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Abstract. We construct modulus-based synchronous multisplitting iteration methods to

solve a large implicit complementarity problem on parallel multiprocessor systems, and

prove their convergence. Numerical results confirm our theoretical analysis and show

that these new methods are efficient.
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1. Introduction

Implicit complementarity problems arise in a variety of applications in economics and

engineering such as the Nash equilibrium point of a bimatrix game, contact problems, and

the free boundary problem for journal bearings — cf. Ref. [9,13,24] and references therein.

The modulus method is a classical iteration procedure to solve linear complementarity

problems [12, 18, 26], Hadjidimos & Tzoumas [15, 16] proposed extrapolated modulus

algorithms, and Bai [3] presented the modulus-based matrix splitting iteration method.

Given the computational requirements of modern high-speed multiprocessor environ-

ments, multisplitting iterative methods are powerful tools for large sparse linear comple-

mentarity problems [1, 2, 4–7, 11, 19, 23, 25]. Li & Zeng [20, 21] considered several syn-

chronous and asynchronous multisplitting iteration schemes for solving a class of nonlin-

ear complementarity problem when the system matrix is an H-matrix. Recently, via an

equivalent reformulation of the linear complementarity problem as a system of fixed-point

equations, Bai & Zhang [7] constructed modulus-based synchronous multisplitting (MSM)

iteration methods that are suitable for implementation on multiprocessor systems. As one
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only needs to solve subsystems of linear equations at each iteration step in these modulus-

based synchronous multisplitting (MSM) iteration methods, they are better than the gen-

eral multisplitting iteration methods since they produce linear complementarity subprob-

lems [8,10,15,22,27–32]. We extend these methods to solve an implicit complementarity

problem, noting that it includes a corresponding linear complementarity problem.

Consider the following implicit complementarity problem that we denote as ICP(q, M):

Find a pair of real vectors w and u ∈ Rn such that

u−m(u) ≥ 0, w := Mu+ q ≥ 0, (u−m(u))T (Mu+ q) = 0 (1.1)

where M ∈ Rn×n is a given sparse matrix and q ∈ Rn is a real vector, and m(·) is an invertible

mapping from Rn into itself.

In this article, we extend the MSM iteration methods to solve the IC P(q, M). In Section 2,

we present some necessary notation, definitions and lemmas. In Section 3, our MSM meth-

ods for solving the IC P(q, M) are established. We prove the convergence of the MSM

iteration methods when the system matrix is an H+-matrix in Section 4. Numerical results

presented in Section 5 show that the MSM iteration methods are computationally more

efficient than modulus-based splitting iteration methods.

2. Preliminaries

Suppose that matrices A = (ai j), B = (bi j) ∈ Rn×n. We shall write A ≥ B (A > B) if

mi j ≥ ni j (mi j > ni j) holds for all 1≤ i ≤ n, 1≤ j ≤ n. If O is a null matrix and A≥ O, A is

called a nonnegative matrix. and |A| denotes the nonnegative matrix with entries |ai j|. If

A∈ Rn×n is a real n× n matrix, its comparison matrix is 〈A〉= (〈ai j〉) ∈ Rn×n with

〈a〉i j =

¨

|ai j| , i = j

−|ai j| , i 6= j
, i, j = 1,2, · · · , n .

The matrix M is called an M -matrix if its off-diagonal entries are all non-positive and M -1 ≥
O; M is called an H-matrix if its comparison matrix 〈M〉 is an M -matrix; an H-matrix M is

called an H+-matrix if it has a positive diagonal matrix; and if M is an M -matrix and Ω is

a positive diagonal matrix, then M ≤ B ≤ Ω implies that B is an M -matrix. If F is a non-

singular matrixm then M = F −G is called a splitting of the matrix; and if 〈M〉 = 〈F〉− |G|,
then M = F − G is called an H-compatible splitting.

Lemma 2.1 ( [14]). Let A∈ Rn×n be an H - matrix, D = diag(A) and B = D− A. Then

(1) matrix A is non-singular;

(2) |A−1| ≤ 〈A〉−1; and

(3) |D| is non-singular and ρ(|D|−1 · |B|) < 1.

Lemma 2.2 ( [17]). Let M = F−G be a splitting of the matrix M ∈ Rn×n, r a positive constant,

and Ω a positive diagonal matrix. For the problem (1.1), we then have the following:
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(a) if (u, w) is a solution of the problem (1), then x = (r/2)(u−Ω−1w−m(u)) satisfies the

implicit fixed-point equation

(Ω+ F) x = Gx + (Ω−M) |x | − r ·M ·m
�

g−1

�

1

r
(|x |+ x)

��

− r · q ; (2.1)

(b) if x satisfies the implicit fixed-point equation (2.1), then

u =
1

r
(|x |+ x) +m(u), w =

1

r
Ω(|x | − x) (2.2)

is a solution of the ICP(q, M).

From Lemma 2.2, the ICP(q, M) can be transformed into an equivalent system of fixed-

point equations.

3. MSM Iteration Method

Based on the equivalence Lemma 2.2, we first construct the MSM iteration methods for

solving ICP(q, M). Let ς ≤ n be a given positive integer, M = Fs − Gs, s = 1,2, · · · ,ς be a

splitting of the system matrixM ∈ Rn×n, and Es ∈ Rn×n, s = 1,2, · · · ,ς nonnegative diag-

onal matrices satisfying
∑ς

s=1 Es = I (the identity matrix). Then the collection of triples

(Mk, Fk, Gk) (k = 1,2, · · · ,ς) is called a multisplitting of the matrix M , and the matrices Es

(s = 1,2, · · · ,ς) are called weighting matrices. Given a positive constant r and a positive

diagonal matrix Ω, we can establish the following iteration method.

Method 3.1 (MSM)

Step 1: Given ǫ > 0 and u0 ∈ V , set k := 0.

Step 2: Find the solution uk+1.

(1) Calculate the initial vector

x0,k =
r

2

�

uk −Ω−1wk −m(uk)
�

. (3.1)

(2) Set j:=0.

Parallel compute x k,s ∈ Rn by solving the equation

(Ω+ Fs) x k,s = Gs x j,k + (Ω−M)
�

�x j,k
�

�− r ·M ·m(uk)− r · q ; (3.2)

calculate x j+1,k ∈ Rn from

x j+1,k =

ς
∑

s=1

Es xk,s ; (3.3)

and if ‖x j+1,k - x j,k‖ < η, stop; otherwise, set j:=j+1.
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(3) Compute

uk+1 =
1

γ

��

�x j+1,k
�

�+ x j+1,k
�

+m(uk) . (3.4)

Step 3: If RES(uk+1) = |(Muk+1 + q)T (uk+1 −m(uk+1))| < ǫ, then stop; otherwise, set

k := k+ 1 and return to Step 2.

Method 3.1 has some quite good parallel computational properties. The splitting ma-

trices Fs (s = 1,2, · · · ,ς) and the weighting matrices Es (s = 1,2, · · · ,ς) can be chosen

such that the tasks distributed on the ς processors of the multiprocessor system are well

balanced, hence Method 3.1 achieves high parallel computational efficiency. Bai [7] has

discussed several triangle splitting forms convenient for practical implementations, and

here we adopt so-called Blocking splitting [20]. Consider the system matrix

M =

















B −I O · · · O O

−I B −I · · · O O

O −I B · · · O O
...

...
. . .

...
...

O O · · · · · · B −I

O O · · · · · · −I B

















,

where M ∈ Rm2×m2

, B = t r id iag(−1,4,−1) ∈ Rm×m and I ∈ Rm×m. Letting ς = 2, we

define

F1 =

























B −I O O · · · O

−I B −I O · · · O
...

. . .
. . .

. . .
. . .

...

O · · · −I B O · · · O

O · · · O B
. . .

...
...

. . .
. . .

. . . O

O · · · O B

























=

�

M1 O

O D1

�

,

F2 =



























B · · · O · · · O
...

. . .

O · · · B O
. . .

...

O O B −I
...

. . . −I B
. . . O

. . .
. . . −I

O · · · O −I B



























=

�

D2 O

O M2

�

.

For each splitting

M = Fs − Gs (s = 1,2) , (3.5)
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Eq. (3.2) is equivalent to
�

(Ω1 +M1)x
k,s
1
= H1 ,

(Ω2 +M2)x
k,s
2
= H2 ,

(3.6)

where Hs = Gs x j,k + fs, fs = [(Ω−M)|x j,k| − r ·M ·m(uk)− rq]s, s = 1,2. Thus to solve

Eq. (3.2) we can consider several small scale subproblems, which can improve parallel

computational efficiency.

4. Convergence Theory

In this section, we prove the convergence of the Method 3.1, when the system matrix

M ∈ Rn×n is an H+-matrix. We assume that u∗ ∈ Rn is a solution of the ICP(q, M), or

equivalently that the vector pair (u∗, w∗) satisfies the ICP(q, M) such that wk = Muk + q

and w∗ = Mu∗ + q. Let x (0) be an initial vector of inner iteration and x the solution of

Eq. (2.1). Suppose that there exist a nonnegative matrices N ∈ Rn×n such that

�

�m (u)−m (v)
�

� ≤ N |u− v| , ∀u, v ∈ Rn , (4.1)

so we have [17]
�

�x0,k − x
�

�≤
r

2
(I +Ω−1M + N )

�

�uk − u∗
�

� . (4.2)

We now demonstrate the convergence of the MSM iteration method to solve ICP(q, M).

Theorem 4.1. Let (Fs, Gs, Es) (s = 1,2, · · · ,ς) be a multisplitting of the matrix M ∈ Rn×n, r

be a positive constant, Ω a positive diagonal matrix,

δ1 =

ς
∑

s=1

Es

�

�(Ω+ Fs)
−1
�

�

�

|Gs|+ |Ω−M |
�

, δ2 =

ς
∑

s=1

Es

�

�(Ω+ Fs)
−1
�

� |M |

and

δ =

 

2

j
∑

i=0

δi
1δ2 + I

!

, Z = δ
j+1

1
(I +Ω−1M + N ) +δN . (4.3)

Then if ρ (Z) < 1, for any initial vector u0 the sequence {uk} generated by Method 3.1 con-

verges to the unique solution of ICP(q, M).

Proof. Suppose that {uk} is the sequence generated by Method 3.1. Let u∗ be the solution

of ICP(q, M), and x the solution of Eq. (2.1). From Eq. (3.4) we get

uk+1 =
1

r

��

�x j+1,k
�

�+ x j+1,k
�

+m(uk) ,

u∗ =
1

r
(|x |+ x) +m(u∗) ,
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hence

�

�uk+1 − u∗
�

� =

�

�

�

�

m(uk)−m(u∗) +
1

r

�

|x j+1,k|+ x j+1,k − (|x |+ x)
�

�

�

�

�

≤
�

�m(uk)−m(u∗)
�

�+
1

r

�

�

�

|x j+1,k|+ x j+1,k − |x | − x
��

�

≤ N
�

�uk − u∗
�

�+
1

r

�

|x j+1,k − x |+ |x j+1,k − x |
�

= N
�

�uk − u∗
�

�+
2

r

�

�x j+1,k − x
�

� .

From expression (3.3)

x j+1,k =

ς
∑

s=1

Es x k,s ,

and from Eqs. (3.2) and (2.1)

(Ω+ Fs) x k,s = Gs x j,k + (Ω−M) |x j,k| − r ·M ·m(uk)− r · q ,

(Ω+ Fs)x = Gs x + (Ω−M) |x | − r ·M ·m(u∗)− r · q ,

such that

x k,s = (Ω+ Fs)
−1
�

Gs x j,k + (Ω−M)|x j,k| − r ·M ·m(uk)− r · q
�

,

x = (Ω+ Fs)
−1
�

Gs x + (Ω−M)|x | − r ·M ·m(u∗)− r · q
�

,

hence

�

�x j+1,k − x
�

�=

ς
∑

s=1

Es

�

�x k,s − x
�

�

=

ς
∑

s=1

Es

�

�

�(Ω+ Fs)
−1
�

Gs(x
j,k − x) +

�

Ω− (Fs − Gs)
��

|x j,k| − |x |
�

− r ·M ·
�

m(uk)−m(u∗)
��

�

�

�

≤
ς
∑

s=1

Es

�

�(Ω+ Fs)
−1
�

�

�

2|Gs||x
j,k − x |+ |(Ω− Fs)||x

j,k − x |

+ r|M |N |uk − u∗|
�

=

ς
∑

s=1

Es

�

�(Ω+ Fs)
−1
�

�

�

2|Gs|+ |Ω− Fs|
�

|x j,k − x |

+ r

ς
∑

s=1

Es

�

�(Ω+ Fs)
−1
�

� |M |N |uk − u∗|

=δ1

�

�x j,k − x
�

�+ rδ2N
�

�uk − u∗
�

� .
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Thus

�

�uk+1− u∗
�

� ≤ N
�

�uk − u∗
�

�+
2

r

�

δ1

�

�x j,k − x
�

�+δ2N
�

�uk − u∗
�

�

�

=
2

r
δ1

�

�x j,k − x
�

�+ (2δ2 + I) ·N
�

�uk − u∗
�

�

≤
2

r
δ2

1

�

�x j−1,k − x
�

�+ (2δ1δ2 + 2δ2 + I)N
�

�uk − u∗
�

�

≤
2

r
δ

j+1

1

�

�x0,k − x
�

�+
�

2δ
j

1
δ2 + ...+ 2δ2

1δ2 + 2δ1δ2 + 2δ2 + I
�

N
�

�uk − u∗
�

� ,

so from inequality (4.2) we have
�

�uk+1 − u∗
�

�≤ δ j+1

1
(I +Ω−1M + N )

�

�uk − u∗
�

�+δN
�

�uk − u∗
�

�

=
�

δ
j+1

1
(I +Ω−1M + N ) +δN

� �

�uk − u∗
�

�

and hence
�

�uk+1 − u∗
�

�≤ Z
�

�uk − u∗
�

� . (4.4)

Since ρ (Z)< 1, the sequence
�

uk
	

is bounded and converges to the solution u∗.

In particular, when M ∈ Rn×n is an H+-matrix, similar to the proof in Ref. [17] Theorem

4.1 immediately gives the following convergence result.

Theorem 4.2. Let M ∈ Rn×n be an H+-matrix,, M = F − G an H-compatible splitting of the

matrix M (i.e. 〈M〉 = 〈F〉 − |G|), Ω a positive diagonal matrix, and r a positive constant.

Let λ = ρ(N ), ρ denote the spectral radius, φ1 =
∑ς

s=1 Es|(Ω+ 〈Fs〉)
−1|(|Gs|+ |Ω−M) and

φ2 =
∑ς

s=1 Es|(Ω+ 〈Fs〉)
−1||M |. If the parameter λ, ρ(φ1) and ρ(φ2) satisfy

�

1+
2ρ (φ2)

1−ρ (φ1)

�

λ < 1 ,

then the iteration sequence
�

uk
	∞

k=0
generated by Method 3.1 converges to the unique solution

of IC P(q, M).

Proof. As M = Fs−Gs, (s = 1,2, · · · ,ς) are H-compatible splittings of the matrix M and

Ω is a positive diagonal matrix, Ω+ Ms,s = 1,2, · · · ,ς are H+-matrices. From Lemma 2.1

(2) we have
�

�(Ω+ Fs)
−1
�

� ≤ 〈Ω+ Fs〉
−1 =

�

Ω+ 〈Fs〉
�−1

, s = 1,2, · · · ,ς , (4.5)

therefore
�

�x j+1,k − x
�

�

≤
ς
∑

s=1

Es

�

�(Ω+ Fs)
−1
�

�

�

|Gs|+ |Ω−M |
� �

�x j,k − x
�

�+ r

ς
∑

s=1

Es

�

�(Ω+ Fs)
−1
�

� |M |N
�

�uk − u∗
�

�

≤
ς
∑

s=1

Es

�

Ω+ 〈Fs〉
�−1�

|Gs|+ |Ω−M |
� �

�x j,k − x
�

�+ r

ς
∑

s=1

Es

�

�(Ω+ 〈Fs〉)
−1
�

� |M |N
�

�uk − u∗
�

� ,
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and similar to the proof of Theorem 4.1 we have

�

�uk+1 − u∗
�

� ≤
2

r
φ

j+1

1

�

�x0,k − x
�

�+
�

2φ
j

1
φ2 + · · ·+ 2φ2

1
φ2 + 2φ1φ2 + 2φ2 + I

�

N
�

�uk − u∗
�

�

≤
�

φ
j+1

1
+φ

j+1

1
Ω
−1M +φ

j+1

1
N +φN

�
�

�uk − u∗
�

� .

Letting φ = (2
∑ j

i=0
φ i

1φ2 + I) we obtain

�

�uk+1− u∗
�

� ≤
�

φ
j+1

1
(I +Ω−1M + N ) +φN

� �

�uk − u∗
�

� = Z
�

�uk − u∗
�

� ;

and from Theorem 4.1 and its proof [7] we have ρ (φ1) < 1 so φ
j+1

1
→ 0 when j →∞,

and in the matrix Z we can omit the term φ
j+1

1
(I +Ω−1M + N ) to only consider ρ(φN ).

According to the condition
�

1+
2ρ (φ2)

1−ρ (φ1)

�

λ < 1 ,

we then have

ρ (Z)≈ ρ (φN ) = ρ

  

2

j
∑

i=0

φ i
1φ2 + I

!

N

!

≤ ρ
�

2(φ
j

1
φ2 + · · ·+φ

2
1φ2 +φ1φ2 +φ2) + I

�

·ρ(N )

≤ ρ
�

2(1−φ1)
−1φ2 + I

�

·λ

≤
�

1+
2ρ (φ2)

1−ρ (φ1)

�

λ < 1 ,

to complete the proof.

5. Numerical Results

We now give discuss some numerical experiments to test the effectiveness of the Method

3.1, referring to the number of iteration steps (denoted by ‘IT’), the elapsed CPU time in

seconds (denoted by ‘CPU’) and the residual errors (denoted by ‘RES’) defined as

RES(uk) = abs
�

(Muk + q)T (uk −m(uk))
�

where uk is the kth approximate solution to the ICP(q, M). We recall that ς is the multisplit-

ting number, and in passing note that our MSM iteration method reduces to the modulus-

based splitting iteration method when ς = 1 (to be compared). The initial vectors were

chosen to be u0 = (0, · · · , 0)T ∈ Rn, and all runs were performed in MATLAB with double

machine precision. The inner iteration was terminated when ‖x j + 1,k - x j,k‖ < 10−4, and

the outer iteration when RES(uk) ≤ 10−5.
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Table 1: Testing methods.

MSMJ(α = 1,β = 0) Multisplitting Modulus Jacobi Method

MSMAOR(α = 1,β = 0.05) Multisplitting Modulus AOR Method

MSMSOR(α = 0.9,β = 0.01) Multisplitting Modulus SOR Method

Table 2: Numeri
al results for Example 5.1.

MSMJ
n=121 n=225 n=529 n=1024

IT CPU RES IT CPU RES IT CPU RES IT CPU RES

ς= 1 6 1.13 1.1e-6 6 1.99 1.8e-6 7 4.62 2.8e-6 17 6.13 2.8e-6

ς= 2 7 0.03 1.0e-6 6 0.45 6.2e-6 5 1.69 9.7e-6 5 2.09 1.8e-6

Table 3: Numeri
al results for Example 5.1.

MSMAOR
n=121 n=225 n=529 n=1024

IT CPU RES IT CPU RES IT CPU RES IT CPU RES

ς= 1 4 1.18 4.5e-6 5 2.25 1.5e-6 6 4.88 3.8e-6 17 6.63 2.7e-6

ς= 2 4 0.14 2.1e-6 5 0.40 6.3e-6 5 1.30 9.6e-6 5 1.68 1.8e-6

Table 4: Numeri
al results for Example 5.1.

MSMSOR
n=121 n=225 n=529 n=1024

IT CPU RES IT CPU RES IT CPU RES IT CPU RES

ς= 1 4 1.23 5.5e-6 5 1.96 1.0e-6 9 5.04 4.6e-6 18 6.83 2.9e-6

ς= 2 4 0.13 9.6e-6 4 0.30 5.5e-6 5 1.25 8.4e-6 5 2.05 4.9e-6

Example 5.1. We considered the ICP(q, M) where M ∈ Rm2×m2

and q ∈ Rm2

are

M =

















B −I O · · · O O

−I B −I · · · O O

O −I B · · · O O
...

...
. . .

...
...

O O · · · · · · B −I

O O · · · · · · −I B

















, q =

















−1

1

−1
...

(−1)n−1

(−1)n

















and m(u) =

















u3
1

u3
2

u3
3

...

u3
n−1

u3
n

















,

where B = t r id iag(−1,4,−1) ∈ Rm×m and I ∈ Rm×m is a unit matrix.

We used the multisplittings of the system matrix M as in Eq. (3.5) (Blocking splitting),

instead of the triangular multisplittings in Ref. [7]. Tables 5-7 show that our methods

(ς= 2) produce better numerical results.
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Table 5: Numeri
al 
omparison of di�erent multisplittings for Example 5.1.

MSMJ
n=121 n=225 n=529 n=1024

IT CPU RES IT CPU RES IT CPU RES IT CPU RES

Triangular

splitting

5 0.39 5.3e-6 4 0.89 5.3e-6 6 1.98 2.2e-6 8 2.86 2.7e-6

Block

splitting

4 0.03 1.0e-6 6 0.45 6.2e-6 5 1.69 9.7e-6 5 2.09 1.8e-6

Table 6: Numeri
al 
omparison of di�erent multisplittings for Example 5.1.

MSMAOR
n=121 n=225 n=529 n=1024

IT CPU RES IT CPU RES IT CPU RES IT CPU RES

Triangular

splitting

4 0.53 2.3e-6 4 0.97 7.1e-6 5 2.19 1.9e-6 11 2.29 1.4e-6

Block

splitting

4 0.14 2.1e-6 5 0.40 6.3e-6 5 1.30 9.6e-6 5 1.68 1.8e-6

Table 7: Numeri
al 
omparison of di�erent multisplittings for Example 5.1.

MSMSOR
n=121 n=225 n=529 n=1024

IT CPU RES IT CPU RES IT CPU RES IT CPU RES

Triangular

splitting

4 0.53 6.0e-6 4 1.02 9.4e-6 5 2.18 1.2e-6 11 3.17 1.4e-6

Block

splitting

4 0.13 9.6e-6 4 0.30 5.5e-6 5 1.25 8.4e-6 5 2.05 4.9e-6

Example 5.2. We also considered the ICP(q, M) where M ∈ Rm2×m2

and q ∈ Rm2

are

M =

















B 0.5I O · · · O O

−1.5I B 0.5I · · · O O

O −1.5I B · · · O O
...

...
. . .

...
...

O O · · · · · · B 0.5I

O O · · · · · · −1.5I B

















, q =

















−1

1

−1
...

(−1)n−1

(−1)n

















,

and

m(u) =
�

u3
1,u3

2,u3
3, · · · ,u3

n

�

,

where B = t r id iag(−1.5,4,0.5) ∈ Rm×m, I ∈ Rm×m is a unit matrix.

The numerical results in Tables 8-10 show that the MSM iteration methods are more

efficient than the general modulus-based matrix splitting method.
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Table 8: Numeri
al results for Example 5.2.

MSMJ
n=121 n=225 n=529 n=1024

IT CPU RES IT CPU RES IT CPU RES IT CPU RES

ς= 1 3 0.33 3.0e-6 4 0.75 1.0e-6 2 3.45 6.0e-6 3 20.2 2.9e-6

ς= 2 3 0.13 1.5e-6 3 0.27 5.3e-6 4 1.20 3.0e-6 8 8.1 3.2e-6

Table 9: Numeri
al results for Example 5.2.

MSMAOR
n=121 n=225 n=529 n=1024

IT CPU RES IT CPU RES IT CPU RES IT CPU RES

ς= 1 4 0.24 4.3e-6 4 0.72 1.3e-6 5 3.46 7.2e-6 9 22.5 8.0e-6

ς= 2 4 0.14 2.1e-6 4 0.28 6.9e-6 4 1.36 3.6e-6 7 8.84 6.6e-6

Table 10: Numeri
al results for Example 5.2.

MSMJ
n=121 n=225 n=529 n=1024

IT CPU RES IT CPU RES IT CPU RES IT CPU RES

ς= 1 4 0.36 6.7e-6 5 0.87 2.3e-6 5 3.95 5.9e-6 8 20.2 6.8e-6

ς= 2 4 0.12 3.4e-6 4 0.36 1.2e-6 5 1.52 6.6e-6 8 10.1 3.3e-6

6. Conclusion

We have constructed modulus-based synchronous multisplitting iteration methods to

solve an implicit complementarity problem on parallel multiprocessor systems, with the

relevant convergence theory. Numerical experiments confirm our theoretical analysis and

show that our methods are more efficient than modulus-based splitting iteration methods.
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