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The sub-Gaussian constant of a graph arises naturally in bounding the moment-generating function
of Lipschitz functions on the graph, with a given probability measure on the set of vertices.
The closely related spread constant of a graph measures the maximal variance over all Lipschitz
functions on the graph. As such they are both useful (as demonstrated in the works of Bobkov,
Houdré and Tetali and Alon, Boppana and Spencer) for describing the concentration of measure
phenomenon in product graphs. An equivalent formulation of the sub-Gaussian constant using a
transportation inequality, introduced by Bobkov and Gétze, is investigated here in depth, leading
to a new way of bounding the sub-Gaussian constant. A tight concentration result for the dis-
crete torus is given as a concrete application. An infinite family of graphs is also provided here
to demonstrate that, typically, the spread and the sub-Gaussian constants differ by an order of
magnitude.

1. Introduction

Let G = (V,E) be a connected finite graph with a distance (or cost) function d between the
vertices. Let m be a probability measure on V. The sub-Gaussian constant aﬁ 4(G) (or just o’
when the context is understood) is defined as the smallest constant satisfying

E [e"EN] < o2 forallt € R, (1.1)

for every function f on V' with Lipschitz constant 1 with respect to d. The sub-Gaussian constant
was formally introduced in the context of graphs and studied in [5] (when it was perhaps folklore,
as well as appearing implicitly in the earlier work of [2]) for measure concentration purposes. It
satisfies the tensoring property

0*(G10G) < 6X(Gy) + 0*(Ga),
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with equality when G; = G,. (In the above, on the Cartesian product graph G{0JG,, we take
the product measure ©; X m>.) This makes it useful for studying concentration in n-fold product
graphs, G", with a product measure 7". Indeed, the inequality (1.1) tensorizes to n dimensions
and, using the standard Chebyshev argument, yields the following concentration: for every n > 1,
for every Lipschitz f : V" — R, we get

1f — Epf > h) < e W/ (G, (1.2)

Here f is Lipschitz with respect to the /;-type distance d on G".

Bobkov and Gotze [4] showed that the sub-Gaussian constant has an equivalent dual formu-
lation. In fact, they showed that the sub-Gaussian constant is also the smallest constant ¢ =
¢(G, d, ) for which a so-called transportation inequality,

W2(v,n) < 2¢ D(v||n), (1.3)

holds for all probability measures v that are absolutely continuous with respect to n. Here
W (v, 7) is the Wasserstein distance between v and 7 and D(v||r) is the relative entropy of v with
respect to 7 (see Section 2 for a full description of these terms). Such transportation inequalities
have received considerable attention in the continuous settings of Riemannian manifolds, for
example.

In [2], Alon, Boppana, and Spencer introduced the spread constant c%,d(G) (or just ¢ when the
context is understood) as

¢z 4(G) = sup Var, f, (1.4)
7

where the supremum is over functions that are Lipschitz with constant 1 with respect to d. A main
result of [2] is that ¢>(G) is the optimal constant governing an asymptotically tight isoperimetric
inequality: more precisely, in bounding the measure of A’, for any set 4 (of vertices) in G" of
measure at least 1/2, for medium-range enlargements, \/71 <L t L n. Itis further observed in [2]
and [5] that, for every G and 7, we have ¢> > ¢?.

While the above motivates the study of ¢> and ¢? for various graphs, specific computations and
bounds on these constants are known for very few cases, such as the complete graph and a path
graph. The spread constant of a cycle C; on [ > 3 vertices has been computed (see Proposition 5.6
in [5]), and shown to be

5 (124;8) if [ is even,
c(C) = ) ) (1.5)
=) if 1 s odd.

While the above was done using tedious case analysis, the question of computing the sub-
Gaussian of a cycle was left open (see Conjecture 5.1 of [5]).

In the present work, we develop the transportation approach further, prove some general facts
about the transportation inequality, and apply these facts towards establishing a tight inequality
for the cycle.

Here is a summary of our main results. In Theorem 3.2, we first show that, for any G, if
6%(G) # ¢*(G), then there is a probability measure v other than © for which W2(v,n) =
262D(v||m). We then use this fact (in its contrapositive form) to show that for every k > 1,
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for the even cycle Cy, indeed o2(Ca;) = c*(Cax), under the uniform probability measure (see
Theorem 5.3). To deal with the odd cycle, in Theorem 5.5, we use the (dual) transportation
formulation of the sub-Gaussian constant to show that ¢*(Cyy1) < 0*(Cay1) = A(Coyy1)(1 +
o(1)), for k > 1, where o(1) tends to zero and k tends to infinity. In the final section we show
that the previous results are in some sense unusual, although perhaps not surprising: that for
typical families of graphs {G,}_, we have ¢*(G,) < ¢*(G,); in particular, for bounded-degree
expander graphs G, on n vertices, we show that 6> = Q(logn) while ¢?> = ®(1), independent
of n. This is proved as our final Theorem 6.2.

The result on cycles bears some similarity to a recent result of Chen and Sheu [8], who
found the exact value of the log-Sobolev constant p of the even cycle. They prove that for the
even cycle, p equals the spectral gap A;, using the fact that the inequality p < 4; is actually
an equality if there is no minimizer, that is, if there is no function for which the log-Sobolev
inequality is satisfied with equality, but is achieved only in the limit. While we see no formal
connection between the two results, our result for the odd cycle does raise the intriguing ques-
tion of whether p(Cyy1) = A1(Cax+1)(1 4 0o(1)), for k > 1, where o(1) disappears as k tends to
infinity.

Prior to our work, the sub-Gaussian constant of a 3-cycle C; with the uniform measure was
shown to be 1/(61og 2) in [5], which is the smallest graph with the uniform measure for which o>
is distinct from the spread constant 2. In [5], the exact values of the sub-Gaussian for a few other
graphs were computed, including the 2-point space with arbitrary probability measure, and the
completely connected graph and the path of arbitrary length with uniform probability measure.
They reduce the problem of finding ¢%(C3) with the uniform measure to finding the sub-Gaussian
constant on a non-uniformly weighted path of length two. While this approach extends to finding
the sub-Gaussian of a completely connected graph on an arbitrary number of vertices, computing
the same on cycles of length larger than four remained open! In this work, besides establishing
various general properties of optimal measures v arising from (1.3), we solve the problem of
estimating ¢%(C,) asymptotically, irrespective of the parity of n.

Following and extending seminal work by Bollobds and Leader [6, 7], Riordan [13] completed
the solution of the isoperimetric problem on the discrete torus consisting of a product of even
cycles, by finding an ordering on the torus for which the initial segments are sets of smallest
surface area. These authors note that their proof cannot extend to products of cycles of odd length
because the extremal sets in powers of an odd cycle (of the cube of the 3-cycle, for example),
are not necessarily nested. Our work is pertinent here, since by finding tight bounds on the sub-
Gaussian constant of a cycle, and using tensoring, we get a tight concentration result for the
discrete torus without going through the isoperimetric problem.

The results for the cycle are proved in Section 5, while much of the work for the last proposi-
tion of Section 5 is contained in a collection of lemmas in Section 4. Section 3 contains lemmas
concerning the transportation formulation of the sub-Gaussian constant that are not specific to
determining the constant on the cycle, although they are used in the proofs in Section 5. To start
off the process, Section 2 gives the necessary definitions and facts, and goes through the proof of
the equivalence of the two formulations, (1.1) and (1.3), of the sub-Gaussian constant. Section 6
describes the result concerning expander graphs, and we conclude with a brief discussion of
some open problems.
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2. Preliminaries

For the graph G = (V, E), let Lip(G) denote the set of functions on V' with Lipschitz constant
1 with respect to the distance function d: for f € Lip(G), we have [f(x) — f(y)| < d(x,y), for
all x,y € V. Let P(G) denote the set of probability measures on V. For v, 7 € P(G), let P(v, )
denote the set of probability measures on V' x V' with first and second marginals v and 7 respect-
ively. For fixed v, € P(G), let

M(p) =) d(x, y)u(x, y), @.1)
x,yeV

for any y € P (v, ). The problem of minimizing M (u) over all u € P (v, ) is the mass transport-
ation problem, originally formulated by Monge in the 18th century. We will refer to this problem
simply as Monge’s problem, and any u € P (v, ) which minimizes M (u) will be referred to as a
solution to Monge’s problem with respect to v and n. In our discrete setting, Monge’s problem
is simply a linear programming problem, so it has a corresponding dual formulation. Again for
fixed v,m € P(G), let

K(f.g)=>_ f()v(x) + g(x)m(x),
xevV
for any functions f and g on V. The problem of maximizing K(f, g) over the set of functions
f and g for which f(x)+ g(y) < d(x,y), for all x,y € V, is the linear programming dual of
Monge’s problem. We refer to the problem as Kantorovich’s problem, because in the 1940s
Kantorovich formulated the dual of Monge’s problem in general (in the continuous setting where
it is not simply a linear programming problem). If the distance function d satisfies the triangle
inequality, Kantorovich’s problem simplifies to minimizing

K(f) =Y f()(v(x) = m(x) 22)
xeV
over f € Lip(G). Throughout the rest of the paper we will assume that d satisfies the triangle
inequality. Hence any single function f € Lip(G) that minimizes K (f) will be referred to as a
solution to Kantorovich’s problem with respect to v and 7. The joint optimal value of Monge’s
and Kantorovich’s problems is called the Wasserstein distance between v and 7, and is denoted
by W(v, n).
The Wasserstein distance is found on the left-hand side of the transportation inequality (1.3),
while the right-hand side contains the relative entropy (or informational divergence) of v with
respect to 7, defined by

e log(;ﬁg) = 3 lg(x) log g(x)](x),
xevV xevV
where g = v/m may be considered the (discrete) density of v with respect to ©. To make sure
that the relative entropy is well defined, we only consider v that are absolutely continuous with
respect to 7. In the present discrete setting this simply means that v(x) = 0 if n(x) = 0. This
ensures that we do not divide by zero, except for the case of 0/0. If v(x) = n(x) = 0, then by
convention we let v(x)/n(x) = 1. Also by convention, we define 01og(0) = 0, so that D(v||x) is
a continuous function of v on the subset of measures in P(G) that are absolutely continuous with
respect to m. When v = 7, we have equality in the transportation inequality, since both sides
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of the inequality are zero and so no restriction is placed on ¢2. Hence, in finding the optimal
constant we may restrict ourselves to considering v € P(G) \ {n}.

We use a couple of notational conveniences that merit mention. First, recall a fairly standard
notation that, for a positive f, Ent, f := E.(f log f) — (E.f)(log E,f). Observe that when f =
dv /dn, we have Ent,, f = D(v||n). Second, because E and Ent will always be taken with respect
to the measure 7, we will usually omit the = in E; and Ent,.

We will need the following standard complementary slackness theorem for dual linear pro-
gramming problems (see, for example, Theorem 5.2 in [9]).

Lemma 2.1. Let f be a Lipschitz function on V and let i be a probability measure on V X V
with marginals v and . Then

f(x)—f(y) =d(x,y), foreveryx,y €V with u(x,y)> 0, 2.3)

if and only if f is a solution to Kantorovich’s problem and y is a solution to Monge’s problem,
both with respect to v and 7.

Solutions to Monge’s problem are in general not unique. The following lemma shows that we
can always consider a solution to Monge’s problem in which mass is never moved both into a
vertex and out of the same vertex (given without proof). The fact that the following is true, in
any metric space setting where we are trying to minimize the average distance transported, can
be inferred from the discussion on the dual problem in the original paper by Kantorovich [11]; it
also follows from Lemma 2.11 of McCann and Gangbo [10].

Lemma 2.2. Supposev € P(G). Then there exists a solution  to Monge’s problem with respect
to v and  with the following properties for every y € V.

o Ifv(y) = n(y), then u(x,y) > 0 implies that x = y.
o Ifv(y) < m(y), then u(y,z) > 0 implies that z = y.

In the following we rederive the result from [4] in the present discrete context (for complete-
ness), of the equivalence of the two formulations of the sub-Gaussian inequality, paying close
attention to the state of optimality in both formulations. Proposition 2.3 below states their result
and the following Proposition 2.4 is our refinement of it.

Proposition 2.3 (Bobkov and Gotze). Let o be a positive real number. Then the following two
statements are equivalent.

(1) B [e'V—E=l1D] o' 1'/2 for every Lipschitz function f and real number t.
(2) W(v,m) < 262D(v||n) for every measure v absolutely continuous with respect to .

Proposition 2.4. Suppose that ¢ is a positive real number for which the two statements in
Proposition 2.3 are true. Then we have the following.

(a) Suppose that there exists a Lipschitz function f and real number t > 0 with the property
that E[¢'7—EUD] = ¢°"/2, Define v by dv = ¢/ —EUDV=0"C/24r Then we have v € P(G) with
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¥ £ m and W2(¥, 1) = 262D(V||n). Furthermore, f is a solution to Kantorovich’s problem
with respect to ¥ and m and > = (2/6*)D(¥||n).

(b) Suppose there exists ¥ € P(G) with ¥ #+ 1 and W2(¥, 1) = 262D(V||n). Let f be a solu-
tion to Kantorovich’s problem with respect to v and . Then f and ¥ are related by dv =

eﬂf*Em)*”zzz/zdnfor? = +/(2/62)D(¥||r); and we have E[ez(fLEm)] =o' T/2,

In the following we prove Proposition 2.4, building on the proof of Proposition 2.3 from [4].
First we observe the following easy, but useful, corollary.

Corollary 2.5. Supposev € P(G)with? # 1 and W?(V, 1) = 262D (¥||n). Then, up to transla-
tion, there exists a unique solution f to Kantorovich’s problem with respect to ¥ and . Moreover,
foreachx,y € V, f(x) > f(y) if and only if V(x)/n(x) > V(y)/n(y).

Proof of Corollary 2.5. Suppose f and § are solutions to Kantorovich’s problem with respect
to ¥ and n. Then, by Proposition 2.4 they are related by (—EFD=0"7/2 — ,i@—El2)—0"7/2 Hence
f —§=E[g— f ], which is a constant, proving the first part. The second part follows directly
from the fact that ¥(x)/n(x) = e T—ETD=o"2/2 for each x € V. ]

We start with a couple of well-known inequalities. The first is Young’s inequality, and the
second is a fairly standard but extremely convenient (technically) one, which we prove for
completeness.

Young’s inequality.
w<ulogu—u+e’, ux>0, veR, (2.4)

where equality occurs if and only if u = €.

Lemma 2.6.
E[e"] <1 < E[gh] < Ent[g], for every density g.
Further, if either side is true, then E[gh] = Ent[g] for some density g if and only if E[¢"] = 1
and g = e".
Proof. Suppose g is a probability density on V' with respect to = and that h : V' — R. For

x € V, apply Young’s inequality (2.4) with u = g(x) and v = h(x), to get

g(x)h(x) < g(x)logg(x) —g(x) + o).

Note that equality holds if and only if g(x) = ¢"¥). Then we can take expectations of both sides,
to get

E[gh] < Ent[g] — 1 + E[¢"],

where there is equality if and only if g = €’ (i.e., g(x) = "™ for all x € V).
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If E[¢"] < 1, then
E[gh] < Ent[g],

with equality if and only if E[¢"] = 1 and g = €”. So E[e"] < 1 implies that E[gh] < Ent[g] for
every density g, with equality if and only if E[¢"] = 1 and g = e".

Now suppose that for some h we have E[gh] < Ent[g] for every density g. Choose ¢ > 0 so
that E[ce"] = 1. Let g = ce”. Then g is a density and E[gh] < Ent[g] tells us that

cE[he"] < cE[e"(logc + h)].
This implies that (log c)E[eh] >0, so ¢ > 1, and hence E[¢"] < 1. Then, by the previous para-

graph, we have E[gh] = Ent[g] if and only if E[¢"] = 1 and g = ¢". Hence the lemma. O

Proof of Proposition 2.4. (a) First suppose there exists a positive real number ¢ such that, for
all real ¢ and Lipschitz f, we have

E[eU—EI] o712,
or equivalently
E[et(ffED‘])fazrzﬁ] <1
Now suppose there exists a Lipschitz function f and a real number 7 > 0 with the property that

E[ef(f—E[f])—szzﬂ] =1.

Note that f cannot be a constant function since 7 # 0. Now, for any real ¢ and Lipschitz f, we
can use the preliminary result above, to get

E[(«(f — E[f]) — ¢°1*/2)g] < Ent[g],
for every density g. Let § = ¢!/ ~EUD—"7/2 Then there is equality when f = f,t =7,and g = 3.

Simplifying and rearranging, we get that, for all Lipschitz f and ¢ > O,

2
Elfg—1] <5 +

—_

? Ent[g]s

for every density g, with equality when f = f, t =7, and g = g. Now, for a fixed non-constant
density g, consider the function

a’t 1
Po(t) = 5 +7 Ent[g]

defined on positive t. Taking derivatives with respect to ¢ shows us that ¢,(¢) has a unique
minimum at

(= 1'(g) = /2 Ent[g] .

o

Now

(1" (g)) = /202 Ent][g].
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So, for every Lipschitz f and ¢ > 0 we have

2
E[fg — 1] < V2o Entlg] < & + 1 Entlg],

for every density g, with equality in both when f = f,t =7, and g = &. Since f is not a constant
function and 7 # 0, we get that g is not a constant density. So ¢*(&) is the unique minimum of
$3(1), giving us T = t*(g) = \/2Ent[g] /o, since T also minimizes ¢;z(t). Let d¥ = gdn. Then, in
terms of probability measures v instead of densities g, we have that, for all Lipschitz f,

D FX)(0(x) = 7(x) < 1/26°D(v]|m),

xeV
for every probability measure v absolutely continuous with respect to 7. There is equality when
f = f and v = 7. Finally, this tells us that

W2(v,7) < 26°D(v]|n),

for every v absolutely continuous with respect to 7. There is equality when v = ¥, and in this case
f is a solution to Kantorovich’s problem with respect to # and 7. Further, 7> = (2/¢%)D(¥||7).

(b) We start by assuming that there exists a positive real number ¢ with the property that, for all
probability measures v absolutely continuous with respect to 7, we have

W2(v, 1) < 26*D(v||n).
Next suppose there exists a probability measure ¥ # 7 with
W2(¥, 1) = 26*D(¥||n).
Let f be a solution to Kantorovich’s problem with respect to 7 and 7. Then we get
> F0 () = 7(x) < 4/20°D(vI7)
xeV

for every Lipschitz f and v absolutely continuous with respect to 7, with equality if f = f and
v = 7. Let § be the density of ¥ with respect to w. Note that § is not a constant function since
¥ # m. Then we can rewrite this in terms of densities g with respect to 7 instead of measures v,
getting

E[fg—f] < V202 Ent[g],
for every Lipschitz f and density g, with equality if f = f and g = &. Equivalently we can write

E[(f —E[f]g] < V202 Ent[g],

for every Lipschitz f and density g, with equality if f = f and g = g. Furthermore,
2
. ot 1
E[(f — EUNg] < V207 Entlg] < & + - Entlg),
for every Lipschitz f, density g, and ¢ > 0. Let 7 = /2 Ent[2] /0, and note that 7 > 0. Then we
have equality everywhere if f = f, g = g, and t = 7. So we get
2.2

E[(z(f —E[f]) — (;;)g] < Ent[g],
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for every Lipschitz f, density g, and ¢t > 0, with equality when f = f, g = &, and t = 7. Then,
by our preliminary result we have

E[et(ffE[f])f#] <1,
for every Lipschitz f and ¢ > 0, with equality when f = f and t = 1. Further, we have § =
¢'U—EUD=o""/2 Finally we have

E[elU-EUD] o712,

for every Lipschitz f and real number ¢, with equality when f = f and t = 7. g

3. Facts about the transportation formulation

The following lemma is useful for proving that the sub-Gaussian constant and the spread constant
are different.

Lemma 3.1. Let f be a Lipschitz function with E[f] = 0 and Var[f] = ¢*. If E[f*] # O then
o > 2

Proof. Let f be a Lipschitz function with E[f] = 0 and Var[f] = ¢. On the subset of P(G)
for which the denominator is not zero, we define the function F as

D(v||x) |
(X ey O (x) = 7(x))?

Then, for each v for which F(v) is defined, because f is not necessarily a solution to Kan-
torovich’s problem with respect to v and 7, we have

DOl 1
W2(v,n) = 202

F(v) =

F(v) > (3.1

For positive e sufficiently small that |ef(x)| < 1 for every x € V, define the measure v, by dv. =
(1 4 ef)dmn. Consider the following limit:

i Fis) = iy (L €/ logll £ e/t

=0 (2 FOI + ef ())n(x) — n(x)])
1 1

T2E[f] 2
Let I be an open interval around 0 sufficiently small that |ef(x)| < 1 forevery x € V and € € I.
Define H : I — R by

1
22 e=0.

H(e) = { F(v) e#0,

As a real-valued function defined over the (real) interval I, note that H is continuous at 0 by the
previous limit. Furthermore, we have

d
%H(f)

e=0 E [f2] 2
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Now suppose E[f?] # 0. Then (d/de)H(e)|,_, # 0, which implies that there exists € # 0 with
H(e) < H(0). This means that there exists v € P(G) with v # 7 and F(v) < 1/(2¢?). With (3.1)
this gives us a2 > ¢2. L]

The following theorem provides a sufficient condition for obtaining equality in the transport-
ation inequality, and is of independent interest.

Theorem 3.2. If o> # ¢?, then there exists v € P(G) with v # m and W?(v,n) = 26*D(v||n).

Proof. Define F : P(G)\ {n} — R by

F0) = 30y

so that

—— = inf F(v).
262 veP(G\{n} ()

To prove the theorem we must show that the infimum is attained under our assumption that
o2 #+ 2.

First let us note that F is continuous since D(:||7) and W (-, ) are continuous, and because
W (v,n) =0 only if v = 7. At this point, if P(G) \ {n} were compact, we would be done. We
will show that if v is near 7 then F(v) is too large to be relevant to the infimum. Let us use the
I'-norm so that if, for example, we have y, 1y € P(G), then

I — ] = (%) — ma(x)]-
xevV

Since we assume that ¢ # ¢ and we know in general that 6> > ¢?, there exists € > 0 such that
a2 > (1 +€)c*. Let m = min{n(x) : x € V and n(x) # 0}. Then let K and J; be positive real
numbers with

1 1
~-—3 2K = .
2 ! 2(1+¢)
Next let d; be a positive real number sufficiently small that m — d; > 0 and
0
2 < 4.
m — 52

Letv € P(G) \ {n} with |[v — || < d5. Leta(x) = 1 — v(x)/n(x) for x € V. Then |a| < (1/m)
v —m| < d2/m. Let f be a solution to Kantorovich’s problem with respect to v and © with
E[f] = 0. Then

S ev (1~ alx)) log(1 — a(x))(x)
(X ey F)a(x)m(x))’

For each x € V' we have |a(x)| < |a| < d2/m < 1, so we may use the Taylor expansion of
log(1 — a(x)) to get log(1 — a(x)) = —a(x) — (1/2)a(x)?> + Ri(—a(x)), where R3(—a(x)) is the

F(v) =
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remainder term. From this we obtain

02

s < a(x)*dy.

IR3(—a(x))| < a(x)*

|a(x)|
|

2
T— e S9N

Since 1 — a(x) is positive we have

(1 —a(x))log(1 — a(x)) = (1 — a(x))[—a(x) — (1/2)a(x)* + Ry(—a(x))]
> —a(x) + Ka(x)*.

Hence,

ey (—a(x) + Ka(x)*)n(x)

2
(erl/ f(x)a(x)n(x))
K K 1

> > = 3.2

Yo f(x)Pa(x) T 2 2(14€)c? (3-2)

where the first inequality in (3.2) is by Cauchy—Schwarz. Let B(n, 9) = {u € P(G) : [y — = <

2}. Let (v;)%, be a sequence of measures in P(G) \ {n} with the property that F(v;) — 1/(25?)
as i — oo. Now

F(v) >

A T
202 " 2(1 +€)c*’

so there exists an integer N such that for all integers i > N we have

1
2(1 +€)c?”

So v; € P(G) \ B(m,d;) for all integers i > N. Hence

F(V;) <

1
inf F(v)= —. 33
veP(GIRB(n,ég) ) 202 (3-3)

Since P(G) \ B(m, d;) is compact and F is continuous on P(G) \ B(=, d;), the infimum in (3.3)
is attained. Hence there exists v # 1 with W2(v, ) = 26>D(v||n). O

The following two lemmas are inspired by Theorem 2.1 of [2], concerning the function achiev-
ing the spread constant.

Lemma 3.3. Suppose that there exists v € P(G) withv # m and W?(v,n) = 26*D(v||rn). Let f
be a solution to Kantorovich’s problem with respect to v and m. Then, for every Q C V we have

the following.

° Ifzer v(x) = erQ 7(X), then there exists a vertex x € Q and a vertex y ¢ Q with f(x) —
f(y) =d(x,y).

° IfoeQ v(x) < erQ 7(X), then there exists a vertex x € Q and a vertex y ¢ Q with f(x) —
fy) = —d(x,y).

We note that if the distance d under consideration is the graph distance, then the vertices x and
y may be taken to be neighbours.
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Proof. Let Q C V, and define the function f. for each real € by

Aty x¢0,
fE(X)_{f(x)—i—e xeQ.

Then, recalling the function K from Section 2, we have

K(fo) =Y f)(r(x) = m(x) + € > _(v(x) — 7(x))
xevV xeQ
= K(f)+ e _(v(x) = m(x)).
xeQ

First suppose that erQ v(x) > erQ n(x). Since the coefficient of € is positive and f is a
solution to Kantorovich’s problem with respect to v and = (i.e., it maximizes the function K over
Lipschitz functions), we must have that, for every positive €, f. ¢ Lip(G). Hence there exists
x € Qand y ¢ Q with f(x) — f(y) = d(x, y). Now suppose that erQ v(x) < erQ 7(x). The
coefficient of € is now negative, so we must have that for every negative ¢, f. ¢ Lip(G). Hence
there exists x € Q and y ¢ Q with f(x) — f(y) = —d(x, y). Finally suppose that erQ v(x) =
erQ n(x). Then K(fe) = K(f) for every e. Hence f. is a solution to Kantorovich’s problem
with respect to v and = whenever f. € Lip(G). Since Q is a strict subset of V, f is not a trans-
lation of f for any € # 0. By Corollary 2.5, f is the unique solution to Kantorovich’s problem
up to translation, so we must have that, for every non-zero €, f. ¢ Lip(G). The conclusion then
follows. Ul

For this lemma we assume that we are using the graph distance.

Lemma 3.4. Suppose that there exists v € P(G) with v #+ 1 and W(v, 1) = 26°D(v||n). Let
f be any solution to Kantorovich’s problem with respect to v and n. Then, up to a possible
translation, f is integer-valued and has the property that, for some U = V, f(x) = +d(x, U) for
allxeV.

Proof. Let f be a solution to the Kantorovich problem with respect to v and n. We start by
showing that a translation of f will be integer-valued. Consider the graph G; with vertex set V/
and edge set E; < E, where {x, y} € Eyifand onlyif {x,y} € E and |f(x) — f(y)| = 1. Assume
to the contrary that G is not connected and let C be the set of vertices in one of the connected
subgraphs. Then Lemma 3.3 applied to the (original connected) graph G, with C playing the
role of the set Q in the lemma, gives us neighbours x and y with x € C and y € VV'\ C and
f(x)—f(y) = +d(x,y) = £1. Hence {x,y} € Ey, contradicting the assertion that E; contains
no edges between C and V' \ C. So Gy is connected. Hence a translation of f will be integer-
valued.
For the next part we assume f is integer-valued, and consider the following set:

vx) < Y0) forall y € V with v(y) > n(y)}.

U= {x €V :v(x) > n(x)and n(x)  w(y)
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If x,y € U, thenv(x)/n(x) = v(y)/n(y), and hence f(x) = f(y) by Corollary 2.5. By translating
f we may assume that f(x) = 0 forall x € U.Let O = {|f(x)| : x € V'}. Then O contains every
integer between 0 and some maximum value.

The proof of the lemma can now be done by induction on |f(x)|. For the base case let x €
V with |f(x)] = 0. Then f(x) = f(u) for some u € U. Hence v(x)/n(x) = v(u)/n(u) again by
Corollary 2.5. So x € U and d(x, U) = 0, showing that f(x) = d(x, U). Now let m € O, and
assume that f(x) = +d(x, U) for any x € V with |f(x)| < m. Suppose m+1€ 0. Letz e V
with [f(z)| =m+ 1.

Case i. Suppose that f(z) > 0. Since f(z) > f(u) for some u € U, we have v(z)/n(z) > v(u)/
n(u) > 1 by Corollary 2.5. By Lemma 3.3, since v(z) > 7(z), there exists a neighbour x of z with
f(z) — f(x) = 1. Then f(x) = m, and by the induction hypothesis f(x) = d(x, U). So f(z) =
d(z,x) 4+ d(x,U) > d(z, U), by the triangle inequality. Let u € U with d(z,u) = d(z, U). Then,
since f € Lip(G) we have d(z,U) =d(z,u) > |f(z) — f(u)| = f(z) = d(z,U). Thus f(z) =
d(z,U).

Case ii. Now consider the case that f(z) < 0. Since f(z) < f(u) for some u € U, we have
by Corollary 2.5 that v(z)/7(z) < v(u)/m(u). So v(z) < n(z) by the definition of U. Hence
there exists a neighbour x of z with f(z) — f(x) = —1. So f(x) = —m and f(x) = —d(x, U) by
the induction hypothesis. This means that f(z) = —(d(z,x) + d(x,U)) < —d(z,U). Letu € U
with d(z,u) = d(z, U). Then, since f is Lipschitz we have d(z, U) = d(z,u) > |f(z) — f(u)| =
—f(z) = d(z, U). This gives us f(z) = —d(z, U), concluding the induction step. Hence, f(x) =
+d(x, U) for all x € V, proving the lemma. L]

4. Specific lemmas for the method

Lemma 4.1. (x+y—1)log(x+y — 1) > xlog(x) + ylog(y) for (x,y) € A where A=
{(x,y) ER?>: (x+y = 1)AND (x,y > 1 OR x,y < 1)}.

Proof. Let f(x,y) = xlog(x)+ ylog(y) —(x+y — 1)log(x + y — 1). We must show that
f(x,y) <0 on A. Note that f(1,y) = f(x,1) =0 for all (x,y) € A. It suffices to show that
0f /0x(x,y) = 0 for (x,y) € A with x,y < 1 and 0f/0x(x,y) < Ofor (x,y) € A withx,y > 1.

of X
0x _10g<x+y—1)'

So the lemma follows by noting that x/(x+y—1)>1 for (x,y) € A with x,y <1 and
x/(x+y—1) < 1for(x,y) € Awithx,y > 1. |

We will need the following three lemmas for passing from the case of the even cycle to that
of the odd cycle. Let G = (V,E) with z € V and z1,z, ¢ V. Let © be a probability measure on
V and let % be a probability measure on ¥V = (V \ {z}) U {z1,2,}. Assume that (x) = km(x)
for x € V'\ {z} and that (z,) = %(z2) = kn(z), where k is the constant necessary to make % a
probability measure. Let us note that k = 1/(1 4+ n(z)), giving us k = n/(n + 1) when 7 is the
uniform measure on G.
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Lemma 4.2. Let g be a probability density on V with respect to %, with the above definitions.
Define f on V as follows: let f(x) = g(x) for x € V \ {z} and f(z) = g(z1) + g(z2) — 1. Then f
is a probability density on V with respect to ©. Moreover, if g(z1),g(z2) < 1 or g(z1),g(z2) > 1
then Ent,[f] > (1/k) Ent;[g].

Proof. The fact that f is a probability density with respect to = on V follows from the choice
of k mentioned above, and then the rest of the proof is a direct application of Lemma 4.1. L]

Let v € P(G) and let p be a solution to Monge’s problem with respect to v and 7. Assume z
has the following properties.

e Ifv(z) > n(z), then x € V with u(x,z) > 0 implies that x = z.
e Ifv(z) < m(z), then x € V with u(z, x) > 0 implies that x = z.

Note that Lemma 2.2 guarantees that we can always find a p such that these properties are
satisfied for any z. Suppose G = (V, E) is a graph with distance function d satisfying the triangle
inequality and the following conditions.

(1) d(x,y) > d(x,y) forevery x,y € V \ {z}.

(2) d(x,y) = d(x, y) forevery x,y € V \ {z} with u(x, y) > 0.
(3) d(x,z1) > d(x,z) and d(x, z2) > d(x,z) for every x € V \ {z}.
(4)d(x,z1) = d(x,z) or d(x,z5) = d(x, z) forevery x € V \ {z}.

Then we get the following result.

Lemma 4.3. There exists ¥ € P(G) satisfying the following properties.

1) W (v, ﬁ) = kW(v ).

) ¥(x)/7e(x x)/n(x) for every x € V \ {z}.

3) V(Zl)/ﬂ(Zl) +V (22)/7(z2) — 1 = v(2)/7(2)

@) If v(z) = n(z), then V(z1) = 7i(z1) and ¥(z2) > 7(z2). If v(z) < 7(2), then ¥(z1) < 7(zy) and
¥(22) < ®(22).

Proof. Let V; ={x¢€ V\ {z} :d(x,z) = d(x,z1)}. Let V3 = (V \ {z})\ Vi. Then d(x,z) =
d(x,z;) forall x € V5 by condition (4) above. We now construct a joint distribution fion V x V
with marginals 7 and a measure ¥, and show that this ¥ satisfies the properties in the statement
of the lemma. The idea behind the following construction is fairly obvious: for i = 1,2, vertex
z; plays the role of z as far as the vertices in V; are concerned; it is inefficient to transport mass
between z; and vertices in V>, and analogously between z, and those in V7i; elsewhere, [ is
identical to u, except for the normalizing factor k.

Define fi : V x V — R by

lx, y) = ku(x, ) xy€V\{z,
i(z1,%) = ku(z, x) xen,
fix,21) = kp(x, 2) xen,
fiz1,x) = 0 x €V,
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f(x,z1) = X €V,
fi(z2,x) = k,u(z X) x e Vs,
fi(x,z2) = kﬂ(x z) x € Vs,
fi(z2,x) = xevl,
f(x,z3) = x e,
iz, 21) = k#(z z2) + k3 ey, u(x, 2),
(z2,22) = kﬂ(z z2) + kY ey, Hx,2),
f(z2,21) =
fi(z1,22) =

By direct calculation it can be seen that # is the second marginal of ji. Now define # : V — R
by ¥(x) = Zer fi(x, y). By definition ¥ is the first marginal of fi. Pro~perties (2) and (3) once
verified, can be used to show that indeed ¥ is a probability measure on V.

The verification of properties (2) and (3) is straightforward, but we include the details for
proving the latter of the two:

¥(z1) +9(z2) = >z y) + Y iz, y)

yeV yev
= Az y) + Y Mz y) + Bz z1) + 21, 22)
YEV) YEV,
+ > Rz y) + Y 2. y) + filz2.21) + filz2,22)
YEV ye
=k| > mzy)+0+pz2)+ Y nx.2)+0
yev; X€V3
k04 plzy) +0+ plz,z) + Zu(x,z)]
yEVS xeV
=k pzx)+kY plxz)
xeV xevV
=k[v(z) + n(z)].

This is what we want after dividing both sides by k7n(z) and recalling that 7(z;) = 7(z;) = kn(z).
Now we will verify property (4), working only with z; since the calculations are similar for z;:

=k lz pz )+ uz,z) + ) u(x,Z)]

yelr; xeV,
=k [Z wz.y) = > uix,z) +m(z)|.
yev; xeVy
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If v(z) > 7(z), then u(x, z) > 0 implies that x = z, and so

> kn(z) = 7i(zy).

¥(z1) =k lz u(z.y) +n(z)

VeV

If v(z) < 7(z), then p(z, y) > 0 implies that y = z, and so

< kn(z) = 7i(zy).

Vz) =k [— > ulx.z) + ()

xeVy

We finally verify property (1). Let f be a solution to Kantorovich’s problem on G with respect
to v and 7. Define f : V — R by f(x) = f(x) for x € V' \ {z1,25} and f(z1) = f(z2) = f(2).
First let us verify that f is Lipschitz with respect to d. Suppose x,y € V \ {z1,22}. Then, by
condition (1) we have

F) = F0)l = 1f(x) — f)] < d(x,y) < d(x, ).
By condition (3), for i € {1,2} and for all x € v\ {z1,22}, we have

() = Tl = 1f(x) = f(2)] < dlx,2) < d(x,z).

Finally |f(z1) — f(z2)] = 0 < d(z1,22). So f is Lipschitz with respect to d. Next we use
Lemma 2.1 to show that f is a solution to Kantorovich’s problem and [ is a solution to Monge’s
problem both with respect to ¥ and 7. Suppose x,y € V \ {z1, 22} with [i(x,y) > 0. Then, by
the definition of Ji we must also have u(x,y) > 0. So by the definition of f, Lemma 2.1, and
condition (2), we get

Fx)—f(y) = f(x) = f(y) = d(x,y) = d(x, ).

If ji(x, z;) > 0 for some x € V' \ {z1,2,} and i € {1,2}, then u(x,z) > 0 and x € V}, so that

F() = 7(z) = f(x) = f(2) = d(x,2) = d(x, ).

Similarly, if fi(z;, y) > 0 for some y € V \ {z1,z2} andi € {1,2}, then p(z,y) > Oand y € V;, so
that

fz) = F0) = f(2) = f(») = d(z.y) = d(zi,y).
Finally we note that ji(z1,2>) = fi(z2,z1) = 0, and f(z;) — f(zi) = 0 = d(z;, z;) for i € {1,2}.
Hence, for x,y € V, f(x,y) > 0 implies that f(x) — f(y) = d(x, y). So by Lemma 2.1, i is a
solution to Monge’s problem and f is a solution to Kantorovich’s problem, both on G with respect
to 7 and . We can now finish the verification of property (1) (using properties (2) and (3)):

W(@,7) =Y Fx)(F(x) — 7 (x))
xeV

> FOEX) = #(x) + F)(0(z1) — #(21)) + F(22)((22) — #(22))

xeV\{z}

D FEkv(x) = k() + f(2)(kv(z) + kn(z) — kne(z) — kn(2)

xeV\{z}

=k Zf(x)(v(x) —n(x)) =kW(v,n). ]

xevV
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For a solution p to Monge’s problem with respect to v and 7, define the equivalence relation
~, on V to be the smallest equivalence relation for which x ~,, y if u(x,y) > 0 or u(y,x) > 0.
Let {V,-}}":1 be the equivalence classes generated by ~,. Let G; = (V}, E;) for i € [m] be the
subgraphs of G induced by V;. Let 7; be a probability measure on V; defined by 7;(x) = kim(x)
for x € V;, where k; is the appropriate constant that makes 7; a probability measure. We will note
that if 7 is the uniform measure on V/, then 7; is the uniform measure on V; and k; = n/|V;|. Let d;
denote the distance function on G; defined by d;(x, y) = d(x, y) for x,y € V;. Define v; € P(G;)
by vi(x) = k;v(x), for x € V;. Then we get the following lemma.

Lemma 4.4.

= 1
Wiv,m) = W m).
=1

Proof. Let u be a solution to Monge’s problem with respect to v and 7 and let f be a solution
to Kantorovich’s problem with respect to v and w. Define y; : V; X V; — R by

wi(x, y) = kip(x, y),  forx,y € Vi,
and f : V; -> Rby
filx) =f(x), forxelV,.
By direct calculation, y; has first and second marginals v; and 7;, respectively. By Lemma 2.1, y;
is a solution to Monge’s problem and f; is a solution to Kantorovich’s problem both on G; with
respect to v; and 7;. We may now verify the statement of the lemma:

Z %W(vi, ;) = Z ki Z di(x, y)ui(x, y)

1

i€[m] i€[m] x,yeV;
=" ) deeyutey) = dx,y)ulx,y) = W(v,n). O
ie[m] x,yeV; x,yev

5. Application to the cycle

For this entire section, we assume that 7 is the uniform measure on the graph under consideration,
and the distance function is always the graph distance.

Lemma 5.1. Suppose f is an integer-valued Lipschitz function on the vertices of a cycle C =
(V,E). Then there exist a,b € V and a permutation p of V that satisfy the following properties.
o f(p(x)) is Lipschitz.

o f(p(x)) is non-decreasing along the two internally disjoint paths from a to b.

Proof. Let m = minycy f(x) and M = max,cy f(x). Let w,w, € V with f(w;) =m and

f(wy) = M. Let [m, M] denote the integers between and including m and M. Since f is integer-
valued and Lipschitz, and because C is a connected graph, f(V') = [m, M]. Suppose ¢ is an
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integer with m < c¢ < M and let x; € V with f(x;) = c. Since C — x; (which is the graph
C with vertex x; and all edges incident with x; deleted) is still a connected graph and f is
Lipschitz on C — x;, we also have f(V \ {x;}) = [m, M], and so there exists x € V \ {x;}
with f(x2) = ¢. Hence we can find Vi, V> = V with ViUV, =V, V1NV, = {w;,wy}, and
f(V1) = f(V3) = [m, M]. From this we can form paths P; and P, (not necessarily subgraphs
of C) using vertex sets V1 and V>, respectively, with the property that f is non-decreasing on
each path from w; to wy. It also follows that f is Lipschitz on each path. We can then form the
cycle J = (V, E(Py) U E(P,)), which has the property that f is Lipschitz and non-decreasing on
the two internally disjoint paths from w; to w;. Let p be an isomorphism between C and J, and
leta = p~!(w;) and b = p~!(w,). Then a, b and p are the desired vertices and permutation.  []

Lemma 5.2. Let C = (V,E) be a cycle and suppose there exists v € P(C) with v #+ n and
W2(v,n) = 26>D(v||nt). Then there exists z € V with the property that one of the functions
f(x) =d(x,z)or f(x) = —d(x, z) is a solution to Kantorovich’s problem with respect to v and 7.

Proof. By Lemma 3.4, let f be an integer-valued solution to Kantorovich’s problem with
respect to v and n. Then there exist vertices a and b and a permutation p of V satisfying the
properties of Lemma 5.1. Let f(x) = f(p(x)). Let #(x) = v(p(x)). Since the image of ¥ under ¥
is equal as a multiset to the image of V' under v (and since 7 is the uniform measure), we have
D(V||n) = D(v||r). Also,

=D f@OE) —r(x) =D FP)V(p(x) — n(p(x))
xeC xeC

= J)EE) — n(x) < W(T.m).
xeC

This leads us to
1 _ D0lm DGl 1
262 W?2(v,m) =~ W2(¥,mn)~ 202

Thus the inequalities must actually be equalities. This means that ¥ gives equality in the trans-
portation inequality and f is a solution to Kantorovich’s problem with respect to ¥ and 7.

Let P; and P, be the two internally disjoint paths from a to b. Since f is non-decreasing along
Py and P, from a to b, we have f(a) < f(x) < f(b) for every x € V. Since f is Lipschitz, for
any integer ¢ with f(a) < ¢ < f(b) there must exist a (unique) x; € P; and a (unique) x, € P,
with f(x1) = f(x2) = c.

Suppose to the contrary that there exist vertices X' and x” both in the same path P; (for
i=1 or 2) with f(x') = f(x") = c. Since f is non-decreasing along P;, there exist adjacent
x' and x” with this property. By Corollary 2.5, #(x’) = ¥(x”) since f(x') = f(x"). Let v’ be
the neighbour of x" other than x” and let v” be the neighbour of x” other than x', so that the
vertices between a and b in P; appear in the order a - - - v/x'x"v” - - - b, as shown in Figure 1. Then
f) < f(xX') = f(x") < f(v"), since f is non-decreasing along P;. If ¥(x') = ¥(x") > m(x"),
then by Lemma 3.3 there must exist a neighbour y” of x” with f(y”) < f(x”). But x” has
only two neighbours, so this is a contradiction. Similarly, if 7(x') > ¥(x’) = ¥(x”) then there
exists a neighbour y" of x” with f(y') > f(x’), which is again a contradiction. Hence, for every
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Figure 1. Distance from a point.

integer ¢ with f(a) < ¢ < f(b), for each i € {1,2}, there exists exactly one vertex x € P; with
flx)=c. N N N

Next assume that there exist three adjacent vertices r ~ s ~ t € V with f(r) = f(s) = f(¢),
noting that this is only possible if this joint value is f(a) or f(b). By Lemma 3.3 (applied with
0 = {s}), we derive that s must have a neighbour x with f(x) > f(s) or f(x) < f(s), which is a
contradiction.

Now there is an even number of vertices for which £ attains values strictly between f(a) and
f(b), and there are at most two vertices which attain the maximum value, f(b), and at most two
which attain the minimum value, f(a). So if |V| is odd, there exists only one vertex on which
the maximum value of f is attained or one vertex on which the minimum value of f is attained.
By translating f so that, respectively, either the maximum or minimum value is zero, we get that
f(x) = —d(x,b) or f(x) = d(x, a).

If |V| is even then we must show there cannot be two vertices on which £ attains the maximum
value and two vertices on which f attains the minimum value. Let P be a path in C along which
f is strictly increasing, starting from one of the vertices on which f attains the minimum value
and ending on one of the vertices on which f attains the maximum value. Then, by Lemma 3.3
(applied with the vertices of P playing the role of Q in the lemma), one of the following must be
true: either the vertex of P which attains the maximum value of f must have a neighbour outside
P with a different value of f , or the vertex of P which attains the minimum value of f must have
a neighbour outside P with a different value of f . Hence there can only be one vertex on which
f attains the maximum value or one vertex on which ]7 attains the minimum value. But since |V|
is even, f attains both the maximum and minimum values at only one vertex. By translating f
we can choose to get either f(x) = —d(x, b) or f(x) = d(x, a).

Now f(V) is equal to f(V) as a multiset. But up to rotations of the cycle and translations of the
function, there is only one integer-valued Lipschitz function on C with this image as a multiset.
So f is just a translation and a rotation of f. Hence, after a possible translation, our original
function f must satisfy either f(x) = d(x, z) for some vertex z € V or f(x) = —d(x, z) for some
vertex z € V. U]

We now prove the main results on the sub-Gaussian constant of even and odd cycles. The first
proof benefits from some observations made in [5] in the course of showing ¢%(Cy) = ¢*(Cy).
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Theorem 5.3. If C is a cycle with an even number of vertices, then ¢*(C) = ¢*(C).

Proof. Let C = (V,E) be a cycle on 2n vertices. Let 7 be the uniform measure on V' so that
n(x) = 1/(2n) forevery x € V. Assume to the contrary that ¢ # ¢>. Let x( be an arbitrary vertex
in V. Let f(x) = d(x, x¢). From Theorem 3.2, Lemma 5.2 and Proposition 2.4 we know that there
exists a t # 0 such that E[¢'0U~E/)] = ¢°*?/2_ S0 ¢%(C) is actually the smallest constant s so that,
for this particular f, E[e//EN] < ¢°/2 for every real number . Let Ly(t) = log E[e!—E/)],
Now E[f] =n/2. So

n—1

1
Lf([) — lOg |:2n< t(0—n/2) +zze i—n/2) +er(n n/2)>:| (5.1
i=1
1 nt _nt 20~ % (I —e
_ | o[ (e +e ‘%)} t#0. (5.2)
0 =0.

Consider the function

st2

¢(t) = Ly(t) — —-

Then ¢%(C) is the smallest constant s for which ¢(t) < 0 for every real number . We will
consider the following derivatives of ¢:

¢'(t) = Li(t) —s’t, ¢"(t)=Lj(t)—s* and ¢"(t) = LY ().

Since L¢(t) is an even function, ¢(t) is also an even function, so ¢'(t) is an odd function and
¢'(0) = 0. We also have that ¢(0) = 0. Then, in order to have ¢(t) < 0 for all real ¢, we must
have ¢”(0) < 0, implying s > L}(0). But, in fact, we will show that if we set s = L7(0), then
¢(t) < 0 for all real t. So the smallest constant s for which ¢(t) < O for all real ¢t is L”(O)
meaning that ¢*(C) = L}(0).

To show that ¢(t) < 0 for all real t when s = L”(O) we first restrict ourselves to t > 0, since
(1) is an even function. Then we show that L(t) < L7(0) for every t > 0. Hence ¢"(0) = 0 and
¢"(t) < Oforallt > 0, giving us ¢'(0) =0 and ¢'(t) < Oforall ¢ > 0, finally giving us ¢(0) =0
and ¢(t) < Oforall t > 0.

Now, to show that ¢”(t) < ¢”(0) for all t > 0, we note that ¢"’(0) = 0 again because ¢(t) is
an even function. Then we show that ¢”'(¢) < 0 for all t > 0. Now, for ¢t # 0 we have

1
(et — 1)3(e' + 1)3(e™ — 1)}

¢"(t) =LY (t) = FA(t, n),

where

A(t, n) — (Zet + 12e3t + 2eSt + 366(3+2n)t + 6e(5+2n)t + 6e(1+2n)t
+ 3n36(2+2n)t 4 3n3 (4+2n)t + n3 (6+2n)t + n3 (64n)t
_ lze(3+3n)l 36e(3+n 6€ (5+n)t 2€ (5+3n)t — 6e (14n)t

_ 2e(l+371)t _ n3ent _ n3e2m _ 3n3e(4+2n)t _ 3n ¢ 4+n)t).
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Although we are only interested in positive integers n > 2, for a fixed ¢, if we allow n to take on
any positive real value then ¢(t) is a differentiable function of n. Now, for n = 2 we have

2e(e — 1)
NEES

and so ¢"'(t) < 0 for any t > 0 in this case. Finally, we show that for every t > 0

d)”/(t) —

a n
%4’ (1) <0,

for all n > 2. Hence ¢(¢) < O for all integers n > 2 and real ¢t > 0.
So for t > 0 we calculate

0 " _
5,0 =

—n?
8(sinh(nt/2))*

To show that (¢/0n)¢™ (t) < O for every real n > 2 and t > 0, it suffices to show that

(nt(2 4 cosh(nt)) — 3 sinh(nt)).

p(t) = nt(2 + cosh(nt)) — 3 sinh(nt) > 0,

for every real n > 2 and ¢ > 0. We start by taking some derivatives:

%w(t) = n(2 — 2 cosh(nt) + nt sinh(nt)),
2
%w(t) = n?(nt cosh(nt) — sinh(nt)),
3
ﬁw(t) = n*t sinh(nt)).

Now (t), (d/dt)y(t), and (d?/dt*)y(t) are zero when t = 0, and (d>/dt?)i(t) is strictly positive
for t > 0. Hence (d?/dt*)i(t), (d/dt)y(t) and y(t) are all strictly positive for t > 0.

Now that we have shown that ¢%(C) = L’f’(O), we may take our pick of contradictions. First,
we have shown that ¢(t) < 0 for t # 0 when s = ¢2(C) = L}’(O). This contradicts the fact that
there exists a t # 0 for which E[e'/~F/)] = ¢’/ Or we could note that L;,’(O) = Var(g] for
any g. From [5], it is known that Var[f] = ¢*(C) for our particular function f. Hence we have
shown that 6(C) = ¢?(C), yielding another contradiction.

Thus we may safely conclude that, in fact, ¢*(C) = ¢*(C). O

Proposition 5.4. If C is a cycle with an odd number of vertices, then *(C) > ¢*(C).

Proof. Let C be a cycle with 2n + 1 vertices. It is known from [5] that for any vertex X, the
function f(x) = d(x, x¢) is optimal for the spread constant of this graph, meaning that Var[f] =

¢%(C). Now
_n(1+n)
Elfl = 1+2n"
If we set g(x) = f(x) — E[f], then Var[g] = ¢*(C) and E[g] = 0, but
3 n*(1 + n)?
Bl =052 7°
So by Lemma 3.1 we have ¢(C) > ¢*(C). O
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Figure 2. Bounding the sub-Gaussian of the odd cycle.

Theorem 5.5. Suppose that C is a cycle with an odd number n of vertices. Then ¢*(C) =
(C)(1 4+ 0(1/n)).

Proof. Let C = (V,E) be a cycle on n vertices, where n > 3 is an odd integer. From Proposi-
tion 5.4 we know that ¢(C) # ¢*(C). Hence, by Theorem 3.2, there exists v € P(G) withv # &
and W?(v,n) = 262D (v||n). Let u be a solution to Monge’s problem with respect to v and 7
given to us by Lemma 2.2. By Lemma 5.2, there exists z € V' so that either the function f(x) =
d(x, z) or the function f(x) = —d(x,z) is a solution to Kantorovich’s problem with respect to
v and 7. Let vy and v, be the two neighbours of z. For zy,z, ¢ V, let C = (V,E) be the graph
obtained from C by the following.

. I~7 =V \{z})U{z1,22}.

e E retains all edges of E, except for the edges {v1,z} and {z,v,}. Additionally, we have new

edges {z1,01}, {z2,02} € E.

We will verify that C satisfies the conditions before Lemma 4.3.

For condition (1), suppose x, y € V \ {z}. If the distance between x and y in C is infinite, then
we are done. Otherwise suppose P is a shortest path between x and y in C. Since z; and z, each
have only one neighbour and they are not the end-points of P, they cannot appear in P. Hence
P only contains edges and vertices that appear in C, meaning P is a path in C between x and y.
So d(x,y) = d(x,y).

For condition (2) suppose that x,y € V' \ {z} with u(x,y) > 0. Let P be a shortest path in C
between x and y. We will show that P is also a path in C. Since u(x,y) > 0 we have f(x) —
f(y) = d(x,y). Suppose to the contrary that z is a vertex in P. We need to consider two possible
cases.

First suppose f(-) = d(-,z). Then we would have f(x) — f(y) < f(x) — f(z) < d(x,z). But
then we have d(x, y) < d(x, z), contradicting the fact that z is a vertex in the shortest path from
x to y. Next assume f(-) = —d(-,z). Then we would have f(x) — f(y) < f(z) — f(y) < d(z,y),
but then we have d(x, y) < d(z,y), again contradicting the fact that z € P. So in fact z ¢ P,
and P only contains vertices that are also vertices of C. Because f is Lipschitz and d(x, y) =
f(x)— f(y), we get that for every edge {s,¢} in P, [f(s) — f(¢)| = 1. This means that {s,} is
also an edge of C. So P is also a path in C.
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Finally we verify conditions (3) and (4). Let x € V \ {z}. C has two connected components,
one containing z; and the other containing z,. By construction, if x is in the component contain-
ing z;, then d(x, z;) = d(x, z) and d(x, z;) = 0. Likewise, if x is in the component containing z,,
then E(X,zl) = o0 and J(x, z7) = d(x, z).

So Lemma 4.3 gives us a probability measure ¥ satisfying the four properties of the lemma.
If we look at the equivalence relation ~; defined before Lemma 4.4, we obtain the two graphs
Cy = (171,E1) and C, = (Vz,Ez), which are both paths on (n + 1)/2 vertices. Next, we may
apply Lemmas 4.2, 4.3, and 4.4 to help complete the proof of the theorem. Note that in the
computation below, while making use of Lemmas 4.2 and 4.3, we recall that k = n/(n + 1),
while in making use of Lemma 4.4, we use ky =k, = 2:

2 2 2
W2v,m) = {”“W(w} _ <”j;1> (;W(vl,mwiwwz,ﬁzﬂ

1
W21, 1) + EWZ(Vz, ﬁz))

N——
[}
Q
()
—~
~
i
S~—
—~
54
=t
=
+
o
—_—
=
D
=
%)
=

n+1 2 2, J— 2, > ~ |~
< < > (a*(C1)D(1|[71) + 6*(C2)D(71|72))

Vi (x) Ti(x) . ¥a(x) "(x) ) -
<( 2w ez oo+ 2 e 551 ) 2)

Hence

n+1\ n+3n—-1-2
B 48

2 3 —3n® —3n+3 2 1
_c(Cn)<1+ o —3 =c(C){1+0 =) U

Remark. We could have obtained a slightly easier, but weaker, bound:

Wi(v,n) =

n+1
-

n+1
n

2
W(v,ﬁ)] < (”I !

<2

0*(Cy1)D(v||m), (5.3)

resulting in 6*(C,) < 2 6%(Cy41). The bound is weaker since 62(Pys1) < 6%(Cpi1).
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6. Sub-Gaussian and spread constant of expanders

Here we show that the above result, ¢%(C,) = ¢*(C,)(1 + o(1)) for the cycles C, on v vertices, is
in some sense unusual. We begin with a family of graphs {G, = (V,,, En)}flo:]. For each graph G,
we associate a probability measure 7, on V,,, and we let v, denote the number of vertices in G,,.
We now discover circumstances under which ¢*(G,) < ¢2(G,), starting with a lemma bounding
o from below in a manner similar to the lower bound on the spectral gap 4; by Alon and Milman
in [3].

Lemma 6.1. Suppose G = (V,E) is a graph with an associated probability measure 7. Sup-
pose further that 1* = min,cy n(x) is strictly positive. Then ¢*(G) > D2/(32 log HL), where D
is the diameter of G.

Proof. Letx,y € V withd(x,y) = D. Let

Ay ={v eV dx,v) <d(,y)} and A,={veV :dxv)=>dwv,y)}.

Then n(Ay) > 1/2 or n(A,) > 1/2. Without loss of generality suppose n(A,) > 1/2. Let v* €
Ay with the property that d(y, Ax) = d(y,v"). Then

D =d(x,y) <d(x,v")+dw",y) <2d",y) = 2d(y, Ay),

giving d(y, Ay) > D/2.So {v € V :d(v,Ay) > D/2} is not empty. Then, by a standard applica-
tion (see, for example, Proposition 1.7 of [12]) of (1.2), with n = 1, and f being the distance to
the set A, we get

(D/2)?

nn<na({veV :dv,Ay) > D/2}) < e 7.

Solving for ¢ gives the result. O

Theorem 6.2. There exist graphs G, on n vertices, for which ¢*(G,) = Q(logn), while
c*(G,) = O(1), independent of n.

Proof. Applying the above lemma to our family of graphs, letting D, be the diameter of G, and
assuming that 7t(-) is the uniform measure, we get

) D;
o (G) > 32loguv,’
If D, > /logv,, then 62(G,) tends to infinity with n.

Following [1], recall that there exist (explicit constructions of) bounded-degree expander
graphs on n vertices, for n arbitrarily large, with diameter ®(logn). Thus the sub-Gaussian
constant grows at least logarithmically with n for these graphs.

On the other hand, it is easy to see that the spread constant is bounded from above by a
constant, independent of n. One way to see this is by observing that the spectral gap A(G,) of
any random walk with uniform stationary distribution 7(-) on the vertices of such a graph is at
most the inverse of the spread constant. Indeed, letting P(x, y) denote the probability on edge
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{x,y} € E of such a walk, we recall that the spectral gap may be written as

D yer(f(x) = f()n(x)P(x, y)

AGn) = f :Eli?ffZO Var, f
. > ver((f(x) = f(y)m(x)P(x,y)
< inf
[Exf=0 Var, f
f:Lipschitz
P S
fEf=0 Vargf  cX(Gy)
f:Lipschitz

Since the expander graphs have spectral gap bounded from below by a constant independent of
n, this concludes the proof. ]

7. Conclusion

We hope the transportation approach developed here in the discrete context will find several
more applications in future. Some concrete questions remain unsolved: the exact value of the
sub-Gaussian constant of odd cycles is a natural open problem. In [5] tight bounds (up to a
factor of four) have been provided for the sub-Gaussian constant of the graph (S,, p) on the set
S, of permutations of n elements, under the transposition metric p, with adjacency defined by
transpositions: it seems to be a challenging problem to determine the precise value. A tight
transportation inequality for this example or for the closely related one, with p replaced by
Hamming distance, as studied by Maurey and others (see [5] for comments and references
therein), will be quite useful.
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