A, |My[Pllloo = ¢]lco-
(c)  For any non-constant ¢ € CA, || Q[¢]llco < ¢ ]lco-

Proof. (a) is just linear algebra. (b) is because, for all a € A, |x(a)| = 1. To see (c), note
that, forall a € A,

1Qlpl(a)| =

Y aie®)

beA

< Zt]f; ()| < sup [p(D)] = lPllco-
be A beA

The first (triangle) inequality is an equality if and only if all the elements of {¢ (D) : b € A}
have the same phase angle. The second inequality is an equality if and only if they all
have the same magnitude. Hence, |Q[¢](a)| < ||¢|lco, With equality if and only if ¢ is
constant. U

Now, for any &, ¢ € le\ with ¢ # 1, define Pg ; 1= Mg o Qo My o Q. Then Pg :
CA — CAisalinear operator. If CA is endowed with the | ® loo norm, then let || Pz ¢ [l oo
be the operator norm of P ;.

CLAIM 2. [P ¢lleo < 1.

Proof. Let ¢ € CA, with lélloo = 1. If ¢ is not constant, then by Claim 1(c),
1Ql¢llloc < 1; thus, by Claim 1(b) and Claim 1(c), Mg 0 Q@ o M; o Q[p]llec <
1Ql¢llloc < 1. If ¢ is constant, then M, o Q[¢] is not constant; thus, by Claim 1(c),
Mg o QoMo Qldlllec < Mo Qldlllee < lPlloc = 1.

CA is finite-dimensional, so the unit ball B relative to the supremum norm || e || is
compact; hence [P ¢ lloo = supgep [Pz, [Plllc < 1. a

Thus, forall £, ¢ € A, with & # 1, let c.; := || Pe.¢ loo» and let
C:=max{cz;:&.¢ e Aand ¢ # 1}.

Thus, since cg; < 1 for all £, ¢, and since .Zl\is finite, we conclude that C < 1 also.
So, given any € > 0, if K is large enough, then CX < ¢.
Now, if rank [x] > 2K, then the product x = xo ® x1 ® - - - ® xn can be rewritten:

X=|1®- Q1 |&ENR|[I1Q®-- Q1 |®&ERHD)®:--
[ —— [ ——

no ni

R IQ® QL |QEr®NI|TIR®---]1 |,
[ —— [

nR-1 nRr

where R > K, and, for all » € [0...R), &, ¢ are successive elements in the list
X0> X1, +++» XN—1, With & # 1, and where ng, n1,...,ng > 0,sothat ng +n; +--- +
ng +2R = N. Thus, the operator M,, 0 Qo M,, 0Qo---0M,, , o Q canbe rewritten
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as (" 0 Pg y) 0 (Q" 0 Pryg) 0+ 0 (Q"F 0 Py g) 0 Q"F. But then

X, ) =) My 0Qo My, 0Qo0---0 My, | oQlxn] v)
<@ IMygoQoMy 0Qo oMy, oQlxn]lleo
<@3) IMyyo0QoMy, 0Qo oMy,  o0Qle
= Q" 0 Pgyg,) 0 (Q" 0 Pgyyi) 0+ 0 (Q"F1 0 Py ) 0 Q" oo
= 1Pz lloe - 1Peealloo - -+ - Peg.c lloo
<cR <K <,

where (1) is by Claim 1(a), (2) by the fact that v is a probability measure, and (3) because
lxnlloo = 1. In summary, if rank [x] > 2R, then |{x, )| < €. a

COROLLARY 9. Let A and u be as in Proposition 8, and suppose v is a measure on A%
absolutely continuous relative to . Then v is also harmonically mixing.

Proof. Let ¢ = dv/du, and suppose first that ¢ = 1L[a;/u[a] is the (renormalized)
characteristic function of some cylinder set [a] = {b e AL . by = a}, where U =
[-U...U] C Z and a € AY. Thusv = W[a], the (renormalized) restriction of u to
a probability measure on [a] (that is, v(B) = w ([a] N B) /i ([a]) for any measurable
B C A%,

Let x = ®,];/:_N Xn be a character, and suppose N > U. Let x(—) = ®;=U:]\5 Xxn and

X4 = ®,1:]:U_H Xn- Let uf;ﬁ) eM [A(U"'OO)] be the projection of (ia) onto coordinates

: (U...N] By — a0 bowy bv-1\ Qi
(U ...00) (thus,if b € A s then pupyy'[b] = Dorsry * Db, qpy - Similarly,
let /LE;]) be the projection of (i[a] onto coordinates (—oo - - - — U). Thus, using the Markov

property of u,
U
(X ) = (X0 1)) - ( I1 xuau) (X )
u=—U
Now, analogous to Claim 1(a) in the proof of Proposition 8, we have
(X(os tig)) = My 0 Qo My _y 0 Qo0 My, 0 Qlxul ).

where Qa_y is the a(—yth ‘row’ of transition matrix § and, in a manner analagous to the
proof of Proposition 8, we can show that

(X 1ia))| = 0 asrank[x-)] — 0.
By a similar argument (with reversed time), we can show
(X i) = 0 asrank [x(4)] — 0.

This shows that v is harmonically mixing.

The case when ¢ is simple—i.e. a finite linear combination of characteristic functions
of cylinder sets—then follows immediately, via Proposition 4. If ¢ € L!(u) is arbitrary, let
{(;S,, |n€N} be a sequence of simple functions converging to ¢ in the L! norm. Let {vn |n€N}
be the corresponding measures (all harmonically mixing); thus, {v,, [ } converges to v in
total variation norm, so v is also harmonically mixing, by Proposition 4. a
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Notice that the measure v need not be stationary (and will not be, unless ¢ is shift-
invariant).

An N-step Markov process is analogous to a Markov process, but the probability
distribution of each letter is dependent upon the previous N letters, and conditionally
independent of what comes before. When N = 0, we have a Bernoulli process; when
N = 1, a standard Markov process. In general, an N-step process is determined by a
collection of transition probabilities Q ={qp :ac AlO-N) b e A} so that, for each
ae AN 3 1 g* = 1. One can then find a (generally unique) stationary distribution
v on A0

COROLLARY 10. Let A be a finite abelian group and let a be an N-step Markov process
on A, where all elements of Q are non-zero. Then o is harmonically mixing.

Proof. Let B = Al'--N1 and consider the standard N-block coding map ¢ : AL — BZ,
defined as
aj AN+1
dC..,a1, .. AN AN41y - QIN, o) = | -+, , e
an azN

This is an isomorphism of topological groups, and the following diagram commutes:

AZ"_N>AZ

"

BZ—")BZ

Thus, B = ¢*« is a (one-step) Markov measure, with transition matrix P= [ pﬁ|a be B]’
where

(ay,...,ay) __ _(ay,....an) . (as,..., ay,by) . (a3,...,an,by,by) o (an,by,..., b(N*l))
Pby....by) = 9by by bs by .
Clearly, if all entries of g are non-zero, then so are all entries of E and thus, by

Proposition 8, 8 is harmonically mixing. Hence, it suffices to show the following.

CLAIM 1. If B is harmonically mixing, then so is «.

Proof. The isomorphism ¢ : /AZ —>ABZ induces isomorphism :z)\ : B’i — /A/\Z given
¢ (x) := x o¢. Thus, ¢~ : AZ — BZ is an isomorphism, and, for any x € AZ:

(1) rank[¢~'00)] = N~ 'rank [x];

@ @', B) = (x, @) R R

Thus, if rank [x ] is large, then so is rank [¢ ! (x)]; then (¢ ' (x), B) is small, and thus so
is (x, o). O

An N-step Markov measure satisfying the hypothesis of Corollary 10 gives non-zero
probability to all cylinder sets of finite length; we might say it has ‘full support’.

The technique of Proposition 8 can be used to prove the corresponding result for
stationary Markov random fields on free groups and monoids [13, 14]. Now, instead
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of one transition probability matrix, there are several: one for each generator of the
group/monoid. As long as there are finitely many generators, the bound C on the operator
norms in the proof of Proposition 8 will still be less than 1, and the same argument can be
used to show the following.

THEOREM 11. Let A be a finite group. Let M be a free group or free monoid on finitely
many generators, and let . be a stationary Markov random field on AM 50 that all entries
in all transition probability matrices are non-zero. Then | is harmonically mixing.

4. Diffusive linear automata
LetF: AM — /AM be a linear cellular automaton. We say that § is diffusive if, for every
non-trivial x € AM, lim,_ o rank [ x o §"] = oc.

For example, let A = Z,, for some prime p. Let M be the free group or free monoid
on D > 2 generators. Let U C M be a finite subset with at least two elements, so that each
u € U is a product of at least two distinct generators. It is straightforward to show that:
if 0 # fu € Zp, for all u € U, then the automaton § = Y .y fuo" is diffusive.

Unfortunately, linear cellular automata on (Z / p)(ZD) are never diffusive: if ¥ is such an
LCA (e.g. T = fo+ f1-0™ + f» - 6™), then, for any n € N, the LCA 3P is simply F,
‘rescaled’ by a factor of p" (e.g. ¥ = fo + f1 - ™) 4 £, . ¢(P’M))  This follows
from the Fermat property for the field Z,,. Thus, the polynomial of 5" has the same
number of non-zero coefficients as that of §, so § cannot ‘diffuse’ along the subsequence
{p" :n e N}.

This motivates a slight weakening of the concept of diffusion: we say that § is diffusive
in density if, for every non-trivial x € AM, there is a subset J C N of Cesaro density one
so that limj_. o rank [x o §/] = oo.

jel
THEOREM 12. Let A be a finite abelian group, and M a countable monoid. Suppose that
5 AM — AM s g linear cellular automata, and suppose that . is a measure on AM
that is harmonically mixing.
(1) If §is diffusive, then WK*-lim_, oo FJ = Hear,
(2) If § is diffusive in density, then there is a set J C N of Cesaro density one so that

wk*-lim; ., & = Hear. Thus
jel

1 N
wk*- lim — 3§ = Her,
N;S n

N—o0

Proof. We will prove convergence in density, from which Cesaro convergence follows
immediately. The proof of strict convergence is much the same.

We will show that the Fourier coefficients of §"u all converge to zero in density.
Weak* convergence in density then follows by Theorem 1. So, let x € AM. Then

(X,S”m:/Ade(S”M)=/AMXOS”dM=((XOS"),M).
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Now, since § is diffusive in density, we can find a subset J,, C N of density one so that

lim;_, o rank [X oF/ ] = oo. But then, since p is harmonically mixing, it follows that
jely

limj?oo((x o&j),w =0.

tail set’ J C N so that:

° J has Cesaro density one;

° for every x € AM, there is some N > 0 so thatJ, N[N ...00) C J.

(For details see [11, Remark 2.6.3] or [3].) Thus, for all x € AM, lim;_ o ((x o 3")., 1)

jel

=0. O
The same reasoning applies to stationary measures supported on shift-invariant

subgroups of AM.

COROLLARY 13. Let § : AM —s AM pe as in Theorem 12. Suppose that G ¢ AM
is a closed subgroup, and |v is a measure supported on G. Suppose p is harmonically
mixing relative to the elements 0f§, and §(G) C G. If § is diffusive (in density), then
wk*-lim;_, o0 Fiu = "5’, where 'H"é’ is the Haar measure on the compact group G (and
where convergence is either absolute or in density, as appropriate).

To extend these results to affine cellular automata, we use the following.

PROPOSITION 14. Let A be any finite group. Let § : AM —s AM be an LCA with local
transformation f : AV — A Let ¢ € A be some constant, and let & be the ACA with
local map g : AY — A, given g(a) = f(a) + ¢. Let u be a measure on AM, and let
JCc N
If WK*-lim 00 §/ 1t = Hear then Wk*-lim j_, oo &7 11 = Hoar,
jel jel

Proof. Letcey € AM be the constant configuration whose entries are all equal to ¢, and, for
alln € N, letc, = §'(co). Leth, = ¢g + ¢{ + - - - + ¢, and define $,, : AM — AM py
Hn(a) = a+ h,. A simple computation establishes that

forallneN, &"=9,03%".

If x € ;lM then for any a € AM we have X o 9@ = x(a+h,) = K, - x(a), where
K, = x(h,) is some element of T!, Concisely, x o 9, = K, - X.

Now, §"u converges in density to the Haar measure, in the weak* topology, which is
equivalent to saying that, for every non-trivial character yx, there is a subset J C N of
density one such that lim;_ o (x © 3/, w) =0.

Now, for any j, /el

(Xo® , u)=(xoHoF W =(K; xoF . =K (xoF, n.
But |K ;| = 1, and thus,

: : jel
(X 0 &/, )] = (x o, Wl ];—Og 0.
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Since this is true for each character, we conclude that &” i« also converges in density to the
Haar measure. a

5. Diffusion on lattices

Say that an LCA § on AM is non-trivial if § is not merely a shift map or the identity map.
If we write § as a polynomial of shift maps, then § is non-trivial if this polynomial contains
two or more non-zero coefficients.

THEOREM 15. Let p be a prime number, and A = Z;,. Let D > 1. Then any non-trivial
LCA on AZ®) s diffusive in density.

The proof of this theorem will occupy the rest of this section. We will eventually
accomplish a reduction to the case when D = 1; hence, the reader may initially find it
helpful to assume D = 1, and to treat all elements of Z” (indicated as vectors, e.g. ‘n’) as
elements of Z instead (indicated as scalars, e.g. ‘m”). It will also be helpful to first work
through the details of the proof in the special case when p = 2; we will make reference to
this special case in the footnotes.

We will represent LCA using the polynomial notation introduced in §2.2. It will be
convenient to write these polynomials in a special recursive fashion. For example, suppose
D =1, and suppose that go, g1, g2 € [1... p), and £y, £1, €» € Z. Let G be the linear CA
on A% defined as G = goo®* + g10%1 + gro?2. Then we can rewrite & as

6 =g (Foo™), whereF=1Id+ fio™ (1+ fr0"2), 2)

withmy = €1 — Lo, mp = €p — €1, f1 = g61g1, and fo = gl_lgz (with inversion in the
field Z,,)t. More generally, we have the following.

LEMMA 16. Let go, g1,...,87 €[1...p), andzo, Zl, e, Zj e 7P, and suppose that &
is the LCA on AZ") defined as

& = 00’ + g107 -+ g0, &)
Then & = g - (3 o 020), where
F=1d+ fio™ (Id + fro™[...(1d+ fy_io™-1[ld + f6™])...]) @
and, forall j € [1...J) ;=10 —€; 1, and fj = g7 - g;.

Composing with the shift 60 and multiplying by the scalar go does not affect the
diffusion property; hence, it is sufficient to prove Theorem 15 for polynomials like (4).
On first reading, it may be helpful to assume that J = 2, as in (2).

By Proposition 2, the powers §V of the linear cellular automaton § correspond to
powers of the corresponding polynomial. To prove Theorem 15, we will therefore need
to develop some machinery concerning multiplication of polynomials with coefficients in
Z,p, by using the classical formula of Lucas [7] for the mod p binomial coefficients, which
has become ubiquitous in the theory of LCAs.

T If p =2, we can assume that f] = f, = 1.
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Definition 17. (p-ary expansion, index set) If n € N, then the p-ary expansion of n is the
sequence P(n) = {n[i]}fio e[0... p)N, such that n = Z?io n[i]pi.
The index set S(n) of n is defined to be S(n) = {i € N : nlil £ 0}.

If m € N, then let [m], be the congruence class of m, mod p.

LucAs’ THEOREM. [7] Let N, n € N, with p-ary expansions as before. Then

- 1]
= (k]
Ty =l dp
where we define (0) = 1, and () =0, forany b > a > 0.
0 b

Write ‘n <« N’ if nltl < Nl forall i € N. Thus, Lucas’ Theorem implies

([ﬂp # 0) — (n < N).

If n € N, then the Lucas set of n is the set L(n) :={k e N: k < n}.
The following elementary arithmetic observation will be used later.

LEMMA 18. Letny, na,...,np € N. If M > 0, and forall € [1...L]andi > M,
nl['] =0, then, foralli > M + [logp L],

L [i]
( Z nl) =0.
=1

(Here, [n] € N is the smallest integer such that [n] > n.)

Proof. The ‘log,,” term comes from the fact that, in summing L distinct p-ary numbers,
there is the possibility of up to log,,[L] digits of carried value spilling forward. a

With Lucas’ Theorem, one can obtain expressions for powers of linear automata.
For example, if f € Z,,, and § is the linear automata on AZ defined by §(a) = a+ f-a (a),
then Lucas’ Theorem tells us that

V@) = Z [IZ} % . oka.
keL(N) p

Next,if m1,m € Z, and fi, f> € Z/p, and § is as in (2), then

SN — |:Nj| ki amlkl (1 + /> 'amz)kl
weto Lk, 1
N k k1 k
= Z |:klj| it ’amlkl( Z [kz} £t am
kieL(N) p kyeL(ky) P

‘ N kl k k; +mok
k]E[:(N) k2€£(k|) 1 p p

= D ) Sy oMk
ki€L(N) kyeL(ky)

https://doi.org/10.1017/50143385702000548 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000548

1282 M. Pivato and R. Yassawi

where we define
N |k ki ok
ft k) = [’“L I:kz:|pf1]f22'

A similar argument works in Z”, and for an arbitrary number of ‘nested” polynomial terms
of this type. This leads to the following.

LEMMA 19. If mi,ma,...,my € ZP, and f1, ..., f; € Zyp, and § is as in (4), then
V=Y fae™™, (5)
keL/(N)
where
m = [y, ma, ... my],

LY(NY = {lk1 kas ... kj1 e N i k) < kjo) < -+ K ky < ki < N},
and, for any such k = [k, ka, ..., kj], we define

(k,m) :=kymy + ko + - -+ kymy

N k1 kj—1 ki ok k
f(k);:[ } [ } [ } bk gk
ki ) kzp ky »

(The dependence on N is suppressed in the notation ‘ f)’.)

and

Proof of Theorem 15. It suffices to prove the theorem for polynomials § like (4).
So, suppose § is not diffusive in density. Thus, there exist some non-trivial character
X € A@Z") some R € N, and a subset B C N (of ‘bad’ numbers), of upper density § > 0,
so that, for all n € B, rank [x o S”] < R.

Now, for each 71 € ZP, let pr; : AZ®) . A be the projection onto the fith
coordinate: pr;(a) = a;. Lety : A — T! be the character introduced in §2.1:
y(a) = exp((27wi/p) - a). Thus, there is a finite subset Q C ZP”, and a collection of
coefficients {x; € [1...p) : ¢ € Q} so that x is defined asf:

x@=[]»(x pr;@). (6)
qeQ

Thus, if FV is as in (5) of Lemma 19, and x is as in (6), then, by Proposition 3, the
character x o § has the following expansioni:

X o S’N = l_[ l_[ }’(X(} . f(k) . Pl'((k,m)+<?))' (7)

GeQ keL’(N)

+ In the case when p = 2, we can write x(a) = ngeg(fl)aé.
¥ When J =2 = p,and D = 1 the expansion is

xoF'(x) = H H l_[ (—Dykimi+homa+q),
qEQ k]e[:(n) kzeﬁ(k])
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Note that, for every ¢ € Q and k € L7 (N), the factor y (X(} - fw -pr((k’m)_ﬁ))
is non-trivial:  f(x) is never a multiple of p, and thus, if XG is non-trivial, then
v (Xq [ PT((k,m) +z?)) is also non-trivial. Thus, the only way the coefficients of the
character defined by (7) can be trivial is if two terms of the form y ( X5 S Pr (i m) +z?*))

and ¥ (x5 - fao - PY(k.m)+g)) cancel out, which can only occur when
(k*,m) +¢* = (k, m) +q. ®)
This is an equation of D-tuples of integers, and hence is only true if, foralld € [1... D],

(K*, m) @) + gy = (k. m)@) + q(a) ©

where the subscript ‘(d)’ refers to the dth component of the D-tuple.

The idea of the proof is thus as follows. In order for the rank of the character x o FV
(for N € B) to be less than R, most of the terms in expression (7) must cancel out; this
requires a specific kind of ‘destructive interference’ between the index sets S(N) and
various translations of S(N), so that virtually all elements (k,g) € £7(N) x Q must
be paired up as in equation (8), so as to cancel with each other.

Our goal, then, is to show that equation (8) is hard to achieve, so that, after the dust
settles, more than R non-trivial coefficients remain. We will show that the set B (indeed,
any set of non-zero density) must contain numbers for which sufficient cancellation fails
to occur.

Reduction to Case D = 1. In order for cancellation of terms (i.e. equation (8)) to occur
in ZP, equation (9) must be true for every d € [1...D] simultaneously. Hence, it is
enough to disrupt the equation in one dimension. Therefore, at this point, we can reduce
the argument to the case when D = 1. We will treat m, ..., m; as elements of Z, and
m = [my,...,my] as a J-tuple of integers; thus, for any other J-tuple k = [ky, ..., k],
we have (k, m) = kym + - -- + kymy. Likewise, Q will be some finite subset of Z.

Gaps in the index set. We will use an ergodic argument to show that any subset of N of
non-zero density must contain numbers N possessing large ‘gaps’ in their index sets: i.e.
IP[N] has long blocks of 0’s terminated by 1°s. We can then find elements k] € L£(N) also
exhibiting these long gaps. The gap in such a k{ is long enough that it is impossible to find
some other element (k, g) € £/ (N) x Q so that the terms in the expression (k, m) + ¢
sum together to ‘cancel’ the terminating 1 in the gap of S(k}).

Since there are many of these gaps, there are many such elements k¥, and thus there
will be at least (R + 1) distinct 1’s that remain uncancelled, and thus at least (R + 1) non-
trivial terms in expression (7), contradicting the hypothesis that rank [ xogV ] < R for all

N € B.
We can assume that, when we transformed expression (3) into expression (4), we had
Lo < €1 < --- < {£y; hence, we can assume that m1,...,m; > 0. Thus, they have

well-defined Lucas sets, S(my), ..., S(my). So, to begin, define

J J
I := max [ U S(mj)i| + [mgp < Card [S(mj)]) + logp(J)—‘ +2.
j=1

Jj=1 J

I" stands for ‘gap’, and is the size of the gaps we will require.
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Let g1 be the smallest element of Q, and define

O1'={gq—q1:9q€Q} and U:= US(q).
qeQ

Next, let w be the element of [O. .. p)r+l defined as w := (0,...,0,1). We will be
—_———

r
concerned with the frequency of occurrence of w in the p-ary expansions of integers.

Notation. If s = sps1...s, is a string in [0. .. p)", then we define the frequency of the
word w in s, denoted by fr[w, s], as

Friw.s] = Card [{l €[0,n —1]:88641)---SG4T) = W}] .

n

If sisi41) - . . S+ = W, we will say that w occurs at s;.

CLAIM 1. For any € > O, there exists M* such that, for any M > M?*, there is a set
GM(e) c[1...p)M, so that

Card [gvf‘f(e)] > (1—e)pM

and

1—
forallg e gvﬁv/l(f), friw, gl > %

Proof. Consider the ergodic dynamical system ([0 )N, Haar, a), where Her is the
Haar measure and o : [0. .. p)N —[0... p)N is the shift action. The set {a e[0... p)Z :
~I'=1 " The result now follows from Birkhoff’s Ergodic
Theorem. O

ap.r] = w} has measure p

In particular, let € := §/(2p). Also, let

*._1_6 faar _1_6 —1-r
€= TH (w) = Tp .
CLAIM 2. There exist M and N such that the following conditions are satisfied:
(1) Me*>R+2;
(2) U cC[0,Me*];
3) N eBnN[o, pM);
@ friw.Pm]> 1 -e)p '

Proof. B has upper density 8, so there is some sequence {ng};, such that,

Card[B N[0, ng]]

S.
ng k— 00
Find K so that, fork > K,
Card[BN[O...nk]] 8
> —.
Nk 2
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Then choose M large enough to satisfy conditions (1) and (2), and such that pM 1<y <

pM. Thus,
S 5 M—-1
Card[B N [0, p™]] = Card [B N [0, ns]] > % > ”2
s M
> (10)
2p
Also, by Claim 1 above, let M be large enough so that there is a subset GM (¢) C [0.. . M
so that 5
Card[G (6)] > (1 —e)pM = <1 — 2—> M, (11)
p
and

friw,a]l > (1 — e)pil*r, foralla € QV’VW(G).
Now, if G = {ne[l...pM]:P(n) € G¥(e)}, then Card[G] = Card[G¥ (e)].
Thus, combining (10) and (11), we see that Card [B N [0, pM]] +Card [G] > pM; hence,
the two sets must intersect non-trivially. Let N € B N [O, pM ] N G; then N satisfies
conditions (3) and (4). O

CLAIM 3. Let Q = [Me*]. Then w occurs more than R times in the string
(NIQHINIQ+2 NIO+3] | NIMI)

Proof. N satisfies condition (4) of Claim 2, and of course w occurs at most Q times in the
string (NONUT . NI@l) Thus, beyond position Q, w must occur at least

(1—ep " TM)— 0> (1 —e)p™'"TM) — Me* — 1

1_
—(l—e)p Ty - <M . 6plr) —1

:Mlgep_l_r—lee*—l
times and so, by condition (1) of Claim 1, at least R + 1 times. O
Say w occurs at some positions NUl NU2l o N LR+ beyond Q. Thus, for each
rell...R+ 1], wehave NUtK = 0 for0 < k < I and NU-+T1 = . In particular,
forallr e [1...R+1], p"*T e L(N). (12)

Now, N € B, so rank [ x o ] < R. This means that in the expression (7), all but at most
R of the terms are cancelled by a like term. In other words, for all but R of the elements
(k*, g*) € L7 (N) x Q, there exists some (k, ¢) € £’ (N) x Q so that

(k*,m) +¢* = (k,m) +q. (13)
We say that (k*, ¢*) is annihilated by (k, q).

However, there are R + 1 elements in the set { jr}f;rll, and thus there are R + 1 pairs
of the form (k, g1), where k¥ = (p(-j’+r), o,..., 0). Hence there exists some r such
that the pair (k¥, g1) is annihilated by some other pair (k, g). Define n := j, + I'; then
(k¥, m) = m; p”, so we can rewrite (13) as

m1p" = (k,m) + (g — q1), (14)

where k = [k, ..., k;] is some other element in £7 (N).
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CLAIM 4. Forall je[l...J),andalli > n —T, we have kj[i] =0.

Proof. First we will show k%i] = 0 for i > n. The right- and left-hand sides of (14) must
come from different terms of the expansion (7), which means that either ¢ # g ork; # 0
for some j > 1; either way, one of the other terms on the right-hand side is positive besides
‘m1ky’, and therefore m1k; < mp”. Thus, k; < p", and thus kEi] =0foralli > n.

Next we will show kgi] forn —I' <i < n. Recall that k; € L(N), and by hypothesis
N =o0foralli € [j,...(j, +T)), wheren = j, + 'andn — I = j,. Thus, k! =0
forn —T <i <n.

Since ky K kj_1 K - K kp < ki, the same holds for k>, ..., k. O
CLAIM 5. Forall j € [1...J), andalli > n —2 —log,(J), we have (m k)l = 0.

Proof. Fix j e [1...J]. Forany s € S(m ), it follows from Claim 4 that

[l
(mg?]pskj) Y 0, foralli>n—T +s.
Hence, by Lemma 18,
[i] [s] s .
(k)" = Y mipk
seS(mj)
=0, foralli >n—T +max[S(m;)]+log, (Card[S(m;)]).

The claim now follows from the definition of I". o
CLAIM 6. Foralli >n —3, (g — g =0.

Proof. By definition,n —3 > n —T = j, > Q > Me*. Recall that condition (2) defining
M wasU C [0, Me*]. Thus, (g — g1 =0 fori > Me*. O

CLAIM 7. Foralli >n —1, (k,m) + (g — g1)l1 = 0.

Proof. Recall that (K, m) = (kym1) + --- 4+ (kymy); thus, it follows from Claim 5 and
Lemma 18 that (k, m){{] = 0, foralli > n — 2.
Thus, the claim follows from Claim 6 and Lemma 18. O

Now, by hypothesis, (k, m) + (g — q1) = mp”". Hence, ((k, m) + (¢ — ql))[i] —
(mlp”)[i] for all i € N. In particular, if I := min[S(m )] > 0, then

(&, m) + (g — g )"+ = (my pHU+ =l 2 0,

But I + n > n, so this is a contradiction of Claim 7. O

6. Conclusion

We have shown that harmonically mixing measures on A, when acted upon by diffusive
LCAs (possibly with an affine part), will weak* converge, in Cesaro mean, to the Haar
measure. This sufficient condition is broadly applicable: in particular, if A = Z,,, then any
non-trivial LCA acting upon a ‘fully supported” N-step Markov measure (in Z, a regular
tree, or a free group) or a non-trivial Bernoulli measure (in Z?) will converge to the Haar
measure in Cesaro mean.
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In a forthcoming paper [8], we generalize the results on diffusion to the case when
A =7, (n € N arbitrary) and A = (Z/(pr))] (p prime, r, J € N), and we demonstrate

harmonic mixing for Markov random fields on A(ZD), for D > 2. However, many
questions remain unanswered. What other classes of measures on Z or ZP are har-
monically mixing? Measures on A exhibiting quasiperiodicity cannot be harmonically
mixing; what is the Cesaro limit of such a measure, if anything? Also, what LCAs are
diffusive, when M is neither a lattice nor a free group?
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