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The effects of three-dimensional (3D) perturbations, having wave-like modulations
along both the streamwise and spanwise/vorticity directions, on the nonlinear states
of five types of linear instability modes, the nature of their bifurcations and the
resulting nonlinear patterns are analysed for granular plane Couette flow using an
order-parameter theory which is an extension of our previous work on two-dimensional
(2D) perturbations (Shukla & Alam, J. Fluid Mech., vol. 672, 2011b, pp. 147-195).
The differential equations for modal amplitudes (the fundamental mode, the mean-flow
distortion, the second harmonic and the distortion of the fundamental mode), up to
cubic-order in perturbation amplitude, are solved using a spectral-based numerical
technique, yielding an estimate of the first Landau coefficient that accounts for the
leading-order nonlinear effect on finite-amplitude perturbations. In the near-critical
regime of flows, we found evidence of mean-flow resonance, characterized by the
divergence of the first Landau coefficient, that occurs due to the interaction/resonance
between a linear instability mode and a mean-flow mode. The nonlinear solutions are
found to appear via both pitchfork and Hopf bifurcations from the underlying linear
instability modes, leading to supercritical nonlinear states of stationary and travelling
wave solutions. The subcritical travelling wave solutions have also been uncovered in
the linearly stable regimes of flow. It is shown that multiple nonlinear states of both
stationary and travelling waves can coexist for a given parameter combination of mean
density and Couette gap. The 3D nonlinear solutions persist for a range of spanwise
wavenumbers up to k, = O(1) that originate from 2D instabilities which occur
beyond a moderate value of the mean density. For purely 3D instabilities in dilute
flows (having no analogue in 2D flows), the supercritical finite-amplitude solutions
persist for a much larger range of spanwise wavenumber up to k, = O(10). For all
instabilities, the vortical motion on the cross-stream plane has been characterized in
terms of the fixed/critical points of the underlying flow field: saddles, nodes (sources
and sinks) and vortices have been identified. While the cross-stream velocity field
for supercritical solutions in dilute flows contains nodes and saddles, the subcritical
solutions are dominated by large-scale vortices in the background of saddle-node-type
motions. The latter type of flow pattern also persists at moderate densities in the form
of supercritical nonlinear solutions that originate from the dominant 2D instability
modes for which the vortex appears to be driven by two nearby saddles. The location
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of this vortex is found to be correlated with the local maxima of the streamwise
vorticity.
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1. Introduction

Understanding instabilities and patterns are important from both the fundamental
and practical standpoints of modelling granular materials since inhomogeneities have
a significant impact on the rheological properties of granular materials (Jackson 2000).
When a system is driven by external forcing, it becomes unstable beyond some
critical value of the control parameter by admitting various types of spatio-temporal
instabilities. The collective behaviour of such unstable systems (e.g. fluid flows), far
from equilibrium, yields a variety of patterned states (Cross & Hohenberg 1993). Such
instability-induced pattern formation in rapid granular flows (Goldhirsch 2003; Alam
et al. 2005; Aranson & Tsimring 2006) has attracted much attention during the past
two decades. Some examples of patterned states in simple granular flow configurations
are: squares, stripes, hexagons and oscillons in vertically vibrated shallow granular
layers (Umbanhower, Melo & Swinney 1996); convection in vibrated deep granular
layers under strong shaking (Gallas, Herrmann & Sokolowski 1992; Ramirez, Risso
& Cordero 2000; Eshuis et al. 2010); and clustering, density waves and vortices in
granular shear flows (Hopkins, Jenkins & Louge 1993; Alam & Nott 1998; Forterre
& Pouliquen 2002; Goldfarb, Glasser & Shinbrot 2002; Conway & Glasser 2004;
Raafat, Hulin & Herrmann 1996; Alam, Chikkadi & Gupta 2009; Woodhouse & Hogg
2010). Sand dunes and ripples (Sauermann, Kroy & Herrmann 2001) are examples of
large-scale patterns in nature involving granular/particulate flows.

In the realm of rapid granular flows, the planar Couette shear flow has served
as an ideal test-bed to study instabilities and patterns. Phenomena such as particle
clustering, density waves and segregation in granular plane Couette flow have been
studied using both particle simulations and stability analyses of hydrodynamic-like
equations (Savage 1992; McNamara 1993; Tan & Goldhirsch 1997; Alam & Nott
1998; Goddard & Alam 1999; Conway & Glasser 2004; Alam 2005; Alam et al
2005; Gayen & Alam 2006; Khain & Meerson 2006; Saitoh & Hayakawa 2007; Alam,
Shukla & Luding 2008). For a brief of overview of these theoretical and simulation
works, we refer to the introductory section of Shukla & Alam (2011b).

The study of nonlinear stability of granular flows has been initiated by us (Alam &
Shukla 2008) focusing on ‘bounded’ granular plane Couette flow. An order-parameter
theory has been developed resulting in the Landau—Stuart equation that governs
the evolution of finite-amplitude perturbations. The Landau—Stuart equation for the
temporal evolution of a single mode has been derived from granular hydrodynamic
equations following two different approaches: (i) the centre-manifold reduction
technique (Carr 1981; Shukla & Alam 2009); and (ii) the amplitude expansion method
(Stuart 1960; Watson 1960; Shukla & Alam 2011a,b). Using this order-parameter
theory, we have investigated the nonlinear saturation of two types of perturbations: (i)
gradient-banding instability (Shukla & Alam 2009, 2011a; Alam & Shukla 2012); and
(ii) two-dimensional (2D) perturbations (Shukla & Alam 20115). (Note that the related
nonlinear gradient-banding problem in ‘unbounded’ granular shear flow was probed
later by Saitoh & Hayakawa (2011) using a complex Ginzburg-Landau equation.) A
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summary of our main results on the nonlinear stability of 2D granular plane Couette
flow is as follows.

(i) The nonlinear gradient-banding instabilities (k, = 0, where k, is the wavenumber
along the flow/streamwise direction) appear beyond a minimum value of the mean
density (¢ = ¢. ~ 0.15, where ¢ is the volume fraction of particles). This is
responsible for shear-band formation (leading to shear-localization with density
segregation along the gradient direction) via supercritical pitchfork bifurcations;
there are subcritical gradient-banding states at ¢ < ¢, that bifurcate from infinity.

(ii) The flow is subcritically unstable to stationary 2D perturbations of long
wavelengths (k. ~ 0) in the dilute limit, the origin of which is tied to the
underlying subcritical gradient-banding modes.

(iii)) For moderate-to-large values of mean densities, supercritical nonlinear states
exist which appear via pitchfork and Hopf bifurcations from the underlying
gradient-banding, long-wavelength, and dominant stationary and travelling wave
instabilities. The dominant instabilities (having the largest growth rate among all
instabilities) appear at k, = O(1).

It was found (Shukla & Alam 2011b) that multiple nonlinear states of stationary
and/or oscillatory solutions can coexist for a given set of control parameters. Overall,
the predictions of this 2D nonlinear stability theory, in terms of both the nature
of bifurcation (pitchfork/Hopf) and the resulting nonlinear patterned states, agree
qualitatively with particle simulations (Tan & Goldhirsch 1997; Conway & Glasser
2004).

The nonlinear states of three-dimensional (3D) instability modes have remained
unexplored and are the focus of this paper. The related linear stability analysis of 3D
granular plane Couette flow has been done by Alam (2006). It was shown that the
flow is unstable to pure spanwise stationary perturbations in the dilute limit which
leads to density inhomogeneities in the form of dense and dilute regions of particles
along the spanwise/vorticity direction. Apart from pure spanwise instability, a new
travelling instability for non-zero streamwise wavenumbers was uncovered for dilute
flows as well as another new mode that has an anomalous dependence on inelasticity.
In moderate-to-dense flow regimes, different 3D stationary and travelling instabilities
have been identified which originate from their 2D counterparts. In this paper we
investigate the nonlinear stability of 3D granular plane Couette flow, generalizing our
previous work (Shukla & Alam 2011b) on 2D flows. In addition, a first attempt is
made to characterize the 3D flow patterns using critical-point concepts of dynamical
systems theory.

This paper is organized as follows. The problem description and the governing
equations are given in § 2. Neglecting nonlinearities, the linear stability problem and
its adjoint are formulated in §3. A brief account of the nonlinear analysis, adapted
from the amplitude expansion method (Stuart 1960; Watson 1960; Shukla & Alam
2011a,b), is provided in §4: the specific changes due to the three-dimensionality of
perturbations are mentioned. This leads to an order-parameter theory for a single
mode in terms of the well-known Landau-Stuart equation. The differential equations
for the modal amplitudes of nonlinear perturbations are solved numerically using a
spectral-based numerical scheme as detailed in §5. The Landau-Stuart equation and
the forms and a certain symmetry of the resulting nonlinear perturbation fields are
analysed in §6. As in previous studies, we restricted calculations to only the first
Landau coefficient which provides the leading-order nonlinear effects on stability. The
detailed results on the finite-amplitude solutions, the nature of bifurcations and the


https://doi.org/10.1017/jfm.2012.549

https://doi.org/10.1017/jfm.2012.549 Published online by Cambridge University Press

352 M. Alam and P. Shukla

i /2

FIGURE 1. Schematic diagram of 3D plane Couette flow of smooth granular materials. Both
plates move with the same velocity u,/2 but in opposite directions. The gap between the two
plates is [, = h, and the length and the depth of the channel are /, and [, respectively.

underlying nonlinear patterns (of density, granular temperature, cross-stream velocity
and streamwise vorticity) are presented in § 7 for five types of linear instability modes
in dilute, moderately dense and dense flows. In an effort to understand the underlying
vortical/eddying motion, the cross-stream velocity field has been characterized in terms
of its fixed/critical/stationary points (saddles, nodes, focus/vortex) as discussed in
§§7.1-7.3. The implications of the present results from the viewpoint of particle
simulations are discussed in § 8. The conclusions and suggestions for future work are
given in §9.

2. Problem description and hydrodynamic equations

The granular flow driven by two oppositely moving parallel walls, as shown
schematically in figure 1, is the focus of this paper. Mono-disperse, smooth and
identical spherical particles of intrinsic density p and diameter d are taken as model
granular materials. The coordinates, X, y and z, refer to streamwise (flow), transverse
(normal or gradient) and spanwise directions, respectively. For a continuum description
of granular materials, we use the Navier—Stokes-order hydrodynamic equations that
have been derived from a kinetic-theory approach (Jenkins & Richman 1985; Sela &
Goldhirsch 1998; Garzo & Dufty 1999; Brilliantov & Pd&schel 2004). At this order,
there are five hydrodynamic fields: (i) the mass density ¢ = mn = p¢, where m, 1, p
and ¢ are the particle mass, number density, material density and the volume fraction
of particles, respectively; (ii—iv) the bulk/hydrodynamic velocity u = (&, v, w), where u,
v and w are the components of velocity along the x-, y- and z-directions, respectively;
(v) the granular temperature 7 which is a measure of the fluctuation kinetic energy of
particles.

As in our previous work (Shukla & Alam 2009, 2011a,b), we choose a simplified
version of the Kkinetic-theory constitutive model for the granular stress (X) and the
pseudo-thermal heat flux (g):

Y=p-¢(V-w)l-21s, @.1)
g=-kVT-x,Vao, (2.2)

where p(¢, T) is the pressure, (¢, T) and (¢, T) are the coefficients of shear and
bulk viscosities, respectively, ¥ (¢, T) is the granular thermal conductivity, I is the
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identity tensor and S = (Vu + (VE)T) /2 — (V -m)l/3 is the deviatoric strain rate tensor.
In the heat-flux relation (2.2), the contribution of the non-Fourier term (x), which is
proportional to the gradients in particle volume fraction, is neglected in all calculations
in this paper; this can be justified from our previous works showing that this term
does not introduce any new instability in either unbounded (Gayen & Alam 2006) or
bounded (Alam & Nott 1998; Alam 2006) plane shear flows of granular materials;
see appendix A for a discussion on the robustness of linear instability modes in 3D
granular Couette flow for two sets of constitutive relations. Moreover, it has been
recently shown that this non-Fourier term does not qualitatively affect the observed
instabilities in two additional classes of shear flows: (i) granular Poiseuille flow (Alam
et al. 2009); and (ii) the granular flow down an inclined chute (Woodhouse & Hogg
2010).

It may be noted that the above Newtonian—Fourier-type constitutive model for a
rapid granular fluid holds strictly in the limit of small dissipation/inelasticity. The
choice of this constitutive model and its possible range of validity have also been
discussed in our recent papers (Shukla & Alam 2011a,b). It would certainly be
worthwhile to check the quantitative effects of more refined constitutive relations
(Sela & Goldhirsch 1998; Garzo & Dufty 1999; Garzo, Santos & Montanero 2007;
Noskowicz et al. 2007) on our predictions of various 3D nonlinear states in plane
shear flow; however, such a detailed parametric study is beyond the scope of the
present paper and can be taken up in a future comparative analysis.

2.1. Hydrodynamic equations in dimensionless form

Let us introduce a reference length £, equal to the gap between two walls, a reference
velocity u,, the difference between the wall velocities, and a reference time %/u,,, the
inverse of the total shear rate, We define non-dimensional variables as

6y, 2)=@&y.2)/h  wv,w) =@,v,w)/d,, =1u,t/h. (2.3)

The overbar on any symbol represents a dimensional quantity and its bare counterpart
is dimensionless. Using (2.3), the dimensionless forms of granular temperature, stress,
heat flux, and the rate of dissipation are defined as

T=HT/u,, X=HX/pu,, q=Hq/pu, and D=HdD/pw, (2.4)
respectively, where H = h/d is the dimensionless Couette gap in terms of particle
diameter.

The resulting dimensionless equations for hydrodynamic fields ¢(x,y,z, 1),
u(x,y,z,0), v(x,y,z, 1), w(x, y, 2, 1) and T(x, y, z, ) are

<;+M-V>¢:—¢Vou, 25)

) 0 +u-VvV ! 8p+ Lo 2 +)\(V )
—+u-V)u=———+ —— — u
ot H ox | H? ox “

|
S %<

¢ i +u-VvV ! 8p+ Lo 2u +/\(V )
—+tu- V=——— + — ‘u
dt H?> 3y  H?dy

L1 8v+8w
H oz 9z | ay Hzax H

ou 8w>] , 2.6)
8u

) e
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9 Lop 10 ow
Chu v iw=—=—P L~ 21,2 .
¢<8t+u )W H281+H281[M8z+ ( u)}

+1 0 8u+8w +1 0 8v+8w (2.8)
Hox Moz T ax H? 9y H\ 5z ay )|’ ’
3 0 1
¢<+u-V>T:HZV-(KVT+K;,V¢)—p(V-u)

27\ ot
du 2+ v 2+ w 2+1 8u+8v 2
0x ay 0z 2\ 0y ox

+2u

Lo o 2+1 ow 2+A(V 2| _D.29)
——+— - —+ = — NV .u)| — .
2\ 9z  dy 2\ dx 0z 2 ’
The transport coefficients in dimensionless form are
p@.T) =fH@DT, (@, T) = fr(¢) T2,
@. 1) =f(PT? Mo, T) = (& — 35w,
4 f3(o ¢ (=31 2.10)

kK@, T) =fu@ T, w(p,T) = fulp,e) T,
D, T) = fs(¢,e) T*?,

where fi—fs represent dimensionless functions of particle volume fraction ¢ and
restitution coefficient e given in appendix A. As discussed in the introduction to
this section (see also the discussion in appendix A), we set the non-Fourier term
of granular heat flux to zero (fy, = 0) in all calculations below since this term does
not qualitatively affect our instability results. The following expression for the radial
distribution function x (¢) is used:

1
1 - (¢/¢max)l/3

that diverges in the random close packing limit (¢ — ¢,... = 0.65). We have verified
that the qualitative nature of the nonlinear results remains unaltered even if the
Carnahan-Starling form for x(¢) is adopted. We use no-slip and zero-heat-flux
boundary conditions as in our previous studies. It may be noted that the nonlinear
analysis described in §§ 3 and 4 can be easily adapted to ascertain the effect of gravity
on the shear flow (as well as in other flows, for example, in granular convection) by
adding the gravitational force term to (2.7). Of course, the underlying base state (§ 2.2)
would be characterized by non-uniform shear when gravity is included (Alam et al
2005).

x (@) = 2.11)

2.2. Base flow of uniform shear

We consider a steady [d/0¢(-) = 0] and fully developed [d/0x(-) = 0] base flow given
by

¢=¢"(), wu=@u"(),0,0) and T=T(y). (2.12)
With the no-slip and zero-heat-flux boundary conditions, the base flow equations admit
an analytical solution:

0
?°(y) = const., u’(y)=y, T°(y)=-const. = EAC) (2.13)

 fs(@%)’
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which represents a state of uniform/homogeneous density, granular temperature and
shear rate (du’/dy) throughout the domain. This is the uniform shear flow the
nonlinear stability of which under 3D perturbations is the focus of this paper.

3. Nonlinear perturbation equations and their linear counterpart

To analyse flow stability, we decompose each hydrodynamic variable, X =
(P, u,v,w, 7)™, into a mean and its perturbation:

X, y,2,) =X°() + X(x, 5, 2, 1), 3.1
X°(y) = (¢°, 1, 0%, w, T ", (3.2)
Xy, 2,0 = (¢, u,v,w,T)", (3.3)

with the superscripts O and prime denoting the mean and the perturbation terms,
respectively. Substituting (3.1) into balance equations (2.5)—(2.9) and subtracting the
respective mean/base flow equations (§ 2.2), we arrive at the following set of nonlinear
perturbation equations in operator form:

(Ist — LZ) X=NXXX,..)=N>X,X;: )+ N:X,. X, X)+---, (34
where

E—L 79777’79777; OyH, g o .. 3.5

(ax ax?’ 9y’ dy*’ 9z’ 972 ¢ ¢ > G-2)
is the linear partial differential operator (see appendix B), N, and N5 are the
quadratic and cubic nonlinear terms (see appendix C), respectively, and [ is the identity
operator. Note that the quadratic nonlinear terms N, (X, X; 9,) involve time-derivatives
that originate from the inertial terms of the hydrodynamic equations.

3.1. Linear stability problem
Neglecting nonlinear terms in (3.4), we obtain the linear stability equations:

(I8 — [,) X =0 with BX =diag <O, 1,1, i, 8) X=0 aty=41/2. (3.6)
ot ay dy

The coefficients in the linear operator (£) and the boundary operator (BB) do not
depend explicitly on the streamwise (x) and spanwise (z) coordinates and this makes
the linear problem (3.6) translation-invariant in the x- and z-directions. Therefore, we
can seek a normal mode solution of the form

~ . ~ R Tr
X(e 3,20 = RS2 = (30, ), D), vy, T ) b, 3.7)

where k, and k, are the streamwise and spanwise wavenumbers, respectively; ¢ is the
complex eigenvalue, with Re(c) and Im(c) being the growth rate and frequency of
the perturbation, respectively. The flow is said to be linearly stable for Re(c) < 0 and
unstable for Re(c) > 0.

Substituting (3.7) into (3.6) and equating the exponential terms we obtain a
differential eigenvalue problem:

LX =cX with BX=0, (3.8)
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where
o d d& .
L=CL <1kx, (iky)?, e ik., (ik.)?, .. ) , (3.9)
d d
B=diag(0,1,1, —, — (3.10)
dy dy

are the linear stability and boundary operators, respectively. The elements of the linear
operator L can be obtained by replacing ¢//0x — (ik,) and & /07 — (ik.Y in L as
given in appendix B. The linear eigenvalue problem is invariant under the following
co-ordinate rotation:

X —> —X, y — _yv Z—> —Z, ((l/;, &9 i}’ ‘2}7 ’j\") — (‘z)’ _i/\h _‘07 _‘2}9 j\")‘ (3'11)

This implies that for every forward propagating mode [Im(c) > 0] there is a backward
propagating mode [Im(c) < O] with the same growth rate but having equal and
opposite phase speed.

3.2. Adjoint linear stability operator
We shall see in §4 that the calculation of Landau coefficients requires a priori
knowledge of the adjoint eigenfunction corresponding to the fundamental mode of the
linear stability problem. To formulate the adjoint eigenvalue problem we first need to
define an adjoint operator corresponding to the linear operator L and the related adjoint
boundary conditions based on a suitable inner product. Let us define the adjoint
operator L such that

(X', LX) = (L'X", X), (3.12)

where the inner product (-, -) is defined as

12
f.8) = / F)g0) dy 3.13)
—12

for two complex-valued vector functions f(y) and g(y), with the tilde denoting a
complex-conjugate quantity. Note that the complex conjugation is in the first function
of the inner product in (3.13).

The explicit forms of the adjoint operator and the adjoint boundary conditions are
obtained from (3.12)—(3.13) by using integration by parts. In matrix notation, the
adjoint eigenvalue problem corresponding to (3.8) can be written as

L'X"=¢X' with B'X'=0 aty==1/2, (3.14)

where X' (y) = (¢'(y), u' (), v’ (), w (), TT(»)"" is the adjoint eigenfunction and the
elements of adjoint operator L' are given in appendix B. It has been verified that
the adjoint boundary conditions are the same as the boundary conditions of the linear
problem (B" = B).

The eigenvalues of the adjoint problem (3.14) are complex conjugates of the
eigenvalues of the linear eigenvalue problem. The set of linear eigenvectors are
not always orthogonal. To solve the inhomogeneous set of equations of the linear
problem, we need to find a set which is orthogonal to all the eigenvectors except one
(Eckhaus 1965) and this is called the bi-orthogonality condition. Equation (3.12) can
be simplified by using (3.8) and (3.14) to arrive at:

(” — X, X)) = 0. (3.15)
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Therefore, the bi-orthogonality condition is
(X0, X)) = 8, (3.16)

where §; is the Kronecker delta.

4. Weakly nonlinear theory for 3D perturbations

The weakly nonlinear stability theory (Stuart 1960; Watson 1960; Reynolds & Potter
1967; Shukla & Alam 2011a,b) is built around the Fourier decomposition of the
linear/basic wave as defined in (3.7) that accounts for the finite size of the perturbation.
Information about the amplitude and phase of the infinitesimal-amplitude wave can be
separated by rewriting (3.7) as

X(x,y, 2, 1) = XU (y)ecrelherthiston, @.1)
such that
at+iw=c 4.2)

is the complex eigenvalue [a = Re(c) and w = Im(c)] of the linear problem (3.8), and
X1 = X is the linear eigenfunction or the fundamental mode. In (4.1), the first (real)
exponential e” represents the time-dependent amplitude and the second (complex)
exponential represents the phase of the basic wave.

The following theoretical analysis for 3D perturbations is an extension of our
previous analyses for one-dimensional (Shukla & Alam 2011a) and 2D (Shukla &
Alam 2011b) perturbations. The analysis holds fairly generally for the nonlinear
stability of any steady base flow of granular materials (plane Couette flow, plane
Poiseuille flow, inclined chute flow, granular convection, etc.) under 3D finite-
amplitude perturbations, which is described by Newtonian constitutive models with
homogeneous and time-independent boundary conditions. Here we outline only a brief
sketch of the underlying procedure to arrive at: (i) the Landau equation; (ii) the
expressions for the Landau coefficients; and (iii) the related differential equations for
the modal amplitudes of finite-amplitude perturbations.

4.1. Transformed nonlinear equations

The finite-amplitude of the perturbation in nonlinear stability is taken to be the
counterpart of the real exponential term in (4.1): let A(f) be the real amplitude
of a finite-size perturbation such that A(f) = e holds for infinitesimal-amplitude
perturbations (as in linear theory). Moreover, the frequency of the basic wave, w,
is allowed to depend on the amplitude of perturbation, i.e.

w=w(A®)). 4.3)

Therefore, both the growth rate and the frequency of nonlinear perturbations change
with the finite size of the perturbation. These two facts are embodied in the following
transformation for 3D perturbations (Reynolds & Potter 1967):

Ox,z,w, ) =kx+kz+0O(w, 1), O, t)=w@A)t, A=A, y=y, 44

which implies that

- 45
or - o YT (4.5)

30 90 do ( dA
dr ) -


https://doi.org/10.1017/jfm.2012.549

https://doi.org/10.1017/jfm.2012.549 Published online by Cambridge University Press

358 M. Alam and P. Shukla
Using (4.4), the time and spatial derivatives in the (6, A, y)-plane can be written as

d dA o 00 0
[EEEEEN 77_’_77’
ot dr 0A at 00

9 9> 9 9* 9 0° a ,9* 9 0o° a9
) 5 ) 5 ) - kx ) kx ’ ) ) kz ’ k . (4'7)
ox 0x2 dy 0y* 0z 07> 960" 1002 3y 9y* 90 <062

Equation (4.6) reveals the underlying two-time-scale ansatz of the Reynolds—Potter
transformation (4.4): the first and second terms in (4.6) represent slow and fast time
scales, respectively. In other words, while the perturbation amplitude A(¢) is a slowly
varying function of time, its phase (8 ~ ® and d®/dt ~ w) is a rapidly varying
function of time. Therefore, our adopted approach for weakly nonlinear theory is
equivalent to the well-known multiple-scale analysis of perturbation theory.

As an illustration of the above transformation (4.4), let us consider the nonlinear
perturbation equation for the balance of mass:

(4.6)

¢’ 009 00 0OV o ow' d(op'u') 8(¢/v’) o(p'w)
- _ - . 4.8
ot [ ax + qﬁ + oy y 0z ox ay + 0z (48)
This equation is transformed, using (4.6)—(4.7), into
dA 9 00 0
—_——t —— L'x ! 49
(dt8A+ ot 80)¢ N (49)

where £! and AN represent all linear and nonlinear terms, respectively, having
following forms:

9 9 9 9
L£'x = —-ulk,—, —¢%,—, —¢°—, —¢°%k,—, 0 | X, 4.10
( Whigg 0 kg PGy TP kg (4.10)
9 3¢’ WAy w 3¢
N =k |2 22 2 2 o 2
06 " 8 ay oy 36 26

The rest of the equations are transformed accordingly. All five transformed nonlinear
perturbation equations can be written compactly in operator form:

M—-LIX=N(X,...,X), (4.12)
where
L=L0, % 8,02 9% ..)= (L', L3 L, L )" (4.13)
is the linear stability operator,
dA o 00 9
04, 0p; @) = | —— — 4.14
M(34. %: @) [dtaA—I—BtaG] (414)
is a diagonal operator and
N = WL NN N NS (4.15)
is the nonlinear operator. In (4.9)—(4.11), (4.13) and (4.15), the superscripts
1,2,...,5 refer to terms originating from the continuity, x-momentum, y-momentum,

z-momentum and granular energy equations, respectively.
Note in (4.12) that all perturbation hydrodynamic fields, X(y, A, ), now depend on
three independent variables: the wall-normal distance (y), the amplitude of perturbation
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(A) and the instantaneous position in the cycle of the basic wave [0 = 0(x, z, w, 1)].
Following previous works (Stuart 1960; Watson 1960; Reynolds & Potter 1967; Shukla
& Alam 2011a,b), we separate out harmonic components of all perturbation fields by
assuming a Fourier expansion in 6:

X, A,0)=XP(y, A" + XO(y, A)e™, (4.16)

where the summation is taken over all positive integers k > 0. '
Substituting (4.16) into (4.12) and collecting the coefficients of e*?, we obtain
an infinite set of coupled nonlinear partial differential equations for each Fourier

amplitude X® (y, A) = (¢®©, u®, v®, Wk, T®)™:

(M — LOXP =N, ..., X =Ny, 4.17)
where the linear operator for the kth Fourier mode is
Tr
Li=L (8,07, ik, —k* 8", ...) = (Ly L3, L3y L3 £7) (4.18)

the corresponding diagonal operator M, is

dA 0 00 .
+ ik| 1
dr 9A ot

and the nonlinear operator for the kth Fourier mode is
Tr
Nw=N (8,,8;, ik, =k* ¢°,...) = (N, NGy, Nops Mgy, Noy) - (4.20)
The boundary conditions are accordingly transformed into
BX® =0 aty==41/2. 4.21)

To illustrate how (4.17) is arrived at, we focus on the mass balance equation (4.9)
which, upon using (4.16), takes the following form:

M= M0y, 1k; w) = [ (4.19)

dA o 8@
® _ ® 1
<dt8A+ o >¢ LiXO + N, (4.22)
where the left-hand side represents one diagonal element of M, and
a
L;X® = (—ulikk,, —¢ ikk,, _¢057y’ —¢likk., 0)X®, (4.23)
ik, I _
N = i [¢<k Diu® 1 GO (k + D — &+ 0
Uk ? 4 79 (k4 jop®H — y*+D ¢(1>}
. i
1 ¢<k—;) 2 0V ey 907
1+ ~+ ko dy dy
. -
1yl dp? ¢( ) +v(k+j)a¢(l)
dy dy dy
ik,

- [¢<k Diw® 4 O (k 4wk — &0
kO

wkDjg® 150 (k4 jo®H — W<k+;>]¢<n} (4.24)
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The factor 1/(1 4 8;9) in (4.24) arises from the product of two Fourier series in
which the zeroth-order terms are multiplied by a factor 2; the summation over the
dummy index j (=0) is implied (Einstein’s convention). Recall that the superscript and
subscript k in (4.17)—(4.22) refers to a specific Fourier mode (k > 0) as defined in
(4.16); other related details on superscript notations are given in § 4.3.

4.2. Power-series expansion and Landau equation

To make progress in solving the infinite set of partial differential equations (4.17),
which are nonlinearly coupled, we focus on small-amplitude (but finite) waves such
that a power series solution in the real amplitude A(f) can be sought (Stuart 1960;
Watson 1960):

XPA@),y) =A"0OX* " (y)  withk>0,n>1, (4.25)
where
X[k;n] (y) — (¢[k;n]’ u[k;n]’ v[k;n]’ W[k:n]’ T[k:n]>Tr (4.26)

represents the vector of spatially varying amplitude functions. Equation (4.25) is
simply a Taylor series expansion in perturbation amplitude which helps to decouple
the coupled system of nonlinear equations (4.17). In the dual superscript notation for
X%l in (4.25), the first index (k) refers to a particular Fourier mode and the second
index (n) indicates the order of a particular term as O(A"). See §4.3 for rules on
superscript indices and different types of brackets/limiters.

It is evident from (4.22) that we need to postulate about the time derivatives of
perturbation amplitude A and its frequency ©. We expand A~'(dA/df) as a power
series in A:

dA
A715 =ad? + AV + A%4? + ... =A™, 4.27)
since the solution of the linear part of (4.27) yields A(r) ~ edt (with a® = a being
the real part of eigenvalue (growth rate) of the linear stability problem) as in linear
theory that must be recovered for waves of infinitesimal-amplitudes A — 0. Similarly,
we can expand 0 /0t as
RIC do [ dA
= — (t— ) =9 + AP + AP ... =AD", 4.28
9 0t ( dt) - ABY + A% + (4.28)
such that the frequency of the linear eigenvalue is recovered (i.e. b© = w) in the limit
of A— 0.
Equations (4.27) and (4.28) are combined to yield the well-known Landau equation
for complex amplitude A=A exp(i® (¢)):

dA
dr

=AU+ DA+ OA 4 ..., (4.29)

where
" =a™ 4+ ip™ (4.30)

are called Landau coefficients. It is worth pointing out that the Landau equation is
postulated to hold in the amplitude expansion method (Stuart 1960; Watson 1960) in
contrast to the centre manifold reduction (Carr 1981) wherein the Landau equation
is derived from the evolution equation of the slow mode by taking its inner product


https://doi.org/10.1017/jfm.2012.549

https://doi.org/10.1017/jfm.2012.549 Published online by Cambridge University Press

Nonlinear stability of three-dimensional granular plane Couette flow 361

with the adjoint linear eigenfunction (Shukla & Alam 2009). This is one of the
main differences between the direct method of centre manifold reduction and the
indirect method of the amplitude expansion technique as employed in this paper. It
was demonstrated by Shukla & Alam (2009, 2011a) that the first Landau coefficient
obtained from the centre manifold reduction technique (Shukla & Alam 2009) exactly
matches that obtained from the amplitude expansion technique (Shukla & Alam 2011a)
for the gradient-banding problem. It has been verified that the above conclusion holds
also for the general case of 3D perturbations.

4.3. Modal equations for the kth harmonic at O(A"): X"
Inserting (4.25), (4.27) and (4.28) into (4.22) and equating the coefficients of A", we
obtain modal equations for ¢*™!:
(ma" ™™ + ikb" )" = L X" + Ny, | (4.31)

where
. d _
Lix%hn = (—uoikkx, —¢ikk,, —¢°CT, —pVikk,, 0) Xxthn, 4.32)
y

and

ik, U s i
/:n — _ X [¢[k—1,n—m]]u[/,m] _|_¢[/,n m](k _,_J)u[kﬂ,m] _ (p[k-kl,n ]]u[/, 1
1+ &0
_i_u[k*j;nfmlj(b[i;ml 4 ljt[i;nfml(k +j)¢lk+j;ml _ ulk+j;nfmlj¢~5[i;ml]
[jsm] [k+j;m] ~[jym]

__ 1 dv™ 4 U dv™ t plktinml dv

1 + ko dy dy dy
jym] [k+j;m] 7 1jim]
v[k*j;nfml d¢[/ + plian—ml d¢ " 4 U[k+j;n7ml dd)u
dy dy dy

[ lk—jsn—m)]

+

ik,
1 + &0
_l_w[k—j;n—m]jd)[i;m] + wlin—ml (k +j)¢[k+j:m] _ w[k-hi;n—m]jd;[/’;m]]' (4.33)

[¢[k7j:n7m]jw[j;m] 4 d;[j:nfm] (k +j)W[k+j;m] _ ¢[k+j;n7m]jv~v[j;m]

In (4.33), Einstein’s summation convention is implied for dummy indices j and m. To
change the second index of ¢®™ on the left-hand side of (4.31) from [k; m] to [k; n]
as well as to simplify algebraic manipulations of modal equations, we now adopt a set
of rules to specify the superscript and bracket notation as in our previous work (Shukla
& Alam 2011a,b):

mM)y=n=>0, [nl=n>1 and {n}=n>2, (4.34)

where the type of bracket/delimiter, () or { } or [ ], determines the lower bound on its
index. For the latter two brackets, the following dual-index notation is adopted:

[k;n]=k=>0, n=>1, (4.35)
{k;ny=k>1, n>=2, (4.36)
where the first index (k) is bounded by the second index (n), i.e. n > k. For the

dual-index notation too, the lower bound on any index, which is greater than or equal
to zero, depends on the type of bracket/delimiter as in (4.34).
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Following index notation (4.34)—(4.36), the left-hand side of (4.31) can be rewritten
. (ma(n—m) 4 ikb(n—m))¢[k:m] — (na(o) 4 ikb(o))¢[k;”] 4 (ma[”_m] 4 ikb[n—m])¢[k;m]
— (na(()) + ikb(o))(b[k;n] + (a[n—l] + ikb[n—l])¢[k:1]
+ (ma["_m] + ikb[”_m])(]ﬁ{k;m}
— (na(O) + ikb(o))qb[k;”] + (a[nfll + ib[nfll)(b[l:l](gkl
+ (ma" ™" 4 ikt (4.37)
Now substituting (4.37) into (4.31) and rearranging terms, we obtain:

(na(O) + ikb(()))d)[k;n] _ Lllcx[k;n] — _(a[n—l] + ib[n—l])¢[1;1]5kl
1

E
_ [n—m] ikpl—mly g tkim) _ Thkn F! , (4.38
(ma +i )™ + (1 6:0) + Fy» (4.38)

where E, refers to quadratic nonlinearities in the mass balance equation such that

E,, =N, (1 + 84), (4.39)

and F) refers to additional nonlinear terms that involve cubic- and higher-order
nonlinearities and is zero for the mass balance equation (i.e. F,ln = 0). The other
four perturbation equations are similarly reduced to the form (4.38), except that the
cubic- and higher-order nonlinearities are non-zero for momentum and granular energy
balance equations.

Combining all five perturbation equations of the form (4.38), we obtain an infinite
set ofT inhomogeneous equations for modal amplitude X% = [glknl ylknl ylknl -y lknl
le;nl] :

L, X" = = 1XUs + Gy, (4.40)
where L, is a linear operator given by
Ly, = (na” +ikb®) 1 — Ly, (4.41)
L= L0, —d,, 3] — d}, ik, =k, ¢°,...), (4.42)
the Landau coefficients are denoted by c"~!! = gl"~!! 4 ipl"=11 and
Gin = (Gl G, Gy, Gl Go)
= — (ma"™" + ikp!") X1 4 T ika —+ Fia (4.43)

represents a sum of linear and nonlinear (£, and Fj,) terms. The expression for
Fi, = (0, F%,F3 F* F3)" involves the product of three or more Fourier series
and has been obtained following a similar procedure to that we have illustrated for
the expression for E; ((4.33) and (4.39)). The above system of equations (4.40) is
supplemented with the following boundary conditions

BX'"" = diag(0, 1, 1,d,, d)X"" =0 aty==%1/2. (4.44)

Equation (4.40) with boundary conditions (4.44) must be solved to analyse the
nonlinear stability of granular Couette flow that also involves the solution for Landau
coefficients. It is straightforward to verify that G;, =0 when (k 4+ n) is odd, and
hence c!"~!! vanishes for even n =2, 4,6, .... The non-zero Landau coefficients appear
in the modal equations for the distortion to the fundamental mode at odd-orders in
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o) — 04— 04— 0A@H— 0@ —

Xx10:2] x10:4]
xis1 C[Z]’X[lﬁ] 0[4],X“;5]
Xx12:21 x12:4]
X[3:3J X[3:5J
X144

TABLE 1. Ordered sequence of modal amplitude functions (X"1) and Landau coefficients.

perturbation amplitude:
Llnxll;n] = _n—Hxlhn] + Gy,. (4.45)

With the assumption of small growth rate, the solvability condition for (4.45) yields
the following expression for Landau coefficients (Shukla & Alam 2011a,b):

12
+ / XTGln dy
C[nill — a[n,“ + ib[n,“ — (X ) Gln) — -1/2

Xt X1 1z ’
( ) / xixtti gy

1/2

(4.46)

where X' is the complex conjugate of the adjoint eigenfunction as defined in (3.14).

5. Numerical schemes for three types of problem

In §4, we have reduced the nonlinear stability problem (3.4) to a sequence of
linear inhomogeneous differential equations (4.40) for X'*" and each of which can be
solved sequentially if we know the Landau coefficients c"~!! along the way. Table 1
shows the ordered sequence of harmonics that must be calculated at different orders
in perturbation amplitude. For example, to calculate the first Landau coefficient ¢®,
we need to evaluate: (i) the fundamental mode X!:!; (ii) the distortion to the mean
flow X'%2I; and (iii) the second harmonic X'*?!. The evaluation of: (iv) the distortion
to the fundamental mode X'"*3!; and (v) the third harmonic X3! completes our work
up to cubic-order, see table 1. In a companion paper on vorticity-banding instability
(Shukla & Alam 2012), we also evaluated the second Landau coefficient ¢ that
requires solutions of all harmonics up to quartic-order O(A*), see table 1; however,
that problem has been tackled analytically.

A spectral-based numerical method has been developed to solve the modal equations
(Shukla & Alam 2011a,b) which has been modified to account for 3D perturbations in
the present paper. Depending on the particular choice of the index values in (4.40), we
can divide the numerical method into three categories:

(i) type-1 problem: k=n=1;
(i1) type-2 problem: k # 1 and n > k;
(iii) type-3 problem: k=1 and n > 1.
While the type-1 problem corresponds to a differential eigenvalue problem, the type-2
and type-3 problems involve solutions of inhomogeneous differential equations with or

without solvability condition (4.46). A brief description of the numerical scheme for
each of these problems is given below.
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5.1. Type-1: generalized eigenvalue problem LX = c KX
Substituting k =n = 1 into (4.40) we get a generalized differential eigenvalue problem

L, (di, dy; ) Xt = O xth (5.1)
which must be numerically solved along with homogeneous boundary conditions:
Bx'"!" = diag(0, 1, 1,d,, d )X =0 aty==41/2. (5.2)

The solution of (5.1)—(5.2) yields the linear eigenfunction X':!! and the corresponding
eigenvalue ¢©. The adjoint system of differential equations (3.14), which is of
the same form as (5.1), must also be solved simultaneously to obtain the adjoint
eigenfunction X' and its adjoint eigenvalue.

All five ordinary differential equations of (5.1) have been discretized along the
y-direction by implementing the staggered-grid spectral collocation method that uses
Chebyshev polynomials (Canuto et al. 1988; Alam & Nott 1998; Shukla & Alam
2011a) as basis functions. More specifically, the mass balance equation is collocated at
Gauss points:

I\ =
€j+1/2=COS <]+ 2) M, _]=0,M—1, (53)
which are the zeros of the Chebyshev polynomial of degree M, denoted by 7y (§).
Note that the Gauss points (5.3) do not include two boundary points and hence we do
not need to implement any ‘artificial’ boundary condition for density (Alam & Nott
1998). On the other hand, the momentum and granular energy equations are collocated
at Gauss—Lobatto points:

& = cos <§;) where j=0,..., M, 5.4

which are the extrema of the Mth-order Chebyshev polynomial. The physical
domain in the present problem is (—1/2,1/2), thus we assume a transformation
& =2y e (—1,1) which transforms the variables from the physical grid (y) to the
spectral grid (§).

The unknown variables are next expanded in terms of Chebyshev polynomials of
degree M, subject to the constraint that the error is exactly zero at collocation points.
This is equivalent to expanding the unknown variables in terms of their values at the
collocation points via the respective Lagrange interpolation polynomials. Therefore the
unknown variables at Gauss and Gauss—Lobatto points can be represented by

M—1

$E) = GiE)Er1)), (5.5)
j=1
M

f& =) FEfE), (5.6)
Jj=0

respectively, where the interpolation polynomials are

(=1 /(A = E)Tu(®) 57)

M(E - &) ’

Gié) =
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(="' (1 - £)T,(8)
CjM 2 - Sj)
with ¢o=cy =1 and ¢, =2 for 0 <j <M and 7,(¢§) =d7,(&)/d&. Note that
Gi(&cr12) = 8 and Fi(§) = 8 as required by the constraint imposed in the
collocation scheme. The derivatives of unknown variables are similarly obtained by

differentiating (5.5)—(5.6).

In the discretized continuity equation at Gauss points, the density field is represented
at Gauss points [i.e. ¢(&41,2)], but the other variables (velocities and granular
temperature, which are also represented at Gauss points) must be transferred to
Gauss—Lobatto points, i.e.

(l/l, v, w, T)(SH—I/Z) - (M, v, w, T)(E]) (59)

Similarly, the discretization of momentum and energy equations at Gauss—Lobatto
points requires the density field to be transferred from the Gauss—Lobatto points
to Gauss points [i.e. ¢(§) — ¢(§112)]. To achieve this transfer of variables in
the staggered-collocation scheme, we need to construct interpolation polynomials
from Gauss variables to Gauss—Lobatto variables and vice versa via the following
transformation:

Fi€) = , (5.8)

M-1

¢E) =Y PiE)GE i) fork=0,..., M, (5.10)
j=0
M

fEp) = Q&) §) fork=0,....M—1. (5.11)
j=0

Here P;(&;) is the interpolation matrix (of order M by M — 1) from Gauss point to
Gauss—Lobatto point and Q;(&;11,,) is the interpolation matrix (of order M — 1 by M)
from Gauss—Lobatto point to Gauss point as given by:

(CROARRVACEE 55
M(& — &)

(_1)k+j+1 1— 52
V el (5.13)
CjM(§k+1/2 - §j)

Using the above spectral discretization scheme, the differential equations of the
eigenvalue problem (5.1) are transformed into a generalized matrix eigenvalue
problem:

Pié) = , (5.12)

Qi(€ry12) =

LX = VKX, (5.14)

where L and K = I are square matrices of order (SM + 4), with M being the degree of
the Chebyshev polynomial, and

X = (¢(Ej2). u(E). v(ED). wED. T(E)) . (5.15)

with j=0,...,M — 1 and k=0, ..., M, is the discrete representation of the linear
eigenfunction X1, We have chosen the second to fifth and (5M + 4)th to (5M — 1)th
rows to enforce the velocity [(#, v, dy,w) =0 at y & 1/2] and the heat flux [d,7 =0 at
y = =%1/2] boundary conditions. The rows of matrix K that corresponds to boundary
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conditions contain zeros and hence this matrix is singular. The singularity of K
has been removed by using row and column operations that reduce the rank of the
matrices L and K. The resultant order of the matrix eigenvalue problem is (SM — 4)
which has been solved by the QZ-algorithm of MATLAB software.

5.2. Type-2: solution of AX = b

The general form of the equation for k ## 1 and n > k )namely (4.40)) can be written
as Ly, X" = Gy, which at O(A?) leads to two equations:

Ly (&, dy;...) X% = Gy (d, dy; X1, XM (5.16)
Ly (4}, dy;...) X% = Gy (d], dy; X151, XIE1T) (5.17)

for the distortion to the mean flow (X!%2) and the second harmonic (X*?)),
respectively, which are needed to calculate the first Landau coefficient (see table 1).

Each of the above inhomogeneous systems of ordinary differential equations
(5.16)—(5.17) is discretized using the same staggered-grid spectral collocation method
as explained in § 5.1: the continuity equation is evaluated at Gauss points and the other
equations are at Gauss—Lobatto points. The resulting set of algebraic equations along
with boundary conditions can be put into the form:

AX = b, (5.18)

where X is the discrete version (5.15) of the respective modal amplitude function
(X121 or X1221). Owing to the global nature of the spectral scheme, the coefficient
matrix A is dense, unstructured, unsymmetric and ill-conditioned. We have employed
the method of singular-value decomposition (Trefethen & Bau 1997) to solve (5.18)
for all cases.

5.3. Type-3: solution of AX =cX + b
The general form for the type-3 problem is given by

AX=cX+b (5.19)

that results from (4.40) for k=1 and n > 1, leading to (4.45). Here the first part
of the computations is related to evaluating the first Landau coefficient ¢® that
involves the ratio of two definite integrals as defined in (4.46). These integrals are
evaluated using a Gauss—Chebyshev quadrature scheme which is simply the standard
Gaussian quadrature that uses Chebyshev polynomials as interpolating polynomials.
More specifically, we first calculate each integrand at Gauss—Lobatto points and then
take the weighted summation using the following quadrature formula:

172

1 [ 1 &
fydy=3 / S =7 > wEE), (5.20)
. yan

—1/2

where the mapping & = £(y) = 2y has been used to transform the physical domain
ye(—=1/2,1/2) to the Chebyshev domain & € (—1, 1). The spectral weights w(&;) are
given by Shukla & Alam (2011a):

w(s,)—{2+z ;r_(az) cos <°;{;)} (5.21)

where by = by =1/2 and b; =1 for 1 <j < M. It has been verified (Shukla & Alam
2011a) that the Gauss—Chebyshev quadrature converges with much fewer grid points


https://doi.org/10.1017/jfm.2012.549

https://doi.org/10.1017/jfm.2012.549 Published online by Cambridge University Press

Nonlinear stability of three-dimensional granular plane Couette flow 367

than the conventional (Simpson and trapezoidal) quadrature formula. The spectral
accuracy of the Gauss—Chebyshev quadrature scheme (Canuto et al. 1988; Shukla &
Alam 2011a) is responsible for its superior convergence.

After calculating the first Landau coefficient @ the equation for the distortion to
the fundamental mode (4.45) with k=1 and n = 3 can be put into form

(Lis + 1) X" =Gy, (5.22)

which comprises second-order ordinary differential equations that, upon spectral
discretization using formulae as in § 5.1, takes the form of the type-2 problem, AX = b,
as discussed in § 5.2. The numerical solution of (5.22), along with the third harmonic
from L3;X*3 = Gs3, provides the complete solution of the nonlinear stability problem
up to cubic-order O(A®) (see table 1).

6. Analysis of the cubic Landau equation: bifurcation and nonlinear patterns
6.1. Equilibrium amplitude and the nature of bifurcation

Separating the real and imaginary parts of the complex Landau—Stuart equation (4.29)
at cubic-order, we obtain

dA
i aVA+a® A%, (6.1)
de do ( dA

—=w+— (1= | =00 +bPA% 6.2
T a ( dt) + 6.2)

The equilibrium amplitude, A(f) = A,, is obtained by substituting dA/df =0 in (6.1)
which yields a trivial solution, A, = 0, that represents the uniform shear base flow, and
two nonlinear solutions with finite amplitudes

a©®

It is clear that the equilibrium solution (6.3) exists if and only if a©® and a®
have opposite signs. Therefore, for the subcritical (a® < 0, i.e. stable according to
linear theory) and supercritical (a® > 0, i.e. linearly unstable) flows, the equilibrium
amplitude exists if the real part of the first Landau coefficient is positive (a® > 0)
and negative (a® < 0), respectively. In the supercritical regime, the linearly unstable
uniform shear flow bifurcates at some threshold/critical value of the control parameter
and gives birth to two stable nonlinear states (6.3) above the critical parameter. On
the other hand, the linearly stable uniform shear flow in the subcritical regime coexists
with two unstable nonlinear solutions (6.3) below the critical parameter; the related
stable nonlinear solutions can be obtained from the quintic-order Landau equation that
requires the calculation of second Landau coefficient.

Corresponding to cubic-order equilibrium amplitude (6.3), the equilibrium frequency,
see (6.2), is given by

w=w(A®l) =b? + bPAZ. (6.4)

The nature of bifurcation depends on the numerical value of this frequency term; two
types of subcritical/supercritical bifurcations can be classified: (i) pitchfork/stationary
bifurcation if #© = 0; and (ii) Hopfloscillatory bifurcation if b = 0. For the latter
case of Hopf/oscillatory bifurcations, the solution trajectory in phase space represents
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stable/unstable spirals (i.e. attractor/repeller), leading to stable/unstable limit cycles,
respectively (Shukla & Alam 2011b).

Since the nonlinearities modify the frequency of perturbation, its phase velocity also
changes. The equilibrium ‘nonlinear’ phase velocity can be defined as

b2
A _ 2 e (6.5)

Y= —————=Cpp — ,
N e =) R (= =)
where c,, = —b” //(k} + k) denotes linear phase velocity. Note that ¢, = ¢, = 0 for

pitchfork bifurcations since »® = 0 = b® for stationary modes.

In this paper, we restrict our calculations to only the first Landau coefficient which,
of course, does not provide stable equilibrium solutions in the case of subcritical
bifurcations. To obtain stable equilibrium solutions for the flows having subcritical
bifurcations, we should calculate higher-order Landau coefficients which is beyond the
scope of this paper (see, however, the companion paper on nonlinear vorticity banding
Shukla & Alam 2012 that reports the second Landau coefficient by retaining up to
quintic-order terms, which is tackled analytically).

6.2. Nonlinear stationary and travelling wave patterns and symmetry

At cubic-order in perturbation amplitude O(A®), the expression for the nonlinear
disturbance field X (A, 6, y) can be written as

X=A2X[();2] + [(AX[I;I]eiQ +A2X[2;2]ezie +A3X[1;3]ei9 _|_A3X[3;3]e3i9) +C.C.]
=A’X1% 424 [X[" 1 cos 6 — X! sin 0] + 247 [X[*? cos 26 — X1#? sin 26
+24° [X!" T cos 6 — X! sin 6] + 247 [X1¥¥ cos 30 — X[ sin 36 (6.6)

r

where X1 x(0:21 0 x(2:21 - ¥(131 apnd X331 are the fundamental, the distortion of the
mean flow, the second harmonic, the distortion of the fundamental and the third
harmonic, respectively; the subscripts » and i refer to the real and imaginary parts
of the vector-valued complex function X" respectively. Using #-transformation (4.4)
with =0 in (6.6), we finally obtain

X(x,y,z,t=0) = A’X'%7 + 24 [XI"Y cos(kox + k,2) — X! sin(k,x + k.2)]

+2A% [ X% cos 2(kox + k.z) — X7 sin 2(kx + k.2)]

+24° [X£1;3] cos(kox + k.z) — X" sin(k,x + kzz)]

+2A% [XP¥ cos 3(kx + k.2) — X sin3(kox + k:2)] (6.7)

= A2X1021 4 24 [Xll;” cos 2m(x* + %) — X" sin 2w (x* + Z*)]

+ 242 [X?‘zl cosdm(x" + ") — Xl.[M] sin4m(x" + z*)]

+24° [X£1‘3] cos 2m(x* + z*) — X! sin 2w (x* + Z*)]

+2A% [XP cos 6mu(x* + 2) — X sin6n(x* + 2] (6.8)
where k, = 2n/A, and k, = 2m/A, and X, and X, are the wavelengths in the x- and
z-directions, respectively;

Y= and 7=-— 6.9)
A A

X Z
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0<e< Restitution coefficient
¢° Mean density (volume fraction of particles)
h
H== Couette gap (i.e. the gap between two moving plates in terms of particle
d diameter)
2 .
k., = ™ Streamwise wavenumber
X
2 .
k, = - Spanwise wavenumber

Z

@ =a9 +ip®  Linear eigenvalue, (3.7), (4.29), (5.1) and (5.14)
=g +ip?  First Landau coefficient, (4.46)

A(t) Amplitude (real) of perturbation, (4.3), (4.27) and (6.1)
A, Equilibrium amplitude of perturbation, (6.3)

Co Equilibrium phase velocity, (6.5)

M Degree of Chebyshev polynomials, (5.3) and (5.4)

TABLE 2. Summary of control and flow parameters.

are the normalized x- and z-directions, measured in terms of the corresponding
wavelength, respectively. Note that (6.8) remains invariant under the transformation
x*— 7 and z* — x*, i.e. (6.8) is symmetric in x* and z*. Because of this symmetry,
the patterns look the same in both the (y, z*)- and (y, x*)-planes as observed from fixed
x- and z-locations, respectively. Therefore, all patterns are shown in the (y, z*)-plane at
fixed x-locations.

6.3. Control parameters

There are five control parameters in this problem as summarized in the first five rows
of table 2. Among these five control parameters, three parameters, H, k,, k,, depend
on the geometry (dimensions) of the system; the other two, ¢° (mean density) and e
(restitution coefficient), are related to the state of the system and the properties of the
material, respectively. The wavelengths corresponding to two wavenumbers &, and k.,

A,
=2 and a== (6.10)

set the streamwise (I, = A,) and spanwise (I, = X.) lengths of the Couette cell. In other
words, if an instability exists for a specified combination of k, and k, (with a fixed
Couette gap of H, i.e. the height of the Couette cell is specified), the dimensions of
the Couette cell must satisfy [,/h > A, and [,/h > A, to accommodate this instability
(for example, in particle simulations).

For numerical calculations with the spectral method, we have used Chebyshev
polynomials of varying degrees M = 50-150 (i.e. the number of Gauss collocation
points) that were found to be sufficient to obtain converged values for the eigenvalue
and the first Landau coefficient. These are time-consuming calculations, and hence
we have not done an exhaustive parametric study. Instead we followed our previous
work (Alam 2006; Shukla & Alam 2011b) and chose four combinations of (¢°, H)
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Instability Form of perturbation Authors
d
Pure transverse (gradient banding) —()#0, k., =0 Shukla & Alam
dy (2009, 2011a)
ad
2D long-wave stationary and —()#0, k,~0 Shukla & Alam
travelling dy (2011b)
0
2D dominant stationary and —()#0, k., ~0(Q) Shukla & Alam
travelling dy (2011b)
a
Pure spanwise (vorticity banding) —()=0, k. =0, Shukla & Alam
dy (2012)
k,#0
a
Three-dimensional (3D) —()#0, k. #0, Alam & Shukla
dy (2012); this
k. #0 paper

TABLE 3. Summary of instabilities in granular plane Couette flow.

that represent five types of instability modes in this flow and probed the effect of 3D
perturbations on the resulting nonlinear states as discussed in the following section.

7. Results and discussion: 3D nonlinear states from pitchfork and Hopf
bifurcations

As mentioned in the introductory section, the nonlinear states and patterns in 2D
granular plane Couette flow have been probed by us (Shukla & Alam 2011b) recently.
Table 3 summarizes all types of linear instability modes in this flow, along with the
specific form of perturbations. Depending on the value of streamwise wavenumber
(k,), the instabilities in 2D flows can be classified as: (i) gradient-banding instability
(k, = 0, i.e. the perturbations are allowed only along the transverse (y) direction
and hence they are called pure transverse perturbations) which is responsible for the
banding of particles along the gradient/transverse (y) direction; (ii) stationary and
travelling waves at k, ~ 0 (long waves) whose origin is tied to the gradient-banding
instability; and (iii) dominant stationary and travelling waves at k, = O(1) having the
largest growth rate among all instabilities. While the gradient-banding instability arise
from 1D perturbations, the latter two are 2D instabilities since they originate from 2D
perturbations. The effects of 3D perturbations (k, # 0) on these linear instability modes
(Alam 2006) are briefly recalled at the beginning of §7.1 from the linear stability
viewpoint.

We would like to emphasize that the instabilities of granular plane Couette flow are
specific to inelastic systems (e # 1) as demonstrated by Alam & Nott (1998) and Alam
(2006) for 2D and 3D perturbations, respectively. Although the incompressible plane
Couette flow (Drazin & Reid 1981) is known to be linearly stable at all Reynolds
numbers (but there are finite-amplitude solutions that bifurcate from Re = 00), its
compressible counterpart (i.e. the plane Couette flow of a gas of elastic hard spheres)
supports acoustic instabilities at supersonic Mach numbers (Malik, Alam & Dey 2006;
Malik, Dey & Alam 2008), provided the Reynolds number is very large (Re > 10°).
The compressibility of the fluid is primarily responsible for these instabilities, and the
underlying family of instability modes are called Mack modes (Mack 1984). We can
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define an effective Reynolds number for our granular Couette flow problem:

i
Rez""%zm,/ﬁ/fg, (7.1)

where H = h/d is the scaled Couette gap, and f> and f; are related to shear viscosity
and collisional dissipation (see appendix A), respectively. Note that the shear rate
is scaled out of Reynolds number (7.1) since the granular temperature depends
quadratically on the shear rate in a shear flow. We have checked that Re = O(10*) or
less for the range of parameters investigated in this paper; moreover, the Mach number
belongs to the subsonic regime, ruling out the possibility of acoustic instability in
granular Couette flow. Therefore, the Mack modes of the related elastic compressible
Couette flow remain stable in our inelastic system, and all instabilities discussed below
belong to inelastic (e # 1) plane Couette flow and vanish in the perfectly elastic limit
(e=1).

In the rest of this paper, we focus on the effect of 3D perturbations on the
nonlinear stability, bifurcation and the resulting patterns for each of the above 2D
instability modes as detailed in §§7.1 and 7.2 for moderately dense (¢° = 0.2) and
dense (¢° = 0.4) flows, respectively. In addition, we probe the nonlinear saturation of
two specific 3D instability modes (Alam 2006) in dilute (¢° < 0.1) flows that have
no analogue in 2D flows as detailed in §7.3. For all instability modes, we have
attempted to characterize the 3D motion on the cross-stream plane in terms of the
fixed/critical/stationary points of the underlying flow field.

7.1. Three-dimensional perturbations at moderate density (¢° =0.2)

Figure 2(a) displays the zones of instability in the (k,, k,)-plane (grey-shaded regions)
for a moderate mean density ¢’ = 0.2, with a Couette gap of H = 100 and the
restitution coefficient of e = 0.8. (This parameter combination was extensively probed
by Shukla & Alam 20115 for nonlinear stability against 2D perturbations.) Note that
the 2D perturbations correspond to the (k, = 0)-axis in figure 2(a). There are two
‘hills’ of unstable regions above the (k, = 0)-axis: one around k, ~ 0.55 and the other
around k, ~ 0.95 representing stationary and travelling waves, respectively (see below).
The outer boundary of each hill represents the contour of zero growth rate (i.e. the
neutral/critical contour), and the growth rates are positive (negative) inside (outside)
the neutral/critical contour. It may be noted that out of (SM + 4) eigenvalues of (5.14),
where M is the number of Gauss collocation points or the degree of the Chebyshev
polynomials, we have considered the growth rate of the least-stable mode which is
defined as the one having the maximum growth rate for given values of k, and k:

a” =maxa®. (7.2)

In the following, we drop the subscript [ (that denotes the least-stable mode) and
use a® to present results for the least-stable mode. The inset of figure 2(a) shows
a magnified view of the same stability diagram for small streamwise wavenumbers
(ky ~ 0) — these long-wave instabilities and their nonlinear states are separately
discussed in §7.1.3.

The wvariation of the growth rate of the least-stable mode with streamwise
wavenumber is shown in figure 2(b) for ten different spanwise wavenumbers, ranging
from k, =0 to 5.2, with other parameters as in figure 2(a). For each spanwise
wavenumber k,, the maximum growth rate (over all k,) corresponds to the first
peak (that occurs at k, &~ 0.58) — this is called the dominant peak that represents
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FIGURE 2. (a) Instability zones (grey-shaded) in the (k., k,)-plane for ¢° = 0.2, H = 100
and e = 0.8; the inset shows a magnified part for small streamwise wavenumbers k, ~ 0. (b)
Variation of the growth rate of the least-stable mode with k, for ten values of k, in the range
k., = (0, 5.2); the inset shows the variation of the phase velocity (of the backward travelling
mode) with k, for k, = 1.

the stationary wave instability. The location of the dominant peak remains relatively
unaltered with increasing k,. The inset of figure 2(b) shows the variation of the phase
velocity with k, for k, =1 (the variation is similar for other values of k,). The inset
confirms that the instabilities corresponding to the first and second peaks in figure 2(b)
(as well as the large and small hills, respectively, in figure 2a) represent stationary
waves (SW) and travelling waves (TW), respectively. The second peak in figure 2(b)
at k, ~ 1 is dubbed dominant TWs since their growth rates are the largest among all
TWs. The effect of k, on the dominant TW instabilities mirrors that on the dominant
SW instabilities. It is clear from figure 2(b) that the growth rates of both dominant
SW and TW instabilities reach maximum for k, = 0 and decreases with increasing k,
at any value of k,; therefore, the origin of these two instability modes is tied to 2D
perturbations (i.e. k, = 0).
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FIGURE 3. (a) Variation of a® (solid line), a® (dashed line), and A, (inset), with k.. The
streamwise wavenumber, corresponding to the first peak of figure 2(b), is set to k, = 0.579.
The downward-arrow at k, = 3.88 represents ‘zero’ growth rate. (b) 2a'” (solid line), 10~2a®
(dashed line) and three eigenvalues of the mean-flow operators (horizontal dot-dashed lines).
Other parameters are as in figure 2.

It is clear from the above discussion that the granular plane Couette flow admits
three types of instabilities (dominant stationary and travelling instabilities, and long
waves) at a moderate density of ¢° = 0.2, with a Couette gap of H = 100 and a
restitution coefficient of e = 0.8. These are primarily 2D instabilities since the growth
rate is positive and maximum for 2D perturbations. The effects of 3D perturbations
on the nonlinear saturation of each of the above modes: (i) dominant stationary
wave; (ii) dominant travelling wave; and (iii) long waves (k, ~ 0), and the resulting
nonlinear patterns are discussed in §§7.1.1-7.1.3, respectively. A concurrent focus
is on analysing the cross-stream velocity and the streamwise vorticity fields of all
instability modes.

7.1.1. Dominant stationary instability: patterns with saddles, nodes and vortices

Recall that the streamwise wavenumber for dominant stationary instability
(corresponding to the first peak in figure 2b) is almost independent of the spanwise
wavenumber and occurs at k, ~ 0.579. Figure 3(a) shows the variations of the real
parts of the growth rate of the least-stable mode (solid line) and that of the first
Landau coefficient (dashed line), with k, for k., = 0.579, with other parameters as
in figure 2(b). (The imaginary part of first Landau coefficient, b, is zero and
so is its linear frequency 5 =0, and hence they are not shown.) Since a® > 0
and a® < 0 for k. = [0,3.9], the flow admits finite-amplitude equilibrium solutions
A, = /—a©/a® and the bifurcation is supercritical for this range of spanwise
wavenumbers. The corresponding variation of the equilibrium amplitude, A,, with
k., is shown in the inset of figure 3(a). The nature of bifurcation in this case is of
pitchfork-type since the underlying instabilities are stationary (b = 0). Note that the
2D flow (i.e. k, = 0) admits supercritical bifurcations (Shukla & Alam 2011b) which
remain supercritical with increasing three-dimensionality (i.e. increasing k,) for a range
of spanwise wavenumbers.
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Before proceeding further, let us briefly recall the mean-flow resonance condition
(Shukla & Alam 2011b) that occurs at quadratic-order, O(A?), in perturbation
amplitude. By substituting k =0 and n =2 in (4.40), we obtain a set of equations
for the mean-flow distortion (X'%2') whose solution can be expressed as

X9 = 13]Gy, = [2a”1 — L] "' G, (7.3)
where
Lo =Lk, =0, k. =0) (7.4)

is the linear stability operator for k, = 0 = k.. Equation (7.3) is solvable if and only if
the mean-flow operator Ly, is non-singular which happens if 24 is not an eigenvalue
of Ly. Therefore, the singularity/non-invertibility of Ly, corresponds to the following
condition:

24" (ke k) =a” (k, =k, =0) forj=1,2,3,.... (7.5)

When (7.5) is satisfied, a resonance occurs between the mean-flow distortion and a
linear mode of the operator Ly, and the signature of this appears as a discontinuity in
the first Landau coefficient (Shukla & Alam 20115b).

It is seen in figure 3(a) that a® diverges near k., = 3.88 (marked by the downward
arrow) at the zero crossing of the growth rate curve; also, there are three additional
points for k. > 4 where a® is also diverging, resulting in kinks on the a®-curve.
Each of these kinks represents the mean-flow resonance condition (7.5) being satisfied
there. To verify this assertion, we plot three eigenvalues of Ly, denoted by three
horizontal dot-dashed lines (and they represent 4th, 5th and 6th least-stable modes of
Ly), in figure 3(b); the solid line, representing the least-stable eigenvalue of the linear
stability operator L, intersects the dot-dashed lines at three points over a small range
of spanwise wavenumbers k, € (3.88,4). The mean-flow resonance condition (7.5) is
exactly satisfied at the intersection points of solid and dot-dashed lines; consequently,
a® (dashed line) diverges at these specific values of k.. It has been verified that the
3D flow admits mean-flow resonance at different &, in the subcritical region (i.e. where
the growth rate is negative). This conclusion reinforces our previous claim for 2D
perturbations (Shukla & Alam 2011b).

The nonlinear patterns of perturbation density (¢’), as calculated from (6.8), for
the dominant stationary instability for k, = 0.579 and k, = 1 are shown in the (y, z%)-
plane in figure 4(b) at three different streamwise locations, x =0, x = A,/2 and
x =3A,/4, where A, = 2m/k, is the wavelength along the x-direction; other parameters
are as in figure 3. On the grey scale, the white and black denote maximum and
minimum values, respectively. Recall from §6.3 that due to the symmetry of the
perturbation fields (6.8) with respect to the interchange of x* and z* (where the
starred coordinates are normalized by the respective wavelength), the 3D patterns
would look the same in both (y,z*)- and (y, x*)-planes at fixed x- and z-locations,
respectively. For a comparison, the corresponding 2D (k, = 0) density pattern in the
(x*, y)-plane is displayed in figure 4(a) which should be compared with the 3D pattern
in figure 4(b) at x = 0: both contain particle clusters that are primarily oriented at
some oblique angle to the flow direction. However, the 3D patterns contain clusters of
smaller sizes in contrast to those in 2D patterns. The granular temperature field in the
(v, 7¥)-plane at x = 0, shown in figure 4(c), possesses similar structural features to the
corresponding density field. It must be noted that the true aspect ratio of each of these
patterns can be ascertained by stretching the x- and z-axes in each panel by factor of
2mn/k, and 27 /k,, respectively.
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FIGURE 4. Nonlinear patterns of perturbation density for: (a) 2D (k, = 0) flow in the
(x*, y)-plane; and (b) 3D (k, = 1) flow in the (z*,y)-plane at three different streamwise
locations (x =0, A,/2 and 3A,/4). (¢) Granular temperature in the (z*, y)-plane at x = 0.
Here k, = 0.579 and other parameters are as in figure 3. On the grey scale, the white is
maximum and the black minimum.

With parameter values as in figure 4(b), the vector map of the cross-stream velocity
field (v', w') on the (y, z*)-plane is displayed in figure 5(a) at the x = 0 location. We
clearly observe: (i) a circulatory/vortical motion around (y,z*) = (0, 0.85), marked
by a circle; (ii) two saddle points above and below the vortex located around
(v, z") = (0.25,0.7) and (y, ") &~ (—0.25, 0.92), respectively, each marked by curved
arrows. (Each of these points represent a critical/fixed point of the planar velocity field;
the critical or fixed or stationary points are synonymous in dynamical systems theory;
Drazin 1992.) The curved arrows resemble hyperbolae and they corresponds to saddle
points since two orbits approach the fixed point as t — oo and the other two do so as
t - —oo (Drazin 1992). It is clear that the vortex at (y, z*) =~ (0, 0.85) is connected by
the orbits of these two nearby saddle points. Note that this vortex is also surrounded
by (iii) two sources: one at (y, z*) ~ (0, 0.3), marked by connected arrows, on its left
and the other on its right (the same source is repeated on the right of the vortex due
to the periodicity in z). In figure 5(a), we also find (iv) two ‘imperfect’ saddle points
near two walls at z* ~ 0.3; and (v) a sink around (y, z*) = (—0.15, 0.45). As expected,
the sink is driven by the source and vice versa. A comparison between figure 5(a) and
the density pattern in figure 4(b) (the first panel at x = 0) indicates that the source
is located at a local density maximum, from which the particles are expelled, that
possibly leads to the genesis of the sink at (y, z*) &~ (—0.15, 0.45) as well as other
fixed points. Therefore, we may conclude that all the above described fixed points are
intertwined with each other dynamically.
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(@) 05—

FIGURE 5. (Colour online) (a) Vector map of the nonlinear (v’, w’) velocity field at x = 0;
and (b) contour grey-scale map (the white and black denote maximum and minimum,
respectively) of the perturbation streamwise vorticity (£2,) at x = 0. Other parameters are
as in figure 4(b).

Figure 5(b) shows a grey-scale map of the perturbation streamwise vorticity:

J ’
2. = w _ v (7.6)

ay 0z
at x = 0; on the grey scale, the white denotes maximum and the black minimum. Note
that £2, = 0 for 2D perturbations, and its non-zero value in 3D flows can be tied to the
presence of streamwise vortical structures. It is seen that the location of the maximum
£2, (the white region around (y, z*) = (0, 0.8) in figure 5b) corresponds to the location
of the centre of the vortex in figure 5(a). Therefore, the maximum of the streamwise
vorticity is correlated with the presence of a streamwise vortex in the (y, z*)-plane.
This correlation persists at any x-location, which is evident from figure 6(a,b). Note
that the position of the vortex in the (y, z*)-plane (marked by a closed circle in each
panel) is different for different values of x; the corresponding locations of the maxima
of §2, are indicated by an arrow in figure 6(b). We speculate that the presence of
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FIGURE 6. (Colour online) (a) Vector maps of (v’, w’) velocity; and (b) grey-scale maps (the
white and black denote maximum and minimum, respectively) of §2, at x = X,/4, A,/2 and
3X./4. The vortices and saddle-points are marked by circles and hyperbolae, respectively, in
(a). Parameters are as in figure 5 (which corresponds to x = 0).

streamwise vorticity and the underlying vortex-stretching mechanism is responsible
for a more tenuous/inhomogeneous density field as observed in figure 4(b) for 3D
stationary instability.

By fixing the streamwise wavenumber to k, = 0.579 as in figure 4, we display a
series of density (¢') patterns in the (y, z*)-plane on figure 7(a—c) with increasing
three-dimensionality (i.e. increasing k;) at x = 0. (These patterns should be compared
with those in figure 4b which corresponds to k, = 1.) It is seen that the density
patterns start deforming with increasing k, and the stretching of clusters is prominent
for larger k., resulting in a thinner and elongated shape of the density cluster around
the mid-plane (y =0) at k, =3 (figure 7c). The corresponding vectors maps of the
cross-stream velocity (v’, w') are displayed on figure 7(d—f): the position of the vortex
in each figure is marked a closed curve; the vortex is surrounded by two saddle points
in each figure, marked by hyperbolae. It is seen that the vortex takes an ellipsoidal
shape at k, = 1.5 (figure 7d) and eventually degenerates into a thin elongated shape at
large k, > 2 (figure 7e.,f). For each k,, the vortex appears to be driven by two nearby
saddles in figure 7(d—f).

It must be noted that there is no universal definition of a vortex (see Jeong &
Hussain 1995 for various definitions of a vortex and its identification schemes). In the
topological characterization of flows (Perry & Chong 1987), the analysis is based on
the invariants of the velocity gradient tensor that are connected with the vorticity field;
the local flow topology is subsequently characterized using critical-point concepts of
dynamical systems theory. For example, Chong, Perry & Cantwell (1990) identified
a vortex core in terms of complex eigenvalues of the deformation tensor since they
correspond to locally closed/spiralling streamlines in a reference frame moving with
the critical point. The critical-point theory has been successfully used to characterize
3D eddying motions in a variety of steady/unsteady flows of Newtonian fluids (Perry
& Chong 1987). In the dynamical systems theory, the source and sink are also called
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2/A;

and cross-stream perturbation velocity (d—f), in the (y, z*)-plane
e) 2; and (c,f) 3. Here k, = 0.579 and other parameters as in

the white and black denote maximum and minimum density, respectively.
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FIGURE 7. (Colour online) Effect of spanwise wavenumber on nonlinear patterns of
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FIGURE 8. Variation of (a) a® and (b) a© with k, for k, = 0.54, 0.56, 0.58, 0.60 and 0.62.
Other parameters as in figure 3.

unstable and stable nodes, respectively, and an ideal vortex is in fact a degenerate
focus; following the definitions of Perry & Chong (1987), a non-degenerate focus can
also be considered as a vortex.

In this paper, we have identified the fixed/critical points by visually inspecting
the velocity vector maps such as those in figures 5(a), 6(a) and 7(d—f). For the
nomenclature of critical points, we do not distinguish between degenerate and non-
degenerate cases since this is a first attempt to describe the 3D motion (in granular
flow) in terms of critical points of the underlying velocity field (see also §§7.1.2,
7.2 and 7.3). On the whole, the topology of motion as depicted in figures 5(a), 6(a)
and 7(d—-f) suggests that the flow is dominated by saddle-node-type motions in the
(v, 7¥)-plane along with a single vortex which appears to be driven by two nearby
saddle points. A detailed ‘reduced-order’ theoretical model for the velocity gradient
tensor to characterize the 3D eddying motion in granular Couette flow as well as the
classification of its fixed points in terms of their behaviour near the wall and in the
bulk can be developed (as in the works of Perry & Chong 1987; Jeong & Hussain
1995), but is relegated to a future work.

A closer look at the density patterns in figure 7(a—c) suggests that these patterns
undergo significant structural changes (at small scales) for k, > 1.5; this issue is
discussed next. In figure 3(a), there is a kink on the a®-curve at k, ~ 1.55, marked
by an upward arrow, which gives birth to the kink in the equilibrium amplitude (see
the inset of figure 3a). The mean-flow resonance is not responsible for the genesis
of this kink since the growth rate is positive at k, = 1.55 and hence (7.5) is not
satisfied at this point; therefore, a'® does not diverge but remains continuous with a
discontinuity in its derivative at k, ~ 1.55. In fact, this kink is always present at some
specified location of the spanwise wavenumber k, for all values of k, for the dominant
stationary instability. The above assertion is verified in figure 8(a) which displays the
kinks in the first Landau coefficient a'® for five values of k., even though each growth
rate curve remains smooth (see figure 8b) with varying spanwise wavenumber k,. To
understand the origin of these kinks, let us simplify the expression for the first Landau
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FIGURE 9. Variation of a® (squares) with k., with parameter values as in figure 3(a); the
dotted vertical line marks the location of k, = 1.55. Insets show the variations of /; and I, (see
(7.7)) for two ranges of k, (above and below k, = 1.55): the circles and stars denote the real
and imaginary parts of /; and .

coefficient:
12
/ XGudy o Lly— Il
C(2) — (1(2) + ib(z) — —-1/2 — 71 — 1ri2r 1i42i i 2rkli 1r£2i , (77)
12 I Lo+ 6 Lo+ 6
}?-‘-X[I;I] dy 2 2r 2i 2r 2i
-1/2

where I} =I,, + il}; and I, = I, + il,; are complex-valued functions. For the stationary
instability in figure 3, the first Landau coefficient is always real, i.e. b® =0, which
is possible if one of the following conditions holds: (i) /; and I, are real; (ii) I,
and I, are purely imaginary; and (iii) I.I; = I,,I»; (note that I, is always non-zero).
For parameter values of figure 3(a), we have re-plotted the variation of a® (denoted
by squares) over k, = [1,2] in figure 9 and the insets show the real (circles) and
imaginary (stars) parts of integrals, I, and I, for two ranges of k, =[1, 1.55] and
k., =[1.55,2]. Both I, and I, are purely imaginary for k, = [1.55, 3], see the insets on
the right-hand side of the vertical line, leading to real ¢®. In contrast, both I; and
I, are complex for k, =[1, 1.55], see the two left-hand insets in figure 9; therefore,
the third condition (iii) holds for k, < 1.55. This implies that the higher-order modal
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FIGURE 10. Variation of the dominant travelling instability with k. at k, = 0.934: (a) 100a”
(solid line) and a® (dashed line); (b) 1006©® (solid line) and b® (dashed line); (¢) A,
(solid line) and c;; (dashed line); (d) 2a? (solid line) and five eigenvalues of the mean-flow
operator (dot-dashed lines), see text for details. Other parameters as in figure 2.

eigenfunctions X2 and X'%?! change their character, resulting in a kink on the ¢®-
curve at k, = 1.55 as seen in figure 3(a) as well as those in figure 8(a). The changes in
X'%21 and X!1%2! would affect the nonlinear perturbation fields (6.8) significantly as we
have noticed in figure 7(a—c) for the perturbation density. Therefore, we conclude that
the structural changes in the density patterns in figure 7(a—c) are due to the changes in
the nonlinear (quadratic-order) modal eigenfunctions.

7.1.2. Dominant travelling instability: patterns with saddles, nodes and vortices

We now move to analyse the dominant travelling wave instabilities corresponding
to the second peak of figure 2(b) — recall that the location of this peak, k, ~ 0.934,
is relatively insensitive to k,. The variations of the real parts of the least-stable mode,
a® (solid line), and the first Landau coefficient, a® (dashed line), with spanwise
wavenumber (k,) are shown in figure 10(a); the corresponding variations of the
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shows the variations of 100a® (solid line) and 1006© (dot-dashed line). (b) Variation of A,

(solid line) and o (dot-dashed line) with k,. The spanwise wavenumber is k, = 1, with other

parameters as in figure 2.

imaginary parts, b© (solid line) and b® (dashed line), are displayed in figure 10(b).
The growth rate is positive and maximum at k, = 0, decreases with increasing k, and
becomes negative at k, &~ 1.87, indicated by an inclined arrow in figure 10(a), beyond
which the flow is linearly stable to 3D perturbations. Looking at the variation of a'®
(dashed line), we find that a'® changes its sign from negative to positive at k. ~ 0.582,
marked by a vertical arrow in figure 10(a). Therefore, a® > 0 and a'® < 0 for a range
of spanwise wavenumbers k, = [0, 0.582], resulting in supercritical Hopf/oscillatory
(b™ £ 0) bifurcations over this range. The corresponding variations of the equilibrium
amplitude, A, (solid line), and the equilibrium phase velocity, Con (dashed line), are
shown in figure 10(c).

Notice in figure 10(a,b) that the first Landau coefficient ¢® = a® 4+ ib® diverges
at several locations for k, > 1.87 in the subcritical region (where the growth rate
is negative). As explained for stationary wave instability in §7.1.1, the mean-flow
resonance condition (7.5) holds for travelling waves too at these singular points. This
has been verified in figure 10(d): the solid line denotes 2a¥ (i.e. twice the eigenvalues
of the linear stability operator L) and the horizontal dot-dashed lines represent five
eigenvalues of the mean-flow operator L, at quadratic-order. The intersection points of
the solid and the dot-dash lines exactly satisfy the mean-flow resonance condition (7.5)
that causes both a® and b® to diverge at these points, see the dashed discontinuities
in figure 10(a,b).

To check the existence of nonlinear TW solutions at larger values of the spanwise
wavenumber, we set k, = 1 for which the variations of a® (solid line) and b
(dot-dashed line) with k, are displayed in figure 11(a); the corresponding variations
of a® and b© are displayed in its inset. It is clear that a® > 0 and a® < 0 over
k., = (0.948,0.97), yielding supercritical solutions; we have checked that there are
mean-flow resonances (leading to discontinuities on the ¢®-curve) beyond k, > 0.97,
and there is a small window of streamwise wavenumbers within k&, = (0.98, 1)
over which the criterion for subcritical solutions (¢® < 0 and a® > 0) is satisfied.
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(a) 2D

FIGURE 12. (a) Two-dimensional (k, = 0) nonlinear perturbation density pattern in the
(x, y*)-plane. (b) Three-dimensional (k, = 1) nonlinear density patterns in the (y, z*)-plane
at different streamwise locations (x = 0, A,/2 and 3A,/4); and (c¢) the granular temperature
(T") at x = 0 and ¢ = 0. Parameters are as in figure 11 with k, = 0.97. On the grey scale, the
white is maximum and the black minimum.

Therefore, we have both supercritical and subcritical finite-amplitude solutions for the
dominant travelling waves over two ranges of k, at k, = 1.

A series of nonlinear density patterns in the (y,z*)-plane at three streamwise
locations (x =0, A,/2 and 3X,/4) are displayed in figure 12(b), with k, = 0.97 and
k. = 1. The pattern at x = 0 should be compared with figure 12(a) that shows the
related 2D pattern (k, = 0) of density in the (x*, y)-plane — recall from (6.8) that the
3D pattern in the (x*,y)-plane at z* =0 is the same as that in the (z*, y)-plane at
x* = 0. It is seen that the overall features of 2D and 3D density patterns look similar,
though the particle clusters/bands in the latter are more distorted. These patterns
represent backward travelling waves, with a phase velocity of c¢,, ~ —0.1, i.e. they
travel much slower than the background shear flow. The granular temperature field at
x =0, displayed in figure 12(c), has similar characteristic features to the density field.

For parameter values of figure 12(b), the vector map of the cross-stream (v’, w')
velocity and the grey-scale contour map of the streamwise vorticity (£2,, (7.6)) are
displayed in figures 13(a) and 13(b) , respectively, at the x = 0 location. Note that,
for clarity, we have normalized z by twice the spanwise wavenumber (2A;). Similar
to the case of the dominant SW instability in figure 5, we find that the cross-stream
velocity field contains saddles, sources and sinks, along with a vortex (marked by the
closed curve). The vortex is surrounded by two sources on its left and right, and by
two saddles at above left and below right. As explained before, the vortical motion
appears to be driven two saddle points. The location of the vortex corresponds to the
maximum of the streamwise vorticity as confirmed in figure 13(b). Therefore, for both
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FIGURE 13. (Colour online) (a) Vector map of the nonlinear cross-stream (v, w’) velocity
field at x = 0; and (b) contour grey map of the perturbation streamwise vorticity (£2,) at x = 0.
Other parameters are as in figure 12(b).

the dominant SW and TW instabilities, the cross-stream motion is largely dominated
by saddle-node-type motions with a streamwise vortex.

7.1.3. Long-wave (k, ~ 0) instabilities.: nodes and saddles

Recall from the inset of figure 2(a), there are instabilities at small streamwise
wavenumbers k, ~ 0 (i.e. the streamwise wavelengths, A, = 2n/k,, are large/long
and hence called long waves) for a range of spanwise wavenumbers k, € (0, 1.5).
For these parameter values, the gradient-banding modes (k, = 0; Shukla & Alam
2009, 2011a) are linearly unstable, and the flow also remains unstable to long-wave
2D perturbations (k. # 0) of stationary and travelling waves. To probe the effect of
spanwise perturbations (k, # 0) on long-wave instabilities, we consider two values of
ke =107 and k, =4 x 107> for which the flow is known (Shukla & Alam 2011b) to
be unstable to 2D perturbations of stationary and travelling waves, respectively.
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FIGURE 14. Variation of stationary long-wave mode with k.: (a) a'” (solid line) and a®
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FIGURE 15. Variation of travelling long-wave mode with k.: (a) a® (solid line) and a®
(dashed line); (b) A, (solid line) and Con (dashed line). Here k, = 4x 107> and other parameters

as in figure 2.

Figure 14(a) shows the variations of a® (solid line) and a® (dashed line) with
spanwise wavenumber for k, = 107>, with other parameters as in figure 2. It is seen
that the 3D flow remains unstable to stationary perturbations up to k, ~ 1.47, marked
by an arrow in figure 14(a), and stable thereafter. Note that the first Landau coefficient
a® varies very little for k. < 1.47, and the discontinuity in a® at k. ~ 1.6 is tied
to the occurrence of the mean-flow resonance as discussed earlier. The equilibrium
amplitude decreases with increasing k, as seen in figure 14(b). Figure 15 is the
analogue of figure 14 for travelling waves at k, =4 x 107>, We find that a® > 0 and
a® < 0 for a range of spanwise wavenumbers k. = (0, 1.1) over which the flow admits
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FIGURE 16. Nonlinear density (¢’) patterns in the (x*, y)-plane for (a) 2D (k, = 0) and (b)
3D (k. = 1, at z = 0) perturbations for k, = 10~ (as in figure 14). On the grey scale, the white
is maximum and the black minimum.

supercritical Hopf bifurcations since 5© # 0 (not shown). Figure 15(b) suggests that
the equilibrium amplitudes, A, (solid line), for these TWs remain relatively unaffected
with varying k, which is in contrast to the decaying amplitudes with increasing k, for
SWs in figure 14(b). For both values of k,, the bifurcations are supercritical for 3D
perturbations as in the case of 2D perturbations (Shukla & Alam 20115).

A comparison of the density patterns for 2D perturbations and 3D perturbations (in
the (x*, y)-plane at z =0 for k, = 1) is shown in figures 16(a) and 16(b), respectively.
We observe three rows of density maxima along the gradient (y) direction, and both
patterns look strikingly similar. This observation holds also for other perturbation
fields (velocity and granular temperature). Since a'® deviates little with increasing k,
(see figure 14a), the fundamental and its harmonics (X3!, X121 X221 and X131y do
not change significantly with k., and therefore the patterns remain similar for 2D and
3D perturbations for such long waves.

The analogue of figure 12 (the dominant TW patterns) is shown in figure 17 for
long-wave travelling patterns at k, =4 x 107 and k, = 0.3. The density patterns in
figure 17(a) (2D pattern) and figure 17(b) (at x =0, i.e. a 3D pattern) are similar
with respect to the orientation of particle clusters. Unlike for dominant instabilities at
k. = O(1) in figure 12(c), the spatial pattern of granular temperature for long waves,
as shown in figure 17(c), is almost anti-correlated with the corresponding density
pattern in figure 17(b) at x =0, i.e. high/low temperature corresponds to low/high
density, respectively. A comparison between figures 12 and 17 suggests that the long-
wave TW patterns are markedly different from those that originate from dominant
TW instabilities both in terms of the orientation of particle clusters as well as in
small-scale features. We have verified that the associated cross-stream velocity (v’, w')
patterns contain only nodes and saddles (not shown).

7.2. Instabilities and patterns in dense flows

Here we present results for dense flows by fixing the mean density to ¢° = 0.4,
with a Couette gap of H =50 and a restitution coefficient of e = 0.8; the linear and
nonlinear stability results for the higher density of ¢° = 0.5 are similar (and hence not
shown). The contours of zero and positive growth rates of the least-stable mode in
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(a) 2D
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(c) Temperature at x =0

FIGURE 17. Same as figure 12 but for long-wave (k, = 4 x 10~°) travelling instability. On
the grey scale, the white is maximum and the black minimum.

the (k., k,)-plane are displayed in figure 18(a), and the corresponding frequency map
is displayed in figure 18(b). For this parameter combination, the flow is known to be
unstable to 2D perturbations (Alam 2006) for a small range of k,, and the origin of
this instability is tied to the underlying gradient-banding mode (k, = 0). Figure 18(b)
confirms that these instabilities are travelling waves, except for a very small range
of k, (<0.0001) over which stationary waves exist whose origin is the ‘stationary’
gradient-banding mode. There exist two instability zones in figure 18(a): on for small
k., (~0) and the other for moderate values of k..

The variation of the growth rate (a”) of the least-stable mode with k. is shown in
figure 18(c) for four values of streamwise wavenumber: k, = 0, 0.001, 0.005 and 0.01.
For the streamwise-independent mode (k, = 0, solid line in figure 18c), the growth
rate is maximum at k, = 0 (i.e. a 2D perturbation) and decreases monotonically with
increasing k,. However, at k, = 0.001 and 0.005, the maximum growth rate occurs at
k. # 0 (i.e. a 3D perturbation); with further increasing k, to 0.01, the maximum in
growth rate shifts back to a 2D (k, = 0) mode. Therefore, in figure 18(a), the small
instability lobe near k, ~ 0 originates from 2D perturbations but the larger one for
moderate values of k, originates from 3D perturbations.

To probe the effect of finite-amplitude perturbations on the above mentioned two
types of instabilities in dense flows, we set the streamwise wavenumber to k, = 0.005.
Figure 19 shows the variations of the real (a¢®) and imaginary (b®) parts of the first
Landau coefficient with spanwise wavenumber, represented by the solid and dot-dash
lines, respectively. Note that a® < 0 for the whole range of k. shown, but a® > 0
(see the dot-dashed line in figure 18¢) for k, = [0, 0.04] and k, = [0.1, 0.5], leading to
supercritical finite-amplitude solutions for two ranges of k, as displayed in the inset
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FIGURE 18. Contours of (a) the growth rate (a”) and (b) the frequency (|b?|) of the
least-stable mode in the (k,, k,)-plane for dense flows (¢° = 0.4) with H =50 and e = 0.8.
(c¢) Variation of the growth rate of the least-stable mode with k, for k, = 0 (solid line), 0.001
(dashed line), 0.005 (dot-dashed line) and 0.01 (dotted line).

of figure 19. Note that the bifurcation is Hopf/oscillatory for both ranges of k. since
b® =0 (see figure 18b for frequency contours).

The nonlinear patterns of perturbation density in the (y, z*)-plane (at x =0 and
t =0) for k, =0.02 and 0.4 are displayed in figures 20(a) and 20(b), respectively,
with other parameters as in figure 19. While figure 20(b) contains three clusters/bands
of particles across the y-direction, figure 20(a) contains two particle clusters; the
orientation of the particle clusters is seen to be different in the two panels. Therefore,
the structure and orientation of the particle clusters originating from 2D perturbations
(figure 20a) differ from those originating from 3D perturbations (figure 20b). The
related cross-stream (v, w') field (not shown) contains only node-saddle-type motions
(see figure 210 and the related discussion below). Note that these supercritical TW
patterns in dense flows (at long waves, k, ~ 0) also differ from those shown in
figure 17(b) (at ¢° = 0.2 and also at long waves k, ~ 0) with respect to the orientation
of particle bands.
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FIGURE 19. Variation of a® (solid line) and b® (dot-dashed line), and A, (inset) with k. for
k, = 0.005. Other parameters are as in figure 18.
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FIGURE 20. Nonlinear TW density (¢’) patterns in the (y, z*)-plane at x = 0 location for (a)
k, =0.02 and (b) k, = 0.4, with k, = 0.005. Other parameters are as in figure 19. On the grey
scale, the white is maximum and the black minimum.

For even smaller values of streamwise wavenumbers (say, k, = 0.001) we found
both supercritical TW solutions for a range of k, = (0,0.75) over which the flow
is linearly unstable (see the growth rate curve in figure 18c¢ for k, = 0.001) and
subcritical TW solutions for k, > 0.9. These supercritical and subcritical solutions
are compared in figure 21. In addition to particle clusters near the top wall in
figure 21(a,c), there is an additional row of clusters (located around y ~ —0.1) in
the subcritical pattern in figure 21(c). The velocity pattern in figure 21(b) resembles a
degenerate node-saddle case (case-I in figure 5 of Perry & Chong 1987). On the other
hand, the subcritical pattern in figure 21(d) contains only nodes (sources and sinks).

Lastly, let us make a few additional comments on nonlinear instabilities in the dense
limit. When the Couette gap is increased from H = 50 to H = 160, the analogues of
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FIGURE 21. Supercritical (a,b, k, = 0.74) and subcritical (¢, d, k, = 1) TW patterns of
(a,c) perturbation density and (b,d) (v', w') velocity vectors at t = 0 for k, = 0.001. Other
parameters as in figure 18.

dominant SW and TW instabilities (that occur at k, = O(1) with the largest growth
rate among all instabilities) appear even at ¢° = 0.4 (with other parameters as in
figure 18); the nonlinear behaviour of these modes resembles that for ¢° = 0.2 as
described in §7.1. On the other hand, increasing the mean density to ¢° = 0.5 (with
other parameters as in figure 18), we have only long-wave (k, ~ 0) instabilities for a
range of spanwise wavenumbers k, = O(1). Shukla & Alam (2011b) showed that the
nonlinear equilibrium states do not exist at (¢, H) = (0.5, 50) for 2D perturbations
(k, = 0). However, we found the existence of both SW and TW nonlinear solutions at
k, ~ 0 for 3D perturbations with k, = O(1). These results are omitted for the sake of
brevity.

7.3. Purely 3D instabilities in dilute flows. large-scale vortices

So far we have discussed nonlinear stability results for moderately dense (¢° = 0.2)
and dense (¢° = 0.4) flows. Alam (2006) showed that there are 3D stationary and
travelling wave instabilities in the dilute limit (¢° < 0.1) having no analogue for 2D
perturbations (k, = 0), i.e. these are purely 3D instabilities in the sense that they are
not present in 2D flows; the nonlinear saturation of these instabilities is studied in
§7.3.1. Another class of 3D stationary instabilities, which survive in 2D flows but
have an anomalous dependence on inelasticity, is studied in § 7.3.2.
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FIGURE 22. Contours of (a) the growth rate (a'®) and (b) the frequency (|b®|) of the least-
stable mode in the (k,, k,)-plane for dilute flows (¢° = 0.05) with H = 100 and e = 0.8. The
grey-shaded regions in (b) represent stationary (b© = 0) waves.

7.3.1. Instabilities originating from pure spanwise perturbations

We set the mean density to ¢° = 0.05, with a Couette gap of H =100 and a
restitution coefficient of e = 0.8; the 3D linear stability of granular plane Couette flow
for this parameter combination was studied by Alam (2006). It must be noted that the
flow is linearly stable to 2D perturbations (k, = 0) for this parameter set, but we show
below that there are 3D finite-amplitude solutions with large-scale vortices.

The stability diagram displaying the contours of positive and zero growth rates
of the least-stable mode in the (k,, k,)-plane is shown in figure 22(a), and the
corresponding contours of its frequency in figure 22(b). The grey-shaded regions
in figure 22(b) represent stationary waves. The flow is linearly unstable inside the
neutral/critical (a® = 0) contour and stable outside. It is clear that the flow is linearly
stable to 2D perturbations (k, = 0, the horizontal axis in figure 22a), but unstable to
streamwise-independent (k, = 0, i.e. those waves that have no dependence along the
x-direction) perturbations. For any specified k, in figure 22(a), the growth rate of these
instabilities is seen to decrease with increasing k, (except at k, = 1). There are two
instability lobes in figure 22(a): the lobe is near k, ~ O represents stationary waves
(b© =0, see the grey-shaded region in figure 22b) and the larger lobe at k, > 0.1
represents travelling waves (b # 0, see figure 22b). Alam (2006) showed that the
origin of these stationary instabilities at small k, is tied to pure spanwise perturbations
(k, £ 0, but k, =0 and 9/9y(-) = 0; see Shukla & Alam 2012 for details on nonlinear
stability for this class of perturbations that are responsible for the vorticity-banding
phenomenon). The modal evolution of these stationary instabilities with k, (Alam &
Nott 1998; Alam 2006) gives birth to new 3D travelling instabilities at k, = O(1),
leading to the larger instability lobe in figure 22(a). Note in figure 22(a) that the
instabilities in dilute flows exist for a much larger range of spanwise wavenumber up
to k, = O(10) in comparison to those for moderately dense to dense flows (discussed
in §§7.1 and 7.2) that survive only for a smaller range of spanwise wavenumber up to
k, =0(Q).

Let us first probe the nonlinear fate of SW instabilities for small k, in figure 22(a).
The variation of the growth rate of the least-stable mode with k, is shown in
figures 23(a) and 23(b), for spanwise wavenumbers of k, = 0.1 and 10, respectively.


https://doi.org/10.1017/jfm.2012.549

https://doi.org/10.1017/jfm.2012.549 Published online by Cambridge University Press

392 M. Alam and P. Shukla

(@ x109 (b)
-0.15
—o.zom
025
0 002 004
0.04
0.5
AL’
0 2 4
(x 10-3) 04
5 ; 002004
0 2 (k103 4 0 0.02 0.04
X kx

FIGURE 23. Variation of a®, a® (inset) and A, (lower inset in b) with k, for stationary
waves at small values of k,: (a) k, = 0.1 and (b) 10. Parameter values are as in figure 22.

An inset of each panel in figure 23 shows the corresponding variation of the real
part of the first Landau coefficient a®; note that the imaginary part of the Landau
coefficient, b®, is zero for SWs. For small values of k, = 0.1, we find a©® > 0
and a® > 0, see figure 23(a), and hence the cubic-order nonlinear solution does not
exist for this case. However, for larger values of k. (>0.5), we found a® > 0 and
a® > 0, an example of which is shown in figure 23(b) for k., = 10. Therefore, we have
finite-amplitude equilibrium solutions for a range of k, ~ 0 that appear via supercritical
pitchfork bifurcations for k, > 0.5, see the lower inset of figure 23(b).

Moving to the 3D TW instabilities in figure 22(a), we show the variations of
a® (solid line) and b® (dot-dashed line) with k. in figure 24(a) for k, = 0.1; the
corresponding variations of a® (solid line) and »® (dot-dashed line) are shown in
its upper inset. Since the growth rate remains positive (a® > 0) with a non-zero
frequency and a® < 0 for k. ~ [1.3,13], we have supercritical Hopf bifurcations
over k, =[1.3,13]. We also found subcritical Hopf bifurcations for smaller values
of k, since a® <0 and a® > 0 over k, ~ [0, 1.27]. The transition from subcritical
to supercritical bifurcations occurs at k, &~ 1.273 where there is a change-over in the
eigenmode which is evident in the ‘first’ discontinuity on the frequency curve in the
upper inset of figure 24(a) — this new eigenmode continues to be the least-stable
mode till k, ~ 4.0, again signalled by the ‘second’ discontinuity on the frequency
curve, beyond which a third eigenmode takes over as the least-stable mode. We have
verified that the first and third discontinuities on the ¢®-curve in the main panel of
figure 24(a) correspond to this change-over in the modal hierarchy. We have further
verified that the ‘second’ discontinuity on the c®-curve (¢® =a® + ib®) corresponds
to a mean-flow resonance (see (7.3)—(7.5) in §7.1.1) at which ¢® undergoes a jump-
discontinuity of order-infinity. The overall variation of equilibrium amplitude with
k. € (0,13) is shown in the lower inset of figure 24(a): three discontinuities on the
A,-curve correspond exactly to the change-over in the modal hierarchy at two locations
and the location of mean-flow resonance.

Figure 24(b) is the same as figure 24(a) but for a larger value of the streamwise
wavenumber (k, = 1) for which the flow is linearly stable (a'” < 0) for all k, (see the
upper inset of figure 24b as well as the stability diagram in figure 22). For this case,
there are subcritical Hopf bifurcations for k. = [0, 1.3] over which a® > 0 and a© < 0.
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FIGURE 24. Variation of the first Landau coefficient (¢® (solid line), »® (dot-dashed
line)), linear eigenvalue (upper inset, a® (solid line), b© (dot-dashed line)) and equilibrium
amplitude A, (lower inset) with spanwise wavenumber k, for (a) k, = 0.1 and (b) k, = 1.
Other parameters as in figure 22.

Note that the jump-discontinuity in a® near k. ~ 1.5 represents the occurrence of
mean-flow resonance as discussed before. The equilibrium amplitude, A,, decreases
with increasing k, as seen in the lower inset of figure 24(b).

The nonlinear TW patterns of density and (v’, w') velocity in the (y, z*)-plane at
the x = 0 location are displayed in the first, second and third rows of figure 25 for
k,=0.2, 2 and 12, respectively, with other parameters as figure 24(a); these specific
values of k, have been chosen to represent three different modes of figure 24(a).
While the patterns in the first row represent subcritical (and unstable) solutions, those
in the second and third rows are supercritical solutions. The subcritical pattern in
figure 25(a) has its density maximum (white region) near the upper wall and contains
another dense cluster/band of particles aligned parallel to the z-axis (at y ~ —0.1); the
associated cross-stream velocity field in figure 25(b) contains a vortex (marked by the
closed curve), and an imperfect source at (y, z*) & (—0.2, 0.3) which appears to be
driving a saddle-type motion above it (marked by curved arrows). The supercritical
patterns in figure 25(c—f) are seen to be structurally different from their subcritical
counterpart (figure 25a,b). The particle clusters are now oriented at some oblique angle
to the spanwise direction; the cross-stream velocity fields in figure 25(d,f) contain only
saddles and nodes.
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FIGURE 25. (Colour online) Nonlinear TW patterns of (a, ¢, e) perturbation density (¢') and
(b, d, f) (v, w) velocity vectors in the (y, z*)-plane at x = 0 and ¢ = 0 at k, = 0.1 for different
spanwise wavenumbers: k, = 0.2 (a,b), k, =2 (¢,d) and k, = 12 (e,f). Other parameters as in
figure 24(a). On the grey scale, the white is maximum and the black minimum.
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FIGURE 26. (Colour online) Same as figure 25 but for unstable subcritical patterns for k, = 1
and k, = 1.3. Other parameters as in figure 24(b).

Corresponding to the subcritical solutions in figure 24(b), we display the nonlinear
patterns of perturbation density and (v',w’) velocity in figures 26(a) and 26(b),
respectively, for k, = 1. The density pattern, with modulated bands of particles parallel
to the z-axis, resembles the subcritical pattern in figure 25(a) for k, = 0.1. There are
three vortices in figure 26(b): the vortex near the top wall is of smaller extent, but
the ones above and below the y = 0 axis are of larger extent in the spanwise direction.
These vortices repeat along the periodic z-direction, forming an array of vortices,
punctuated by a saddle point between two successive vortices in the z-direction.
Comparing the density and velocity patterns, we find that the vortices are located
around the local density maxima. Looking at the corresponding pattern of granular
temperature (not shown), we found that these vortices are born near the local minima
of kinetic pressure. It may be noted that the correlation of a vortex core with a
low-pressure region is well-known in other fluids (Jeong & Hussain 1995), and the
possibility of a similar criterion to identify vortices in granular fluids deserves future
investigation.

7.3.2. Anomalous 2D instability modes in the dilute limit (¢° = 0.01)

Alam (2006) showed that there are additional stationary instabilities in the dilute
limit (¢° < 0.05), but, in contrast to 3D instabilities discussed in §7.3.1, the origin
of these new instabilities is not tied to pure spanwise perturbations but they are,
rather, connected to 2D perturbations (and hence dubbed anomalous, see below) as we
demonstrate in this section.

Figures 27(a) and (b) display the stability diagrams for the stationary (b® = 0)
perturbations for two values of the restitution coefficient ¢ = 0.99 and 0.8, respectively;
the mean density is set to ¢° =0.01 and the Couette gap is H = 50. The flow
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FIGURE 27. Contours of the growth rate (a'®) of the least-stable mode for (a) e = 0.99 and
(b) e = 0.8. Variations of a® with (¢) k, for k, = 0 (i.e. 2D perturbations), and with (d) k,
for k, = 0 (streamwise-independent perturbations). All are stationary instabilities (»© = 0) at
¢° =0.01 and H = 50.

is unstable for a range of (k,, k;) inside the neutral/critical contour in each plot.
It is interesting to note that the flow is unstable to both k, =0 (streamwise-
independent perturbations) and k, = 0 (2D perturbations) modes at ¢ = 0.99, but
becomes completely stable to 2D perturbations at e = 0.8. For both values of e,
the maximum growth rate occurs for streamwise-independent (k, = 0) perturbations.
Since these instabilities survive at k, = 0 in the quasi-elastic limit, their origin must be
tied to 2D perturbations (k, = 0).

Focusing on 2D perturbations, we show the variations of the growth rate of the
least-stable mode with k, for three values of restitution coefficient in figure 27(c).
Note that that the growth rate is maximum at e = 0.99 (dashed line), decreases both
with further increase in e = 0.999 (dot-dash line) as well as with further decrease in
e = 0.8 (solid line). Therefore, these 2D instabilities have an anomalous dependence
on inelasticity: the flow is most unstable (i.e. the growth rate is maximum) to 2D
perturbations in the quasi-elastic limit (e ~ 1), but becomes stable for both perfectly
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FIGURE 28. Variation of a® and A, (inset), with k, for k, = 0.1 (solid line) and 0.35 (dashed
line). (a) e = 0.8 and (b) e = 0.99. Other parameters as in figure 27.

elastic collisions (e = 1) as well as below some finite dissipation (e ~ 0.8). The latter
behaviour is in stark contrast to all other instabilities in granular flows that have
finite growth rate at any value of e < 1. Interestingly, when spanwise perturbations
(k, # 0) are incorporated in these instabilities, the dependence of their growth rate
on e becomes normal, see figure 27(d); more specifically, the growth rate increases
with decreasing e and remains positive (and hence unstable) at any e < 1. These
stationary instabilities in dilute flows are henceforth dubbed anomalous 2D modes
whose nonlinear behaviour is briefly probed next.

Figures 28(a) and 28(b) display the variations of the real part of the first Landau
coefficient a® with spanwise wavenumber k. for ¢ = 0.8 and e = 0.99, respectively. In
each figure, the solid and dashed lines represent streamwise wavenumbers of k, = 0.1
and k, = 0.35, respectively, with other parameters as in figure 27. For both cases, we
find a® <0 and a® > O(see the growth-rate contours in figure 27a,b) for a range of
k. over which supercritical finite-amplitude solutions exist as confirmed in the insets of
figure 28(a,b).

The nonlinear density pattern and the vector map of the cross-stream (v', w')
velocity in the (y, z*)-plane (at the x = 0 location) are displayed in figure 29 for
which (k,, k;) = (0.1, 1.6) and (0.35, 1.0) for the upper and lower panels, respectively;
other parameters are as in figure 28(a). (The patterns for e = 0.99 look similar, and
hence not shown.) We observe that the dense (white regions) and dilute (black regions)
layers of particle clusters span the whole Couette gap across the gradient/transverse
direction, leading to columnar-like bands of particles that are inclined at some angle
to the walls. To ascertain the true inclination angle of these clusters, the z-axes
in figure 29(a,c) should be stretched by 1.25m and 2m, respectively. Along the
dense layers in figure 29(a,c), the cross-stream motion is dominated by a saddle
point, see the curved arrows in figure 29(b,d). The overall structural features of
these patterns (that originate from anomalous 2D modes) are significantly different
from those originating from other instability modes that have been discussed so far.
The robustness of the columnar patterns was further checked with another set of
constitutive relations for fi—fs (see (A 6)—(A 11) in appendix A): they persist for both
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FIGURE 29. (Colour online) Stationary patterns of (a,c) perturbation density and (b,d)
(v/, w') velocity in the (y, z*)-plane at x = 0 for ¢° = 0.01, H = 50 and e = 0.8. (a,b) k, = 0.1
and k, = 1.6; (¢,d) k, =0.35 and k, = 1.0.

cases for the same parameter set. However, the physical origin of these anomalous
modes and the resulting columnar density bands remain unclear at present.

8. Discussion: implications for large-scale particle simulations

Let us now briefly discuss our predicted nonlinear instability patterns from the
viewpoint of particle simulations of 3D granular plane Couette flow. For parameter
combinations of dominant SW and TW instabilities in figures 4 and 12, respectively,
the mean density is ¢° = 0.2, with a Couette gap of H =1,/d = 100: the streamwise
wavenumbers are k, = 0.58 and k, = 0.97, respectively, and the spanwise wavenumber
is k, =1 for both modes. With these parameters and referring to figure 1, the
dimensions of the Couette cell (L/E, fy/g, 72/3) would be (1083, 100, 628) and
(668, 100, 628) for SW and TW modes, respectively, that correspond to a total number
of particles of 8.16798 x 107 and 5.03982 x 107. For the purely 3D instabilities in dilute
flows (¢° = 0.05, with H = 100) as in figures 25(a, b), 25(c, d) and 25(e, f), we have
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k. =0.2, 2 and 12, respectively, with a streamwise wavenumber of k, = 0.1; hence the
dimensions of the box (I./d, l,/d, I./d) would be (6283, 100, 3146), (6283, 100, 314)
and (6283, 100, 63) that correspond to a total number of particles of 5.9215 x 108,
5.9215 x 107 and 0.9869 x 107, respectively. These estimates suggest that we need
very large-scale simulations with O(107) particles. Note that all these predictions hold
for a restitution coefficient of 0.8. We have verified that on decreasing the restitution
coefficient to 0.6, both the dominant SW and TW instabilities occurred at a lower
value of H =50 which can be translated to a decrease in the total number of particles
by an order of magnitude to O(10°%). None of the published works on 3D shear flow
reported such large-scale simulations, and hence a comparison between theory and
simulation is not possible at present. It is clear from above discussion that for all
cases we need to carry out particle simulations in a non-cubic box that would fit the
wavenumbers (k, and k) corresponding to a specific instability mode with the number
of particles exceeding O(10°).

The simulations of Conway & Glasser (2004) are close our work; they reported
gradient banding, vorticity banding, density waves and coherent vortices in granular
Couette flow. All of their 3D simulations were done for a Couette gap of H = 50, with
a mean density of ¢° =0.05 and a restitution coefficient of 0.6, but the total number
of particles was about O(10°) or less. They varied the streamwise and spanwise
lengths of the box (which is equivalent to changing the wavenumbers along respective
directions) so as to accommodate different instability modes. They showed that the
near 3D Couette (I, <« [,) flow preserves the instabilities of 2D flow as we found.
One particular pattern from their simulations in dilute flows that corresponds to the
banding of particles (in the form of rolls) along the spanwise/vorticity direction
compares well with the predictions of our nonlinear theory (Shukla & Alam 2012).
A single cross-stream 2D plug structure has been found as the depth of the Couette
cell increases. They also found the existence of streamwise vortices by following the
pathline of a single tracer particle which got entrapped inside a vortex. This agrees
with the persistence of vortical patterns that we have found from the analyses of the
cross-stream velocity and the streamwise vorticity.

As illustrated in §§ 7.1-7.3, the vortical motion on the cross-stream plane can be
described in terms of the fixed/critical/stationary points of the underlying (v, w') flow
field: saddles, nodes and focus/vortex. Following the success of such critical-point
diagnostics in the shear flow of Newtonian fluids (Perry & Chong 1987), we suggest
characterizing the 3D steady/unsteady granular flows in terms of fixed points — this
can be easily done by analysing data from particle simulations. The coarse-grained
velocity gradient tensor as well as its invariants can be extracted from simulations
so as to classify the complex topology of the flow in terms of different types of
fixed points and this would help to identify coherent/vortical structures in granular
shear flows. Such simulations should be carried out for a range of densities spanning
from the dilute to dense regimes to track all types of instabilities reported here. We
hope this work will inspire others to carry out very large-scale simulations of 3D
plane Couette flow in an effort to characterize the complex 3D eddying motion that
can be compared with our predictions of nonlinear stability analysis. To minimize
the computational cost of such simulations, a minimal flow unit can be conceived
in order to track a particular instability mode whose wavenumbers will dictate the
minimum size of the computational box (I,/d = 2n/k:, I./d = 2n/k: and I,/d = H,
where ki = k;/H, with i = x, z, is the respective wavenumber scaled in terms of particle
diameter).


https://doi.org/10.1017/jfm.2012.549

https://doi.org/10.1017/jfm.2012.549 Published online by Cambridge University Press

400 M. Alam and P. Shukla

9. Summary and conclusion

Using Navier—Stokes-level hydrodynamic equations of rapid granular flows, we have
investigated the nonlinear stability of 3D granular plane Couette flow for the first
time. A previously developed order-parameter theory for 2D perturbations (Shukla
& Alam 2011a,b) has been extended to 3D perturbations to arrive at the pertinent
Landau-Stuart equation. Essentially, the nonlinear stability problem has been reduced
to a sequence of linear problems at different orders in perturbation amplitude (A):
(i) the fundamental mode at O(A) which is simply the linear stability problem; (ii)
the second harmonic and the distortion of mean flow at O(A?); (iii) the distortion of
fundamental and the third harmonic at O(A%); and (iv) the subsequent higher-order
harmonics. The differential equations for the modal amplitudes have been solved using
a spectral-based numerical scheme that dealt with three specific types of problem: (i)
the solution of a differential eigenvalue problem; (ii) the solution of inhomogeneous
differential equations; and (iii) the evaluation of two definite integrals that yields the
Landau coefficients. Stopping at cubic-order O(A%), we calculated the first Landau
coefficient which is the leading-order nonlinear term in the Landau—Stuart equation.

The granular plane Couette flow is known to support a variety of SW and TW
instabilities (Alam 2006), having wave-like modulations along both the streamwise
(x) and spanwise/vorticity (z) directions (characterized by streamwise and spanwise
wavenumber, k, and k,, respectively): (a) the dominant SW and TW instabilities
(having the largest growth rate among all types of SW and TW instabilities)
that appear at k., = O(1); (b) the long-wave SW and TW instabilities at k, ~ 0
(i.e. the perturbations having large wavelengths along the streamwise direction,
ie. Ay =2m/k, > 1); and (¢) purely 3D SW and TW instabilities. The first two
classes of instabilities originate from 2D perturbations (k, = 0) and they exists for a
range of densities spanning from moderately dense to dense flows. The last class of
instabilities has its origin in 3D perturbations in dilute flows (¢° < 0.1) and the flow
is linearly stable to 2D perturbations in dilute flows. The effects of 3D perturbations
(k, #0 and k, # 0) on the finite-amplitude saturation of the above mentioned five
types of instability modes, the nature of their bifurcations and the resulting nonlinear
patterns have been analysed and contrasted with our previous study (Shukla & Alam
2011h) on 2D nonlinear perturbations. In addition, a first attempt has been made to
analyse the nonlinear flow patterns in terms of the fixed/critical points (saddles, nodes
and focus/vortex) of the underlying velocity field in order to ascertain the existence of
vortices in this flow.

As in the case of 2D perturbations, we found evidence of mean-flow resonance
for 3D perturbations in the near-critical regime of flows at all densities — the first
Landau coefficient diverges at such resonance points. The origin of this resonance is
shown to be tied to the interaction between a linear stability mode and a mean-flow
mode (i.e. the one having no variation along either streamwise or spanwise directions).
For a given parameter combination of mean density (¢°) and Couette gap (H), we
uncovered the coexistence of multiple nonlinear states of stationary and travelling
waves, depending on the values of wavenumbers (k, and k).

For both the dominant SW and TW instabilities, the 3D nonlinear solutions are
born via supercritical pitchfork and Hopf bifurcations, respectively, for a range of
spanwise wavenumbers up to k, = O(1). The 3D patterns of perturbation density in
the shear plane are found to be markedly different from their 2D counterparts for
both modes. The cross-stream (v, w’) velocity field in the (y, z)-plane contains a
vortex in the background of saddle-node-type motions (i.e. the flow is dominated by
saddle points and nodes, such as sources and sinks). The vortical motion appears
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to be driven by two nearby saddle points, and the location of this vortex is found
to be correlated with the local maxima of the perturbation streamwise vorticity. The
presence of strong streamwise vorticity seems to be responsible for the occurrence of
more tenuous/inhomogeneous particle clusters in 3D flows as well as for the stretching
of clusters with increasing spanwise wavenumber for both the dominant SW and TW
instabilities.

Beyond a moderate value of the mean density (¢° ~ 0.15), there are SW linear
instability modes for a very small range of streamwise wavenumbers k, ~ 0. The
origin of these long-wave instabilities is tied to the underlying gradient-banding
instability (k, =0 and k, = 0). These modes remain unstable for a range of spanwise
wavenumbers k, = O(1), yielding nonlinear stationary states via pitchfork bifurcations.
These long-wave stationary instabilities subsequently give birth to TW instabilities
(at k, ~ 0) that are responsible for the genesis of nonlinear oscillatory states via
Hopf bifurcations. For both of these long-wave instability modes, the bifurcations are
supercritical for 2D perturbations (Shukla & Alam 20115) and remain supercritical for
3D perturbations. The density patterns of the long-wave TW instabilities are found to
be structurally different from those that originate from dominant TW instabilities (that
occur at k, ~ O(1)) with respect to both large- and small-scale features.

For dense flows too, the above SW instability at long waves persists having similar
nonlinear behaviour. However, we found two types of supercritical TW solutions in the
dense regime: one for small k, (~0) and the other for moderate values of k, = O(1);
the former originates from 2D perturbations and the latter from 3D perturbations. In
dense flows, we also uncovered subcritical TW solutions at k, = O(1) which originate
from 3D perturbations at small values of k.. The related nonlinear density patterns
are found to be different from those that occur at moderate densities with respect
to the orientation of particle clusters/bands. For all long-wave instabilities that occur
in moderately dense to dense regimes, the flow on the cross-stream plane is largely
dominated by nodes (sources and sinks) and saddles.

For purely 3D SW and TW instabilities (having no analogue in 2D flows) that
exist only in dilute flows, we found both supercritical and subcritical finite-amplitude
solutions for a much larger range of spanwise wavenumbers k, = O(10). At small
values of k,, we uncovered a change-over in the modal hierarchy with varying k,
which is responsible for the observed differences in nonlinear TW patterns. While the
cross-stream velocity field for supercritical solutions contains nodes (sources and sinks)
and saddles, the subcritical solutions are dominated by large-scale vortices in the
background of saddle-node-type motions. The density patterns for the two cases are
also found to be different in the cross-stream plane: while the supercritical solutions
have particle clusters positioned at some oblique angle to the spanwise direction, the
subcritical solutions have modulated clusters almost parallel to the spanwise direction.
Lastly, for the anomalous 2D instability modes in the dilute limit, the dense and dilute
layers of particles span across the Couette gap, leading to columnar-like particle bands
over which the saddle-type motion of the cross-stream velocity persists. In all cases,
the vortices correspond to a local maximum of streamwise vorticity.

It is recommended to use critical-point concepts from dynamical systems theory
to analyse the velocity gradient tensor in terms of its invariants or other related
measures (Perry & Chong 1987; Jeong & Hussain 1995) which is likely to help
to identify the large-scale vortical structures in this flow. Another avenue in the
search for streamwise vortices in granular shear flow is to examine the optimal
perturbations (that are responsible for maximum amplification of perturbation energy)
using non-modal stability analyses (Malik ef al. 2006, 2008). The present work should
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be complemented with large-scale simulations with O(10%) particles as discussed
in §8 to uncover the rich dynamics in 3D granular Couette flow. The effects of
non-uniform shear flow (Alam & Nott 1998; Alam et al. 2005) and slip boundary
conditions (Jenkins & Richman 1986; Chikkadi & Alam 2009) should be probed
so as to understand the generality of the predicted pattern formation scenario in
granular plane Couette flow. It may be noted that the rheology of granular fluids
is known to be non-Newtonian, characterized by large normal stress differences if
the collisional dissipation is large (Alam & Luding 2003, 2005). Therefore, more
accurate constitutive relations having a larger range of validity in terms of inelasticity
(Jenkins & Richman 1985; Sela & Goldhirsch 1998; Garzo et al. 2007; Noskowicz
et al. 2007) should also be tested and compared with the present results. The order-
parameter theory developed in §4 can be easily adapted to granular flows described
by Newtonian/non-Newtonian constitutive models with different boundary conditions
(slip/non-slip and adiabatic/non-adiabatic boundary conditions (Alam & Nott 1998;
Chikkadi & Alam 2009) as well as with gravity (Alam et al. 2005). The present
work is thus a stepping stone to initiate future studies on 3D nonlinear instabilities
and the related pattern formation scenario in various types of granular flows (granular
Poiseuille flow, inclined chute flow, granular convection, etc.). Work in this direction is
in progress.
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Appendix A. Constitutive relations for fi(¢, e)-f5(¢, e)

For all calculations in this paper, the dimensionless functions fi — f5 as defined in
(2.10) are taken to have following forms:

fi@) =¢ (1 +4x). (A1)
H(@) = 5\/—(1 + ¢ >2 5f¢ X (A2)
f(¢) = 3f¢ X (A3)
fi(9) = 152;;/_ ( + ¢x>2 + jiqbzx, (A4)
fs(p.e) = —=(1 — )¢’ (AS5)

ﬁ

where x(¢) is the radial distribution function (2.11). Note that inelastic nature of
collisions is reflected only in the expression for the collisional dissipation rate (D)
which is proportional to (1 — e?) that vanishes in the elastic limit e — 1.

All linear stability results presented in this paper (yielding five distinct instability
modes as discussed in §7) have also been checked by using following constitutive
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relations of Lun et al. (1984):

Filg.e) = (1 + Angx (), (A6)
5w 8 18
H(d,e) = m <1 + 77¢X(¢)) <((m + —nGn — 2)¢>
an¢ x (@), (A7)
£, e) = 3fn¢ X(@). (A8)
fi(¢ e)—zﬁ( —qb (¢>)< ! 9 24 —3)¢>
ST Ten@n =33 " @ 5T

4
+ ﬁnd)zx(cb), (A9)

15 1 12
Jan(@, €) = L ( > n2n =1 — 1)*(¢ x(#)). (A 10)

4n(41 —33n) ¢X(¢) d¢
48
f5(d,e) = ﬁn(l — ) x (@), (A1)
where

:(l—l—e)

5 (A 12)

In particular, Alam (2006) used the above set of constitutive relations (A 6)—(A 11) that
account for a non-Fourier term (fy, % 0) in the heat flux, along with the dependence
of fi—f4 on the restitution coefficient (¢). Comparing the linear stability results of Alam
(2006) with those reported in the present paper using (A 1)—(A5), we have drawn two
conclusions: (i) all five instability modes of Alam (2006) have been reproduced using
the first set of minimal constitutive relations (A 1)-(A5); and (ii) therefore the non-
Fourier term in the heat flux (fy,) does not introduce any new instability in granular
plane Couette flow. The differences appear only in the value of the growth rate of the
unstable mode and the range of wavenumbers (k, and k,) over which each instability
mode survives for specified values of the mean density (¢°), the Couette gap (H) and
the restitution coefficient (e). For example, (a) the growth rates are relatively lower
and (b) the unstable ranges of k, and k, are slightly smaller for the present constitutive
relations (A 1)—(A 5) in comparison to those obtained using (A 6)—(A 11).

Since our nonlinear analysis tracks each of the above five linear instability modes,
we expect our nonlinear results to hold even for the case of the second set of
constitutive expressions (A 6)-(A 11). It may be noted that other sets of constitutive
expressions for fi—fs can be obtained from the works of other researchers (Jenkins &
Richman 1985; Sela & Goldhirsch 1998; Garzo et al. 2007; Noskowicz et al. 2007).
A comparative nonlinear analysis of the present problem using different constitutive
relations is recommended for a future work.
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Appendix B. Linear stability operator and its adjoint

The elements of the linear stability operator, £ = [[;], are given by

a ad a a
=i o=@ la=— [0+ = —¢', D=0,
B wo> o ¢ PREUE [45), + ¢ 3y 14 ¢ PP
B1)
Ly — 1 09 of,0 09 0,0 B2)
2= g0 | Pegy T Mm"‘“qsa*y Tyt | (
B 0? 0? 0? 0
Iy = —u’— 21+ S+’ (5 + 5 vl B3
22 u8x+H2¢0 [(M‘l‘ )8x2+'u 82+8z2 +M"8y (B3)
92 d (n°+1% o
l —_— 0 0 )\‘0 0— y l = y B4
23 uy, + 2 [(M + )Bxay +1U"yax 24 H2)  9xdz B4
1 | 0 ad
bhs = H2¢0 _p(T)a +u2 (lu“(;"y +'u“(7)"ay> +ugy'u“(%] ’ (B3)
1 [ 0 0 J 0,,0 0
b = H2¢0 __ <p¢y+p¢ay> +uy“¢a ’ (B6)
1 [.,9 0?
b= hg Mg T O T3 } ®D
R L @u) + )7 +(2°+x°)82+ 82+82 (B8)
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1 0 0 0 2
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(1’ 410 9 1 20097 0
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The subscripts y, ¢ and T on any quantity denote its partial derivative with respect y,
¢ and T, respectively, and the superscript O denotes its value at base-state conditions.
The elements of the linear operator, L, as defined in (3.8) and (3.9) can be obtained
from those of £ by replacing &/ /dx¥' — (ik,) and &' /97 — (ik,Y .

The elements of the adjoint linear operator, L' = [;], are given by

ik Wl (@'d, — ¢)

i : il
hy =ikad, I, = OH? (¢°H)> ’ (B 19)
—ika®ul  pl(¢°d, — ¢° ik
14{3 _ v 4 P¢(¢ y ¢) ) ’ lJlr4 _ P Kz ’ (B 20)
¢°H> (¢°H)’ ¢OH?
2l W) DY) 2T%%d,  290Tk° .
hy=—" 3)¢° o 3;50:12 3 (;o;{)ﬁ, by = ik0", (B2D)
. k;2u’ 4+ A% + uk?
lJ2(2 = lkxMO — ¢0H2 =
1 2907 1
i —) — ney, + T + @°w) = 2001")d, + ¢°u’d; |
(B22)
po_ ik [0 400@ — )+ W]+ Akk B3
23 — (¢OH)2 ’ 24 — T ¢0H2 ’ ( )
2ik,p° 4
Bs= 350 T 3y @ U i+ ) — ¢u0) (B24)
ik, |(1° 4 20 (@°dy — ¢)) + @A)
Ly =%, L=—u)+ [ (¢0;;)2 ! d : (B25)
0,72 2
. u’ (ks + k2) 1
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+ ¢°Cu) + ANd, — 2021 + A0, + ¢° 2’ + 1°)d]
260’ 2u’ + 1)
y(¢0)3 — (B26)
. ik [(1® + 20)(¢°dy — ¢9) + ¢°1] B27)
34 (¢0H)2 ’
. o Aikgud  2¢°(p°d, + ) — %)
L =-T, - + > , (B28)
y 3¢° 3(¢%)
. - (A0 4 uO)kck
[y =ike’, L= g (B 29)
- ik, [(ILO + )“0)(¢Ody - ¢8) + ¢OM?] (B 30)
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o ikp)  (Puinidy — ¢ uquy)

b= o= g @H' (B32)
O ok N Y )
¢ H? (@H) = o
2
lss =ik’ + 320 R+ ) DR+ M
* 3oy AT O
+ (¢OK(,) - (ﬁOTOKg - 2¢9K0)dy + ¢°K°d2,] ' B34

In the above, d, = d/dy and d2 d?/dy* represent first and second derivatives with
respect to y, respectlvely

Appendix C. Nonlinear terms in the perturbation equations

The perturbation form of the nonlinear mass balance equation and the expression for
its quadratic nonlinearity are given by

38"/; =— [u088¢ + <¢§?+¢°8ay> v’+¢°2”; + aaw} + N, (&)
1 |9('u) 8(¢’v’) d(P'w)
N = [ ax ay * 0z ] . €2

Note that the quadratic and cubic nonlinear terms are designated by subscripts 2 and
3, respectively, and the superscripts 1, 2, 3, 4 and 5 on A7 refer to terms originating
from the continuity, x-momentum, y-momentum, z-momentum and energy equations,
respectively.

Quadratic (N3') and cubic (N3) nonlinear terms in the x-momentum equation

ou’ ou’
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Quadratic (J\/;S ) and cubic (/\f35 ) nonlinear terms in the granular energy equation
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