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Abstract. Consider a wave equation (WE) with constant coefficients in R” for even n > 2
and with variable coefficients for even n > 4. We study the distribution u, of the random
solution at time t+ € R. The initial probability measure wo has a translation-invariant
covariance, zero mean and finite mean density for the energy. It also satisfies a Rosenblatt-
or Ibragimov-Linnik-type mixing condition. The main result is the convergence of u; to
a Gaussian probability measure as t — oo which gives a Central Limit Theorem (CLT)
for the WE. The proof for the case of constant coefficients is based on stationary phase
asymptotics of the solution in the Fourier representation and Bernstein’s ‘room—corridor’
argument. The case of variable coefficients is reduced to that of constant ones by a version
of the scattering theory, based on Vainberg’s results on local energy decay.

1. Introduction

This paper studies the asymptotic behavior of statistical solutions of the wave equation
(WE) for the case of an even number of space dimensions. Here we consider the linear
WEs in R”, with an arbitrary even n > 4:

ii(x,t) = Lu(x,t) = Z(aj — i Aj(0))ulx, 1),
j=1 (1.1
uli=0 = uo(x), ul=0 = vo(x),

where

9; xeR" teR.

ad
3xj ’
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We consider complex-valued solutions u(x, t) and assume that the potentials A;(x) are
real and vanish outside a bounded domain.
Denote Y (1) = (Y°), Y' (1)) = (-, 0),1(, 1), Yo = (Y2, ¥}) = (uo, vo). Then
(1.1) becomes
Yt)=AY(r), teR; Y(0) =Y. (1.2)

Here we denote

0 1 n .
A:(A 0)’ WhereA:jXZ;(aj—zAj(x))z.

We assume that the initial state Yy = (ug, vo) is a random element of a complex functional
space H of the states with a finite local energy, see Definition 2.1. The distribution of
Yy is a probability measure o of mean zero satisfying some additional assumptions, see
conditions (S2)—(S4).

We identify C = R? and denote by ® the tensor product of real vectors. The covariance
functions (CFs) of the initial measure are supposed to be translation-invariant, i.e. for
i,j=0,1,

0F (x,y) = EXg(x) ® Y (y)) =q¢ (x —y), x,yeR". (1.3)
Next, we assume that the initial mean energy density is finite:

e0 := E(vo(®)I* + Vo) + luo()*) = tr(gy' (0) — Agg’(0) + 0°(0) < oo.
(1.4)
Finally, we assume that 1 satisfies a mixing condition. Roughly speaking, this means that

Yo(x) and Yy (y) are asymptotically independent as |x — y| — oo.

Denote by u;, t € R, the measures on H that give the distribution of the random solution
Y (¢) to problem (1.2).
Our main result gives the (weak) convergence

It — Roos ©—> 00 (1.5)

to a limiting measure (4o, Which is a stationary Gaussian probability measure (GPM) on H.

Results of this kind were obtained in [2] for the WE in odd dimension » > 3 and in
[1] for the Klein—Gordon equation (KGE) in R” with n > 1. The main difference from
these previous results lies in the more complicated long-time asymptotic behavior of the
corresponding Green function as t — oo, which we illustrate later.

We prove convergence (1.5) by using the following general strategy [1-3]. At first, we
prove convergence (1.5) for equations with constant coefficients (i.e. A;(x) = 0) for any
even n > 2 in three steps:

(I  the family of measures u,, t > 0, is compact in an appropriate Fréchet space;
(I) the CFs converge to a limit: fori, j =0, 1,

J(x,y) =fY"(x)®Yf'(y)m(dY) - 0% (x,y), - o0; (1.6)
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(III) the characteristic functionals converge to a Gaussian one:

1
(W) = /exp{i(Y, U (dY) — exp{—EQoo(\IJ, \IJ)} , t—o00, (1.7

where W is an arbitrary element of a dual space and Q« is the quadratic form with
the integral kernel (0L (x, ¥)i,j=0,1- (¥, ¥) denotes the scalar product in a real
Hilbert space L2(R") @ R™.
Property (I) follows from the Prokhorov Compactness Theorem by using the methods
in [14]. With the help of the Fourier transform (FT), we prove a uniform bound for the
mean local energy in measure u;. The conditions of Prokhorov’s theorem then follow from
Sobolev’s Embedding Theorem. Property (II) is deduced from an analysis of oscillatory
integrals arising in the FT using the mixing condition.
To prove property (III), we use Bernstein’s ‘room—corridor’ method. This method is
based on the dispersive mechanism of the WE, exploited in [2] for the case of odd n > 3.
We illustrate it first for the case n = 3 and ug = 0. Kirchhoff’s formula holds:

1
u@e, ) =—— [ w(y)dsy), xeR’ (1.8)
At S;(x)
where dS(y) is the Lebesgue measure on the sphere S; (x) : |y — x| = ¢. Divide the sphere
of integration into N ~ ¢ ‘rooms’ Ry of a fixed width d >> 1, separated by ‘corridors’ C
of a fixed width p < d. Denoting by ry the integral over Ry, we rewrite (1.8) as

N
u(x,t)NZrk/\/N, (1.9)
1

where the ¢ are nearly independent owing to the mixing condition. Then (1.7) follows by
the well-known Ibragimov-Linnik Central Limit Theorem (CLT) [7].

For odd n > 3, the Kirchhoff formula is replaced by the corresponding Herglotz—
Petrovskii’s formulas. However, the formulas contain higher-order derivatives of the initial
function. Then the earlier Kirchhoff-type arguments require a modification (see [2]).
Namely, we apply Bernstein’s method to prove the Gaussian property for the average
a() := (Y(x,t),¥(x)) ast — oo where ¥ € D is a function with the support in
a ball |x] < r. An important role is played by the argument of Lemma 7.1 which
states that the dual representation a(t) = (Yp(x), ®(x, 1)), where ®(x,¢) is a solution
of a dual wave problem with initial data . The support of ®(x, ) belongs to the
‘inflated future cone’ t — ¥ < |x| < t + ¥ by the strong Huygens’ principle. Hence,
a(t) = (Yo(x), ®(x, t)) becomes an integral of the Kirchhoff-type (1.8) over the inflated
sphere S7(x) : t — 7 < |x| < t + 7. Finally, this integral admits a representation of type
(1.9) since

sup ®(x, 1) = O~ "=D/2), (1.10)
xeRn
The asymptotics follow by the stationary phase method applied to the oscillatory integral
representation for ®(x,¢). In [1] we extended the result to the KGE in R" with
n > 1. In this case, the strong Huygens’ principle breaks down. Respectively a(t) :=
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(Y (x, 1), ¥(x)) becomes an integral over the ball B;(x) : |x| < ¢. This integral also admits
a Bernstein-type representation (1.9) since

sup @ (x,1) = O "?). (1.11)
xeR

In this paper we construct a suitable extension of Bernstein’s method to the WE with an
arbitrary even n > 2. In this case the strong Huygens’ principle is missing, as for the KGE.
However, the uniform decay is ~(=1/2 which is worse than (1.11). Therefore, the
previous Kirchhoff-type arguments are not applicable directly. To overcome this difficulty
we find the following two main arguments.

(1) To obtain a good decay for ®(x, ) we consider the initial functions W satisfying the
following, spectral condition: the FT \il(k) = 0 for small |k| (a ‘regular wave packet’
in the terminology of [11]). Let us note that the support of a non-zero W(x) is not
compact: overwise W (k) would be analytic in k € C" and identically vanish by the spectral
condition. Therefore, ®(x, t) is not supported by a cone |x| < ¢ + C in contrast to the
WE in odd dimension and the KGE in all dimensions. Hence, we need the asymptotics
substituting (1.10), (1.11) everywhere in the space R"*! inside and outside the light cone.
Namely, for the regular wave packet, we prove that

|®(x, 1) < C(N, W)~ D2 — x|+ D7V, (x,1) e R*! (1.12)

for any N € N. The asymptotics substitute for the strong Huygens’ principle in our
proof since they mean that an integral a(r) = (Yo(x), ®(x,)) is concentrated near the
cone |x| = ¢ similarly to the case of odd n > 3. Then the main part of a(t) =
(Yo(x), ®(x, t)) becomes an integral of the Kirchhoff-type (1.8) over the inflated sphere
S¢(x) : t — C < |x| < t+ C. This again allows us to apply the Bernstein-type
technique [2] to prove the Gaussian property. Note that the asymptotics (1.12) generalize
the bounds [11, Theorem XI.18]. In [11] the bound (1.10) has been established and also
|®(x, 1) < C(N,¥)(t + x|+ D VNin regions |x| < t(1 — &) and |x| > ¢(1 + &) which
are not sufficient for our purposes. We need more detailed asymptotics (1.12) in the region
tl—¢) <|x| <t(1+e¢).

(2) Further we prove (1.7) for the case of general W without the spectral condition.
For this purpose we partition the Fourier transform W (k) into two summands: one vanishes
for small |k|, the other is concentrated near |k| = 0. The covariance of the contribution of
the second summand is small due to the absolute continuity of the correlation function in
the Fourier space which is provided by the mixing condition.

Then we prove the convergence in (1.5) for problem (1.1) with variable coefficients. In
this case explicit formulas for the solution are unavailable. The case of zero magnetic field,
curl A = 0, is reduced to a constant coefficient by a gauge transformation. To prove (1.5)
for the case of non-zero magnetic field we, roughly speaking, construct a scattering theory
for solutions of infinite global energy (this strategy is similar to that in [1, 2]). This also
allows us to reduce the proof to the case of constant coefficients. More precisely, we
establish the ‘dual’ long-time asymptotics

U =Ui0)W¥ +r(HY, >0, (1.13)
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where U’(¢) is a ‘formal adjoint’ to the dynamical group in equation (1.2), while U(;(t)
corresponds to the ‘free’ equation, with A;j(x) = 0 and W is a scattering operator.
The remainder r(¢) is small in mean:

E|(Yo, r(OW)]> - 0, t — oo.

This version of scattering theory is essentially based on Vainberg’s estimates [13] for the
local energy decay. We prove (1.5) for the case of non-zero magnetic field in three steps
(D—(IID) as for the equations with constant coefficients. Now property (III) stands:

ﬁt(\ll):/exp{i(Y, U\, (dY) — exp{—%Qoo(W\I/, W\y)}, t —>oco. (1.14)

Scattering theory allows us to prove (1.14) for any W from a set [T = W~!D. Finally, we
prove that W is an isomorphism; hence, set IT is dense in a dual space.

Note that the operators U(/) (¢t) and U’ (¢) are unitary with respect to two different norms.
Scattering theory requires the equivalence of these norms (cf. [11, §XI1.10]). To prove the
equivalence for the case n > 4, we apply the Sobolev inequality

HIE®Y € LI, q= —0,

n—2
which breaks down for the case n = 2. Respectively, in the case n = 2 the problem for
variable coefficients is open.

The paper is organized as follows. In §2 we formally state our main result. Sections 3—8
deal with the case of constant coefficients: main results are stated in §3, the compactness
(property (I)) and the convergence (1.6) are proved in §4, and convergence (1.7) in §§5-8.
In §9 we construct the scattering theory and in §10 we establish convergence (1.5) for
variable coefficients for non-zero magnetic field curl A(x) # 0. In Appendix A we have
collected the FT-type calculations. In Appendix B we construct the ‘rooms—corridors’
partition in the case n = 2. Convergence (1.5) for zero magnetic field is proved in
Appendix C.

2.  Main results

2.1. Notation. We assume that the functions A;(x) in (1.1) satisfy the following
conditions.

(E1) Aj(x) are real C*°-functions.

(E2) Aj(x) = 0for |x| = Ro, where Ry < oo.

We assume that the initial state Yy belongs to the phase space H defined as follows.

Definition2.1. H = Hll)c(R”) ® HI%C(R") is the Fréchet space of pairs Y(x) =
(u(x), v(x)) of complex functions u(x), v(x), endowed with local energy seminorms

1Y% =/ (u@))? + [Vu@)]> + [vx)]>) dx <o, VR > 0. 2.1
|x|<R

Proposition 2.1 follows from [9, Theorems V.3.1, V.3.2] as the speed of propagation for
equation (1.1) is finite.
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PROPOSITION 2.1.

(i)  Forany Yy € H, there exists a unique solution Y (t) € C(R, H) to Cauchy problem
(1.2).

(ii) Foranyt € R, the operator U(t) : Yoy — Y (¢) is continuous in 'H.

Let us choose a function ¢ (x) € C3°(R") with £(0) # 0. Denote by Hj; (R"), s € R,
the local Sobolev spaces, i.e. the Fréchet spaces of distributions u € D’(R") with finite
seminorms

”u”S,R = ”1\S ({(X/R)u) ||L2(Rn),

where ASv := F_! ((k)*(k)), (k) :== /|k|> + 1 and 0 := Fuv is the FT of a tempered

k—x

distribution v. For ¢ € D define Fy(k) = [ e**yr(x) dx.
Definition 2.2. For s € R denote H* = H,**(R") @ H?

loc loc(Rn)'

Using standard techniques of pseudodifferential operators and Sobolev’s theorem (see,
e.g., [6]), it is possible to prove that H* = H C H ¢ for every & > 0, and the embedding
is compact. We denote the scalar product by (-, -) in real Hilbert space L*(R") or in

L%(R") @ RY or its various extensions.

2.2.  Random solution: convergence to equilibrium. Let (2, X, P) be a probability
space with expectation E and B(H) denote the Borel o-algebra in H. We assume that
Yo = Yo(w, -) in (1.2) is a measurable random function with values in (H, B(*)). In other
words, (w,x) — Yo(w, x) is a measurable map Q x R? — C? with respect to the
(completed) o-algebras ¥ x B(R") and B (C2). Then Y (1) = U(1)Y, is also a measurable
random function with values in (H, B(H)) owing to Proposition 2.1. We denote by
no(dYp) a Borel probability measure in A giving the distribution of the Yy. Without
loss of generality, we assume (2, X, P) = (H, B(H), o) and Yp(w, x) = w(x) for
no(dw) x dx-almost all (w, x) € H x R".

Definition 2.3. 1, is a Borel probability measure in H which gives the distribution of Y (¢):
pi(B) = po(U(=1)B), VB € B(H), te€R.

Our main goal is to derive the weak convergence of the measures w; in the Fréchet

spaces H ¢ foreach ¢ > 0:
H*S
Wt — Moo, T —> 00, (2.2)

where (1o 1s a limiting measure on the space H. This means the convergence

/f(Y)Mt(dY)—)/f(Y)Moo(dY) ast — 00

for any bounded continuous functional f on space H~°. Recall that we have identified
C = R? and that ® stands for the tensor product of real vectors. Denote M? = R?> ® R.

Definition 2.4. The CFs of measure p,; are defined by
e, y)= EX(x,t) ® Y/ (y,1)), i, j=0,1foralmostall x,y € R" x R", (2.3)

assuming that the expectations in the right-hand side are finite.
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Weset D = D@ D, and (Y, ) = (Y%, ¥0) + (¥, ¥!) for ¥ = (Y% ¥') € H and
¥ = (WO, W) e D. For a probability measure 1 on H, denote by & the characteristic
functional (FT)

A(Y) = /exp{i(Y,\IJ)}u(dY), ¥ eD.

A probability measure p is called the GPM (of mean zero) if its characteristic functional
has the form
A(Y) = exp(—3Q(V, W)}, ¥ €D,

where Q is a real non-negative quadratic form in D. A measure p is called translation-
invariant if
n(TpB) = uw(B), VB e B(H), heR",

where T, Y (x) = Y(x — h), x € R".

2.3. Mixing condition. Let O(r) denote the set of all pairs of open bounded subsets
A, B C R" at distance dist(A, B) > r and o(A) be the o-algebra of the subsets in
‘H generated by all linear functionals ¥ +— (Y, W), where ¥ € D with supp¥ C A.
We define the Ibragimov-Linnik mixing coefficient of a probability measure g on H by
(cf. [7, Definition 17.2.2])

lno(A N B) — uo(A)po(B)|

o) = sup sup
(AB)e0(r) Aca(A), Beo(B), no(B)
1o(B)>0

Definition 2.5. Measure o satisfies the strong uniform Ibragimov—Linnik mixing
condition if
p@r)—0, r— oo.

Here, we specify the rate of the decay of ¢ (see condition (S3)).

2.4. Main theorem. We assume that measure (o satisfies the following properties:
(S1) o has the zero expectation value,

EYy(x) =0, xeR"

(S82) o has translation-invariant CFs, i.e. equation (1.3) holds for almost all x, y € R";
(S3) o has a finite mean energy density, i.e. equation (1.4) holds;
(S4) o satisfies the strong uniform Ibragimov—Linnik mixing condition, with

/w r"_l(p"/(z("+2))(r) dr < oo, n>4,
0 (2.4)

o
/ r|logr|g01/2(r) dr <oo, n=2.
0

Denote
Colx|*™, n>2,
Ex) =1 1
—log|x|, n=2
2
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the fundamental solution of the Laplacian, i.e. AE(x) = §(x) for x € R". Define, for
almost all x, y € R”, the matrix-valued function

Qoo(x,y) = (L (x, )i j=0.1 = (@ (x — ¥))ij=0.1,

where

.. 00 11 01 10
)i 01 = 5 (qO o Erden a0 - q%o> . 2.5)
2\ 499 — 4 99 — Aq

Conditions (Sl)',. (S3) and (S4) imply by [7, Lemma 17.2.3] (see Lemma 6.2(1)) that the
derivatives 0%¢; are bounded by the mixing coefficient:

0% () < Ceop" (12, lal<2—i—j, i,j=01,zeR".  (26)

Hence, (2.4) implies the existence of the convolution & qél in (2.5). Note that (2.4) and
(2.6) imply that q(i)j € L'(R"); hence, the FT ééj e C(R") ® M?. For n = 2 we assume,
in addition, the following condition:

(S5) [kI7245' (k) € L' (R ® M>.

Let H denote the space of complex-valued functions ¥ = (W, W) which is a completion
of D in the energy norm

1% = /R (WO + VW ()% dx.
Denote by Q. a real quadratic form defined by

Qoo(W, W) = Z/ (0% (e, VW (), W/ (y))dxdy, WeD, (27
i,j=0,17R"xR"

where (-, -) stands for the real scalar product in C? = R*. Our main result is the following
theorem.

THEOREM A. Let n > 4 be even, and assume that (El), (E2), (S1)—(S4) hold. Then the
following hold.

(1)  The convergence in (2.2) holds for any & > 0.

(2)  The limiting measure [Loo is a Gaussian measure on H.

(3)  The limiting characteristic functional has the form

floo(W) = exp{—3 Qoo (W, W)}, W eI,

where I is dense in I-OI, W:H — Hisan isomorphism, and WII C D.

2.5. Examples of initial measures with mixing condition. In this section we represent
the Gaussian initial measure pq satisfying (S1)—(S5) for n = 2 (for n > 2 similar measure
satisfying (S1)—(S4) have been constructed in [1]). We set

_ 2
f(z):(l—cosz)(%) , z€eR
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and g/ (k) = &Y f(ki)f(ks) > 0. Then the function ¢ (x) = F! (G5 k) €

. k—x
C2(R") ® M? and it has a compact support: gj = 0, |x| > 3+/2. Let ug be a Gaussian
measure in the space H with the characteristic functional

fio(W) = E expli (Y, W)} = exp{—5Qo(¥, ¥)}, W eD.
Here Q) is a real non-negative quadratic form with an integral kernel
of (. =qfx—y. i.j=01
Then (S1)—~(S5) are satisfied with ¢(r) = 0, r > 3+/2.
3. Equations with constant coefficients
In §§3-8 we consider the Cauchy problem (1.1) with constant coefficients, i.e.

ii(x,t) = Au(x,t), xeR",

(3.1
ule=0 = uo(x), ttlr=0 = vo(x).
Rewrite (3.1) in a form similar to (1.2):
Y() =AY (1), teR; Y(0)=TYp. 3.2)
Here we denote
Ao = (fo é) , (33)

where Ag = A. Denote by Up(¢), t € R, the dynamical group for problem (3.2), then
Y(@) = Ug(t)Yy. Set u;(B) = no(Up(—t)B), B € B(H),t € R. The main result for
problem (3.2) is the following theorem.

THEOREM B. Let n > 2 be even and conditions (S1)—(54) for n > 4 or conditions (S1)-
(S5) for n = 2 hold. Then the conclusions of Theorem A hold with W = I and the limiting
measure |l IS translation-invariant.

Theorem B can be deduced from Propositions 3.1 and 3.2, by using the same arguments
as in [14, Theorem XII1.5.2].

PROPOSITION 3.1. The family of measures {j1;,t > 0} is weakly compact in H™¢ with
any ¢ > 0, and the bounds hold:

sup E|Up(1)Yol|% < 00, R > 0. (3.4)
t>0

Let S be the Schwartz space of a smooth test function with rapid decay at infinity.

PROPOSITION 3.2. Forany W € S,

1
() = /exp{i(Y, W)l (dY) — exp {—EQOO(\II, \Il)} , t— o0. 3.5)

Propositions 3.1 and 3.2 are proved in §§4 and 5-8, respectively. We repeatedly use the
FTs (A.2) and (A.3) from Appendix A.
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4. Compactness of the measures family
Here we prove Proposition 3.1 with the help of the FT.

4.1.  Mixing in terms of spectral density. The next proposition gives the mixing property
in terms of the FT (}6 of the initial CFs q(')" : assumption (S3) implies that q(')" (z) is a
measurable bounded function. Therefore, it belongs to the Schwartz space of tempered
distributions as well as its FT.

PROPOSITION 4.1. Let the assumptions of Theorem B hold. Then c}(i)j (k) € LP(R") ®@ M?
with 1 < p < oo, and

/mmgf(k)mkmo, —i—j<l<2—i—]j 4.1)

Proof. The bounds (2.6) and (2.4) imply that g’ (x) € L'(R"); hence, 4 (k) € C(R")
® M?. Further we consider i = Jj = 1 since, in all other cases, the proof is similar.
The function (}(1)1 is non-negative by the Bohner theorem. Hence,

/|éél<k>|dk=/q}%1(k)dk=q51(0) < o0,

owing to (S3). Hence, c}él(k) e LP(R") ® M? with any p € [1, oo] by interpolation.
Since the singularity |k|~2 is summable for n > 2 we obtain the bound (4.1) with [ = —2.
For n = 2, this bound follows from assumption (S5). O

COROLLARY 4.1. Formula (2.5) implies that functions (}é{) (k) belong to L' (R") @ M?,
i,j=0,1

4.2.  Proof of the compactness of the family of measures. We now prove bound (3.4).
Proposition 3.1 then can be deduced with the help of the Prokhorov Theorem [14,
Lemma I1.3.1] as in [14, Theorem XII.5.2]. Formulas (A.2), (A.3) and Proposition 4.1
imply

E@u(x, 1) @u(y, 1) :=qPx —y)

1 Cirie—w | 14+ cos2|k|t sin2|k|t R
f e~ k=) [7q8°(k)+ @G (k) + Ga°k))

T @y 2 21K]
I—cos2|k|t .1,
—— 4k | dk, 4.2
+ oTE qo (k) 4.2)

where the integral converges and defines a continuous function. Similar representations
hold for g, with all i, j = 0, 1. Therefore, we have, as in (1.4),

er = tr(g1(0) — Ag*(0) + ¢*(0)) =

f (G, (k) + 12470 () + 7 () dk.

(4.3)
It remains to estimate the last integral. Equation (4.2) implies the following representation
for g20:

2m)"

1 4+ cos2|k|t
2

sin2|k|t
2[k|

R . 1 —cos2|k|t
G0 (k) + Ga°(k)) + —

G2k = Gat o).

4.4)

G0 (k) +
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Similarly, formulas (A.3), (A.2) imply

. 1 —cos2|k|t . sin2|k|t . . 1 —cos2|k|t .

4 () = kP30 (k) = Ikl =@y (0) + G5 (k) + —————G¢ (k).
4.5)

Therefore, (4.1) and (4.3) imply that e, < C1(¢)ep. Hence, taking expectation in (2.1), we

get (3.4):
E||Uo(t)Yoll% = e:|Br| < C1(9)eo| Brl,

where By denotes the ball {x € R" : |x| < R} and |Bg]| is its volume.

COROLLARY 4.2. Bound (3.4) implies the convergence of the integrals in (2.3).

4.3. Convergence of covariance functions. Here we prove the convergence of the CFs
of measures u;. This convergence is used in §6.

LEMMA 4.1. The following convergence holds ast — oo:
() > g ). VzeR". i j=0.1. (4.6)

Proof. (4.4) and (4.5) imply the convergence for i = j: the oscillatory terms there
converge to zero as they are absolutely continuous and summable by Proposition 4.1.
For i # j the proof is similar. O

5. Bernstein’s argument for the wave equation
In this and the subsequent section we develop a version of Bernstein’s ‘room—corridor’
method. We use the standard integral representation for solutions, divide the domain
of integration into ‘rooms’ and ‘corridors’ and evaluate their contribution. As a result,
(Uo(t) Yy, W) is represented as the sum of weakly dependent random variables. We evaluate
the variances of these random variables which will be important in next section.

First we prove Proposition 3.2 under an additional assumption on the function ¥ € S.

Spectral condition for an ¢ > 0,
k) =0, k| <e. (5.1)

We get rid of this restriction in §8.

5.1. The dual dynamics. First, we evaluate (Y (¢), V) in (3.5) by using the duality
arguments. For 7 € R, introduce ‘formal adjoint” operators U’(t), U/ (¢) from the space S
to a suitable space of distributions. For example,

(Y, Uy¥) = (Up(1)Y, V), YeS YeH, tekR. (5.2)

The adjoint groups admit a convenient description. Lemma 5.1 states that the action of
groups U(;(t), U'(t) coincides, respectively, with the action of Uy(), U (), up to the order
of the components. In particular, U(#) is a continuous group in S.
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LEMMA 5.1. Forv = (W0, wh) e S
Uy = (9,0, ¢, 1), U@V = @0, 9, 1), (5.3)

where ¢ (x,t) is the solution of equation (3.1) with the initial state (ug, vo) = (w!, w0
and ¥ (x, t) is the solution of equation (1.1) with the initial state (ug, vo) = vl wo,

Proof. Differentiating (5.2) with ¥, W € S, we obtain
(Y, Uy ()W) = (Up(1)Y, ¥).

Group Uy(¢) has the generator (3.3). The generator of U(’)(t) is the conjugate operator

0 A
A{)=<1 00). (5.4)

Hence, equation (5.3) holds with é = Ao¢. For the group U’ (¢) the proof is similar. O
Denote & (-, t) = U(’)(t)\ll. Then (5.2) means that
(Y (1), V) = (Yo, ®(-,1)), reR. (5.5

In fact, (5.4) and (A.1) imply that in the Fourier representation, CiD(k, 1) = f% (k)CiD(k, 1)
and &k, 1) = QA,’(k)\iJ(k), where QA,/ is the conjugate matrix to G, defined in (A.2).
Therefore,

O(x, 1) =

—ikx A/ T
ooy Ane G/ (k) (k) dk. (5.6)

Now we can obtain the asymptotics of the function ® (x, ). The following lemmais true.

LEMMA 5.2. Let (5.1) hold and n > 2 be even. Then, forall N € N,

b n+l
D, )| <C(N,¥)——, (x,t) e R"™", 5.7
[P (x, 1) ( )|t—|x||N+1 (x,1) (5.7)
Proof. In fact, (5.6) and (A.2) imply that ® can be written as the sum
1 . A
D(x,1) = ’ Z/ exp{—i (kx F |k|t)}a™(|k|)W (k) dk, (5.8)
(27T) T R~

where a*(|k|) is a matrix whose entries are linear functions in |k| or 1/|k|. According to
the method of stationary phase [11], we have two estimates:

sup |®(x, )| < C(w)r~ D2

xeRn?

and
|®(x, )| <C(e, N1 +1+|xDN, |Ix|—t|>et, O0<e<l. (5.9)

Therefore, it remains to prove (5.7) fort+1 < |x| < 1+t(14+¢e)ort(l—e)—1 < |x| < r—1.
We consider only the first case, the second is done in a similar way.
Let us prove the asymptotics (5.7) along each ray x = vt + x9, xo = v/|v| with
1 < |v] <1+ ¢. Then we get, from (5.8),
1

O (vt + x0,t) = 3y

Z/ exp{—it (kv F |k|) — ikxolaT (k)W (k) dk.  (5.10)
+ JR”
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This is a sum of oscillatory integrals with the phase functions ¢4+ (k) = kv % |k|.
For |v| = 1, the standard form of the stationary phase method is not applicable here as
the set of stationary points {k € R" : V¢ (k) = 0} is aray v = =£k/|k| and the Hessian
is degenerate everywhere. Therefore, we rewrite (5.10) in polar coordinates r = |k|,
w =k/|k| as

(vt 4+ xo,t) = Z/O </| | 1exp{—irt(a)v:F 1) —irwxo}fi(ra)) da)) dr, (5.11)
x ol=

where

aT ()" (rw)

fEro)

~ Qn)n

are smooth functions on [0, co] x S1, where S| = (k € R" : |k| = 1). Each phase function
qult (w) = wv £ 1 restricted to the sphere |w| = 1 has two stationary points wer = £v/|v|
and the Hessian is non-degenerate everywhere:

rank(Hess gL (@) =n — 1, |o| = 1.

Next we apply the standard method of the stationary phase [5] to the inner integral /T in
(5.11). For example, the integral I has the asymptotics

k—1
It =% """V exp{—itr(wev — 1) — irwaxo} Y _ P fF (ro) (1)~

Wer j=0
k—1
+ Re(r. 1) =Y ()" "D Zexpl—itr (ko] — 1) Fir} Y P fH(Erv/ o))
+ j=0
+ Ry (r, 1),

where P; is some linear differential operator of order 2 and
|Ri(r, )] < CUNfHTro)llescs, (rt) ™Dk,

for some B = B(k) < oo. (The integral I~ has the same asymptotics.) Note that f*(rw)
decays rapidly at infinity. Therefore,

oo oo
/ Itdr =102 Zf exp{—ir(£t|v| — 1 £ 1)}r~ "D/
0 + JO

k—1
x > P f /)ty dr + Clk, Wy DA, (5.12)
j=0

Condition (5.1) allows us to integrate by parts N times and (5.12) implies the estimate

= (=12
Ot +x0,8)| <C(N,¥V)———m—,
@1 +x0.0] = CON, W) oo
which implies the asymptotics (5.7) fort + 1 < x| < 1 +¢(1 + ¢&). O
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5.2. Rooms and corridor;. Next we partition the ball [x| < 2f into N; ‘rooms’ R/ s
separated by ‘corridors’ C/:

N’ . .
By = U(R,f uc).
=1
Which ‘rooms’ and ‘corridors’ we specify later. Denote by th , §,j » 1; the indicators of the

sets R,] s C,] and R" \ By, respectively. Consider random variables r,] s c,] , Iy, where

rl = (Yo, ] ®C,0), o =X, & ¢ 1), = Yo,n®C1), 1<j<N,.
(5.13)
Then (5.5) implies

N; . .
(Uo()Yo, W) = (] +¢)+11. (5.14)
1

LEMMA 5.3. Let (S1)—(S4) hold. Then, for a suitable ‘room—corridor’ partition, the
following bounds hold fort > 1 and 1 < j < Ny:

Elr]]? < c(W)di/1, (5.15)
Eld]]? < c(w)pi/t, (5.16)
Ell,]> < C,(W)™", V¥p>0. (5.17)

Proof. (5.17) follows from (5.9). Here we consider the case n > 4. The case n = 2 we
discuss in Appendix B. Given ¢ > 1, choose d = d; > 1 and p = p; > 0. Asymptotically
relations between ¢, d; and p; are specified later. Define h = d + p and

) . . t
@) =2+ (=Dh b =d+d 1<j<N. N~ (5.18)

Then R,j ={x € By :al < x" <bl}and C,j = {x € By : b/ < x" < a/t!}. Here
x = (x1,...,x™"),d is the width of a room and p of a corridor. We discuss the first bound
in (5.15) only, the second is done in a similar way. Rewrite the left-hand side as the integral
of correlation matrices. Definition (5.13) and Corollary 4.2 imply by Fubini’s theorem that

Elrf 1P = ( 0)x! 0)gox — y), @(x. 1) ® D(y. 1)). (5.19)

According to (5.7) with N = 2, equation (5.19) implies that

; — dxd
Elrtj|2§Ctin+1/, . ||q02(-x }’)” X y2
wixil (D24 D — D2+ D)
dx
< crt f _dx f lqo ()] dz. (5.20)
R D241 e

where ||go(z)|| stands for the norm of a matrix (q(i)'j (z)) and ||qo(2)] € LY(R") by (2.6)
and (2.4). It remains to verify that

1(')—/ _dx g (5.21)
A AT N ' '
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Let x = (x',x"), ¢ = /(26)2 — (x")2. In polar coordinates r = [x’|, = x'/|x’|, we

have

a’+d t rn—Z dr
I,(j):/ dx"/ da)/ .
al §n=2 0 (t—+rt+@mH2+1
Next, we change variable: r > o =t — +/r2 + (x")2,rdr = —(t — a) da, then

al+d r—|x"| N2 o em\2N(=3)/2 ¢4
I,(j):cf dx,,/ (¢ —a)” — (x")9) (t —a)da

J —t Olz +1
t
<C dt”*Z/ doa Crdt" 2. |
< B

6. Convergence of characteristic functionals

In this section we complete the proof of Proposition 3.2 for functions ¥ with spectral
condition (5.1): we will remove it in §8. As stated, we use a version of the CLT developed
by Ibragimov and Linnik. This gives the convergence to an equilibrium Gaussian measure.
If Qo (¥, W) = 0, Proposition 3.2 is obvious. Thus, we may assume that

Qoo (W, W) # 0. (6.1)

Choose 0 < o < 1 and
t

or ~ 1179, d,~i, t — 00. (6.2)
n

LEMMA 6.1. The following limit holds true:

N, <¢(pt) + (%)1/2> + N7 (920 + ) > 0. 1= oo 6.3)

Proof. Function ¢(r) is non-increasing; hence, by (2.4),
o 2(r)y =n /Or s" 1o 2(ryds < ”/Or s"1pl2(s)ds < Cg < oo. (6.4)
Then equation (6.3) follows as (6.2) and (5.18) imply that N; ~ Int. O

By the triangle inequality,

e (W) — floo (V)] =

E expli (Uo(1)Yo, W)} — E exp {i Zd’”

t
1 ; 1
exp{—EZElrtjlz} —exp{—EQoo(\IJ, \IJ)H
7

. 1 .
+ ‘Eexp {121’,’} —exp{—EZE|rtj|2}
t t

=h+ Db+ 1z

+

where the sum Zt stands for Z]}V; - We are going to show that all summands 11, I, I3
tend to zero as t — oo.
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Step 1. Equation (5.14) implies

I = ‘Eexp{intj}<exp{iZCtj +il} — 1)‘
t

t
<Y Eld/ I+ Ell|
13

< Y (EI] P+ ELDH (6.5)
t
From (6.5), (5.16), (5.17) and (6.3), we obtain that

pr\1/2 _
L §C1N,<7) +Cot™? =50, t— oo.

Step 2. By the triangle inequality,

1
=< EIQz(‘I/, V) — Qoo (W, W)

1 A\
+ 5‘15(24) - Qu(Y, \If)‘

t

1 .
L < 5‘ ZEWP — Quo(¥, W)

2
E<Zrtj) —ZE|r,j|2
1 1

= DIy + I+ ba, (6.6)

Ll
2

where Q; is a quadratic form with the integral kernel (Q;j (x, y)). Equation (4.6) implies
that Io; — 0. As for I»», we first have that

Ly < Y Elrjr). (6.7)
j<l
The next lemma is a corollary of [7, Lemma 17.2.3].
LEMMA 6.2. Let & be a complex random value measurable with respect to a o-algebra
o (A) and n with respect to o -algebra o (B), and let dist(A, B) > r > 0.
(1) Let (EI§)'* < a, (En»)'/? < b. Then
|E&n — E§En| < Cabg'/(r).
(2) Let|&| < a, |n| < b almost surely. Then
|E§n — EEEn| < Caby(r).
We apply Lemma 6.2 to deduce that I, — 0 as t — oo. Note that r,j = (Yo, th O(-, 1))
is measurable with respect to the o-algebra o (R/). The distance between the different

rooms R/ is greater or equal to p, according to (5.18). Then (6.7) and (S2), (S4) imply,
together with Lemma 6.2(1), that

Ly < CN?¢'2(py), (6.8)

which goes to 0 as + — oo because of (6.3). Finally, it remains to check that I3 — 0,
t — o0. By the Cauchy—Schwartz inequality,

E<er>2 - E(Zr,j +Zc,j +Z,)2

t

I <

<CN Y El]P?
t

2\1/2 ) 1/2
+C(E(Zr,f)) (N,ZE|c{|2+E|z,|2) +CE|L>. (6.9
t

t
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Then (5.15), (6.7) and (6.8) imply

2
. . . d
E r-’> <Y EIrlP+2) Elrlr ) <CN=Z +CiN*0 V2 (p1) < Cr < 0.
(Z t Z t ; tht t P t ¢
Now (5.15), (6.9) and (6.3) yield

172
by < ClN,z% + N, (%) FC37P 0, 1 oo
So, all terms I»1, I22, I>3 in (6.6) tend to zero. Then (6.6) implies that

L <

1 .
3 ZEWF — Ou(V, \11)‘ —0, t— 00. (6.10)
Step 3. It remains to verify that
. 1 .
E . J\ _ __E J2
exp{zZrt} exp{ 2 Z|r,| }
Using Lemma 6.2(2), we obtain

N; .
'E exp {i Zr,’} - 1_[ E exp{ir}
1

t

13: —>O, t — oQ.

N, . Ny X
< Eexp{ir,l}exp {i Zr,j} — Eexp{irtl}Eexp {i er”
2 2
N, . Ny .
+ ‘Eexp{ir}}E exp {i Zr,’} — HEexp{ir,]}
2 1
Ni N .
< Co(py) + ‘Eexp{i Zrtj} — HEexp{ir,]} .
2 2

We then apply Lemma 6.2(2) recursively and get, according to Lemma 6.1,

N, ‘
‘Eexp {i Zrtj} — l_[Eexp{ir,]}
1

t

< CNip(p1) >0, t— oo.

It remains to check that

Ny
) 1 .
Eexplir! } —exp{—= E|r! 2}
H p{ z} p{ 2: I/ |
According to the standard statement of the CLT (see, e.g., [10, Theorem 4.7]), it suffices
to verify the Lindeberg condition: for all ¢ > 0,

—- 0, t— oo.

1 .

72
; E E€ﬁ|rt| — 0, t— oo.
oy

Hereo, =), Elrtj|2 and Es f = E(X;s f), where Xj is the indicator of the event | f| > §2.
Note that (6.10) and (6.1) imply that
o = Qoo(W, W) £0, t— o0.
Hence, it remains to verify that, for all ¢ > 0,
S Efr/P >0, - oo. (6.11)
7

We check (6.11) in §7. This will complete the proof of Proposition 3.2.
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7. The Lindeberg condition
The proof of (6.11) can be reduced to the case when for some A > 0 we have, almost
surely, that

lug(x)| + |vo(x)| < A <00, x e€R". (7.1)

Then the proof of (6.11) is reduced to the convergence

STEFI* >0, 100 (7.2)
t

by using Chebyshev’s inequality. The general case can be covered by standard cutoff

arguments taking into account that bound (5.15) for E Ir,j |> depends only on ¢y and ¢.

We deduce (7.2) from the following theorem.

THEOREM 7.1. Let the conditions of Theorem B hold and assume that (7.1) is fulfilled.
Then, for any V € D, there exists a constant C(V) such that

Elrl|* < CooA*d?/, 1> 1. (1.3)

Proof. Step 1. Given four points x1, x2, x3, x4 € R", set
Mg (x1, .. x) = E(Yo(x1) ® -+ ® Yo(xa)).
Then, similarly to (5.19), equations (7.1) and (5.13) imply by the Fubini theorem that
Elr 1 = (0 G0 o M 1 k), @D @ @ Bl 1). (14

Let us analyze the domain of the integration (R,j )* in the right-hand side of (7.4).
We partition (R,] )4 into three parts Wp, W3 and Wy:

4
R =JWi Wi= {5 = (om0 € RD =il = max fn = 1.

i=2 =2,3,
Furthermore, given x = (x1, x2, X3, x4) € W;, divide R,j into three parts S;, j = 1,2, 3;
with R,j = S1 U $ U 83, by two hyperplanes orthogonal to the segment [x1, x;] and
partitioning it into three equal segments, where x1 € S; and x; € S3. Denote by x,, x4
the two remaining points with p,q # 1,i. Set A; = {x € W; 1 x, € S1,x4 € $3}, Bi =
xeW txpxg € Si}andC; = {x e W; 1 xp, x4 & S3},1 = 2,3,4. Then W; =
A; U B; UC;. Define the function m(()4) (X)), x € (R,j)4, in the following way:

SVTR
e B; UC;.

=1

4),—

Mé (%) — qo(x1 — xp) ® qo(xi — xq),
4), -

M @),

=1

m$? @lw, = {

This determines rn(()4) (x) correctly for almost all quadruples x. Note that

(@) - x (e qo(x1 — xp) ® qolxi — xg), P(x1,1) @ -+ @ B(xa, 1))
= O DX () gox — xp), D1, 1) @ D(xp, 1))
X (x,‘j (xz')x,'" (xg)go(xi —xg), P(xi, 1) @ P(xy, 1)).
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Each factor here is bounded by C(W) d,/t. Similarly to (5.15), this can be deduced from
an expression of type (5.19) for the factors. Therefore, the proof of (7.3) reduces to the
proof of the bound

JG) =10 @D - GmP (k) DD © - © B, 1)

< C(WA** /%, 1> 1.
Step 2. Similarly to (5.20), asymptotics (5.7) with N = 2 implies

4)
Imo

1) < Cw) ~2n2 / (X1,...,x4)|dx1dxydx3dxg
A ®yt (= D2+ D (= JxaD> + 1)

Let us estimate m(()4) using Lemma 6.2(2).

LEMMA 7.1. Foreachi =2, 3,4 and almost all x € W;, the following bound holds:

Im$? (x1, ..., x)| < CA*0(x1 — xi1/3).

Proof. For ¥ € A; we apply Lemma 6.2(2) to C?> ® C?-valued random variables & =
Yo(x1) ® Yo(xp) and n = Yo(x;) ® Yo(x4). Then (7.1) implies the bound for almost all
X € Aii
) = 4 .
[my~ ()] = CA(lx1 — x]/3).

For x € B;, we apply Lemma 6.2(2) to £ = Yp(x1) and n = Yp(x,) ® Yo(xq) ® Yo(x;).
Then (S1) implies a similar bound for almost all x € ;,

ImG” ()] = 1M§ () = EYo(x1) ® E(Yo(xp) @ Yo(xg) @ Yo(xi)| = CA*e(Ix1 — xil/3),
and the same for almost all x € C;. O

Step 3. It remains to prove the following bounds for each i = 2, 3, 4:
Xi(®)e(x1 — xil/3) dx1dx dx3 dx4 2, 2n—4
Vi(0) =
(

iy Pt D (a4 = a0

where X; is an indicator of the set W;. In fact, this integral does not depend on i; hence,
set i = 2 in the integrand:

Vz(t)SC/ ppats _x22|/3)[/_ L (/_xz(f)cm) dx3:| dxy dx,.
w2 =D+ 1L Jr) ¢ — Ix3D* + 1\ J&/

Now a key observation is that the inner integral in dx4 is O(|x; — x2|") as X»(x) = O for
|x4 — x1| > |x1 — x2|. This implies

Va(t) < C f f (Ix1 — x21/3)| " dx d f axs
X1 — X1 — X .
2O = o U O T R R e ) 1 e = a2+ 1
(7.6)

The inner integral in dx» is bounded as

4
/]. (lx1 — x21/3)Ix1 — x2|"dx2 < C(n)/o r"lo(r/3) dr
Rf

4
<Cit) sup "9"2(r/3) / V23 dr.
rel0,4¢] 0
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The ‘sup’ and the last integral are bounded by (6.4) and (2.4), respectively. Therefore, (7.5)
follows from (7.6) by (5.21) for n > 4 and by (B.1) for n = 2. This completes the proof of
Theorem 7.1. O

Proof of convergence (7.2). Estimate (7.3) implies, since d; < h ~ t/Ny,

; CA*d? CiA*
ZE|V;]|4§ IN,S ! -0, t— o0. O
- 1 N,

8.  Removing the spectral condition
Now we remove spectral condition (5.1) by a partition of unity in Fourier space. We must
prove Proposition 3.2 for any W € S. Let us split ¥ in to the sum of two functions:

VU=V, +0,, (8.1)
where
(k) = (1 — e (k)P (k),  Oplk) = e (k)P (k)
and
k) € CEEN, =1 =5
0, |k| > 2e.

Then, by the triangle inequality,

|E exp{i (U (1)Yo, W)} — exp{—3 Qoo (¥, W)}
= |E exp{i (U (1) Yo, We)} expli (U (1) Yo, Oc)} — exp{—3 Qoo (¥, W)}
= |E exp{i(U(1)Yo, We)} exp{i (U (1) Yo, O,)} — Eexp{i(U(1)Yo, W)}
+ | E expli (U(1)Yo, We)} = exp{—3 Qoo (W, W)
+ 1exp{—3 Qoo (W, W)} — exp{—1 Qoo (W, W)} | = 1 + L+ 5. (8.2)
We must estimate each term in the right-hand side.
Step 1. Applying the Cauchy—Schwartz inequality, we get, with the summation in the
repeating indices,
Iy = |E exp{i (U (1)Yo, We)}exp{i (U(1) Yo, Oc)} — 1)
< Elexp(i (U()Yo, ©¢)} — 1| < E{U()Yo, O¢)| < (E{U 1Yo, O¢)*)'"?
< (0] (x.7). 0L (x) ® O] (). (83)
The right-hand side of (8.3) in Fourier space can be written as
(G’ (), OL(k) ® O ()" = (@ (), 2 ()W (k) ® W/ (k)'* = pte), 1> 0.

Here u(e) — 0, & — 0, uniformly in # > 0 since the functions (},” (k) admit the summable
(in k) dominant independent of 7 by Proposition 4.1 and formulas of type (4.4) and (4.5)
for g,” (k).

Step 2. The second term /> in the right-hand side of (8.2) converges to zero as t — o0
according results of §6 since U, (k) =0 for k| < e.
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Step 3. It remains to verify that the third summand /3 is o(1) or that the difference
Qoo (W, V) — Qo (W, W,) is 0(1). According to (8.1),
Qoo(W, V) — Qoo (We, Vp) = Qoo (W, ¥ — W) + Qoo (W — Ve, We)
= Qoo(\p’ ®8) + Qoo(®s’ ‘IIS)-
Using FT, we obtain by (2.7)
Quo(W,0p) = Y f 8V ()61 (k) dk = o(1),
i,j=0,1 |k|§28

A

since Wi, @é are bounded and qé{) e L' (R") ® M? according to Corollary 4.1. The second
summary in the right-hand side of (8.1) is o(1) by the same argument.
Therefore, 1] 4+ I> + I3 converge to zero as t — oo since ¢ > 0 is arbitrary.

9. Scattering theory for infinite energy solutions
We prove Theorem A for non-zero magnetic field

B(x) =curl A(x) #£ 0. 9.1

The proof for zero magnetic field is given in Appendix C. In this section we develop a
version of scattering theory to deduce Theorem A from Theorem B. The main step is to
establish asymptotics of type (1.13) for adjoint groups by using Vainberg’s results [13].

Consider complex spaces H! (R™) which is a completion of D in the norm [|Vu||;2 and
H= L3(R™") @ Ifll(R") with the norm

I = 1w = /R’(wO(x)F + VW (0)*) dx < oo.

Let
w3 =/ (12 2+ (V=i A) W (0)}) dx < oo,
Rn

where A(x) = (A1(x), ..., Ay(x)). These norms are equivalent, which follows from the
following lemma.

LEMMA 9.1. Let (9.1) hold and n > 2. Then, for all u € C(‘)’o(R"),
M NIV =iA)ull2 < CillVull g2,
2) IVullpz < C2I(V =i Ax)ull 2.

Proof of Lemma 9.1. The first bound follows as the function A (x) vanishes for |x| > Ry
and by the embedding theorem (see, e.g., [8, ch. 11]):

il 284, < CRO Nl ot (g ) < CRO Va2, 1’ =2n/(n=2) > 2.
To prove the second bound, note that
Vu=(V—-iAX)u+iAx)u.

Therefore,
Vil 2 < IV —iAG)ull 2 + Callulle(BRO).
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It remains to prove that
||u||L2(3RO) < C4l(V — iA(x))u||L2(3RO)«
We establish a stronger property:
Il 11 (84 < CsI(V = iACul 125y ) Yt € H' (Bry).

Indeed, assume that such a constant Cs does not exist. Then, for all m € N, there exists

Up € HI(BRO) : ”um”H'(BRO) > ml[(V — iA(x))um||L2(BRO)« Set v, = um/”um”Hl(BRO)»
then

||Um||Hl(3RO) =1, 9.2)
and |
IV =i AUl 28g,) < 9.3)
The sequence v, is bounded in H 1(BRO) by (9.2), so we can choose a fundamental
subsequence in LZ(BRO). We will suppose that it is vy, itself, i.e.
||U,n — vk||L2(BR0) e d 0, m, k —> OQ.
Then (9.3) implies
IV @ = vl 2y < IV = FAG) = 001125,
+1AG) @ = vl ) = 0. asm,k — oo,

Then the sequence v, is fundamental in H 1(BRO) too. So v, converge in H l(BRO) to
some v € Hl(BRO). Thus, (9.2) and (9.3) imply

10071 () = 1 (9.4)

and
IV — iA(x))v||Lz(BR0) =0. (9.5)

Now (9.5) implies Vv — i A(x)v = 0 in Bg,. Then for all j
Xj
v = Cexp {1/ Aj(x)dxj}.

—00

Finally, (9.4) implies that C # 0, hence A = V x which contradicts (9.1). O

Consider operators U (), U'(t) in the complex space H. The energy conservation
for the wave equations (1.1) and (3.1) implies that Ué(t) and U’(¢) are unitary operators
with respect to the norms ||-||; and ||-||2, respectively. Therefore, Lemma 9.1 implies the
following corollary.

COROLLARY 9.1.
1UO¥ g =11Wllg, U OVIg < ClIYIg.

Given ¢ > 0, denote
)=+ 1D 'In"2@ +2). (9.6)

Vainberg’s results [12, 13] imply the following lemma.
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LEMMA 9.2. Let Assumptions (E1)—(E2) hold, and n be even. Then for any R, Ry > 0
there exists a constant C = C (R, Ry) such that for ¥ € H = L*(R") @ H(R") with a
support in the ball Bg

IU' (O)Wllr,) < CeI¥liry, t>0, 9.7
where

MBS =/ (W@ + W' ) + Ve @) dx, R>0.
[x|<R

The main result of this section is Theorem 9.1.

THEOREM 9.1. Let Assumptions (EI)—(E2) and (S1)—(S4) hold, and n > 2 be even.
Then there exists an isomorphism W : H — H such that for ¥ e H

Ut = U(/)(t)W\IJ +r@v, >0, 9.8)
and
rOy¥||; =0, t— o0
E(”YO(, })’(t)”\llj)z -0, t— 0. O
Proof.

Step 1. We apply the standard Cook method: see, e.g., [11, Theorem XI.4]. Fix ¥ € D
with a support in Br and define WW, formally, as

00
d

WY = lim Uj(—n)U' (¥ = ¥ +/ —U{(=)U' ()W dt. (9.10)
t—00 o dt

We have to prove the convergence of the integral in norm in space H. First, observe that

d 1 !y d ’ Ay
SUOY = AUp0w, U)W = AU (1),

where Aj) and A" are the generators to groups U/ (t) and U’(t), respectively. Similarly to

(5.4), we have
A = <(1) ‘3), (9.11)

A=) (0 —iAp*.

j=1

where

Therefore,

d
U (=D U| ()W = UY(—t) (A — ApU' (1)W. (9.12)

dt
Now (9.11) and (5.4) imply
p , (0 L
A A0_<0 o)'
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Furthermore, (E2) implies that L = Z’;: 1(0j—1A j)z — A is a first-order partial differential
operator with the coefficients vanishing for |x| > Ry. Thus, (9.7), Corollary 9.1 and the
Sobolev inequality imply
UG (=)(A" = APU' ()W |1 = (A" — ADU' () ¥y
= 1A' = APU' W)l 2,
< CIWU' O 1 (gg)» 120
Hence, (9.12) implies that

L dt = C(R)e1()IVllg, s=0, 9.13)

o d / /
/S HEUO(_I)U (Hw P >

where ¢1(t) = In"'(r + 2). Therefore, (9.13) provides the convergence in (9.10) for
W e D. The convergence for ¥ € H follows from uniform bound of the family of
operators U(/)(—t) U'(t) (see Corollary 9.1) and ¢/3 argument. Moreover,
lr@Wll g = U (DY = Ug()W¥| 5 = [|Ug(0) (Ug(=0)U" ()W — W)l 5
= |Uy(=DU' (O)¥ — WV ||z - 0, 1— oo.

Step 2. Now we prove the convergence (9.9). First, similarly to (5.19),
E(Yo, r(DW)* = (g (x = ), rO¥ ) @ r(OW (»)).
The Young inequality and (2.4), (2.6) imply fori = j =0 and allevenn > 2

@ x =), rOYEN° @ rOYN°) < gl 1@ 201 (@) 802
< CIIr(t)\I-’||I:I||r(t)\IJ||I; —- 0, t— oo.

Note that (r()W(x))! € H!, so we obtain, for i = j = 1, n’ = 2n/(n —2),
n" =n/(n+2),

(gdtx = 9), GOPEN' @ OY N < g Il L 1 @O L 1O
< CIIr(t)\I-’||I:I||r(t)\IJ||I; —- 0, t— oo.

In the cases (i, j) = (0, 1) and (i, j) = (1, 0) the proof is similar.

Step 3. It remains to prove that W is an isomorphism. Note, that for n > 4, the decay
estimate of type (9.7) holds for the group U(/)(t), as well as for U’(¢), and it provides
the existence of operator Q = s — lim;_oo U’ (—t)U(’)(t). This operator is inverse to
the operator W, since the composition of strong convergent bounded operators converges
strongly. O

10. Convergence to equilibrium for variable coefficients
Theorem A follows from the following two propositions.

PROPOSITION 10.1. The family of the measures {u;,t € R} is weakly compact in H™¢,
forall e > 0.

https://doi.org/10.1017/50143385703000452 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385703000452

On convergence to equilibrium distribution for wave equation 571

PROPOSITION 10.2. There exists a dense subspace Il in H such that, forany ¥ e TI,
N 1
n (W) = /exp{i(Y, W (dY) — exp {—EQOO(W\II, W\IJ)} , I — o0.

Proposition 10.1 provides the existence of limiting measures of the family u, and
Proposition 10.2 provides the uniqueness of the limiting measure, hence the convergence
(2.2). We deduce these propositions from Propositions 3.1 and 3.2, respectively, by means
of Theorem 9.1.

Proof of Proposition 10.1. Similarly to Proposition 3.1, Proposition 10.1 follows from the
bounds

sup E|U®)Yollg <00, R > 0. (10.1)
t>0

For the proof, write the solution to (1.1) in the form
u(x,t) =v(x,t) +wx,1?). (10.2)

Here v(x, t) is the solution to (3.1), and w(x, t) is the solution to the following Cauchy
problem:

n

W(x, 1) = Z(ak — i Ar () 2w(x, 1)

k=1
n n
— > 2iAr(x)okv(x, 1) — Z(iakAk(x) + A7) (x, 1), (10.3)
k=1 k=1
wli=0 =0, wl==0, xeR"
Then (10.2) implies
E|U®MYollr < ENUo(O)Yollr + El(w(-, 1), w(-, 1))]&. (10.4)

By Proposition 3.1, we have

sup E||Up (1) Yollr < oo. (10.5)

t>0

It remains to estimate the second term in the right-hand side of (10.4). The Duhamel
representation for the solution to (10.3) gives

t
(w, ) = / Ut =)0, ¥ (. 5)) ds, (10.6)
0
where

Ar(x)ogv(x,s) — Z(iakAk(x) + A%(x))v(x, s).
1 k=1

Yix,s) =—2i

n
k=

Assumption (E2) implies that supp ¥ (-, s) C Bg,. Moreover,

10, ¥ Nlry = ClIvCs D1 (pey = ClUOS)YollRy- (10.7)
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Decay estimates of type (9.7) hold for the group U (¢), as well as for U’(t), as both groups
correspond to the same wave equation by Lemma 5.1. Hence, we have from (10.7),

1U@ =)0, ¥ ))lr = C(R)e@ — IO, ¥ (-, )Ry = C1(R)e(t — 5)[Uo(s)Yoll Ry

where ¢(-) is defined in (9.6). Therefore, (10.6) and (10.5) imply
t
Ell(wC, ), w(, D))r < C(R)/ et —s)E||Uo(s)Yollgy ds < C2(R) <00, t20.
0

Then (10.5) and (10.4) imply (10.1). O

Proof of Proposition 10.2. Equations (9.8) and (9.9), by the Cauchy—Schwartz inequality,
imply

|E expi(U(t)Yy, V) — Eexpi(Yo, Uy(t) WW)| < E|(Yo, r(1) V)]
< (E|(Yo,ri)®)H* >0, t— oo.

It suffices to prove that for any W from a dense set IT C H, we have
Eexpi (Yo, Uy(t)W¥) — exp{—3 Qoo (W, W¥)}, ¢ — o0.

This follows directly from Proposition 3.2 in the case when WW e D. Finally, the set
I1 = W~!Dis dense in H since W is an isomorphism. a
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A. Appendix. Fourier transform calculations

Consider the CFs of the solutions to the system (3.2). Let F : w > w denote the FT of a
tempered distribution w € S’ (R") (see, e.g., [4]). We also use this notation for vector- and
matrix-valued functions.

A.l. Dynamics in the FT space. In the FT representation, system (3.2) becomes
Yk, 1) = Ag(k)Y (k, 1), hence

Yk, 1) = G (Yo k), Gi(k) = exp{Ag(k)t). (A.1)
Here we denote
sin |k|t
N 0 1 N cos |k|t
Ao(k) = <_|k|2 o)’ G (k) = Ld . (A2)

—|k|sin|k|t cos |k|t
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A.2. Covariance matrices in the FT space.
LEMMA A.l. Inthe sense of matrix-valued distributions,
q(x—y) = EXE DYy, 0) =F .l GhdkG k), 1eR  (A3)
Proof. Translation invariance (1.3) implies
E(Yo(x) ®c Yo(») = Cy (x =),  EXo(x) ®c Yo(») = Cj (x — )
where Q¢ stands for the tensor product of complex vectors. Therefore,

E(Yo(k) ®c Yok') = Fassk FyspCf (x — ) = 2n0)"8(k + k) Cg (k),

E(Yo(k) ®c Yo(k') = Feok Fyopr Cy (x — y) = 2m)"8(k + k) Cy (k).
Now (A.1) and (A.2) give, in matrix notation,
E(Y (k,1)®c Y (K1) = 2n)"8(k + k)G () Cf ()G, (k).
EF kD) ®c YK, 1) = )8 (k + k)G () Cy ()G, (k).
Therefore, by the inverse FT formula, we get
EY(x,0)®c Y(y,0) = F_ _ G(CF (k)G (K),
E(Y(x.0)®c Y(y.0) = F_L,_ G(k)Cqy ()G (k).

Then (A.3) follows by linearity. o

B. Appendix. The ‘rooms—corridors’ partition in the case n = 2
We prove Lemma 5.3 in the case n = 2. The ‘room—corridor’ partition by hyperplanes,
orthogonal to the axis x” (as in the case n > 4) is not now suitable, because this partition
does not allow us to obtain bound (5.21). So we choose another partition: it is more optimal
to divide the circle |x| < 2¢ into symmetric sectors.
Given ¢ > 1, choose o as in the general case n > 4, and then
4t t

N,Nlﬂt,h,: ~ —.
Nt—l Int

We assume the same asymptotically relations between ¢, d; and p; as in (6.2):

t

he=di+pr, di~—, p~1t'7,
Inz
Set . d
0/ =G -D=, yl=60/+2L j=1,...,N—1,
(J )2t 14 to ‘

and then define ‘rooms’ and ‘corridors’ in polar coordinates (r, ¢) as follows:

j_ : j j
{Rt (Cp2srsue syl

Cl={(rnd):1/2<r<2t,y) <¢ <0+,
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and, for j = Ny, we set
t
RV =p, cM= {(r,q&) lr] < —}.

It remains to prove estimates of the type (5.21):

I(')—/ dx <cd J(')—/ dx <C
N P T e Y S AR LR B

In polar coordinates (r, ¢), we have

07 +d, /(1) 2t rdr d, 2t rdr
1(/) /9]- ¢/,/2 t—r)2+1 2t,/t/2 (t—r)2+1

Set p =t —r, then

d ("?@t-p)dp __d
L(j) = — — < C—t =Cd;. B.1
=5 0L <cti=ca B.1)

The integrals J;(j) can be estimated in a similar way to thatfor 1 < j < N;—1. For j = N;

Ji(Ny) /zndqﬁ/t/z rdr o, /t/z rr ¢
= _— T _—
R 0 o (t—r2+1" o 1+@/2)?%~

C. Appendix. Proof of Theorem A for zero magnetic field
Let us prove Theorem A in the case

we have

B(x) =curlA(x) =0.

In this case there exists a function x (x) € Cg" (Bg,) such that A(x) = Vy(x). Let us
write the solution to (1.1) in the form

u(x,t) =exp{ix (x)}v(x,1).
When v(x, t) is the solution to (3.1) with the initial state
vli=0 = exp{—ix (x)}uo(x), li=0 = exp{—ix(x)}vo(x).
Therefore,
U®)Yo = expli x }Uo (1) (exp{—i x}Yo) = exp{i x }Uo(t) Yo + p()Yo, (C.D

where
p (Yo = expfi x }Uo(t) ((exp{—ix} — DYp).

The support of the function (exp{—i x} — 1) Y belongs to the ball Bg, and decay estimates
of type (9.7) hold for the group Uy(?) too. Therefore,

le@®Yollr = IUo(@)((exp{—ix} — DYo)llr = C(R, Ro)e(®)|Yollr,- (C.2)

Theorem A follows from next two propositions.
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PROPOSITION C.1. The family of the measures {j1;,t € R}, is weakly compact in H™¢,
forall € > 0, and the bounds hold:

sup E||U(1)Yo|% < o0, R > 0. (C.3)
t>0

PROPOSITION C.2. Forany W € D,
1
(W) = /exp{i(Y, U (dY) — exp {—EQOO(W\II, W\IJ)} , t—>o00, (C4)

where WW = exp{i x }W.
Proof of Proposition C.1. Representation (C.1) and bound (C.2) imply
E|U"Yollz < 2EIUo(1) Yol +2Elp(1)Yoll
< 2E|Uos(1)Yol% + C1(R, Ro)E|Yol%, -

Then (C.3) follows from (1.4) and (3.4). Then the compactness follows similarly to
Proposition 3.1. a

Proof of Proposition C.2. Let ¥ € D with support in Bg. Equation (C.1) implies

(V) = Eexp{i(U(1)Yo, ¥)}
= Eexpli(exp{i x}Uo(t) Yo + p(1)Yo, W)} E exp{i (Uo(r) Yo, exp{i x }¥)} + v (1),

(C.5)
where
v(t) = E[exp{i{exp{i x }Uo(t) Yo, ¥)}(exp{i(p (1) Yo, ¥)} — D].
Note that v(¢) vanishes as t — oo. In fact, the bound (C.2) implies, as before,
@] < E[{p(H)Yo, V)| < C(OIIVIIr)Ellp()Yollr = 0, t— oo. (C.6)
Finally, Proposition 3.2 implies that
E exp{i (Uo(t) Yo, expli x )W)} — exp{—3 Qoo (exp{i x} W, exp{i x } W)}, (C.7)
ast — 00, and (C.5)—(C.7) imply (C.4). O
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