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Abstract. A high-order numerical method for three-dimensional hydrodynamics is p-
resented. The present method applies high-order compact schemes in space and a
Runge-Kutta scheme in time to solve the Reynolds-averaged Navier-Stokes equations
with the k-ǫ turbulence model in an orthogonal curvilinear coordinate system. In ad-
dition, a two-dimensional equation is derived from the depth-averaged momentum
equations to predict the water level. The proposed method is first validated by its
application to simulate flow in a 180◦ curved laboratory flume. It is found that the
simulated results agree with measurements and are better than those from SIMPLEC
algorithm. Then the method is applied to study three-dimensional hydrodynamics in
a natural river, and the simulated results are in accordance with measurements.
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1 Introduction

Numerical simulation of fluid motions in natural rivers, reservoirs, bays or harbors
is a challenging issue in computational fluid dynamics (CFD), because of their tur-
bulent nature, multi-scale secondary currents, irregular geometry, etc. To essentially
solve this problem, one has to use the three-dimensional hydrodynamic models, since
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the one-dimensional and two-dimensional models cannot properly describe the three-
dimensional flow features such as secondary currents and three-dimensional turbu-
lence [1]. The use of suitable mathematic models is one of the key issues in the three-
dimensional hydrodynamic study. The Reynolds-averaged Navier-Stokes (RANS) equa-
tions with the k-ǫ turbulence model have been shown to describe three-dimensional flow
adequately in many hydraulic applications. Demuren and Rodi [2] used a modified k-ǫ
model to study flow in a meandering channel. Ye and McCorquodale [3] simulated three-
dimensional free surface flow with a k-ǫ model taking account into anisotropic effects.
Wu et al. [4] simulated flow and sediment transport in a 180◦ bend with the k-ǫ model.
More recent simulations are presented by Rüther and Olsen [5], Zhang and Shen [6] and
Khosronejad et al. [7].

In the previous studies, the normally used numerical methods of three-dimensional
hydrodynamic models are SIMPLE algorithm and its variants such as SIMPLEC, SIM-
PLEX, and PISO. Zhang and Shen [6] used SIMPLEC algorithm to investigate the river
transport of pollution. Feurich and Olsen [8] used SIMPLE algorithm for computing the
water flow in a non-orthogonal, structured grid with a non-staggered variable placement.
Zeng et al. [9] used a fractional step method to solve the RANS equations in generalized
curvilinear coordinates. The advantage of using SIMPLE algorithm is to keep numerical
conservation, and the drawback is difficult to extend the method with high-order accu-
racy which may not match the growing need of hydrodynamics simulations. To remedy
the drawback, we will use high-order compact schemes to do spatial discretization. Com-
pact schemes, which were proposed from a generalization of the classical Padé schemes
by Lele [10], are high-order schemes extensively applied in Direct Numerical Simulation
(DNS) [11,12] and Large Eddy Simulation (LES) [13,14] for turbulence simulation. In our
research, the compact schemes are extended to study three-dimensional hydrodynamics.

In our work, a high-order upwind-biased compact scheme [15] is used for convection
term discretization on purpose to suppress the spurious waves. For temporal discretiza-
tion, a Runge-Kutta time stepping scheme is employed. To apply the uniform mesh-
based compact schemes for problems with complex geometry, a coordinate transforma-
tion is introduced to transform the governing equations in the physical space into those
in the curvilinear coordinate system so that the computational domain is always regular
and that a uniform mesh can be used. To predict the water level, a two-dimensional e-
quation is derived from the depth-averaged momentum equation following the work of
Wu et al. [4]. The flow in a 180◦ curved laboratory flume [16] is simulated to evaluate
the performance of the new method. Then, the proposed method is applied to study the
three-dimensional hydrodynamics in a natural river.

2 Governing equations and boundary conditions for flow field

The three-dimensional hydrodynamic model is composed of the incompressible
Reynolds-averaged Navier-Stokes equations and standard k-ǫ turbulence model. The
continuity and momentum equations in an orthogonal curvilinear coordinate are written
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∂uH2 H3

∂ξ
+

∂vH1H2

∂η
+

∂wH1H2

∂ζ
=0, (2.1a)

∂u

∂t
+

u

H1

∂u

∂ξ
+

v

H2

∂u

∂η
+

w

H3

∂u

∂ζ
+

v

H1H2

(

u
∂H1

∂η
−v

∂H2

∂ξ

)

+
w

H1H3

(

u
∂H1

∂ζ
−w

∂H1

∂ξ

)

+
1

H1

∂p

∂ξ

=
1

H1H2H3

(∂τ11H2H3

∂ξ
+

∂τ12H1H3

∂η
+

∂τ13H1H2

∂ζ

)

+
1

H1H2

(

τ12
∂H1

∂η
−τ22

∂H2

∂ξ

)

+
1

H1H3

(

τ13
∂H1

∂ζ
−τ33

∂H3

∂ξ

)

, (2.1b)

∂v

∂t
+

u

H1

∂v

∂ξ
+

v

H2

∂v

∂η
+

w

H3

∂v

∂ζ
+

w

H2H3

(

v
∂H2

∂ζ
−w

∂H3

∂η

)

+
u

H1H2

(

v
∂H2

∂ξ
−u

∂H1

∂η

)

+
1

H2

∂p

∂η

=
1

H1H2H3

(∂τ12H2H3

∂ξ
+

∂τ22H1H3

∂η
+

∂τ23H1H2

∂ζ

)

+
1

H1H2

(

τ12
∂H2

∂ξ
−τ11

∂H1

∂η

)

+
1

H2H3

(

τ23
∂H2

∂ζ
−τ33

∂H3

∂η

)

, (2.1c)

∂w

∂t
+

u

H1

∂w

∂ξ
+

v

H2

∂w

∂η
+

w

H3

∂w

∂ζ
+

u

H1H3

(

w
∂H3

∂ξ
−u

∂H1

∂ζ

)

+
v

H2H3

(

w
∂H3

∂η
−v

∂H2

∂ζ

)

+
1

H3

∂p

∂ζ

=
1

H1H2H3

(∂τ13H2H3

∂ξ
+

∂τ23H1H3

∂η
+

∂τ33H1H2

∂ζ

)

+
1

H1H3

(

τ13
∂H3

∂ξ
−τ11

∂H1

∂ζ

)

+
1

H2H3

(

τ23
∂H3

∂η
−τ22

∂H2

∂ζ

)

, (2.1d)

where u, v and w are the velocity-components in the ξ, η and ζ directions respectively; ξ
is the streamwise direction, η is the lateral direction, and ζ is the vertical direction. The
gravity force is included in the residual kinetic pressure (divided by density) p, i.e.,

p=P+P0−g(h−z).

Here P=the kinetic pressure; P0 =the free surface kinetic pressure; g=the gravitational
acceleration; h=the water level; and h−z=the water depth. The stress τij includes the
viscous stress and Reynolds stress; Hi (i=1,2,3) are the Lamé coefficients of orthogonal
curvilinear coordinate defined as

Hi =

√
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)2
,

where ξ1, ξ2 and ξ3 are the coordinate axes ξ, η and ζ in the computational domain; x1, x2

and x3 are the coordinate axes x, y and z in the physical space. The stresses τij are given
by
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where υ=the kinematic viscosity; the eddy viscosity υt is calculated by

υt =
Cµ·k2

ǫ
.

The turbulent kinetic energy k and the turbulent dissipation rate ǫ are obtained from k-ǫ
equations:
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where u1, u2 and u3 are u, v and w respectively. Γk and Γǫ are the diffusion coefficients
defined as

Γk=υ+υt/σk and Γǫ =υ+υt/σǫ.

The production of turbulence Pk is given by
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The typical constants of k-ǫ equations are used with Cµ=0.09, C1=1.44, C2=1.92, σk=1.0,
and σǫ =1.3.

In principle, there are four types of boundary conditions in hydrodynamic calcula-
tions.

1) Fluid entry

Along the fluid entry boundary, the convective flux is specified with measurements
and the gradient of pressure is zero. The turbulent kinetic energy k and the dissipation
rate ǫ are given by the empirical formulae:

k=0.00375(u2+v2+w2), ǫ=
u3
∗

κ1ζp
,
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where u∗ =the bed shear velocity; ζp =the normal distance from the river bed to the
nearest node; and von Karman constant κ1=0.41.

2) Fluid exit

At the fluid exit boundary, zero velocity gradients are applied, and the pressure is
specified with measurements. Zero gradient conditions are also used for the turbulent
kinetic energy k, and the dissipation rate ǫ.

3) Walls and river bed

At the solid boundary, non-slip conditions are used so that all velocity-components
set to zero, and a zero pressure gradient is also specified. Rather than non-slip conditions,
the values of wall shear stress are more important for the fully developed turbulent flow.
The wall-function method is used to calculate wall shear stress and bridges the fully
developed turbulent region calculated by k-ǫ model and the solid boundary. The details
of implementing wall-function method are presented in [17].

4) Free surface

The velocity-component normal to the free surface w is set to zero, and the pressure to
the atmospheric value (or a zero gradient). The horizontal velocity-components u, v and
the turbulent kinetic energy k are set to zero gradient conditions. The dissipation rate ǫ
is given by

ǫ=
u3
∗

κ1

( 1

0.07h
+

1

ηmin

)

,

where h=the normal distance from the free surface to the river bed, and ηmin =the mini-
mum horizontal distance from the bank.

3 Numerical methods

3.1 Compact schemes

A high-order numerical method of three-dimensional hydrodynamic model is presented
in this section. Compact schemes are employed for high-order spatial discretization. A
sixth-order symmetric compact scheme [10, 18] is used to approximate the first order
derivatives.

f ′i−1+3 f ′i + f ′i+1=
7

3h
( fi+1− fi−1)+

1

12h
( fi+2− fi−2). (3.1)

Here, on a uniform computational mesh there is an equal node spacing h= xi−xi−1; and
f ′ is the first order derivative of function f (x), where subscript 1<i<N is the node index.
f ′i (i=1,··· ,N) are solved together as a tridiagonal matrix.

A fifth-order upwind compact scheme [15, 18] is used to approximate the convection
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terms. Take the general convection term C ·∂ f /∂x for example to illustrate:

2 f ′i−1+3 f ′i =
−3 fi−2−44 fi−1+36 fi+12 fi+1− fi+2

12h
for Ci>0, (3.2a)

2 f ′i+1+3 f ′i =
−3 fi+2−44 fi+1+36 fi+12 fi−1− fi−2

12h
for Ci<0. (3.2b)

If Ci is postiove, a backward difference scheme (3.2a) is used for the spatial discretization,
otherwise a forward difference scheme (3.2b) is used. Here C can be convection velocities
u, v and w, and ∂ f /∂x can be derivatives ∂ui/∂ξ j (i=1,2,3; j=1,2,3).

Non-symmetry or small stencil boundary formulae are required at the nodes close to
boundary. Hence, third-order boundary formulae (at nodes i= 1 and i= N) and fourth-
order near-boundary formulae (at nodes i=2 and i=N−1) are used [18].

i=1, f ′1+2 f ′2=
−5 f1+4 f2+ f3

2h
,

i=2, f ′1+4 f ′2+ f ′3=
−3 f1+3 f3

h
.

There are similar formulae at nodes i=N and i=N−1.

3.2 Time-stepping procedure

The Reynolds-averaged fluid motion equations are calculated in two steps: 1) Integrate
the momentum equations to obtain un+1, vn+1 and wn+1; 2) Then, iterate the pressure
equation to obtain pn+1.

3.2.1 Integration of momentum equations

Integration of momentum equations is implemented with a four-stage modified Runge-
Kutta scheme.
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where the superscript index n is time level, and the superscripts (1), (2), (3) and (4)
represent the sub-steps of Runge-Kutta scheme. To discretize the momentum equations,
we rewrite (2.1b) this way.

∂u

∂t
=

1

H1H2H3

(∂τ11H2H3

∂ξ
+

∂τ12H1H3

∂η
+

∂τ13H1H2

∂ζ

)

+
1

H1H2

(

τ12
∂H1

∂η
−τ22

∂H2

∂ξ

)

+
1

H1H3

(

τ13
∂H1

∂ζ
−τ33

∂H3

∂ξ

)

−
[ u

H1

∂u

∂ξ
+

v

H2

∂u

∂η
+

w

H3

∂u

∂ζ

]

−
[ v

H1H2

(

u
∂H1

∂η
−v

∂H2

∂ξ

)

+
w

H1H3

(

u
∂H1

∂ζ
−w

∂H3

∂ξ

)

+
1

H1

∂p

∂ξ

]

. (3.4)

The derivatives on the right hand side are discretized by the symmetric compact scheme
except the convection terms
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discretized by the upwind compact scheme. Then substitute the value to the Runge-
Kutta scheme to obtain un+1. The stresses τij are fully discretized by the symmetric com-
pact scheme and computed before the semi-discrete momentum equation calculation. We
obtained vn+1 and wn+1 with the similar procedure by (2.1c) and (2.1d).

3.2.2 Iteration of pressure equation

A pressure equation is proposed to compute pn+1, which is derived from the momentum
and continuity equations [19], and written as
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The derivatives on the right hand side of (3.6a)-(3.6c) are discretized by the compact
schemes in the similar way to the semi-discrete momentum equations. In the mean time,
the derivatives of p on the left hand side of (3.5) are discretized by the central difference
scheme constructed on half-node grids
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+

(

∂H2H3u
∂ξ + ∂H1 H3v

∂η + ∂H1H2w
∂ζ

)n+1

∆t
. (3.7)

Here, the values at the half-node grids are two-point averages over the nearest nodes. We
can obtain pn+1 by solving the Eq. (3.7). The initial value is imposed to pn for accelerating
the convergence.

The k-ǫ equations are solved in a similar way to the momentum equations. The flow
field computation is carried out until a specified criterion is met.

4 The water level equation

The water level of a natural river or a open channel is a routine computation quantity of
hydrodynamic simulation. Following the work of Wu et al. [4], a water level equation
in an orthogonal curvilinear coordinate is derived in this section. The two-dimensional
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depth-average momentum-equations for a shallow open channel flow are obtained by
vertical integration of momentum equations (2.1b) and (2.1c)

∂ū

∂t
+

ū

H1

∂ū

∂ξ
+

v̄

H2

∂ū

∂η
+

v̄

H1H2

(

ū
∂H1
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− v̄

∂H2

∂ξ

)

+
g

H1

∂h

∂ξ
+gm2ū

√
ū2+ v̄2

h
4
3

=
1

H1H2

(∂τ̄11H2

∂ξ
+

∂τ̄12H1

∂η
+ τ̄12

∂H1

∂η
− τ̄22

∂H2
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)

, (4.1a)
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v̄

H2
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+

ū
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(
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∂H2
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−ū
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∂η

)

+
g

H2
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√
ū2+ v̄2

h
4
3

=
1
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+ τ̄12

∂H2
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− τ̄11

∂H1

∂η

)

, (4.1b)

where h=the water level; ū and v̄=the depth-average velocity in the ξ and η direction-
s respectively; τ̄11, τ̄12 and τ̄22 =the depth-average turbulent stresses; and m=Manning
coefficient. Then a water level equation is derived from the depth-average momentum-
equations by partial differentiating ξ-component momentum-equation (4.1a) with re-
spect to ξ and η-component momentum-equation (4.1b) with respect to η, as follows:

∂
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in which
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]}

.

The discretization of the water level equation is similar to the treatment of pressure equa-
tion. The derivatives on the right hand side are discretized by compact schemes, while
the derivatives of the water level h on the left hand side are discretized by the central
difference scheme. The water level calculation may be restricted to flow with gradual
variation [4].

4.1 Calculation sequence

The three-dimensional hydrodynamic model is solved as follows:

1. Generate the computational mesh.
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2. Start from an initial flow field including turbulence quantities.

3. Solve the momentum equations to obtain the flow field un+1, vn+1 and wn+1.

4. Solve the pressure equation to obtain the pressure field pn+1.

5. Solve the k- and ǫ-equations to obtain kn+1 and ǫn+1 and update the eddy viscosity υt.

6. Solve the water level equation to obtain the water level hn+1 and adjust the mesh.

7. Return to step 3 and repeat the calculation proceed until a specified criterion is met or

a specified time is covered.

5 Numerical validation of present solver

In this section, a typical 180◦ curved open channel flow is simulated by the present
method and SIMPLEC algorithm. The computed results are compared with measured
data to validate the present method.

According to [16], a 180◦ curved flume of the dimension is constructed with

Ri=3.4m; Ro =5.1m; L=6m,

where Ri =the inside diameter; Ro =the outside diameter; and L =the length of the s-
traight segments. According to the experimental data, the entry quantity Qin=0.19m3/s;
the downstream water level hout=0.18m; Manning coefficient m=0.012; and the molecu-
lar viscosity of water υ=1.0×10−6m2/s. There are 101×41×13 grid nodes in the stream-
wise, lateral and vertical directions respectively. The temporal step is set to ∆t= 0.001s.
The specified criterion for both methods to stop the computation is

∆V

∆t
<10−2,

in which

∆V=max(
√

(un+1−un)2+(vn+1−vn)2+(wn+1−wn)2)<10−5.

The measured and computed distributions of the depth-average ξ-component velocity
u at various cross-sections are shown in Fig. 1. Here, B=the width of the cross-section,
and η/B=the non-dimensional distance from the inner bank. In the section 0◦ and 30◦,
the depth-average velocity distributions computed by the compact scheme (solid line)
and SIMPLEC algorithm (dashed line) agree well with the measured data (filled square).
Then, the maximum of depth-average velocity shift from the inner bank (section 0◦ and
30◦) to the outer bank (section 60◦, 90◦, 120◦ and 180◦) in the bend. From section 60◦ to
180◦, the depth-average velocity distributions computed by the compact scheme approx-
imate to the measured data better than those from SIMPLEC algorithm. The maximum
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Figure 1: Depth-averaged velocity distributions at cross-sections.

relative error of the compact scheme method is 3.3%, which is much less than 9.4% from
SIMPLEC algorithm. The relative error is defined as

Relative Error=
Computed Value-Measured Value

Measured Value
.

The results indicate that the compact scheme method can accurately predict the velocities
and has better accuracy than SIMPLEC algorithm in a curved shallow open channel com-
putation. Furthermore, the method represents smoother depth-average velocity profiles
at cross-sections.

The measured and computed streamwise distributions of water level are shown in
Fig. 2. Here, S =the distance to the entrance; L =the length of the flume centre line;
S/L=the non-dimension distance to the entrance; and the non-dimensional water level
H = (h−hout)/hout. At B/8 from the inner bank (the lower branch of water level line),
the results from the compact scheme approximate closely to the measured data, whereas
those from SIMPLEC algorithm doesn’t approximate well. At B/8 from the outer bank
(The higher branch of water level line), the results from the compact scheme are close
to the measured data in the straight segments and the middle of curved flume, while
those from SIMPLEC algorithm only agree in part with the segment of curved flume. At
the centre line, although results of both methods do not match the measured data well,
the results from the compact scheme are closer to the measured data. The relative errors
in the water level computed by the compact scheme method are given in Table 1. The
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Figure 2: Computed and measured water level along the flume.

relative errors are on the order of 10−3, which meets the needs of most hydraulic applica-
tions. The water level equation can predict the water level in a curved open channel with
good accuracy.

Comparisons on different grid number meshes can show how the accuracy of the
present method depends on the grid sizes. We made the comparisons with the same CFL
number on account of the numerical accuracy depending on the CFL number. It is found
that the finer meshes improve the numerical accuracy. The accuracy is improved roughly
3% with 1.5-times number grids and roughly 5% with double number grids.

Table 1: Relative errors in the water level computed by the compact scheme method.

S/L 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 Average
inner bank 0.0003 0.0147 0.0149 0.0007 0.0004 0.0063 0.0053 0.0002 0.0020 0.0050
centre line 0.0108 0.0075 0.0009 0.0044 0.0084 0.0071 0.0029 0.0027 0.0036 0.0054
outer bank 0.0153 0.0231 0.0097 0.0019 0.0027 0.0043 0.0011 0.0156 0.0086 0.0091

6 Simulation of flow in a natural river

In this section, flow in a natural river with continuous bends and sloped banks is simu-
lated by the new method. The Guanxi River is 7200m long and 30m wide at the bed with
a trapezoidal cross-section and 1 : 2 sloped. The mean bed elevation is 4m, and Manning
coefficient m=0.025 according to the measured data. The first bend is 3729.58m long with
a radius of 2514.50m, and the second bend is 3444.72m long with a radius of 4352.12m.
There are 721×21×11 grids in the streamwise, lateral and vertical directions respectively.

The entry quantity Qin=30.0m3/s, which is estimated with annual mean values mea-
sured in the hydrological station 1; And the downstream water level hout = 9m, which
is estimated with the annual mean values measured in the hydrological station 3 and
corrected with the measured data in the hydrological station 2. Besides, there are lat-
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Figure 3: Computed and measured water level along the centre line in the Guanxi River.

x (m)

y
(m

)

-2000 0 2000

-2000

-1000

0

1000

2000

3000

Hydrological Station 1 (2.85 km)

Hydrological Station 2 (6.37 km)

Hydrological Station 3 (7.2 km)

Region B

Region A

Region C

Figure 4: Distributions of velocity vector in the Guanxi River at 7m altitude plane.

eral entry quantities qi = 24.0m3/s on the bank. Other boundary conditions have been
described in Section 2.

The streamwise distributions of computed and measured water level in the centre line
of Guanxi River are shown in Fig. 3. The computed water level generally agrees with the
measured data.

The distributions of velocity vector at 7m altitude horizontal plane of the Guanxi
River are shown in Fig. 4. The new method performs a high resolution pattern of flow in
the Guanxi River. In the broad entry region A, the stream is under low-speed situation.
The river narrows at 400m downstream. Then a 2600m long channel is presented with
high-speed flow motion. Coming into the middle of the Guanxi River, there is a 1000m
long broad region B. Two counter-rotating horizontal circulations appear here which are
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Figure 5: Distributions of secondary velocity vector at cross-sections.
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Figure 6: Comparison of main flow velocity at cross-sections.

separated by the high-speed stream in the lateral of the centre line. The minor circulation
on the right of the channel is anti-clockwise, whereas the major circulation on the left is
clockwise. At last, a 3200m long river segment C associates the Guanxi River with the
Gucheng Lake, where the distribution of velocity vector is uniform.

The distributions of velocity vector at cross-sections are shown in Fig. 5. The sec-
ondary current is clockwise if bend turns to left (Fig. 5(c)) and anti-clockwise if bend
turns to right (Fig. 5(h)) due to the centrifugal force effect. Secondary currents turn to be
stronger in the presence of lateral entry quantities on the bank (Figs. 5(a) and (e)). The
longitudinal vortexes develop downstream and influence the currents there(Figs. 5(b), (f)
and (g)).

Computed and measured distributions of main flow velocity at various cross-sections
are shown in Fig. 6. There are good agreements between computed (solid lines) and mea-
sured data (hallow squares). The new method is validated to be an accurate and reliable
approach to study three-dimensional hydrodynamics with complex flow by simulating
the Guanxi River.
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7 Conclusions

In this study, a new numerical method is developed to solve the three-dimensional
Reynolds-averaged Navier-Stokes equations with the k-ǫ turbulence model. A two-
dimensional equation is derived from the depth-averaged momentum equations to pre-
dict the water level.

Flow in a 180◦ curved laboratory flume is computed to validate the proposed method.
The results from the compact scheme show better accuracy than those from SIMPLEC al-
gorithm by comparing the distributions of the computed and measured velocities at dif-
ferent cross-sections. The small relative errors in water levels show that the water level e-
quation can accurately predict the water level. Then the method is applied to study three-
dimensional hydrodynamics in a natural river with continuous bends and sloped banks.
The simulated results are in accordance with the measured data. Three-dimensional flow
features such as horizontal circulations and secondary currents are displayed with fine
resolution and conform to the observations.

In conclusions, this high-order method is an efficient approach to solve three-
dimensional hydrodynamic equations and also an accurate tool to study three-
dimensional hydrodynamics in a natural river.
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