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Abstract The defect of a factor map out of a totally disconnected dynamical system
is a number in [Qoc] which gives a quantitative measure of how well the dynamical
behaviour of the factor agrees with that of the extension. The larger the defect, the
more they differ. In this paper we obtain the basic general properties of the defect and
calculate it in a series of specific cases.

0. Introduction
In an earlier work Th] the author pursued the connection between the topological entropy
of a dynamical system and the covering dimension of compact spaces which reveals
itself when the definition of topological entropy is phrased in terms ofGthalgebra of
continuous functions. The result was invariants for dynamical systems which comprise of
both the topological entropy of the given map and the dimension of the space on which it
acts, and it seemed to deviate from the topological entropy only when the set of periodic
points formed subsets of positive covering dimension. These invariants are typically
somewhat more difficult to calculate than the topological entropy itself. However, at the
end of that study, a numerical invariant for factor maps out of a dynamical system acting
on a totally disconnected space was introduced. This invariant was calletbfibet of
the factor map because it gives a measure of how well the dynamical behaviour of the
totally disconnected dynamical system agrees with that of the factor, in particular as far
as the periodic points are concerned. The intention of the present paper is to advertise
this invariant for factor maps a little further. The hope is to convince the reader that
the defect of a factor map is not terribly difficult to calculate and that it does give an
interesting numerical indication of how well the dynamical systems are related.

The paper is organized as follows. §h we give the definition of the defect and derive
a series of its general properties. Most of these properties are analogous to corresponding
properties for the topological entropy. §2 we calculate the defect of factor maps out of
certain one-sided finite type subshifts, called ‘full’ and ‘left-resolving’, respectively. In
both cases the defect is determined by the ambiguity of the factor map over the periodic
points, but with the difference that the exponential of the defect is always a natural
number in the left-resolving case, while in the full case it can be a quite general rational
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power of a natural number. By exploiting this we construct factor maps between totally
disconnected spaces whose defect is an arbitrary numberaa][0Compared to the one-
sided case, our calculations are more complete in the case of two-sided subshifts which
we consider irg3. For a factor map mapping a two-sided irreducible finite type subshift
onto a sofic subshift, the defectd® when the map is not finite-to-one, and equals the
logarithm of the maximal number of pre-images of a periodic point if it is finite-to-
one. In§4 we calculate the defect of the factor maps coming from Markov partitions
of expansive endomorphisms and homeomorphisms. The result is again that the defect
equals the logarithm of the maximal number of pre-images of a periodic point. Thus,
for example, the Markov partitions for a hyperbolic automorphisrTotonstructed by

Adler and WeissAW] gives a factor map with defect log 3, while the Markov partitions
constructed by BowenBo1] give factor maps with defect 2log2. Finally, ¥b we
calculate the defect of the factor map: (Y, ¥) — (X, ¢) corresponding to a metrizable
totally disconnected extension of a uniquely ergodic man this case the defect equals

/ log #r ~(x) du(x),

whereu is the uniquep-invariant Borel probability measure.

1. Definitions and general results

Let X be a compact Hausdorff space apd X — X a continuous map. Such a pair
(X, ) will be referred to as alynamical systemWhenF = {F; : i € I} is a finite
collection of subsets ok we set

k
qi(x, F) =#{(i1, iz, ....i) €l"ixe ﬂwf'“(ﬂ,)}
j=1
forall x € X,k € N, and
qr(p, F) = Q%qu(x,f)

for all k € N. Sometimes it is more useful to considg(y, F) as the maximal number
of elements in a subset C 7* such that
Fy g~ (Fp) NN ()
(i1,02,..,ix)€J
is not empty. In any case, itis clear that., (¢, F) < qi (¢, F)qg. (¢, F) forall k,n € N.
If (,.; Fi contains a non-empty-invariant set (e.g. ifF is a cover ofX), we have that
qx (@, F) > 1 for all k and hence we can defin@(p, F) by

1
O(p, F) = lim o log ¢, (¢, F).

It is a useful fact that this limit equals infy(1/n)logg, (¢, F).

Consider now a compact totally disconnected sgaesmd a continuous map : ¥ —
Y such that(X, ¢) is a factor of(Y, v), i.e. there is a continuous surjectien: ¥ — X
such thaty o m = 7 o . A partition of Y is a finite cover ofY consisting of mutually
disjoint open subsets ifi. We define thedefectof the factor map by

D(r) = S;JJDQ(GD, 7(P)),
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where we take the supremum over all partitidaof Y. It is an important observation
that Q (¢, 7(P1)) < Q(¢p, m(P2)) whenP; is a refinement ofP;, see Th, Lemma 6.6].

LEMMA 1.1. Let (X1, 1), (X2, 92), (X3, ¢@3) and (X4, ¢4) be dynamical systems with
X, and X, totally disconnected. Let; : (X1,¢1) — (X2, ¢2), 712 : (X2, 02) —
(X3, @3), m3: (X3, 03) — (X4, @4) be factor maps. Then

D(m3 0o 011) > D(72)

and
D(7T3 O T2 O 7'[1) = D(Tl’z)

whenrm; and s are injective.

Proof. Let P be a partition ofX, and conside® = 7;71(P). For everyx € X3 we
have that

gk (x, m2(P)) = qi(x, maom1(P")) < gi(ma(x), mzomaom1(P')) < qi(@a, mzomaom1(P"))
for all k € N, showing that
Q(QOQ, JTQ(P)) < Q(§04, T3 0720 7'[]_(73/)) < D(T[g 0T 0 7'[1).

It follows that D(r2) < D(m3 072 0 m). The equality in the case when and s are
conjugacies is trivial. O

LEMMA 1.2. Letx : (Y, ¥) — (X, ¢) be a factor map between dynamical systems with
Y totally disconnected. Hr—1(x) < d for all x € X it follows that

D(w) < logd.
Proof. For any partition? = {Py, P», ..., Py} of Y we have thaty (x, n(P)) < d* for
all k e Nandx € X. O

PropPosITIONL1.3. Let : (Y, ¥) — (X, ¢) be a factor map between dynamical systems
with Y totally disconnected. Left; and L, be closedg-invariant subsets such that
X = L1U Ly, Thenw| -1z, @ (m~X(L;), ¥) — (L;, ) are factor maps and

maxX{ D (| -1y, D(lr-11,)} = D().
Proof.Let P = {P; :i =1,2,..., N} be a partition ofr ~*(L;). Since
{oNn=XL;): O closed and open iii}

is a base for the topology of ~1(L;), we see that there is a partitidd = {R; : i =
1,2,...,N}in Y such thatP, = R; N 7~Y(L;) for all i. Since

Q(p,n(P)) = Q(p, 7(R)) < D(n),

we conclude thaD (7 |,-1;)) < D(r), j = 1,2. Conversely, ifR is a partition ofY, it
is clear that

4 (9, R) < max{g, (¢, RN (L1)), gu(p, RN (L))}

for all n, and the desired identity follows. O
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THEOREM 1.4. Letw : (Y, ¥) — (X, ¢) be a factor map between dynamical systems with
Y totally disconnected. L& denote the set of non-wandering points §orThen

D(m|z-1q)) = D(m).

Proof. By Proposition 1.3 it suffices to prove th&(r|,-1q) > D(7). LetP = {P; :
i=12,...,N} be a partition ofY and lete > 0. We seek a partitiofR of Y which
refinesP and satisfies

0(p, 1(R)) < Q(pla, T(P N HRQ))) +e.

Since Q(p, 7 (P)) < QO(p, m(R)) becauseR refinesP, and sinceP ande > 0 are
arbitrary, this will yield the desired conclusion. So it suffices to constRict

Let {U,} be a net of open subsets ¥hsuch thatr < 8 = U_,g C Uy, andQ =), U,.
Choosen € N so large thatl/n)log g, (¢la, 1(P) N Q) < Q(¢la, T (P)N Q) + €. For
eacht = (i1, i, ...,iy) € {1,2,..., N}" set

W,=@(P)NR)Ne Hm@(P)NQ)N---Ne " (x(P,) N Q)

and
W = (@(Py) NUs) N (@ (Py) NUy) N -+ N " (P) N Ty).
Then
W= wr
eF a eF
for any finite subse¥ C {1, 2,..., N}". By compactness there is, therefore,ogrsuch
that
(AW.=0= (W =0
eF eF
for all finite subsetsF’ C {1, 2, ..., N}" and alla > «g. It follows that
1 1
Q(p, r(P)NU,) < . logg. (¢, m1(P) N Uy) = p logg. (¢, 7 (P) N Q)
< Q@la,r(P)NQ) +e,
forall ¢ > ag. Let B > o > ag. For eachi € {1,2,..., N} we can find a closed and

open subser; of Y such that
YUy NP CcR ca(U,)NP,. (1.2)

Then w(y) ¢ Ug for all y € Y\ vazl R;, so in particularm(y) is wandering for
¢ for such y. By using the compactness df\ Uf\'zl R; we find a finite cover
{vi  j e J} of ¥\ Uf"zl R; such that eachV; is a closed and open subset Bf

for somei and such thato"(n(Vj)) Nn(V;) = @ for all k € N. By passing to a
refinement if necessary, we can also assume tha¥fiseare mutually disjoint. Then
R={R :i=12..,N}U{V,:je J}is a partition ofY which refinesP. Set
R ={R;:i=12,...,N}andM = #J. Because* (7 (V;))Nrn(V;) =¥ forall k ¢ N

and allj € J, we find from an elementary combinatorial consideration that

gm(p, m1(R)) <maxX;(m):j=0,12..., M},
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where Xo(m) = ¢, (¢, 7 (R’)) and

J J
Xj(m) = max{ l_[qn/.(ga,n(R’)) In1, N, ... N € N,Zni =m —j},

i=1 i=1

j=12,...,M. Lets > 0 be arbitrary and set = Q(¢, 7(R’)). ChooseK € N so
large that(1/r)logg, (¢, 1(R")) < p+ 68, r = K. Whenny, ny, ..., n; are elements in
N that sum ton — j we have that

j
[ [an (0. 7 (R)) < Kleetdm=,
i=1

whered is the numbers of’s for whichn; < K and K = maXq,; (¢, 7(R)) : |l =
1,2,...,K}. Thus
gn(p, T(R)) < KMelotom

for all sufficiently largem and henceQ (¢, 7(R)) < p + 8. Sinceé > 0 was arbitrary,
we conclude that

Q(p, 1(R)) = Q(p, 7(R)).

It follows from (1.1) thatQ (¢, 7 (R’)) < Q(¢, m(P)NU,) and hence tha@ (¢, 7 (R)) <
0(pla, T(P) N Q) + € sincea > ap. 0

THEOREM 1.5. Letw : (Y, ) — (X, ¢) be a factor map between dynamical systems with
Y totally disconnected. Séf, = (=, ¢*(X). Then

D(r|z-1(x,)) = D().

Proof. Proposition 1.3 gives the inequaliy(z|,-1x..,) < D(xr), SO we concentrate on
the reverse. LeP = (P, :i = 1,2,..., N} be a partition ofY. ThenP’ = PNz 1(X)

is a partition ofr~1(X.,) and Q(¢lx.., 7(P") = Q(¢, 7(P) N X4). Lete > 0 and
choosen € N such that

1
; |0961n(</)s T(P) N Xoo) < 00, 1(P) N Xoo) + €.

Since Xo = MNioy ¢*(X), a compactness argument as used in the proof of Theorem 1.4
gives aK e N such that

4n (@, T(P) N Xoo) = qu(e, T(P) N X (X)).
Thus Q(¢, 7 (P) N X (X)) < O(p, 7(P) N X&) + €. Since

Gu(x, T(P)) < qr (@, T(P)gm-k (% (x), 7 (P))
< gk (@, T(P)gm—k (@, 7(P) N ¥ (X))

for all x € X andm > K, we see thaQ(p, 7(P)) < Q(p, 7(P)NeX(X)). Sincee > 0
was arbitrary, we find that

0(p, m(P)) < Q. 1(P) N Xoo) = Q(¢lx.,, 7(P)) < D(wlr1(x,,))-

The conclusion follows becauge was an arbitrary partition of . O
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Remark 1.6.For eachn € N setd,(¢) = sup.y H}’:l#n‘l(wf(x)) and note that
Do () = lim,_ . (1/n) logd, (¢) exists. This quantity is also a measurerd$ deviation
from being injective and it is easily seen thB{(7) < D () and thatD.(7) is
exactly the quantity we get if, in the definition @ (), we take the supremum over
all partitionsbefore taking the limit overn. In many case® () = Dy (), but not in
general, and the conclusions of Theorem 1.4 and 1.5 failXgr To see this consider
Y = {0}u{l/n : n € Z} endowed with the selfmap(1/n) = 1/(n+21),n > 0, ¥ (1/n) =
1/n—1),n <0,%(0) =0, andX = {0} N {1/n : n € N} endowed with the selfmap
¢o(1l/n) = 1/(n+ 1), p(0) = (0). If we define a factor mapgr : (Y, ¥) — (X, ¢) by
7(0) = 0 andw(1/n) = 1/|n|, then D(xr) = O by either Theorem 1.4 or Theorem 1.5.
But Do () = log2. However, it may be that we always haln) = Do (7 |7-1q))-

Let Pef(p) = {x € X : ¢"(x) = x} and set Pdp) = [ J7-, Per(¢). As a general
lower bound for the defect we have the following.

ProPOSITIONL.7. Letn : (Y, ¥) — (X, ¢) be a factor map between dynamical systems
with Y totally disconnected. Then

S
|
=

D(m) > log(#r (¢’ (x)))

< e

~
Il
o

for all x € Per,(¢).

Proof. Let x € X be of periodp and letM; C = ~1(¢’(x)) be a finite subset. Choose
a partition’? of Y which separates the points Qj}’;ol M;. ThenD() > Q(p, w(P)).

Sinceqy,, (x, 7 (P)) > (]’[j’.’:_o1 #Mj)m for all m € N, the conclusion follows. O

COROLLARY 1.8.Letw : (Y, ¥) — (X, ¢) be a factor map between dynamical systems
with Y totally disconnected. Assume that~1(x) = d for all x € X and thatPery) # #.
Then

D(m) = logd.

Proof. Combine Lemma 1.2 and Proposition 1.7. O

Next we consider the continuity properties of the defect under inverse limits. Consider

a sequencer, : (Y,,v¥,) — (X,,¢,),n € N, of factor maps such that eadh, is
totally disconnected. Assume that we are given continuous mpsX, 1 — X, and

AV Y. — ¥, such thatp, o AY = AX 0 91, Y oA =AY oy, for all n. We

can then define the inverse limit dynamical syste(®s,, ¢») and (Yoo, ¥»), Where

X, andY,, are the inverse limit space%,, = Ii(m(X,l,kff) and Y, = Ii(r_n(Yn,A,f),
respectively. Note thal,, is totally disconnected because thgs are. We make the
following assumption:

(A) for all (x,y) € X,41 x Y, such thatX(x) = m,(y) there is az € Y,;1 such that
A(z) =y andm,11(z) = x.

There is then a factor map,, : (Yoo, ¥oo) = (X0, ¥o0) given by

Too((¥)) = (@ (i), (i) € Yoo
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THEOREM 1.9. D(7ry) < D(my41) and

klim D(my) = D(moo).
Proof. Let R = {R; : j € R} be a partition off; and setR’' = A,f_l(R). By using
assumption (A) it is easily seen thé@(gy, 7 (R)) = OQ(pr+1, Tr+1(R')), leading to the
conclusion thatD(r;) < D(miy1). Similarly, we see that for any poir;) in X,

(xi) € Too(p H(R))) & x; € M (R)), j € R, Wherep, : Yo, — Y; is the projection. It
follows thatg, (¢eo. Tos (0; "(R))) = qu(@x, T (R)) for all n and hence that

0 (@o0s Too(pp H(R))) = Qg T (R)).

Thus D(ns) > iMoo D(i). Let P = {P; : j € J} be a partition inY. Then there
is am € N and a partitionR = {R; : j € R} of ¥; such thatp,,}(R) refinesP (cf. e.g.
[G, Lemma 3]). Hence

QP o (P) = Qs o9, (R)) = Q. 1y (R) < i D(m). O

Remark 1.10We used (A) to guarantee that the map was surjective. Sometimes this
is the case for other reasons and then the inequality

D(7) = sup D(m;),
also holds when (A) is not satisfied.

THEOREM 1.11. Letm, : (Y,, ¥,) — (X, @), n € N, be a sequence of factor maps with
eachy, totally disconnected. Then the defect of the infinite product factor map

v (I [1w) = (I I1w)
i=1 i=1 i=1 i=1

D(nx) = ) D(m).
i=1

Proof. An obvious application of Theorem 1.9 gives that it suffices to prove the
sum formula for two factor maps. Thus we let : (Y1,¥1) — (X1,¢1) and
o (Yo, ¥2) — (X2, ¢2) be factor maps withy; and Y, totally disconnected and
consider

w1 X 72 1 (Y1 X Y2, Y1 X ¥r2) — (X1 X X2, 91 X ¢2).

If P is a product partition of; x Y, i.e. is of the form
[P} x P?: (i, j)eI' x I?),
whereP/ = {P/ :i € I} is a partition ofY;, j = 1, 2, then it is easy to see that
O(¢1 x @2, 11 x m2(P)) = Q(g1, PH) + Qg2 P?).

Since an arbitrary partition af; x Y, admits a product partition as a refinement, we see
that D(r1 x m5) = D(mr1) + D(2). O
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The defect is a little less well-behaved with respect to fibered products, but we have
the following.

THEOREM 1.12. Letmy @ (Y1, Y1) — (X, ¢) andmy @ (Yo, ¥2) — (X, ¢) be factor maps
with Y; and Y, totally disconnected. Consider the factor map

({1, y2) € Y1 x Yo i wi(y1) = ma(y2)}, Y1 X ¥2) — (X, @)
given by (y1, y2) = m1(y1). Then
max{D(r1), D(72)} < D(r) < D(m1) + D(m).

Proof. SetZ = {(y1,¥2) € Y1 x Yo ! m1(y1) = m2(y2)}. If P = {P1, Po, ..., P,} is a
partition of Yy, considerP’ = {Pyx YoNZ, P,xY>NZ, ..., P, xY>,NZ). Thenz(P') =
m1(P), and henceD(x) > Q(p, m1(P)), proving thatD () > D(mr;). By symmetry
maxX D(r1), D(m2)} < D(). If insteadP is a partition of Z then there are partitions
P and P, of Y1 andY,, respectively, such thaP; x P,) N Z is a refinement of?. It
is a straightforward consideration th@(gp, 7(P)) < O(p, m1(P1)) + Q(@, m2(P2)) <
D(mr1) + D(m). O

Theorem 1.12 is the best general result about the defect of fibered products in the sense
that there are (easily constructed) examples such that{in@x), D(m2)} = D(w) <
D(m1) + D(m,) and others where méR (1), D(m2)} < D(w) = D(m1) + D (o).

2. On the defect of factor maps between one-sided subshifts

Throughout this section we lat : (X1, 0) — (2>, o) be a factor map between one-sided
subshifts. We will assume that; is of finite type, i.e. is given by a square matrix over
{0, 1} with no non-zero columns. By passing to a higher block representatiah ofe
may assume that is a 1-block map. This will not change the defect by Lemma 1.1.
Hence we assume that there is a mlap—~> I, which we also denote by, from the
states/; of ¥, to the stated, of ¥, such that

T((x;)); =7(x;), JjeN

Let Wi denote the words of length in ¥;,n € N,i = 1,2. 7 induces a map
m : W} — W2 in the obvious way. For everw € W1, setC, = {(ij) € 1 :

(io, i1, ..., ip—1) = w} and letC, = {C, : w € Wnl} be the corresponding partition of
T1,i =1,2. Letn,m € N. For everyw = (xo, X1, ..., Xp4m-1) € W2, Set

n—1
-1
Ay p(w) = l_[#ﬂ (Xi, Xig1s ooy Xigm)
i=0

and
A11,m(7T) = max{An,m(w) W e ‘/Vnz+m}‘

Then A, pm(m) < A, (1) As,, (r) and hence
o1
lim —log A, . (7)
n—»oo n

exists for allm.
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Definition 2.1.We say thatr is full when the following holds, Wherig € I; and
((ig), j1) € W22, then there is @; € I; such thatr (ig, i1) = (jo, j1)-

LEMMA 2.2. Assume that is full. Then
. 1
Q(o, 7€) = lim 109 Ay -1(7)
for eachk € N.

Proof. Sincer is full we have that

#Hw e W :x e m(Cy)} = #r H(x0, X1, ..., X4-1)
for all x = (x;) € . Thusg,(x, 7(Cr)) = Anx-1(x0, X1, ..., Xptk—2). From this we
see that
gn(o, (C)) = Ap-1(), neN,
and hence thaf (o, 7(Cr)) = lim, . (1/n) l0g A, —1(7). O

LEMMA 2.3. Assume thatr is full. SetK = #I4, i.e. K is the number of states iR;.
Thenthereis g € {1,2,..., K} and aj-periodic elemenfy = (x;) € ¥; such that

1 13 143 .
lim =log A, o(r) ==Y log#r (r(x;) < ;Zlog #r Mo (T ().
n J =0 i=0

Proof. If (y;) is any periodic point in:,, say of periodp, then

Ao (¥0, Y1u -+ s Yup—1)) = Apo(m(yo, Y1, - - - Yp-1))"

and hence
1 1 1
lim =log A, o(m) = lim —logA,,o(r) = = " log#r —*(x ().
n—oon n—00 np p =
For eachj € {1,..., K} let I'; denote the set of loops of length i.e. the set of
elementsy = (x1,x2, ..., xj41) € W}, such thate = x;,1. Set

J
B(y)=[[#rtr(x)) and I(y) =

i=1

for y = (x1, x2,...,xj11) € [j. SetL = max{A;o(w) :w e W2, i =1,2,...,K}. Let

m > K. For eachw € W} there are elementg e Ule Ij,i=12,..., M, such that
M
Amo(r(w)) < LT[ BG) (2.1)
i=1
M
D i) <m. (2.2)
i=1

We prove this by induction om. Assume that it holds for att’ € W, K <n <m —1.
To prove it for w € W}, we observe that a word ifE; of length > K must
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contain an element fron'; for some; € {1,2,..., K} as a sub-word. In particular,
w = wiyw; Wherey € Ulel“ and wi, w, are (possibly empty) words ;. Let
Yy = (x1,x2, ..., xj41) and setw’ = wixjw; € Wm It Then

Apo(T(w)) = Am—j,O(n(w NB().

If m —j < K we have thatA,, o(7(w)) < LB(y). If insteadm — j > K we may apply
the induction hypothesis to get € UK ,i=1,2,..., M, suchthat,,_; o(m(w")) <
L Hi:lB(yi) andZile(y,-) <m-—j. Slncezizll(yi) +I(y) <m—j+ j=m,this
completes the induction.

Set

X = max{%logB(y) yeu 11"}

From (2.1) and (2.2) we conclude that

Am,O(T[) < LemX

It follows that lim,,_,.(1/m)l0ogA,, o) < X. Lety = (x1,x2,...,%x;41) € I'; be
an element such thatl/I(y))logB(y) = X. Theny = (x1,x2,...,x;)® € Xy is an
[(y)-periodic point inZ; such that

lim —IogAm o(m) < fZIOQ#rr L (x)).

m-—00
i=0

Finally, note that because is full #7 (7 (x;)) < #r 1(c'(7(x))) for all i =
0,1,...,j—1. Thus

1 j—1 1 i1 .
52 log#nHr(xn) < = ) _logi#i o' (r () O
i=0 i=0

THEOREM 2.4. Assume thak; is a finite-type subshift and that is a full 1-block map.
Then

p—1
D) = sup{1 Z log#r ~1(0/(y)) : y a p-periodic point inZ,, p € N}
P i3

p—1
sup {E Zlog #1 Yo/ (m(x))) : x a p-periodic point inq, p € N}.
P i=o

Proof. By Proposition 1.7 we know that

1272 ,
sup{— Z log#r (o’ (m(x))) : x a p-periodic point iny, p € N}
P =

P
< sup{ Zlog#n Yo’ (y)) : y a p-periodic point in,, p € N} < D(m),
j=0

so it suffices to show that

-1
D(r) < sup{ Iog #t Yo/ (m(x))) : x a p-periodic point inXy, p € N}.
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To obtain this inequality it suffices to pickiae N and find ap-periodic pointy € 21

such that
-

10272 .
Q(o, T(C)) < > log#r (! (m(x)))
0

j=
or, by Lemma 2.2, such that
p—1

lim EIogA,,,k,l(yr) < 1 Zlog#ﬁ_l(dj(ﬂ(x))).
n p

n—oo N
j=0

To this end letr’ denote the 1-block map between thélock representations af; and
%, defined byr. Then
Api-1(m) = A, 0()

and hence linL «(1/n)log Ay x—1(r) = lim, . (1/n)log A, o(x’). We therefore get

the desired element € X, by applying Lemma 2.3 tar’. (|
Example 2.5Let k,m € N and writek = did> - - - d,,, Wheredy, do, ..., d, € N. A
cyclic permutation o1, 2, ..., m} can be realized as the one-sided subshift defined by

the graphG, : 1 - 2 - 3 - --- > m — 1. We define another one-sided subshift
by specifying a graply, in the following way. For each = 1,2, ..., m we take a set
G; with d; elements and we choose functiohs: G; — Gj41,j =1,2,...,m — 1,
and, : G, — Gi. The vertices of the new graph ad/_, G; and there is an edge
from eachx € G; to A;(x), j = 1,2,...,m, and no other edges. The one-sided subshift
determined by this grap@, factors onto the cyclic subshift given g in an obvious
way (take all elements off; to j) and the factor map is clearly full. By Theorem 2.4
the defect is(1/m) )"/, logd; = (1/m) logk.

This very simple example allows us to realize a dense set io]Gas possible defect
values, and by using the continuity results, Theorem 1.9 or Theorem 1.11, from the
first section we can now show that anye]0, oo] can occur as the defect of a factor
map between zero-dimensional dynamical systems. ArJ0, oc] can be written as
an infinite sumr = Y 2, (k;/n;) log2 wheren;, k; € N for all i. From the preceding
examples we get factor maps : (X;, ¢;) — (Y;, ¥;) between one-sided subshifts such
that D(mt;) = (k;/n;)log2. By Theorem 1.11 the product factor map

T (nn,m,-) - (nx,-,m,»)
i=1  i=1 i=1 =1
will have defectD () = ¢.

We now turn to the case whereis a left-resolving factor map. Recall that a 1-block
mapr @ X1 — 3, is left-resolving when the following holds. [, y), (z, y) are words
of length two inX; such thatr((x, y)) = 7 ((z, y)), thenx = z.

THEOREM 2.6. Assume that; is a subshift of finite type and that is a left-resolving
1-block map. It follows that

D) = maxlog#r—1(y)
YEX2

maxlog#r ~1(y) : y € Per(=,)}.
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Proof. Becauser is left-resolving we have that is bounded-to-one and—1(PerX,)) =
Perx;). By Lemma 1.2 and Proposition 1.7 we therefore have that

max{log#r ~1((x)) : x € Pel=1)} < D(xr) < mgxlog#n‘l(y).
Y€ 22

Let Co denote the cylinder cover df; consisting of the sets
Ci={()eXyig=1}, i€l.

By using the fact that is left-resolving one sees that max, 7 ~*(y) = N, whereN —1
is the order of the cover (Co). It therefore suffices to show that when= (x;) € %>
andiy, io, ..., iy, are distinct elements af, such that

N
x e (7€),
j=1
then there areV distinct periodic pointw;, j = 1,2,..., N, in 21 such thatr(v;) =
7 (vp) for all j. This is done as follows. Let be a state which occurs infinitely often
in x. Take an element! € C;, such thatr(z!) = x. Every timer occurs inx, say as
t = x,, the stater’ = 7! satisfies

() =t.

We say that’ sits overs in z1. Since there are only a finite number of statessip
and there are infinitely many occurrences af x, we see that there are infinitely many
occurrences of in x such that it is the same state it which sits over each of them.
We restrict our attention to these occurrences.ofake an element? e C;, such that
7(z% = x. Among the occurrences ofwe have restricted our attention to there are
infinitely many for which it is the same state #3 which sits overr. Restrict attention
to these and continue through steps. This gives us infinitely many occurrences of
x,sayas =x,,r <rp<rz<---,and foreachj € {1,2,..., N} an element’/ G,
such thatr(z/) = x and z/ = zrj1 for all i. It will be enough to consider = 1, 2. Note
that for eachy,

o .
@z 0 7))

defines a loop in¥?._, ., such that

n((zfl, Z}j1+1’ ) = X X1, D).
Since the;’s are mutually distinct andt is left resolving,(z,jl, . ,z{;) and(z,’.‘l, e zfz)
cannot agree in any coordinate whiegz j. Therefore
v; = (Z,jl, Z,j1+1, . ..,z,jz_l)OO €¥, j=212,...,N,
are N distinct (r, — r1)-periodic points such that (v;) = w(vy) for all j. O

3. On the defect of factor maps between two-sided subshifts
Compared to the one-sided case, the defect is often easier to calculate for factor maps
out of two-sided finite-type subshifts thanks to the following results.
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THEOREM 3.1. Consider two-sided subshift€X1, o) and (2., o) with X, of finite type,
and a factor mapr : (X1,0) — (X2,0). Assume thatt : (X1,0) — (Zz,0) is
boundedly finite-to-one. Then

D(r) = maxlog#r '(y):y € PerXy)}
= maxX{log#r 1w (x)) : x € Per(Zy)}.

Proof. We may assume that is a 1-block map. By Proposition 1.7 we have that
max{log#r ~1((x)) : x € Per1)} < maxXlog#r~1(y) : y € PerXy)} < D(n),

so it suffices to prove that méeg#r 1(n(x)) : x € PerZy)} > D(x). For each
K €N, set
C.o={() eBr: (g, izkgt, ..., i) =1}

for all « € 125+, wherel, is the set of states af;. ThenCx = {C, : 1 € It} is a
partition of X, and D(w) = limg_.~ Q(o, 7(Cg)). It therefore suffices to fixk € N
ande > 0 and findm > ¢2@7C)=¢ distinct periodic pointsi, ao, ..., a, € 1 such
thatm(a;) = m(a1), i = 1,2,...,m. By passing to th&€2K + 1)-block representation
of X, it suffices, for this purpose, to consider the caSe= 0. Let A € N such that
#r~1(y) < A for all y € X,. There is a natural number> (2/¢)A!12#1124 og #I; such
that

1
~l0gq, (0. 7(Co)) > Q0. 7(Co)) - %

Then there is a point € 3, such that

1
=109, (y. 7(Co)) > Q0. 7(Co)) - g

Foreachj =0,1,2,....,n—1,setF; ={i € I, : 0/ (y) € n(C;)} and #; = M;. Then

n—1

an(y. 7(Co)) = [ [ M;
=0

and
n—1

=Y logM; > Q(o, 7(Co)) — <.
n <= 2

J
Note that log\; < log#I; so that

¢ > AI2#hA,
2log#l, —

Set Mg = {j € {0,1,2,....,n — 1} : logM; > Q(o,7(Cp)) — €}. There is a
subsetF C I, such thatF = F; for more thanA!24 of the j's in My. Set
My ={j €e My : F; = F}. By re-indexing we may assume that= {1,2,...,m}.
Note thatm = #F > 27 e~ For eachj € My, pick al,a},...,a) € £, such
thata) € Gy, n(a)) =o/(y), k=1,2,...,m. Then

#je{0,1,2,...,n—-1}:logM; > Q(o,n(Co)) — €} =

Gi={oTl@):i=12...,m
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is a subset ofr ~1(y) for all j € M;. Since #%(y) < A, there are more thaa! of the
j’s for which theG;’s are the same. Lef = {a?, a3, ...,al} be this common subset
of 771(y) and letMy = {j € My : G; = G}. For eachj € M, there is a permutation
p; of {1,2, ..., m} such that

a_j(aij):czg/_(i), i=1,2,...,m,je Moy

Since there are more thatl > m! elements inM;, there must be two elemenis < j»
in M such thato;, = p;,. Seth; = o ~/*(a/*), i =1,2,..., m. Then thejith coordinate
of b; is the same as thgth coordinate, so

biljn, i=12,....m,

arem distinct periodic words inXy such thatr (b;ljj,, 1) = Ylijjop, | = 1. 2,...,m.
Set
a; = (bi|[j1_j2_1])oo, i = 1, 2,...,m. O

COROLLARY 3.2. Consider two-sided subshifts;1, o) and (X2, o) with 31 of finite type,
and a factor mapr : (21, 0) — (22, o). Assume thak, isirreducible. TherD () = oo
whenr is not finite-to-one and

D(m) max{log#r ~1(y) : y € Per=,)}

= max{log#r (7 (x)) : x € PerTy)}

when it is.

Proof. If 7 is not finite-to-one, there is at least one ‘point diamond’ farcf. [LM,
Theorem 1.16, Chap. 8]. This shows that there is a periodic poidt,okith infinitely
many pre-images and hend®(x) = oo by Proposition 1.7. Ifr is finite-to-one it is
boundedly finite-to-one byL]M , Corollary 1.18, Chap. 8]. Apply Theorem 5.1. O

4. The defect of some factor maps arising from Markov and other partitions

We begin with a brief sketch of how to get totally disconnected extensions (or symbolic
dynamics) of higher-dimensional dynamical systems by a method which covers many
cases. LetX, ¢) be a dynamical system withi a metric space. We will assume that

is open at most points. To be precise, we will say thas open atx when there is an
open neighbourhoo® of x such thaty|y is open, i.e. such thaV' ¢ V open= ¢(W)

is open. The assumption we will make is that:

(A) {x € X : ¢ is open atx} is a dense subset df.
Lety={V;:i=1,2,..., N} be subsets oK such that
(B) UX, V; is dense and open .

It follows then that<p‘-f(UfV:lV,-) is open and dense iX for all j € N. Assume,
furthermore, that

(C) limi—.o diam(N{_g e~/ (Vi) = 0 for all (ij) € {1,2,..., N}",
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wheng is not invertible and that
(C) limy_. o diam(__, ¢~/ (V;))) = 0 for all (i) € {1.2..... N}*,

wheng is invertible.
Under these assumptions there is an obvious continuous map

ook
il el N () Ne Vi) #0p — X

k=1j=0
in the non-invertible case and

o) k
il el NP () [)e (Vi) #0F —> X
k

=1j=—k
in the invertible case. LeE, be the closure iff1, 2, ..., N}V of
{(ij) L2 Mo (V) # @}
j=0
in the non-invertible case, and the closurg1n2, ..., N}” of
{(zp-) e{l2.. N () ¢ (V) # @}

j=—00

in the invertible case. In both cas&s, are subshifts (one-and two-sided, respectively)
and the factor map
i (Xy,0) > (X, 9)

is defined as the restrictions afto y. Define continuous functiong, : £, — R™ by

k
gk((i;)) = diam ﬂ(p—j(vl./)
=0

J

in the non-invertible case. The sequerigg} converges monotonically to zero, so by
Dini’'s theorem we have that

k
sup diam|( (e~ (V;) ) (4.1)
(i/)EEV ]:0
Similarly, we have that
k k—
sup diam| () ¢~/(V;) | =30 (4.2)
(i/)EEV j:—k

in the invertible case.

The assumptions (A), (B) and (C) ((Cin the invertible case) will be in force
throughout this section. We consider first the least typical case wherensists of
closed sets (and hence covers
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PropPosITION4.1. Assume thafy consists of closed subsets. Then the defect of the
factor mapr : (Xy,0) — (X, ¢) in the preceding construction i®(wr) = oo when
Q(p,V) >0and D(r) = 0whenQ(p, V) =0.

Proof. We give the proof in the invertible case, the non-invertible case being quite similar.
SinceV consists of closed subsets,

Ty = {(ik) ef{l2... .N¥: () oV # Q)}.
j=—00

Let C; be the partition of,, given by the cylinders obtained by fixing the middle21
coordinates. By definition

7€) = Vi o)

= (@' V)N Vi )N N Vi) ik, i) € (1,2, NP
For eachx € X we letM (x) = #{i : x € V;}. An elementary combinatorial consideration
shows that
) k+n
Guia (e, VE_ o7 (V) = [ M@ )",
d=—k

whereF(d) € N is the number of ways to writé = a +b witha € {—k, —k+1,...,k}
andb € {0,1,...,n}. Since F(d) < 2k + 1 for all d and F(d) = 2k + 1 when
n+k<d<n-—k, we see that

k+n k+n k+n
K J] M@ @)™ < [] M@'c)™™@ < T] M@ @)™
d=—k d=—k d=—k
for somen-independent constar. But ]_[’;i”_k M (@ (x)) = gagns1(@*(x), V), so we
see that
Q(p, n(Cr) = (2k+ 1D Q0(p, V).
This proves the proposition becauBgr) = lim;_, o, O (¢, 7(Ci)). O

So we see that for this type of extension there is a dichotomy, and which of the two
possibilities occur depends on whether or gy, V) is zero. This number is of course
zero whenJ,,; V; N 'V; = #. Otherwise, set

m(n) =sup#{ke 0,1,2,....n—1}: o*(x) € UV,OVJ}
xeX i#j
It is easily seen that

log 2lim supM < Q0(p, V) <logN liminf m(n),

n—00 n n

so we see that
D(r) =0 lim ™

n—o00 n
which shows that the dichotomy of Proposition 4.1 is controlled by recurrence properties
of the overlaps of the closed cover.

=0,
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Example 4.2let ¢ : T — T be an irrational rotation andV; : i = 1,2,..., N} a
closed cover ofl' such that (Q holds. Note that condition (Cholds for quite a variety
of closed covers. As is well knownl/m)#{i € {0,1,2,...,n — 1} : ¢'(x) € F}
converges, uniformly inx, to the Lebesgue measure(F) for every closed subset
F c T whose boundary has measure zero. So if the boundaries o¥;theare
reasonable, Proposition 4.1 shows that the defect of the corresponding extensidh is
m(Ui# ViNnVv;)>0and0 ifm(U#j V;NV;) =0. See also Theorem 5.2 below.

Most applications of symbolic dynamics to dynamical systems use a totally
disconnected extension which does not come from a closed cover. In facy;’'the
are mostly open subsets, as for example in the case of a finite-type subshift extension
arising from a Markov partition where the role of th&'s are played by the interior of
the Markov partitions. We make the following additional assumption:

(D) eachV; is open.
For eachk € N, (i1, i, ...,ix) € {1,2,..., N}, set

Fisip iy = Vi N7 (Vi) N -+ N (V)

and let
Fi ={Fipiyi - (i1, 02, .., i) €{1,2,..., N}}.

In the invertible case we set

for all (i_x,i—ks1,....0) €{1,2,...,N}**T and
f(fk,k) = {Fi—kqi—k+1w~,ik . (l',k, l',k+]_, RN ik) S {1, 2, ey N}2k+1}.

LEMMA 4.3.7(Cy) = Fr and n(C—rx)) = F—kx), In the invertible case, wheré,
denotes the cylinder cover af), obtained by fixing the first coordinates in the non-
invertible case and_; x, denotes the cylinder cover obtained by fixing the mi@dle- 1
coordinates in the invertible case. In particular, it follows that

D(w) = lim Q(p, Fi)
k— o0
in the non-invertible case and
D(m) = lim Q(, F—i)
k— 00
in the invertible case.

Proof. We only give the proof in the non-invertible case, but note that the invertible case
is quite similar, and in fact slightly simpler. Léty, o, ..., ) € {1,2, ..., N}* and set

C:{(ij)eEV:ij:rj, ]:1,2,,k}
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We must show thaw(C) = F, ,.. If x € F,,, ., We can choose a sequence
X, € V,, N X (V,,) N - N **1(V,) such that lim_ «, x, = x. For each,

_ _ 1
VN t(V,)n---ne v, Hn {y € X :d(x,y) < ;}

is open and contains an elemen} from (2, o~/ (UX, Vi) because this set is
dense by Baire’s theorem. Thus(x/) N C # ¢. Takex, € = 1(x)) N C and
let (x,,) be a convergent subsequence (¢f,). Then x = lim;x x,, € C and
n(x) = limi.ex, = x. ThusF,,,. ., C n(C). Conversely, lety € C. Then
there is a sequendg,) = (@) in C such thaty, — x and
o .
(e (Vi) #0
j=0

O

----- k"

Example 4.4Letg : [0, 1] — [0, 1] be continuousandlet@ x; <xp <--- <xy_1 <1
be points in [01] such thatVy = [0, x1[, Vy =]xy-1,1] and V; =]V,_1, Vi[,i =
2,3,...,N — 1. In this case the defect of the extension: (Xy,o) — ([0, 1], ¢)
is D(r) = glog2, whereq € Q is determined as follows. Lefy denote the set of
periodic points in{xy, x2,...,xy_1} and for eachs € Sy let p, denote the minimal
period ofs andny; = #{m € {0,1,2, ..., p, — 1} : ¢"(s) € So}. Then

nS
— .5 € So} .

Ps

For a proof of this we refer to Proposition 8.2 dft{] where the argument was given in
the case of a continuous self-map of the circle, but carries over without change.]

q= max{

Next we want to add the Markov condition for the non-invertible case:

(E) for everyi, j e {1,2,...,N},i# j=V,NV; =0 and
e(V)NV; £ 0= e(V;) DV;.

As is well known and easily verified, in the presence of assumption (E) we have that
¥y is the one-sided finite-type subshift ¢f, 2, ..., N} determined by the transition
matrix

A { 1, whenp(V))NV; #40,
Y 0, wheng(V) NV, =0.

LEMMA 4.5. Assume that (A), (B), (C), (D) and (E) holds. Assume in addition ¢hiat
locally injective and injective orv; for all i. Thenx is left resolving in the following

sense.
If (r;), (s;) € Ty, w((r;)) = 7((s;)) andr, = s, for somek € N, thenr; = s;, | =
0,1,2,... k.

Proof. To get a contradiction assume that, # s;_1. Seta = ry = s¢, x = 7((r;)) and
v = ¢*~1(x). By construction of£, there are sequences,) C V,,_, Ng~1(V,), (y») C

V., N@~1(V,) such that lim x, = lim, y, = v. Let W be an open neighbourhood of
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v such thaty is injective onW. We may assume thay,) c W. Sincep(V,,_,) D V,,
there are elements, € V,_, such thatp(z,) = ¢(y,). Sinceg is injective on W
andV,_, NV, , = @ we have that;, ¢ W. By compactness there is a convergent
subsequencez,,,), sayz = lim; z,, € V,,_,. Theng(z) = lim; ¢(y,,) = ¢(v). ASz # v
becausez ¢ W, this contradicts the assumption thatis injective onV,,_,. Hence

rr—1 = sx—1. Repeat this argumenttimes. O

LEMMA 4.6. Assume that (A), (B), (C), (D) and (E) hold. Assume in addition that
is locally injective and injective orv; for all i. If iy, io,...,i, are distinct elements
of {1,2,...,N} and x € m;;lv,,, then there are distinct element§, i5, ..., i, €
{1,2,..., N} such that

/
m
m o
o(x) €V
j=1

Proof. To get a contradiction assume thatx) meets at mosin — 1 of the V;'s.
Choose an open neighbourhodd of x such thate is injective onW and so small
thato(W) has non-trivial intersection with at most— 1 of the V;’s. Choose sequences
{z,{} cwnvV,,j=2L12...,m, such thakp(z;{) € Uf\':l V;, for all j,n and such that
lim, z) = x for all j. Sincep(W) meets at mostz — 1 of the F;’s, we can find two
elements of1, 2,...,m}, say 12, and aniy such that

p(zh), oD eV,

for infinitely manyn’s. Letn; < n, < --- be an increasing sequencelhsuch that
9(z1), 9(z2) € Vi, for all i € N. Sincep(V,,) D V,, there are elements € V;, such
that p(z;) = (p(z,i). SinceV;, NV, = @ and ¢ is injective onW we see that; ¢ W.
Passing to a subsequence we can assumedfatonverges, say to. Thenz € V;\W
andy(z) = lim; ‘/’(Zf,-) = ¢(x), contradicting the assumption thats injective onV;,. O

THEOREM 4.7. Assume thap is an expansive endomorphism and that (A), (B), (C), (D)
and (E) hold. Then

D(r) = maxlog#r ~1(x) = max log#r 1(m(y)).
xeX yePerZy)
Alternatively,
D(m) =logM,

whereM — 1 is the order of the covef; for anyk € N so large thaty is injective on
each member afy.

Proof. We prove first thatD () = max.cy log#r~1(x). Let§ > 0 be so small thap is
injective on each ball of radius 6. Choosek € N so large that diatG) < § for all
G € F;. This is possible by (4.1). Consider the cover

Vi N (Vi) NN MYV, (inize ..., ix) € {1, 2,..., N},

This cover satisfies (B), (C), (D), (E) andis injective on the closure of each member.
The finite-type subshift extension obtained from this cover isktidock representation
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of ¥y, so it suffices to prove that

D(r) = suplog #r ~1(x) = log M,
xeX
where M — 1 is the order of the covefV; : i = 1,2,..., N} under the additional
assumption that is injective on eachV;. We show first that # (y) < M for all

y € X. Letx! x? ...,xM™1 ¢ 771(y) and lete > 0. It suffices to show that
d(x',x/) < e for somei # j. Alternatively, it suffices to fix a e N and show
that x; = x{/,1 = 0,1,2,...,k, for somei # j. But this follows immediately

from Lemma 4.5 and the fact that‘(y) lies in no more thanM of the V;’'s. Thus
D) < logM by Lemma 1.2. On the other hanB(r) > Q(p, 7(Co)) and this quantity
equals logy by Lemma 4.6. To prove that max #7 ~1(x) = M is attained at the image
of a periodic point, we may assume that 2 di@ is less than an expansive constant for
g foralli. Consider € (,~, V;,, where the’s are mutually distinct. Then there abé
elementyyt, y2, ..., y™ € 771(x) such thatyt = i, k = 1,2,..., M. By the argument
used in the proof of Theorem 2.6, there are natural numbets b such thatyt =
yi, k=1,2,..., M. SinceXZy is a subshift of finite typez* = (y%, %, ;. ..., yi_ D>,
with z§ = vk, k = 1,2, ..., M, define periodic points ifty. Sincey* # y!, whenk # 1,
by Lemma 4.5, the,’s are mutually distinct. Note that/ (7 (z¢)), ¢* ™ (x) € V_jk j=
0,1,...,b—a—1, for all k, so thatd(¢’ (7 (zx)), ¢’ (1 (z;))) < 2 max diam(V;) for all
k,l,j=0,1,...,b—a—1. Sinceb—a is a common period for (z;), k=1,2,..., M,
we see that sypy d(¢" (7w (zk)), ¢" (7 (z;))) is less than an expansive constant {or
proving thatr (z;) = 7 (z;), k # 1. O

Example 4.8t follows from Theorem 4.7 that a connected Markov partition for the map

z — z2 on the circleT gives rise to a factor map which invariably has defect log 2.
However, when the Markov partition is not connected the defect value can be something
else. This is, for example, the case in an example constructed by R. F. Williams; see
Example 3.5 of AKS]. The defect is 2log 2 for this example. The order of the cover in
this example is 3, so that it also illustrates the necessity of increasing’heorem 4.7

to makeg injective on each member of;. In Williams’ example this happens when
k=2.

Next we turn to Markov partitions of expansive homeomorphisms.

THEOREM 4.9. Assume thap is an expansive homeomorphism and thatonsists of the
interiors of the elements of a Markov partition fgor Then

D(r) = maxlog#r~1(y) : y € Pelp)} = max{log#r 1(n(x)) : x € PelTy)}.

Proof. The proof is essentially the same as the proof of Theorem 3.1. By passing to a
block representation o, we may assume that 2 makam(V;) is less than an expansive
constant forp. By Proposition 1.7 we have that

max{log #t ~*(r (x)) : x € PerZy)} < maxlog#t ~*(y) : y € Pep)} < D(x),

so it suffices to prove that mérg#r (7 (x)) : x € Pe(Xy)} > D(x). For each
K €N, set
Co={G) €y (ikyikq1,--- i) =1}

https://doi.org/10.1017/50143385797086380 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385797086380

The defect of factor maps 1253

forall t € {1,2,..., N}>*1 ThenCx = {C, : « € {1,2,..., N}**1} is a partition

of Xy and D(r) = limg_ Q(p, 7(Cg)). It therefore suffices to fixk € N and

e > 0 and findm > 2@ 7€)~ distinct periodic pointsiy, ay, ..., a, € Xy such that
w(a;) =n(ar), i =1,2,...,m. By passing to th€2K +1)-block representation @y, it
suffices, for this purpose, to consider the c&se- 0. Itis well known thatr is boundedly
finite-to-one, so we can proceed as in the proof of Theorem 3.1, with only the obvious

changes, to obtaim > ¢2@7 )~ glementsp’, i =1,2,...,m, in Iy and integers
j1 < jo such thatr(b') = n(bY), i =1,2,...,m, andbj1 = bj.z, bj’ﬁl o+ bj’Fl, ik =
1,2,...,m,i # k. Leta; be the(j, — ji)-periodic element ofZy,, whose (j; + [)th

coordinate isbj.ﬁ,, 1=0,1,..., jo—ji—1. Then they;’s are distinct periodic elements
of Zy. Sety == (b"), i =1,2,...,m. Theng’/(y), ¢/ (a;) € Vi, J=Ju i+l .o 2,
s0d(¢’ (y), ¢’ (a;)) < maxdiam(Vy), i = 1,2,...,m, j = ji, 1+1 ..., jo. Since
eachm(a;) is (j2 — j1)-periodic, it follows that sup, d(¢’ (7w (@), ¢/ (w(a))) is less
than an expansive constant for so thatr(a;) = 7(a1), i =1,2,...,m. O

Example 4.10Let ¢ be a hyperbolic automorphism @2 and P = {Py, Ps, ..., Py}
a Markov partition forgp as described, for example, iBAKS, Construction 3.3]. (This
construction is apparently due to R. BoweBo[].) If 7 : (Z4,0) — (T?, ¢) is the
finite-type subshift extension obtained from this Markov partition, then¢x) = 1 for
all p-periodic points exceptl, 1), and # ~1((1, 1)) = 4. Hence

D(m) =2log2

by Theorem 4.9. In this cas(r) = max.crz log#7 ~1(x). If insteadP; is the Markov
partition constructed by Adler and Weiss i\VJ/] and 3 the corresponding factor map,
then maxcpexy) #r; 1 (x) = #r;1((1, 1)) = 3, so thatD(r;) = log 3.

Example 4.11Again let ¢ be a hyperbolic automorphism of the 2-torlid and fix

t €]0, 00]. Here we want to indicate how to obtain a totally disconnected extension
of (T2, ¢) such that the corresponding factor map has defedthe point of departure

for this is the Markov partitiorP = {Py, P, ..., Py} for ¢ which was constructed by
Bowen in Bol]. Let ¢ € T? be ag-periodic point with minimal period? and let

k € N. Let P(k,q) be the family of open sets ifi? which contains eacly int(P;) k
times,i = 1,2,..., N. Since we may assume that the diameter of eBcls less than

an expansive constant fgr, with respect to a translation invariant metric @3, we
have thatP(k, g) meets condition (¢ above. By direct calculations, using the special
properties of the boundary of the Markov partition, one can show that the corresponding
factor mapr (k, g) : (X4, 0) — (T2, ¢) has defect

2k
D (k, = —log2,
(w(k, q)) 0 og

whereQ is the minimal period of;. Choose a sequengg of p-periodic points, together
with natural numberg, such that

kn kn+l

<= and lim—"log 2=1.
Qn Qn+1 n—00 Qn
This can be done such that the orbits of thés are mutually disjoint. Then the fibered
product ofry, . : (g, 4, 0) — (T2, 9), i =1,2,...,m, gives a factor map with defect
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(2k,,/ Q) log 2. It then follows from Theorem 1.9 that the infinite fibered product of the
whole sequence defines an extensiodltst ) whose factor map has defectThe defect
value zero can be obtained from a subshift extension (not of finite type) by Theorem 7.1
of [Th].

5. The defect of factor maps onto uniquely ergodic dynamical systems

The purpose of this section is to calculate the defect of a factorrmafy, ) — (X, )

in the case wher¥ is metrizable ang is uniquely ergodic. For this purpose we introduce
for each finite Borel coveV = {V; :i € I} of X the Borel function

Ay(x)=#liel  xeV}, xelX.

SinceY is metrizable we can apply the Lebesgue covering lemma (cf., for exarile, [
p. 18]) to find a sequencgP,} of partitions of Y such thatP,,; refinesP, and such
that every partition ofr is refined byPy for some sufficiently largev. Then

#rt(x) = lim Ay, (x), x€X,
n—o0
and the convergence is monotone. In particutas> #7~1(x) is a Borel function.

PropPosITIONS.1. Let : (Y, ¥) — (X, ¢) be a factor map with totally disconnected
and metrizable. Then

Der) = sup [ log e () dpo),
"
where we take the supremum over @linvariant Borel probability measureg on X.

Proof. Since
D(r) = nleoo Q(p, (Py))

and
[ 109t diaca) = i [10g4.1p, i

it suffices to fixn and show thatd (¢, 7(P,)) > [log A, du for every p-invariant
Borel probability measurg. To this end it suffices to show that

Q¢ F) = /IogAfdu

wheneverF = {F; : i € I} is a finite closed cover ok and . is a ¢-invariant Borel
probability measure. Let > 0. By a compactness argument used in the proof of
Theorem 1.4, there is an open covée= {U; : i € I} such thatF; c U; foralli € I and
Q(p,U) < Q(p, F) + €. Hence(l/n)logq,(p,U) < QO(p, F) + € for all sufficiently
largen. For eachk € N, setL, = (J, ("), U; Where we take the union over all subsets
J c I of I of cardinality < k. Take continuous functiong, : X — [0, 1] with support

in L, such tha\tz,’f’:l g(x) > 0, x € X. Now consider an ergodig-invariant Borel
probability measure. Since

#1

1 n—1 #1 )
lim = "log ( > sy’ (x))) = / log (ng> dv for v-almost allx,
e o =1

k=1
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there is an element € X such that
1 n—1 #1 . #1
= log (ng«o'(z))) > /Iog(ng) dv —e
o =1 =1

for all sufficiently largen. Hence

1
n

v

1 1 n—1 .
—logg,(z,U) = —log (H#{i el ¢'(z)e U,-})
n n

i=0
1 n—1 #I i #I
> = Zlog(ng(w’(z))) > /Iog<2gk> dv —e
i=0 k=1 k=1

for all sufficiently largen. That is, we have that

#
Q(fp,f)+ezflog<2gk>dv—e.
=1

Since this conclusion holds for all-ergodicv and since an arbitrarg-invariant Borel
probability measure. can be approximated by convex combinationgafrgodic Borel
probability measures (in the weatopology of C (X)*), it follows that

#1
O(p, F) + 2¢ z/log(ng> du.
k=1

Now let {g;} be an increasing sequence of continuous functions suclgthatg, and
¢l 1 1, for all k. SinceYF", 1;, = Ay, we conclude that

#
O(p, F) +2¢ > lim /IOQ(ZgZ)du:flogAudu.
n—o00 =1

SinceAy, > Ar ande > 0 was arbitrary, the proof is complete. O

It is clearly an interesting question as to whether we always have equality in
Proposition 5.1. All calculations and results in this paper are consistent with a positive
answer, but | have not been able to prove it, except in the case wherainiquely
ergodic. If it turns out to be true in general it will present a striking resemblance with
the variational principle for the topological entropy.

THEOREM5.2. Letx : (¥, ¥) — (X, ¢) be a factor map wher# is totally disconnected
and metrizable. Assume thék, ¢) is uniquely ergodic, and lett be the uniquep-
invariant Borel probability measure oX. Then

D(m) = / log #7 ~1(x) du(x).

Proof. By Proposition 5.1 it suffices to show that(z) < [ log #r1(x)du(x). By the
same reasoning as in the proof of Proposition 5.1 it suffices to show that

0(p. F) < /IogAfdu
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wheneverF = {F; : i € I} is a finite closed cover oX. It is well known that

) 1 n—1 )
fm =3 r e = [ rau
i=0

uniformly in x € X for all f € C(X) becausep is uniquely ergodic. It is this property
which allows us to painlessly perform the approximations of the previous proof from
above instead of from below. Let> 0. For eachk € N, setH, = (J, (., F; where

we take the union over all subsetsc 7 of I of cardinality< k, and letf; : X — [0, 1]

be a continuous function such thgt(x) = 1, x € H;. Then there is av € N so large

so that
1 n—1 #1 ) #1
= log (ka(go%x))) < f log (ka) du+e
o =1 =1

forall x € X, n > N. Sinceg,,(x, F) < l_[:-';_()l Zf’zl fi (@' (x)) for all m, x, we see that

#1
gm(p, F) < eXp(m / log <ka) du +Em)
k=1

for all m > N. Thus Q(g,F) < [log(>¥, fdu + €, or Q(p,F) <
[log(>"t", fi) du sincee > 0 was arbitrary. Because eaéh is closed we can find a
decreasing sequenég’} of continuous functiong}’ : X — [0, 1] with limit 15,. Then
lim, o 4L, f' = Ar and we see that

#
Qp, F) ntme/IOg<kan> du =/Iog Ardp. O
k=1
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