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We study some methods of combining procedures for forecasting a continuous
random variable+ Statistical risk bounds under the square error loss are obtained
under distributional assumptions on the future given the current outside informa-
tion and the past observations+ The risk bounds show that the combined forecast
automatically achieves the best performance among the candidate procedures up
to a constant factor and an additive penalty term+ In terms of the rate of conver-
gence, the combined forecast performs as well as if the best candidate forecasting
procedure were known in advance+

Empirical studies suggest that combining procedures can sometimes improve
forecasting accuracy over the original procedures+ Risk bounds are derived to theo-
retically quantify the potential gain and price of linearly combining forecasts for
improvement+ The result supports the empirical finding that it is not automati-
cally a good idea to combine forecasts+ Indiscriminate combining can degrade
performance dramatically as a result of the large variability in estimating the best
combining weights+An automated combining method is shown in theory to achieve
a balance between the potential gain and the complexity penalty~the price of
combining!, to take advantage~if any! of sparse combining, and to maintain the
best performance~in rate! among the candidate forecasting procedures if linear
or sparse combining does not help+

1. INTRODUCTION

Forecasting or prediction is of interest in many scientific fields+ Depending on
the nature of the process of constructing forecasts, model-based methods or
more subjective opinion-based methods are used+ Model-based methods in-
clude empirically based modeling, utilizing statistical tools and theory-based
modeling, which depends mainly on theories from the subject field+ Opinion-
based methods require extensive experience in the subject field+ Usually, ex-
perts’ predictions are based on a difficult-to-quantify mixture of many different
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sources of information~qualitative and0or quantitative! and their subjective in-
tuition or beliefs+ Research in various fields has strongly suggested that the
performance of prediction can be enhanced when~sometimes even in simple
fashion! forecasts are combined+A survey of research results on combining fore-
casts is in Clemen~1989!+

Although the idea of combining models0wisdom is attractive, the challenge,
of course, is how to do it right+ Although many approaches have been proposed
for combining forecasts, with much empirical evidence of success and some
theoretical justification, there is still a lack of general theoretical understand-
ing+ A difficulty is that the forecasts to be combined can be completely differ-
ent in their derivations and assumptions, and therefore the commonly used
methods for comparing statistical models such as model selection criteria or
the traditional hypothesis testing techniques are not generally applicable+ As
pointed out by, e+g+, Armstrong~1989! and others, the research in the area of
combining forecasts so far provides few guidelines for applications+

In this paper, we propose some methods for combining point forecasts of a
continuous variable and address several issues on combining forecasts+ We fo-
cus on theoretical developments+

1.1. Setup of the Problem

Suppose that we are interested in forecasting or predicting a real-valued con-
tinuous random variableY+ Let Y1, Y2, + + + be the true values at time 1, 2, + + + ,
respectively+ At each timei $ 1 ~possibly! related qualitative and0or quantita-
tive information, denoted jointly byXi ~which thus could be multidimensional!
is observed prior to the occurrence ofYi +We need to predictYi based onXi and
the earlier dataZi21 5 ~Xl ,Yl !l51

i21+ After Yi is revealed, a possible discrepancy
~loss! occurs between the forecast and the true valueYi + The goal of forecast-
ing is to make the discrepancy as small as possible+

Assume that fori $ 1, the conditional distribution ofYi given Xi 5 xi and
Zi21 5 zi21 has~conditional! meanmi and variancevi + That is, Yi 5 mi 1 ei ,
whereei is the random error representing the conditional uncertainty inY at
time i + The conditional mean and variancemi andvi depend onxi andzi21 in
general+ Note thatE~ei 6Xi ,Zi21! 5 0 almost surely fori $ 1+ Let [yi be a pre-
dicted value ofYi + Then

Ei ~Yi 2 [yi !
2 5 Ei ~mi 1 ei 2 [yi !

2 5 ~mi 2 [yi !
2 1 vi2,

whereEi denotes the conditional expectation givenZi21 5 zi21 and Xi 5 xi +
The decomposition indicates that givenzi21 andxi , the expected total square
error of [yi has two components: the squared difference~bias! between [yi and
the unknown conditional meanmi , and the conditional uncertaintyvi + The lat-
ter cannot be controlled and therefore is always present regardless of which
method is used for prediction+ The best we can hope for is that[yi equals~or is
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very close to! mi + Becausevi is the same for all forecasts, it will not be in-
cluded in our measure of performance+ Accordingly, we may consider the loss
function

L~Yi , [yi ! 5 ~mi 2 [yi !
2+

Let d be a forecasting procedure yielding forecasts[y1, [y2, + + + at times 1, 2,
and so on+ We consider the average risk in prediction up to the present timen,
denoted byR~d;n!, as the performance measure of the forecasting methodd,
i+e+,

R~d;n! 5
1

n (
i51

n

E~mi 2 [yi !
2,

where the expectation is taken with respect to the randomness ofZn21 andXn+
Now suppose we have a collection of forecasting procedures, denoted by

D 5 $d1,d2, + + + % + The number of forecasting procedures inD can be large or
even countably infinite+ This, from a theoretical point of view, is appropriate to
study because it captures the complexity when the number of candidate fore-
casting procedures is large relative ton+ For each forecasting proceduredj [ D,
at each timei $ 1, the procedure gives a predicted value or forecast[yj, i based
on zi21 andxi + The outside informationx may be completely, partially, or not
at all available to a procedure+ In this work, we assume that the outside infor-
mation is not available for the purpose of combining forecasting procedures+

1.2. Some Views on Combining Forecasts

Despite the empirical successes of combining forecasts, some controversy at-
tended the topic early in its history~see, e+g+, discussions in Newbold and
Granger, 1974!+ One reason is the lack of confidence in the rather ad hoc, from
a statistical point of view, nature of the majority of the proposed methods+ An-
other more philosophical reason is the view that combining forecasts is funda-
mentally flawed as a technique+ The argument is that all the information that is
used by the individual forecasters should be pooled and used to construct a
single best model based on which the optimal forecast can be found+

We regard the first reason as valid+ Useful methods have been proposed to
pursue “optimal” combining based on the idea of minimizing the variance of a
linear combination of the assumed unbiased forecasts~e+g+, Bates and Granger,
1969!+ However, results on the performance of such combining methods in terms
of statistical risks are rare+ Simulation and case studies have shown that com-
plicated combining methods pursuing “optimal” behavior often lead to unsta-
ble weights and the combined forecast even performs significantly worse than
the individual forecasts~see, e+g+, Figlewski and Urich, 1983; Kang, 1986;
Clemen and Winkler, 1986!+ A related question is how many forecasts should
be combined+ Should one just combine all the forecasts available? Theoretical
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understanding of these questions will provide helpful guidelines for combining
procedures in practice+

Regarding the objection to combining forecasts based on the argument that
combining information and then creating a comprehensive model is preferable,
we strongly disagree+ As pointed out by many researchers who favor combin-
ing forecasts, the combining information approach may not be feasible if one
does not have access to the information used by the individual forecasters+ Fur-
thermore, even if one can in principle obtain the information, practical consid-
erations~e+g+, cost, time constraint, and lack of expertise in processing some of
the information! may well prohibit such an action+ Although these are valid
defenses of combining forecasts, it can be further argued that even if these dif-
ficulties with the super model approach are ignored, combining forecasts is still
a legitimate and constructive way to combine information~without building a
super model!+ In light of nonparametric statistical research, combining informa-
tion to build a super model, in our view, has very limited potential for success-
ful applications+

Let us consider a relatively simple regression case to illustrate the point+ As-
sume that the variable being forecast, Yn, is a function of the information set
Xn 5 ~Xn1,Xn2, + + + ! plus some noise, i+e+, Yn 5 f ~Xn! 1 en, where the errors are
independent+ The individual forecasters have access to some or all of the com-
ponents ofXn+ Of course, f is unknown to any forecaster+ In many~if not most!
realistic situations, the estimation off is a nonparametric problem+A super model
of infinite dimension is not very helpful+

Besides fully nonparametric methods, such as kernel and nearest neighbor
regressions, an automated parametric approximation approach is useful+ The
idea is that although honestly admitting that the targetf cannot be described by
a model with a finite number of parameters, one hopes that it can be approxi-
mated reasonably well by a sequence of parametric models+ A key here is to
allow the dimensions of the approximating models to increase appropriately
~based on data! so that the approximation error~bias! of the model and the
estimation error~variance of the estimator off ! are well balanced to achieve
the optimal performance+ The fundamental difference between this approach
and the traditional parametric approach is that the latter performs estimation
and prediction based on the selected model, taking it as the true model+ It is
becoming commonly acknowledged that such parametric approaches usually
lead to underestimation of uncertainty in the estimation0prediction procedure
~see, e+g+, Chatfield, 1995; though much earlier research, e+g+, Leamer, 1978,
has already pointed in this direction!+Whenf is not finite-dimensional, the best
model, which balances bias and variability, generally depends on the sample
size, and its dimension increases as more data arrive+ From this point of view,
identifying the correct model for forecasting is problematic+ The true model is
never recovered, but the prediction accuracy gets better and better+ Even if one
is given the right model with a large number of unknown parameters, it is still
better to use a much simpler model trading the bias for much less variability+
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The preceding discussion indicates that model0procedure selection is a con-
structive technique for combining information+ Model selection can be re-
garded as a special case of combining forecasts: the individual forecasts are
based on different models, and all the weight is allocated to a single model+
Other combining strategies such as convex or linear combining are also useful+

1.3. Target Classes of Combined Forecasts

Let D 5 $d1,d2, + + +dM % be a finite collection of original forecasting procedures+
A forecasting procedured, with forecasts [yi for i $ 1, is said to be a combined
procedure based onD if [yi is a measurable function ofY1, + + + ,Yi21 and [yj, l ,1 #
l # i,1 # j # M for i $ 1+ Note that here no outside information is used for
combining+

DEFINITION 1+ Any collection of combined forecasting procedures is called
a target class of combining.

For a given target classC, let d * 5 d *~C;n! be the minimizer of the fore-
casting riskR~d;n! over all d [ C+ Let R~C;n! 5 R~d *;n! denote the mini-
mum prediction risk in the classC+

Consider two examples of target class, which follow+

Example 1

C0 5 D+ For this case, d *~C;n! is simply the best individual original procedure,
andR~C0;n! 5 infd[D R~d;n! is the ideal performance inC0+

Example 2

CL consists of~constrained! linear combinations of the procedures:

[yi
u 5 (

j51

M

uj [yj, i , i $ 1,

whereu 5 ~u1, + + + ,uM ! satisfies the constraint(j51
M 6uj 6 # 1+ Let du denote the

corresponding forecasting procedure and letQ 5 QM denote the set of all such
u+ ThenCL 5 $du : u [ Q%+ Let un

* be the minimizer ofR~du;n! over u [ Q+
ThenR~CL;n! 5 R~dun

*
;n! is the ideal performance inCL+

Obviously R~CL;n! # R~C0;n!+ GenerallyR~C;n! is nonincreasing inC;
i+e+, the largerC is, the smallerR~C;n! is+ However, because the best proce-
dure in the classC is unknown, one may not be able to achieve the correspond-
ing performance+ In their influential paper, Bates and Granger~1969! consider
the classC of convexly combined forecasts+ The combining coefficients are
estimated based on the previous data+ This approach is certainly well moti-
vated, but it is rather unclear how close the actual performance~with the esti-
mated coefficients! is to the ideal one+ Such an issue is important for comparing
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different target classes when considering combining forecasts+ As with the fa-
miliar trade-off between bias and variance, though the ideal performance of a
larger target class is generally better~at least no worse!, it is more difficult to
search for the best procedure in a larger class; in some sense one needs to pay
a higher price for searching for~or “estimating”! the best procedure+ Thus it is
not necessarily a good idea to simply pursue the ideal performance of a large
target class+

In Example 1, one may use or develop a criterion to choose a model~or a
procedure! from the original list+ However, model~or procedure! selections are
often unstable in the sense that a slight change in the data causes the selection
of a different model, which usually makes the estimator or forecast based on
the selected model have unnecessarily large variance+ Several lines of research
follow from this problem+ Strategies for stabilizing such estimators or forecasts
such as bagging~bootstrap aggregating! ~Breiman, 1996b! have been sug-
gested+ There is evidence suggesting that appropriate weighting of the models
~or procedures! can perform very well~in related contexts, see, e+g+, Buckland,
Burnham, and Augustin, 1997; Yang, 2001!+ Promising results have also been
obtained under the Bayesian framework+ See a recent review article by Hoet-
ing, Madigan, Raftery, and Volinsky ~1999! for references+ In the theoretical
direction, in a simplified density estimation context, Yang ~2003! shows that
the risk based on any selection rule is at least 27% higher than that based on an
appropriate combining+

Along this line of combining~weighting! instead of selecting, we will con-
sider convexly combining the original procedures~the convex coefficients are
allowed to change in time!+ This may look like the linear combining in the
second example, but the purposes of combining are very different: in the first
example, we want the convex combination to perform as well as the best indi-
vidual procedure inD; in the second example, we target the best~constrained!
linear combination of the original procedures+ To make a distinction, we will
call the first casecombining for adaptationand the secondcombining for
improvement+

Now for a given target classC, suppose Zd is a constructed combining proce-
dure targeting the performance ofd*~C;n!+ Then the difference~regret! R~ Zd;n! 2
R~d *~C;n!;n! measures the performance ofZd relative to the ideally combined
procedure inC+ Note thatd *~C;n! depends also on the true distribution of
Y1,Y2, + + + ,Yn+ To objectively measure the performance ofZd, the worst value of
R~ Zd;n! 2 R~d *~C;n!;n! over different possible conditional means and vari-
ances ofY1, + + + ,Yn is of interest+ The smallest possible worst-case regret whenZd
is over all valid combined procedures captures the price~in terms of prediction
accuracy! we have to pay for not knowingd *~C;n! in C+ The price of linearly
combining inCL will be examined in Section 3+

In addition to the preceding minimax type of measure of performance, one
may also consider pointwise performance as studied in e+g+, Rissanen~1986!
and Barron, Rissanen, and Yu ~1998!+ Recently, Ploberger and Phillips~1999!
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have derived lower bounds on pointwise predictive performance in terms of
relative likelihood for some time series parametric models, including certain
nonstationary ones+ Such results are useful for model comparison and evalua-
tion of estimators+

The rest of the paper is organized as follows+We present results for combin-
ing for adaptation in Section 2 and study combining for improvement in Sec-
tion 3+ Concluding remarks are given in Section 4+ Technical proofs of the main
results are in the Appendix+

2. PROPOSED METHODS FOR COMBINING FORECASTS
FOR ADAPTATION

2.1. Combining with Normality when the Conditional
Variances Are Known

We first consider the case in which the conditional distribution ofYi givenZi21 5
zi21 and Xi 5 xi is Gaussian for alli $ 1 with the conditional variancesvi
known+ This of course is not realistic in most applications, but it provides a
relatively simple case to begin with+ To combine the forecasting procedures
D 5 $d1,d2, + + + % at each timen, we look at their past performances and assign
weights accordingly as follows+ Let tp 5 $pj : j $ 1% be the prior weights on the
procedures, wherepj are positive numbers summing to 1+ Let Wj,1 5 pj and for
n $ 2, let

Wj, n 5

pj expS2
1

2 (
i51

n21 ~Yi 2 [yj, i !
2

vi
D

(
j '

pj ' expS2
1

2 (
i51

n21 ~Yi 2 [yj ', i !
2

vi
D +

Note that(j51
` Wj, n 5 1 for n $ 1 andWj, n depends only on the past forecasts

and the corresponding actual realizations ofY+ The combined forecasting pro-
cedured * is a convex combination of the original procedures:

[yn
* 5 (

j51

`

Wj, n [yj, n

for n $ 1+
Note that in the determination ofWj, n, the previous prediction errors are

weighted relative to the actual conditional variancesvi + When there is larger
uncertainty inYi given zi21 andxi , prediction error is likely to be larger+ The
division by vi accounts for the willingness to tolerate a bigger error in such a
case+
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Note also that

Wj, n 5

Wj, n21 expS2
~Yn21 2 [yj, n21!2

2vn21
D

(
j '

Wj ', n21 expS2
~Yn21 2 [yj ', n21!2

2vn21
D + (1)

Thus after each additional observation, the weights on the candidate forecasts
are updated+ We call the algorithm aggregated forecast through exponential re-
weighting~AFTER!+

This weighting method, as will be seen, leads to a general adaptation risk
bound+ From ~1!, the method has a Bayesian interpretation+ If we view the
weightsWj, n21, j $ 1 as the prior probabilities on the procedures before observ-
ing Yn21, thenWj, n is the posterior probability ofdj after Yn21 is seen+

For the choice of prior weights$pj % , if the size ofD is not large, one can
naturally use uniform weights+ When the size ofD is very large, however, one
needs to be more subjective, but its effect becomes weaker and weaker asn
gets larger+

Related algorithms focusing on worst-case performance have been studied
in machine learning~see, e+g+, Vovk, 1990; Littlestone and Warmuth, 1994; Cesa-
Bianchi, Freund, Haussler, Schapire, and Warmuth, 1997; Haussler, Kivinen,
and Warmuth, 1998!+ Closely related ideas on Bayesian updating, universal cod-
ing, and prequential statistical analysis have been considered earlier and since
in information theory and statistics~see, e+g+, Cover, 1965; Dawid, 1984; Fos-
ter, 1991; and recent review articles on universal prediction, Merhav and Feder,
1998; and the minimum description length principle in estimation and predic-
tion, Barron et al+, 1998!+ Results in the machine learning literature focus on
bounding the cumulative loss(i51

n ~Yi 2 [yi !
2 ~or other loss functions! without

probabilistic assumptions+ Results are usually obtained under the strong condi-
tion that the observationsYi are uniformly bounded+ Methods and statistical
risk bounds for combining estimation procedures in the context of density es-
timation, regression, and conditional probability estimation are in Yang~2000a,
2000b, 2000c, 2001! and Catoni~1999!+

Condition 0+ There exists a constantt . 0 such that for alli $ 1, with prob-
ability one we have

sup
j$1

6 [yj, i 2 mi 6

Mvi
# Mt+ (2)

This condition means that the individual forecasts are not too far away
from the conditional mean relative to the conditional standard deviation+ For
regression-based forecasts with the regression function bounded below and above
by known constants, if the error variance does not diminish, Condition 0 is
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satisfied when the forecasts are restricted to the same range+ Condition 0 is not
directly satisfied by the usual time series models such as autoregressive inte-
grated moving average~ARIMA ! models+ However, like the regression case,
for a case where the conditional mean ofY is naturally bounded~e+g+, between
0 and 1!, restricting the forecasts accordingly can lead to the satisfaction of
Condition 0+ For instance, for a qualitative threshold autoregressive conditional
heteroskedasticity~ARCH! model ~Gouriéroux and Monfort, 1992!, one may
restrict the parameters properly to satisfy Condition 0+ It seems quite possible
to relax Condition 0 so that specific time series models are allowed without
restriction, but we will not pursue that direction in this work+ From a practical
point of view, in implementing AFTER, we feel that one does not need to worry
about this technical condition+ Indeed, following the work presented in this pa-
per, Zou and Yang~2003! empirically study the performance of AFTER for
ARIMA models and show through simulations and data examples that AFTER
has a clear advantage in forecasting compared with popular model selection
criteria ~used for choosing ARIMA orders! when the instability of model selec-
tion cannot be ignored~as is usually the case in most applications!+

THEOREM 1+ Assume that Condition 0 is satisfied. When the errors are
normally distributed, the mean average square risk (relative to the conditional
variance) of the combined procedure satisfies

1

n (
i51

n

ES ~mi 2 [yi
*!2

vi
D

# S2 1
9t

2 D inf
j$1
S2 log~10pj !

n
1

1

n (
i51

n

ES ~mi 2 [yj, i !
2

vi
DD+

Remarks+

1+ Bounds of the type

1

n (
i51

n

~Yi 2 [yi
*!2 #

C log M

n
1 inf

1#j#M

1

n (
i51

n

~Yi 2 [yj, i !
2

for combiningM procedures based on related methods are given in, e+g+, Haussler
et al+ ~1998!+ But the result is obtained under the very strong assumption thatYi

are uniformly bounded+ Such a requirement is usually not appropriate for model-
ing uncertainty inY+

2+ An upper bound of the type

1

n (
i51

n

~Yi 2 [yi
*!2 # C inf

1#j#M
S log~M !

n
1

1

n (
i51

n

~Yi 2 [yj, i !
2D

with a constantC . 1, when taking expectation, is much weaker than the bound
given in the theorem+
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3+ Condition 0 implies that each of the candidate forecasting procedures has scaled
mean average square risk upper bounded byt+

4+ Though the risk bound is given under Condition 0, we expect AFTER to perform
well more generally+ For a good forecasting procedure, ~2! is most likely satisfied
with high probability, and for a bad procedure, as seen from~1!, the procedure’s
weight drops exponentially fast~if a forecasting procedure is really bad, it will
soon be terminated!+

From Theorem 1, up to a constant factor and an additive penalty log~10
pj !0n, the combined procedure achieves the performance of the optimal fore-
casting procedure among the candidates+ In particular, if there areM forecasting
procedures then with the uniform prior weightpj 5 10M, we have

1

n (
i51

n

ES ~mi 2 [yi
*!2

vi
D

# S2 1
9t

2 DS2 logM

n
1 inf

1#j#M

1

n (
i51

n

ES ~mi 2 [yj, i !
2

vi
DD+

For the nonparametric prediction case, ~10n!(i51
n E~~mi 2 [yj, i !

20vi ! converges
more slowly than order 10n, and therefore the additive penalty is asymptoti-
cally negligible+ If additionally when the sample sizen increases, the individ-
ual forecasts get closer and closer to the conditional means in the sense that

sup
1#j#M

6 [yj, i 2 mi 6

Mvi
# ci a+s+ (3)

for some positive constantsci r 0 asi r `, then one can show

lim sup
nr`

1

n (
i51

n

ES ~mi 2 [yi
*!2

vi
D

inf
1#j#M

1

n (
i51

n

ES ~mi 2 [yj, i !
2

vi
D # 2+

Thus the performance of the combined forecast is eventually at least half as
good as the best individual one~which is unknown!+ ~Note that the condition
in ~3! is put on all the original procedures and is very restrictive+ It is used
mainly for technical tractability, and we feel that the upper bound requirement
is not really needed for the bad procedures+! The factor of 2 comes from relat-
ing the Kullback–Leibler divergence and the Hellinger distance in the technical
proof of the theorem+

In Theorem 1, the risks of the forecasts are measured relative to the variabil-
ity of Y+ Under the following conditions~which unfortunately rule out some
interesting models such as generalized autoregressive conditional hetero-
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skedasticity~GARCH!!, Theorem 1 implies good performance of the com-
bined forecast under the ordinary square loss+

Condition 1+ The conditional variancesvn are uniformly upper bounded away
from ` and lower bounded away from zero in that there exist positive con-
stantsA1 andA2 such thatA1 # vn # A2 a+s+ for all n $ 1+

Condition 2+ supj$16 [yj, i 2 mi 6 is uniformly bounded above byA3 with prob-
ability one for some constantA3 . 0+

COROLLARY 1+ Assume that Conditions 1 and 2 are satisfied. Under Gauss-
ian errors, the mean average square risk of the combined procedure satisfies

1

n (
i51

n

E~mi 2 [yi
*!2 # C inf

j$1
S log~10pj !

n
1

1

n (
i51

n

E~mi 2 [yj, i !
2D,

where C is a constant depending only on A1, A2, and A3.

Remark+ One does not need to know the constantsA1, A2, or A3 to use the
AFTER algorithm to combine forecasts+

2.2. Combining with Normality when the Variances Are Estimated

For Theorem 1, the conditional variancesvi are assumed to be known+ Similar
results can be obtained when the variances are estimated by the individual fore-
casters+ Assume that for each forecasting proceduredj , prior to forecastingYn,
an estimate ofvn, say, [vj, n, is obtained based onzn21 and xn+ For stationary
observations a number of variance estimation methods have been proposed for
different scenarios+ Note that the procedures do not have to use different vari-
ance estimators and if some procedures do not provide variance estimates, we
can borrow from others+

Condition 3+ Assume the variance estimators[vj, n are not too far away from
the true value: there exist constant 0, j1 # 1 # j2 , ` such that

j1 #
[vj, i
vi

# j2

with probability one for allj $ 1 andi $ 1+

We modify the AFTER algorithm using the variance estimates+ Let Wj,1 5 pj

as before and forn $ 2, let

Wj, n 5

pj

Pi51
n21 [vj, i102 expS2

1

2 (
i51

n21 ~Yi 2 [yj, i !
2

[vj, i
D

(
j '$1

pj '

Pi51
n21 [vj ', i

102 expS2
1

2 (
i51

n21 ~Yi 2 [yj ', i !
2

[vj ', i
D + (4)
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Combine the forecasts by[yn
* 5 (j51

` Wj, n [yj, n+

THEOREM 2+ Assume that the errors are Gaussian and that Conditions 0
and 3 are satisfied. Then the risk of the combined procedure satisfies

1

n (
i51

n

ES ~mi 2 [yi
*!2

vi
D

# S11 j2 1
9t

2 D inf
j$1
S2 log~10pj !

n
1

1

nj1
(
i51

n

ES ~mi 2 [yj, i !
2

vi
D

1
C~j1,j2!

n (
i51

n

ES ~ [vj, i 2 vi !2

vi2
DD,

where C~j1,j2! 5 ~10j2 2 1 1 log j2!0j1
2~10j2 2 1!2.

Regarding the constantC~j1,j2!, e+g+, whenj1 5 10j2 5 1
2
_ , C~j1,j2! ' 3+1+

Note that risks of the variance estimators also appear in the preceding perfor-
mance bound and thus for this combining method variance estimation is also
important+ However, we do not need good variance estimation for all the pro-
cedures as long as there is an accurate one for a good proceduredj + The weight-
ing method and the risk bound suggest that procedures with bad forecasts and0or
bad variance estimation receive rather small weights and accordingly have lit-
tle effect on the performance of good procedures+ To have good estimators of
vi , assumptions on the relationship between observations are necessary+ For ex-
ample, one may consider stationary errors that are independent or that have
short-range or long-range dependence+ Performance of variance estimators can
be theoretically justified under reasonable conditions+ For various situations,
the part of risk in the upper bound due to variance estimation in Theorem 2
may be dominated by the risk of prediction+ For example, for prediction based
on nonparametric regression with independent or short-range dependent er-
rors, under mild smoothness conditions, the quantity 10n(i51

n E~~mi 2 [yj, i !
20

vi ! typically converges at a raten2g for some 0, g , 1 but 10n(i51
n E~~ [vj, i 2

vi !20vi2! typically converges at the parametric rate 10n+ In such a case, if the
number of individual forecasting procedures inD is finite, and if in addition
the individual variance estimators converge in the sense that 10jn # [vj, n0vn #
jn holds almost surely withjn r 1, then we again have

lim sup
nr`

(
i51

n

ES ~mi 2 [yi
*!2

vi
D

inf
j$1

(
i51

n

ES ~mi 2 [yj, i !
2

vi
D # 2+
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If no variance estimator is available from the individual forecasters, one can
estimate variances based on the previous realizations ofYi and the correspond-
ing forecasts as follows+

1+ Individual variance estimation for the forecasting procedures.Fix a forecasting
proceduredj + For i 5 1, let [vj, i be any initial guess+ For i . 1, let

[vj, i 5
1

i 2 1 (
l51

i21

~Yl 2 [yj, l !
2+ (5)

Under some conditions~see Proposition 3 in the Appendix!, one can show that
[vj, i 2 vi converges to zero in probability+ Rates of convergence could also be worked
out under additional conditions+

2+ Estimating variance based on the combined forecasts.The combined forecasting
procedure can also be used to estimate variance+ For i 5 1, let [vi be any guess+
Then use this value as the variance estimate for all the forecasting procedures and
accordingly assign weights by~4!+ For i . 1, let

[vi 5
1

i 2 1 (
l51

i21

~Yl 2 [yl
*!2+ (6)

Other estimators~e+g+, based on exponential smoothing! may be more effi-
cient under additional assumptions+

2.3. Combining under Non-Gaussian Errors

When there is a clear indication that the normality assumption on the condi-
tional distributions ofYn does not hold, the combining weights should be mod-
ified+ Let h~t !, t [ R be a probability density function with mean zero and
variance 1, which is thought to better capture the error distribution+ Non-
Gaussian choices ofh allow different degrees of heavy-tailedness in the error
distributions+

Condition 4+ For each pair 0, s0 , 1 andT . 0, there exists a constant
B 5 Bs0,T ~depending ons0 andT ! such that

Eh~ y! log
h~ y!

1

s
hS y 2 t

s
D dy # B~~12 s!2 1 t 2!

for all s0 # s # s0
21 and2T # t # T+

Note that* h~ y! log~h~ y!!0~10s!h~~ y 2 t !0s!dy is the Kullback–Leibler di-
vergence between densityh and a rescaled and relocated density~10s! 3
h~~ y 2 t !0s!+ Under mild conditions, this divergence should behave locally like
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a squared distance+ The condition is satisfied by Gaussian, double-exponential,
t ~with degrees of freedom bigger than 2!, and many other distributions+

We assume that variance estimators are available for the forecasting proce-
dures+ Note that the variance estimators given in~5! and ~6! in the previous
section do not require the normality assumption on the errors; thus they can be
used here also+ Let [sj, i 5 M [vj, i for j $ 1 and i $ 1+ The earlier AFTER algo-
rithm is now modified to compute the weight based on the density functionh
and the variance estimates+ Let Wj,1 5 pj and forn $ 2, let

Wj, n 5

pj Pi51
n21ShSYi 2 [yj, i

[sj, i
D0 [sj, iD

(
j ' $ 1

pj 'Pi51
n21ShSYi 2 [yj ', i

[sj ', i
D0 [sj ', iD + (7)

Combine the forecasts by[yn
* 5 (j51

` Wj, n [yj, n+

THEOREM 3+ Assume that Conditions 0, 3, and 4 are satisfied. Suppose
that h used in (7) indeed characterizes the distributions of the errors in the
sense that for i$ 1, Yi has the conditional density h~~ y2 mi !0si !0si given Zi21 5
zi21 and Xi 5 xi, where si 5 Mvi is the conditional standard deviation of Yi.
Then the risk of the combined procedure satisfies

1

n (
i51

n

ES ~mi 2 [yi
*!2

vi
D

# ~2~11 j2! 1 9t! inf
j$1
S log~10pj !

n
1

Bs0,T

n (
i51

n

ES ~mi 2 [yj, i !
2

vi
D

1
Bs0,T

n (
i51

n

ES ~M [vj, i 2 Mvi !2

vi
DD,

where s0 5 min~Mj1,1YYMj2! and T5 Mt+

2.4. Combining under Density Forecasts

Suppose that at each timei, a forecasterdj comes up with an estimate, say, [pj, i ,
of pi , the conditional density ofYi givenZi21 5 zi21 andXi 5 xi + The estimate
reflects the forecaster’s assessment of the uncertainty inYi prior to its occur-
rence+ Let [yj, i be the mean of the distribution of[pj, i + Various methods have
been suggested to combine probability distribution estimates~for a review on
this topic, see, e+g+, Genest and Zidek, 1986!+ Here our focus is on combining
the density estimates to form a composite forecast ofY+
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Let Wj,1 5 pj , for n $ 2, let

Wj, n 5
pj Pi51

n21 [pj, i ~Yi !

(
j '$1

pj 'Pi51
n21 [pj ', i ~Yi !

, (8)

and combine the forecasts by[yn
* 5 (j51

` Wj, n [yj, n+
Some technical conditions~to be given subsequently! are needed for part of

the next result when[pj, i is of the formgj, i ~~ yi 2 [yj, i !0 [sj, i !0 [sj, i , wheregj, i is a
~nonrandom! density function with mean zero and variance 1+ One hopes that
for at least one forecasterdj , gj, i gets closer and closer~in some sense! to pi as
i r `+

Let F 5 $gu : u [ Q% be a class of density functions on the real line+ Let f be
a given density~ f may or may not be inF!+ Let D~ f 7g! denote the Kullback–
Leibler divergence between two densitiesf andg+ We say thatf has a projec-
tion in F if there existsu* [ Q such that for allu [ Q, D~ f 7gu! 5 D~ f 7gu* ! 1
D~gu*7gu !+ The densitygu* is called the information projection off in F+When
F is an exponential family withgu~x! 5 exp~(i51

k ui wi ~x! 2 c~u!!, wherewi

are linearly independent basis functions andc~u! is the normalizing constant,
the information projection gu* of f exists and is characterized by
* wi ~x! f ~x! dx 5 * wi ~x!gu* ~x! dx for 1 # i # k ~assuming that the integrals
are finite! ~see Csiszár, 1975!+

Now let Fj, i 5 $gj, i
m,s 5 ~10s!gj, i ~~x 2 m!0s! :2` , m , `,s . 0% be the

location-scale family generated bygj, i for j $ 1 andi $ 1+ We need the follow-
ing regularity condition for at least one forecasting proceduredj +

Condition 5+ Suppose that at timei, the true conditional distribution ofYi

has densitypi 5 hi ~~ yi 2 mi !0si !0si , wherehi is a probability density function
with mean 0 and variance 1 and is assumed to have an information projection
in Fj, i + Assume also that the densitiesgj, i , i $ 1 satisfy Condition 4 uniformly
in the sense that the constantsBs0,T in the condition do not depend oni + As-
sume further that there exists a constant 0, c0 , 1 such thatD~gj, i

m,s7gj, i ! $
c0min~m2 1 ~s 2 1!2,1! for all i $ 1+

As mentioned earlier, the projection requirement in Condition 5 is satisfied
if Fj, i are exponential families+ The lower bound condition on the Kullback–
Leibler divergence within each family is mild and typically satisfied+

THEOREM 4+ Assume that Conditions 0 and 3 are satisfied.

1. In general, the risk of the combined procedure satisfies

1

n (
i51

n

ES ~mi 2 [yi
*!2

vi
D # ~2~11 j2! 1 9t! inf

j$1
S log~10pj !

n
1

1

n (
i51

n

ED~ pi 7 [pj, i !D+
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2. For any j$ 1, if dj satisfies Condition 5 and D~hi 7gj, i ! r 0 as i r `, then the
risk of the combined procedure satisfies

1

n (
i51

n

ES ~mi 2 [yi
*!2

vi
D

# C inf
j$1
S log~10pj !

n
1

1

n (
i51

n

D~hi 7gj, i ! 1
1

n (
i51

n

ES ~mi 2 [yj, i !
2

vi
D

1
1

n (
i51

n

ES ~Mvi 2M [vj, i !2

vi
DD,

where C is a constant depending onsupi$1D~hi 7gj, i !, t, j1, j2, c0, and B.

Remarks+

1+ Note that if a proceduredj eventually correctly specifies the distributionhi ,
then the projection requirement in Condition 5 is automatically satisfied for that
procedure+

2+ One could also use the weights in~8! to combine the density estimates+ Yang~2000a,
Sec+ 5! gives a corresponding risk bound in terms of Kullback–Leibler divergence
without the need of Conditions 0, 3, and 5+

Note that because the forms of the conditional densitieshi are unknown, the
combining method pays an additional price of order~10n!(i51

n D~hi 7gj, i !+ If
for the forecasterdj , gj, i gets closer and closer tohi in the Kullback–Leibler
divergence, then this penalty approaches zero+ It may or may not affect the rate
of convergence of the combined procedure, depending on how closegj, i andhi

are to each other+
In particular, from the result, if there is at least one forecasting procedure

that eventually pickshi with good estimates of the conditional means and stan-
dard deviations, the combined procedure based on the AFTER algorithm be-
haves well+ Thus different distribution shapes and assumptions on the dependence
relationship between the errorsei and also on the relationship betweenY and
the outside informationX can be tried out to increase the chance of capturing
the true uncertainty inY+ The theorem shows that if one such choice approxi-
mates the reality well, the combined forecast will automatically perform well+

2.5. A Consistency Property of the Combining Methods

Recall that the prediction error has a decompositionEi ~Yi 2 [yi !
2 5 ~ [yi 2 mi !

2 1
vi + Equivalently, we have

Ei

~Yi 2 [yi !
2

vi
5

~ [yi 2 mi !
2

vi
1 1+
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This quantity measures prediction accuracy conditioning on the information
available at the time+ Note that it is always lower bounded by 1 and should be
close to 1 for a good forecast+ This motivates the following definition+

DEFINITION 2+ A forecasting procedured with forecasts [yi at time i51,2, + + +
is said to be consistent if

1

n (
i51

n

ES ~Yi 2 [yi !
2

vi
Dr 1 asn r `+

Note that from the decomposition mentioned previously, d is consistent if
and only if

1

n (
i51

n

ES ~ [yi 2 mi !
2

vi
Dr 0 asn r `,

which roughly means that the forecasts approach the conditional meanmi ~rel-
ative to the conditional standard deviationMvi !+ This is a desirable property
for a forecasting procedure+

PROPOSITION 1+ Assume that the conditions for Theorems 1–3 are satis-
fied. Suppose that there is at least one consistent forecasting procedure in
the original list. For the combining methods used in Theorems 2 and 3, we
further assume that for at least one consistent forecasting proceduredj *,
the variance estimator becomes more and more accurate in the sense that
~10n!(i51

n E~~vi 2 [vj *, i !20vi2! r 0 as nr `. Then the combined forecasting
procedure is consistent.

The proposition basically indicates that if any original procedure works well,
so does the combined procedure in the consistency sense, even if nonconsistent
procedures are present+ Note that the key characteristic here is that the combin-
ing method does not need to know which original procedure is consistent+ The
conclusion of the proposition follows easily from the results of Theorems 1–3+
A similar result can be derived for the combining method in Section 2+4+

2.6. Combining Forecasts without Variance Estimation

The methods in the previous sections require knowledge of the variances or
appropriate estimates for determining weights for the candidate forecasts+ Some-
times, e+g+, when the data are nonstationary, it may be difficult to estimate the
conditional variance ofYn reliably+ We present a method in this section that
does not require variance estimation+A key idea is borrowed from Catoni~1999!+

Condition 6+ Assume that the forecasts satisfy that supj$1, i$16 [yj, i 2 mi 6 is
bounded above by a positive constantA . 0 with probability one+

192 YUHONG YANG

https://doi.org/10.1017/S0266466604201086 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466604201086


Let c be a fixed nonnegative convex function withc~0! 5 0+ Herec is not
necessarily symmetric about 0+ When c~Yi 2 [yi ! is used as a loss function,
asymmetry ofc is of interest to reflect the reality that over- and underforecast-
ing might have very different consequences~cf+ Newbold and Granger, 1974!+
Becausec is convex, for any a0, there exists a liney 5 ua0

~a 2 a0! 1 c~a0!
~called a supporting line! such thatc is above the line+We further assume sub-
sequently thatc is quadratically off the line andc does not change too dramat-
ically in some sense+ Let c1

' andc2
' denote the right and left derivatives ofc,

respectively+

Condition 7+ There exist constantssc . 0 and Sc . 0 andb . 0 such that for
eacha0 [ R and a supporting liney 5 ua0

~a 2 a0! 1 c~a0! at anya0, we have

c~a! 2 ~ua0
~a 2 a0! 1 c~a0!! $ sc~a 2 a0!2 (9)

and

max
2T#a#T

6c1
' ~a!6 # Sc~11 T !b, max

2T#a#T
6c2
' ~a!6# Sc~11 T !b (10)

for eachT . 0+

Condition 7 essentially restrictsc to be basically quadratic+ The slight gen-
erality is used so as to include asymmetric function

c~a! 5 Hc1a2 whena . 0

c2a2 whena # 0

for some positive constantsc1 Þ c2+ Such a lossc~Yi 2 [yi ! penalizes prediction
error differently when under- or overpredictingY+

We also need a condition on the conditional distributions of the errors+ We
do not require knowledge of its shape as long as certain moment generating
like functions are uniformly upper bounded+

Condition 8+ There exist a constantt0 . 0 and continuous functions 0,
M1~t !,M2~t ! , ` on ~2t0, t0! such that for alln $ 1 and2t0 # t # t0, with
probability one,

En6en62b exp~t 6en6b ! # M1~t !, En exp~t 6en6b ! # M2~t !,

whereb . 0 is the same constant as in Condition 7+

Let Wj,1 5 pj and forn $ 2, let

Wj, n 5

pj expS2l (
i51

n21

c~Yi 2 [yj, i !D
(

j ' $ 1

pj ' expS2l (
i51

n21

c~Yi 2 [yj ', i !D ,
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wherel is a positive constant to be chosen later+ Then the combined forecast-
ing procedured * is defined by [yn

* 5 (j51
` Wj, n [yj, n+

THEOREM 5+ Assume that Conditions 6–8 are satisfied. Then whenl is
chosen small enough, say,0 , l # l0 for some constantl0 depending onsc, Sc,
A, M1, and M2, the mean average risk (under the lossc) of the combined pro-
cedure satisfies

1

n (
i51

n

Ec~Yi 2 [yi
*! # inf

j
S log~10pj !

ln
1

1

n (
i51

n

Ec~Yi 2 [yj, i !D+
In particular, whenc is the square loss, we have

1

n (
i51

n

E~mi 2 [yi
*!2 # inf

j
S log~10pj !

ln
1

1

n (
i51

n

E~mi 2 [yj, i !
2D+

Note that unlike the previous results, no variance estimation is required here
nor is the form of the conditional distribution ofYspecified+ In addition, the loss
~of a constant factor! beyond the additive penalty term is avoided, but under the
strong moment generating function conditions+ A difficulty with this method is
the choice ofl, which can have a dramatic effect on the weights for moder-
aten+ In general, the quantitiesA, M1, andM2 are unknown, and therefore it is
hard to determinel0+ If one is willing to assume a particular form of distribu-
tion ~e+g+, normal!, the quantities can be appropriately bounded, and thenl0 can
be determined~for the regression case with independent errors, cf+ Catoni, 1999!+
In contrast, the earlier algorithms do not require such a tuning parameter+ Some
simulation results in the context of nonparametric regression with independent
errors in Yang~2001! suggest that when the true error distribution is double-
exponential but weight calculations are based on normal error, estimation accu-
racy is significantly decreased+ On the other hand, when both types of error
distributions are considered, the combined procedure behaves as if it knew which
error distribution is the correct one+ Thus we tend to recommend the use of the
earlier methods when one has reasonably strong confidence that some members
of the chosen error distribution set closely reflect the true error distribution+

2.7. Potential Applications

2.7.1. Forecasting Based on RegressionHere we use an example to dem-
onstrate how AFTER can be used to obtain forecasts that are adaptive to mul-
tiple scenarios+

Suppose that the response variableYi and the outside informationXi 5
~Xi1, + + + ,Xid ! have the regression relationship

Yi 5 m~Xi ! 1 ei ,

wherem is the unknown regression function assumed to be uniformly bounded
and whereei are Gaussian errors with mean zero and finite variances+ Suppose
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that the explanatory variableX takes values in a bounded cube, which is then
taken to be@0,1# d without loss of generality+ In addition, we assume that the
errors andXi are independent of each other and that the unknown design den-
sity of X with respect to Lebesgue measure is bounded above and away from
zero on@0,1# d+ In practical situations, especially whend is large, it is usually
difficult to know the form ofm or how the errors are related to each other+
Accordingly one may consider different scenarios in the hope that some of them
capture the characteristics of the data and result in good forecasts+We consider
several models0procedures here+ In the first five cases, the errors are assumed
to be independent+ For such a scenario, as is well-known, prediction of the next
response is basically equivalent to estimation ofm+

1+ Linear regression.Here m is assumed to be of the formm~x1, + + + , xd! 5
b0 1 (i51

d bi xi + One can use the least squares method to estimate the param-
eters+ The squaredL2 risk for estimatingm is of the parametric rate 10n if the
model holds+ One may also consider other plausible parametric models~e+g+,
including quadratic or higher order and0or cross product terms of the variables!+

2+ Wavelet regression.For 1 # s,q # ` and a . 0, let Bq,s
a,d~C! be the

collections of all functionsg [ Lq@0,1# d such that the Besov norm satisfies
7g7Bq,s

a,d # C ~see, e+g+, Triebel, 1975; DeVore and Lorentz, 1993!+ Besov~and
similarly defined Triebel’sF! classes contain a rich collection of function classes,
including Sobolev classes, fractional Sobolev classes, and Hardy classes+ The
richness of these classes provides a great deal of flexibility~e+g+, spatial in-
homogeneity! for statistical function estimation+ The minimax rate of con-
vergence for estimating a functionm [ Bq,s

a,d~C! under the squaredL2 loss is
n22a0~2a1d! ~see, e+g+, Donoho and Johnstone, 1998; Yang and Barron, 1999!+
For d 5 1, Donoho and Johnstone~1998! show that wavelet thresholding tech-
niques naturally lead to minimax-rate optimal estimators+ Furthermore, the es-
timators are adaptive in the sense that the hyperparameterss,q, anda need not
be known in advance+ For d . 1, one can consider tensor-product wavelet bases
and expect similar minimax optimal results+

3+ Tensor-product wavelets with different interaction order.Supposed is large+
When the smoothness parametera is small or moderate, the convergence rate
n22a0~2a1d! for the Besov classBq,s

a,d~C! is slow: the phenomenon known as the
“curse of dimensionality+” To overcome the “curse,” one may consider~some-
what enlarged! Besov classes of different interaction orders as follows:

Sq,s
a,1~C! 5 H(

i51

d

gi ~xi ! : gi [ Bq,s
a,1~C!, 1 # i # dJ ,

Sq,s
a,2~C! 5 H (

1#i,j#d

gi, j ~xi , xj ! : gi, j [ Bq,s
a,2~C!, 1 # i , j # dJ ,

I

Sq,s
a,d~C! 5 Bq,s

a,d~C!+
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Note that the simplest function classSq,s
a,1~C! contains additive functions~no

interaction!+ These classes have different effective input dimensions~between
1 andd!+ By results of Yang and Barron~1999!, the minimax rate of conver-
gence under squaredL2 loss for estimatingm in Sq,s

a, r ~C! is n22a0~2a1r ! for 1 #
r # d, as suggested by the heuristic dimensionality reduction principle of Stone
~1985!+ Note that whenr is small relative tod, the convergence rate is much
improved compared withn22a0~2a1d! + Corresponding to these classes of differ-
ent interaction orders, one can consider tensor-product wavelets of different in-
teraction orders+ With an appropriate thresholding, one expects to obtain an
estimator that converges optimally for everySq,s

a, r ~C! without knowing the hyper-
parameterss, q, a, andr+

4+ Neural nets.Let N~C! be the closure inL2@0,1# d of the set of all functions
g :Rd r R of the formg~x! 5 c0 1 (i ci s~vi'x 1 bi ! ~where the prime denotes
the transpose!, with 6c061 (i 6ci 6 # C, and7vi 75 1, wheres is the step func-
tion s~t ! 5 1 for t $ 0, ands~t ! 5 0 for t , 0+ The minimax rate for estimat-
ing m [ N~C! under the squaredL2 loss is shown to be bounded between

n2~1120d !0~2110d ! ~ log n!2~1110d !~1120d !0~2110d ! and ~n0 log n!2~1110d !0~2110d !

(11)

~see Yang and Barron, 1999!+ When d is large, the rate is slightly better than
n2102 ~independent ofd!, which avoids the “curse of dimensionality+” Estima-
tors at rateO~ log n0n102! using finite-dimensional neural network models are
in, e+g+, Barron~1994!+

5+ Kernel regression.With kernel methods, universally consistent estimators
have been derived underLq loss without any assumption on the joint distribu-
tion of ~X,Y! other than the necessary existence of the corresponding moment
of Y ~see, e+g+, Stone, 1977; Devroye and Wagner, 1980!+ Thus we have a con-
sistent kernel estimator under the squaredL2 loss+

Now suppose that one suspects that the random errors may be correlated+
For simplicity, assume that the errors are stationary and normally distributed
with Cov~ei ,ei1j ! of order 6 j 62g for someg . 0+ When 0, g # 1, the errors
are said to be long-range dependent+

6+ Prediction under long-range dependence.Suppose that the errors are long-
range dependent+ Then estimation of the regression function can be severely
hampered~see Hall and Hart, 1990; Wang, 1996; Johnstone and Silverman,
1997; Efromovich, 1999; Yang, 1997!+ However, as long as the dependence
parameter is known, prediction is not harder at least in terms of rate of conver-
gence~Yang, 1997!+When the dependence is unknown, the prediction problem
becomes more complicated+ At this point, we are not aware of general results
in that direction+ We here assume thatg is known and the regression function
m has the neural net representation as in case 4+ Then one can construct a fore-
casting procedure converging at rateO~n2102!+

Now we combine the forecasts based on the preceding six cases using the
method in Section 2+2+ If the errors are independent, then when the true regres-
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sion function is linear in the variablesxi ,1 # i # d, the prediction risk of the
combined procedure converges at rate 10n; whenm is in Bq,s

a,d~C! with a rela-
tively large compared tod, the risk converges at a good raten22a0~2a1d!; when
m is in Sq,s

a, r ~C! for some smallr, then the risk converges at raten22a0~2a1r !;
whenm is not in any of these cases, but has the neural net representation, then
the risk also converges at a good rateO~ log n0n102!+ Even if m is not smooth at
all, the combined forecasting procedure is still consistent+ If the errors are long-
range dependent with the dependence parameter correctly specified in case 6,
and if m has the neural net representation, the risk converges at rateO~n2102!+

The key point here is that by combining the different forecasts, the mixed
forecasting procedure automatically adapts to different scenarios for a good rate
of convergence+

2.7.2. Single series forecastingFor this case, one is interested in predict-
ing a variable based on its past values+ Here no outside information is used to
help prediction+

Let Y1, Y2, + + + be a univariate time series+ Different tools, including Box–
Jenkins methods using ARIMA models~Box and Jenkins, 1976!, exponential
smoothing~e+g+, Holt, 1957;Winters, 1960!, and models based on, e+g+, econo-
metric theories have been proposed and widely used in practice+ Note that fore-
casting based on ARIMA modeling typically requires selection of appropriate
autoregressive, moving average, and differencing orders+ As pointed out in the
introduction to this paper, in the regression~and classification! context~s!, it is
now known that selection often causes unnecessarily large variability and does
not perform as well as combining the models appropriately+ It seems reason-
able to expect a similar phenomenon in the time series forecasting context+ Thus
the AFTER algorithms could be used to combine plausible ARIMA models of
different orders+ Another way of using the algorithms is to combine, e+g+, a
forecast based on the ARIMA technique and a forecast based on exponential
smoothing+

Many authors on combining forecasts have commented that one might ex-
pect a greater improvement when the procedures are more distinct in nature
~see, e+g+, Newbold and Granger, 1974!+ It may also be worthwhile to combine
procedures0models of similar nature to avoid a large variability due to selec-
tion+ See Zou and Yang~2003! for empirical results in that direction+

3. COMBINING FORECASTS FOR A BETTER PERFORMANCE

The results given so far deal with combining forecasts for adaptation; i+e+, the
purpose of combining the individual forecasts is to achieve the best overall
performance over time among all the competing forecasts+ In applications, the
more aggressive goal of combining procedures for improving the individual
forecasts is certainly appealing+ See Clemen, Murphy, and Winkler~1995! for
a discussion of the difference between the two directions in combining forecasts+
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In this section, we consider linear combinations of forecasts with a certain
constraint+ The treatment is mainly theoretical because the combining methods
we study are hard to implement in applications+ Our purpose is to address sev-
eral important issues on combining forecasts for a better performance+ The theo-
retical understanding can be very helpful when evaluating practically feasible
combining methods+ Related theoretical results on linearly combining nonpara-
metric regression procedures with independent errors are in Juditsky and
Nemirovski~2000! and Yang~in press!+ Some practical combining methods for
regression have been proposed by Wolpert~1992!, Breiman ~1996a!, and
LeBlanc and Tibshirani~1996!+

Let D 5 $d1,d2, + + + % be the set of original forecasting procedures+ One hopes
that a certain linear combination of them will significantly outperform any of
the individual procedures+ There are two related issues that we want to address:

1+ stability versus pursuing further improvement;
2+ sparsity in combining+

In addition to higher computational cost, there must also be a price in terms
of statistical performance for searching for the best linearly combined proce-
dure+ The price will be quantified in a minimax framework in terms of the num-
ber of procedures being combined+ As intuition suggests, the more procedures
involved in combining, the bigger the price one needs to pay as a result of the
increased variability of the combined forecast+ The first issue then amounts to
the comparison of the potential gain and the price of combining more forecast-
ing procedures+ If the potential gain is larger than the price, then there is an
advantage in combining more procedures~ignoring the computational cost!+ Of
course, in applications, one does not know the optimal trade-off between the
potential gain and the price+ Thus it would be nice to have a combined proce-
dure that automatically behaves the right way: that would be both conservative
~which targets the best performance based on a small number of procedures to
avoid a large variability! and aggressive~which targets the best performance
based on a large number of procedures to increase the potential gain!, which-
ever is better+ Sparseness in combining is also an important issue+ If many co-
efficients in a linear combination of the procedures are rather small, keeping
the important ones only can lead to a much better performance because of the
much reduced variability of the resulting forecast+ Because one does not know
which coefficients are important in advance, some sort of search over sparse
combinations is needed+

Empirical evidence suggests that simple combining methods sometimes out-
perform more complicated versions+ A possible explanation, as proposed by
several researchers~e+g+, Figlewski and Urich, 1983; Kang, 1986; Clemen and
Winkler, 1986!, is that more complicated combining methods have a much larger
variability+ Our theoretical results tend to support this view+

For simplicity in illustration, in this section we will assume normality of the
conditional distributions of the future response given the past data and the present
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outside information and will also assume that the variancesvi are known and
bounded above and below by some positive constants as in Corollary 1+ How-
ever, similar results can be obtained with little difficulty for the other cases
considered in Section 2 with weaker assumptions+

3.1. What Is the Price of Linearly Combining for Improvement?

Let D 5 $d1, + + + ,dM % be a finite collection of forecasting procedures withdj

producing forecast [yj , i at time i + Consider the linear combination of the
procedures:

[yi
u 5 (

j51

M

uj [yj, i , i $ 1,

whereu 5 ~u1, + + + ,uM ! satisfies the constraint(j51
M 6uj 6 # 1+ Let du denote the

corresponding forecasting procedure and letQ 5 QM denote the set of all such
u+ Let u* be the minimizer of~10n!(i51

n E~mi 2 [yi
u!2 over u [ Q and let

R~M;n;D! denote the minimized value+ It captures the best performance among
all the linearly combined procedures subject to the constraint+ Targetingdu*

~which is unknown!, we combine the proceduresdu using the AFTER algo-
rithm with u restricted to a finite setQD , Q+ An appropriate choice ofQD ~see
the proof of Theorem 6 in the Appendix! leads to the following result+ Let dM

denote the combined forecasting procedure+ Recall that for a forecasting proce-
dured with forecast [yi for i $ 1, R~d;n! 5 ~10n!(i51

n E~mi 2 [yi !
2 is the mean

average square risk+

THEOREM 6+ Assume that Conditions 1 and 2 are satisfied. The risk of the
combined proceduredM can be bounded as follows:

R~dM ;n! # C5R~M;n;D! 1
M log~11 n0M !

n
when M, Mn

R~M;n;D! 1
log M

Mn log n
when M$ Mn

,

where C is a constant depending on A1, A2, and A3 (as in Conditions 1 and 2).
In particular, if M 5 Mn # C0nt for somet . 0 and C0 . 0, then

R~dM ;n! # C ' 5R~M;n;D! 1
log n

n12t when0 # t , 2
1
2

R~M;n;D! 1 S t log n

n
D102

when2
1
2 # t , `,

(12)

where the constant C' depends on A1, A2, A3, and C0.
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Remark+ A similar result in the regression context suitable whenM $ Mn is
given in Juditsky and Nemirovski~2000!+

The result characterizes the performance of the combined procedure in
terms of the best linear combination~subject to the constraint! and a penalty+
For nonparametric estimation or prediction, exact risks are usually too difficult
to obtain without restrictive conditions, and accordingly convergence rates
are used to compare procedures+ The result implies that when combiningM 5
C0nt procedures, the combined forecast has mean average risk converging at
the rate of the best combination plus a penalty term or price, which is of order
~t log n0n!102 whent $ 1

2
_ and is of ordern2~12t! log n when 0# t , 1

2
_ +

Define

cn~M ! 5 5
M log~11 n0M !

n
1 # M , Mn

log M

Mn log n
M $ Mn+

Note thatcn~M ! is the penalty term associated with the combined procedure
for not knowing which linear coefficients work the best+ The termcn~M ! in-
creases asM increases and thus can be viewed as a complexity penalty of com-
bining M procedures~relative to the sample size!+Whenn is small, the price of
combining a large number of procedures is very high, but whenn becomes
large, more forecasts can be combined for a relatively low price+

One might wonder if the price we gave previously for combining forecasts is
really necessary or rather is due to suboptimal combining+ In fact, the upper
bound given previously is almost optimal in the sense that it cannot be im-
proved much in general as shown in the following result+ For simplicity, as-
sume that the conditional variance ofYi given zi21 andxi is 1 for i $ 1+ For a
real numbera, let {a} denote the largest integer no bigger thana+

THEOREM 7+ Consider Mn 5 {nt} for somet . 0. There exist Mn proce-
duresDMn

5 $dj ,1 # j # Mn% satisfying Condition 2 such that for any combined
procedured based onDMn

, one can find a case of true data generating process
such that

R~d;n! 2 R~M;n;DMn
! $ C '' Hn2~12t! when0 # t # 2

1
2

S log n

n
D102

when2
1
2 , t , `,

where the constant C'' does not depend on n.

Thus no matter how carefully a combining procedure is constructed, it can-
not be uniformly close to the ideal performanceR~M;n;DMn

! within an order
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smaller than the one given earlier+ Note that the lower rate matches the upper
rate in Theorem 6 whent . 1

2
_ and the upper and lower rates differ only in

logarithmic factors when 0# t # 1
2
_ +

Theorems 6 and 7 together with Corollary 1 provide some understanding of
the question of whether one should combine for adaptation or combine for im-
provement+ By Corollary 1, and taking the uniform prior weight on theMn pro-
cedures, combining for adaptation yields risk of order

inf
1#j#Mn

R~dj ;n! 1
log Mn

n
+

If Mn does not increase exponentially fast, log Mn0n is of order logn0n, which
is usually negligible for nonparametric estimation or prediction+ Then combin-
ing for adaptation achieves the best performance~rate! among theMn forecast-
ing procedures+ In terms of rate of convergence of the mean average risk,
linearly combiningnt procedures for better performance is guaranteed to do
better than combining for adaptation only when bothR~Mn;n;DMn

! and the
penalty term~log n0n!102 for t . 1

2
_ and n2~12t! for 0 # t # 1

2
_ converge at

a faster rate than inf1#j#Mn
R~dj ;n! 1 ~ log Mn!0n+ Otherwise, the linearly

combined procedure can do worse or even much worse than combining for
adaptation+ Thus it is not automatically advantageous to combine forecasting
procedures for improvement+

Theorems 6 and 7 can also help us to understand how many procedures should
be combined+ Note that inf1#j#Mn

R~dj ;n! is nonincreasing as more forecasting
procedures are included inD, but on the other hand the penaltycn~Mn! in-
creases+ Thus one needs a good trade-off between the potential gain and the
complexity penalty+ In the next section, a method will be given to automati-
cally achieve the best trade-off+

3.2. Combining with Multiple Discretization Accuracies

In the construction of the combined forecast in the previous section, a discret-
ization is used that is chosen according ton ~among other things!+ This is un-
desirable because it requires knowledge of how many times one will forecast
in the future+ Theoretically speaking, the problem can be fixed by considering
different discretization accuracies at the same time+ In addition, we will seek
automatic balance between the potential gain and the complexity penalty+

Let D 5 $d1, d2, + + + % be a list of forecasting procedures+ Let DM 5
$d1,d2, + + + ,dM %+ Fix M for the time being+ For eachk $ 1, consider a beste-net
Nk ~under thel1

M distance! in QM with 2k points ~which minimizes the maxi-
mum distance between a point inQM and the closest point in the net!+ From
Schütt~1984, Theorem 1!, the entropy number under thel1

M distance is upper
bounded bycf~M, k!, where
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f~M, k! 5 5
1 if 1 # k # log2 M

log2~11 M0k!

k
if log2 M # k # M

222k0MM21 if k . M

andc does not depend onM or k+ We combine the 2k corresponding forecast-
ing procedures~linear combinations of the originalM procedures withu in Nk!
for adaptation using the uniform prior weight+ Denote the procedure byd~M, k!+
By Corollary 1,

R~d~M, k!;n! # CS k

n
1 R~M;n;DM ! 1 f2~M, k!D,

whereC is a constant depending onA1, A2, andA3+ For convenience, we will
use the same symbolC to denote any constant that may depend onA1, A2,
andA3+

Define log* by log* x 5 log~x 1 1! 1 2 log log~x 1 1!+ Now we combine
the procedures$d~M, k! :M $ 1, k $ 1% for adaptation with the prior weight
ce2log*M2log*k, where the constantc is chosen to normalize the weights to sum
to 1+ Let d * denote this forecasting procedure+ It follows again from Corollary 1:

R~d * ;n! # C inf
M, k
SR~M;n;DM ! 1

k

n
1 f2~M, k! 1

log M

n
1

log k

n
D+

Compared with the other terms, ~log M0n! 1 ~ log k0n! are asymptotically neg-
ligible+ Thus the final combined procedure behaves automatically as well as if
it knew the optimal discretization accuracy that balancesk0n andf2~M, k! and
knew also the optimal number of proceduresMn that balancesR~M;n;DM ! and
infk~~k0n! 1 f2~M, k!!+ In particular, for eachn and M, by taking k as in the
proof of Theorem 6, we have

R~d * ;n! # C inf
M

~R~M;n;DM ! 1 cn~M !!+ (13)

Note that the upper bound agrees in order with that in Theorem 6 but the com-
bining procedure does not need to known in advance+ Up to a constant factor,
the combined forecast automatically achieves the best trade-off between risk
reduction and the complexity penalty for combining+

3.3. Sparsely Combining

In some cases, when combining many procedures, the best linear combination
may concentrate on only a few of them+ For such a case, combining only the
important procedures leads to a much better performance because of the signif-
icantly reduced variability in the final combined procedure+ Usually one does
not know which of the original procedures are important individually, and even
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if one does, some of the individually important procedures may not be needed
in the best linear combination+ Without such knowledge, we consider different
sparse combinations of the candidate forecasts+

The idea is to combine each suitable subset of the candidate procedures for
improvement and then combine the new ones for adaptation~over the different
subsets!+ For each integerM . 1, 1 # L , M, and a subsetSof $1,2, + + + ,M % of
size L, let d~S! be the linearly combined~for improvement! procedure based
on $dj : j [ S% using multiple discretization accuracies as in the construction of
d * in the previous section+ Then letdM, L be the combined~for adaptation! pro-
cedure based on all suchd~S! with the uniform prior weight10SM

LD ~there are

SM
LD many such procedures!+ Then let d~M ! be the combined~for adaptation!

procedure based ondM,1, + + + ,dM,M21 using the uniform prior weight 10~M 2 1!+
Let dF

* denote the combined~for adaptation! procedure based ond~M !, M $ 2
with the prior weight c' exp~2log*M !, where the constantc' is chosen
such that(M52

` c'e2log* M 5 1+ Let D~S! denote the collection of procedures
$dj : j [ S%+ Based on Corollary 1, we have

R~dF
* ;n! # C inf

M$2
S inf

1#L#M21
S inf
6S65L,S,$1,2, + + + ,M %

R~M;n;D~S!! 1 cn~L! 1
log~L

M!

n
DD

# C inf
M$2

S inf
1#L#M21

S inf
6S65L,S,$1,2, + + + ,M %

R~M;n;D~S!! 1 cn~L! 1
L log M

n
DD+

(14)

Compared with upper bound~13!, we see the potential advantage of sparse
combining+ Let Mn achieve the best trade-off betweenR~M;n;DM ! andcn~M !+
Suppose there existsD~S! , $1,2, + + + ,Mn% with L 5 6D~S!6 much smaller than
Mn andR~Mn;n;D~S!! is only slightly larger thanR~Mn;n;DM !+ Thencn~L! 1
~L log Mn!0n is much smaller thancn~Mn! if Mn does not grow exponentially
fast+ For such a case, sparse combining avoids unnecessarily large variability
in combining all the firstMn procedures+

Sparse approximation0estimation has been effectively used for wavelet esti-
mation ~see, e+g+, Donoho and Johnstone, 1994, 1998; Johnstone, 1999! and
also has been applied to general model selection~see Yang and Barron, 1998,
1999; Barron, Birgé, and Massart, 1999!+

3.4. Adaptively Combining Forecasts

The results in the previous sections provide helpful insight into the difference
between combining for adaptation and combining for improvement; on poten-
tial gain and the price of combining forecasts; and on the advantage of sparse
combining+ In practice, however, one does not know which scenario one is in
and therefore can not gauge beforehand the optimal combining strategy+ If one
indiscriminately combines a large number of procedures, one might end up with
a much worse performance compared with combining for adaptation+ In this
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section, we give an adaptive combining method that overcomes these difficul-
ties, at least in theory+ Here we show that when combining the procedures prop-
erly, one can have the potential of obtaining a large gain in forecasting accuracy
yet without losing much when there happens to be no advantage in considering
sophisticated linear combinations for improvement+

Consider three different approaches for combining procedures inD 5
$d1,d2, + + + % +

The first approach is to combine the procedures for adaptation+ Here one
intends to capture the best performance~in terms of rate of convergence! among
the candidate procedures+ Let dA

* denote this combined procedure based onD
using the AFTER algorithm as given in Section 2+ WhenD is not a finite col-
lection, one cannot use uniform prior weight+ One choice of prior weightpj is
ce2log* j, where the constantc is chosen to normalize the weights to sum to 1+
Based on Corollary 1, we have

R~dA
* ;n! # C inf

j
S log~ j 1 1!

n
1 R~dj ;n!D 5: CR1

*~n;D!+ (15)

If one procedure, say, dj * , behaves the best asymptotically, then the penalty is
of order 10n+ If the best procedure changes according ton, then infj ~ log~ j 11!0
n 1 R~n;dj !! is a trade-off between complexity and estimation accuracy+

The second approach targets the best performance among all the linear com-
binations of the original procedures up to different orders+ This is the combin-
ing procedure described in Section 3+2+ Let dB

* denote this procedure+ Then

R~dB
* ;n! # C inf

M
~R~M;n;DM ! 1 cn~M !! 5: CR2

*~n;D!+

The third approach is to combine the procedures through various sparse com-
binations as described in Section 3+3+ Let dC

* denote this procedure+ Then

R~dC
* ;n! # C inf

M$2
S inf

1#L#M21
S inf
6S65L,S,$1,2, + + + ,M %

R~M;n;D~S!! 1 cn~L! 1
L log M

n
DD

5: CR3
*~n;D!+

Now we combine these three proceduresdA
* , dB

* , and dC
* with equal prior

weight 1
3
_ and let dF denote the final combined procedure+ Note that this is

still a linear combination of the original procedures+ We have the following
conclusion+

PROPOSITION 2+ Assume Conditions 1 and 2 are satisfied. Then the com-
bined procedure satisfies

R~dF ;n! # C min~R1
*~n;D!,R2

*~n;D!,R3
*~n;D!!,

where C is a constant depending only on A1, A2, and A3.
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Thus in terms of rate of convergence, first of all, the combined forecasting
procedure converges as fast as any original procedure+ Second, when linear com-
binations of the firstMn procedures~for someMn . 1! can improve estimation
accuracy dramatically, one pays a price at most of ordercn~Mn! for the better
performance+ When certain linear combinations of a small number of proce-
dures perform well, the combined procedure can also take advantage of that+ In
summary, the combined procedure is automatically both aggressive in pursuing
greater accuracy improvement and conservative in avoiding paying a price higher
than the potential gain+

4. CONCLUDING REMARKS

Combining forecasts is a useful technique for sharing strengths of different fore-
casting procedures+ There are two closely related directions in combining fore-
casts: combining for adaptation and combining for improvement+

An algorithm, AFTER, is proposed for combining forecasts for adaptation+
The method assigns weights to the candidate procedures according to their per-
formances thus far and relies on the specification of the forms~e+g+, Gaussian
or double-exponential! of the conditional distributions ofY given the past data
and the current outside information+ One may use a fixed specification for com-
bining or use specifications from the individual forecasters+When the common
specification for the first case or the individual specifications corresponding to
the best forecasts capture the true uncertainty inY well, the AFTER algorithm
is shown to have a prediction risk automatically close to the best procedure+ No
assumption on the relationship between different forecasts is needed for the
result+ In applications, various model assumptions on the relationship between
Y and the outside informationX and on dependence structure among the errors
~noise! can be considered in constructing individual predictions+ The resulting
forecasts and also additional forecasts based on subjective assessments can be
combined+ The algorithm AFTER is easy to implement in practice+ Combining
without specifying or estimating the conditional distributions ofY is also stud-
ied under assumptions on certain moment generating functions+

An alternative to combining procedures is selecting the best one+ Model se-
lection criteria can be used in that regard when combining model-based fore-
casts+ However, model selection is often unstable, which causes a rather large
variability in prediction+ Combining with appropriate weighting as by AFTER
gives more stable predictions and accordingly yields better performance+

In the other direction, we studied linearly combining~subject to a constraint!
forecasts for improving the individual procedures+ Because the “optimal” weights
are estimated, one must pay a price in the sense that the risk of the combined
forecast is larger in general than that of the best linear combination+ The poten-
tial gain and the price in terms of prediction accuracy are theoretically quan-
tified+ The result supports the empirical finding that combining does not
necessarily lead to performance improvement and indiscriminate combining of
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a number of forecasts can have a much worse performance compared to the best
individual procedure+ In addition, we showed an advantage of sparse combin-
ing+A multipurpose combining method is shown to be able to automatically bal-
ance the potential gain and the complexity penalty; it takes advantage of sparse
combining when only a few procedures have large weights for the best linear
combination; and it always achieves~in rate! the best individual performance+

Our results on linearly combining forecasts for improvement are mainly theo-
retical+ Computationally feasible methods need to be developed with similar
properties+ In addition to linear combining, nonlinear methods may also prove
helpful for sharing strengths of different procedures+ Another interesting and
challenging research direction is combining prediction intervals+ See Taylor and
Bunn ~1999! for some simulation results+ Further theoretical research on these
topics, in our opinion, will be a fruitful guide for combining forecasts in practice+
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APPENDIX: PROOFS OF THE RESULTS

Proof of Theorem 1. Let

f n 5 Pi51
n

1

M2pvi
expS2

1

2vi
~ yi 2 mi !

2D
5

1

~2p!n02Pi51
n vi102

expS2
1

2 (
i51

n ~ yi 2 mi !
2

vi
D
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and

qn 5 (
j51

`

pj Pi51
n

1

M2pvi
expS2

1

2vi
~ yi 2 [yj, i !

2D
5

1

~2p!n02Pi51
n vi102

(
j51

`

pj expS2
1

2 (
i51

n ~ yi 2 [yj, i !
2

vi
D+

Consider log~ f n0qn!+ By monotonicity of the log function, for each fixedj * $ 1, we
have

log~ f n0qn! # log1 expS2
1

2 (
i51

n ~ yi 2 mi !
2

vi
D

pj * expS2
1

2 (
i51

n ~ yi 2 [yj *, i !
2

vi
D 2

5 log~10pj * ! 1
1

2 (
i51

n ~ yi 2 [yj *, i !
2 2 ~ yi 2 mi !

2

vi
+ (A.1)

On the other hand, observe

qn 5 (
j51

` pj

M2pv1
expS2

1

2v1
~ y1 2 [yj,1!2D

3

(
j51

` pj

M4p2v1v2
expS2

1

2v1
~ y1 2 [yj,1!2 2

1

2v2
~ y2 2 [yj,2!2D

(
j51

` pj

M2pv1
expS2

1

2v1
~ y1 2 [yj,1!2D

3 {{{ 3

(
j51

` pj

Pi51
n M2pvi

expS2(
i51

n 1

2vi
~ yi 2 [yj, i !

2D
(
j51

` pj

Pi51
n21M2pvi

expS2(
i51

n21 1

2vi
~ yi 2 [yj, i !

2D +

Let pi 5 ~1YYM2pvi !exp~2~ yi 2 mi !
202vi ! and gi 5 1YYM2pvi(j51

` Wj, i exp~2@~ yi 2
[yj, i !

202vi #!+ It follows by definition of Wj, i that log~ f n0qn! 5 (i51
n log~ pi 0gi !+ To-

gether with~A+1!, we have

(
i51

n

logS pi

gi
D # log~10pj * ! 1

1

2 (
i51

n ~ yi 2 [yj *, i !
2 2 ~ yi 2 mi !

2

vi
+ (A.2)
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Taking expectation on both sides of~A+2! under the conditional distribution ofYn given
Zn21 5 zn21 andxn, we have

(
i51

n21

logS pi

gi
D1 En logS pn

gn
D

# log~10pj * ! 1
1

2 (
i51

n21 ~ yi 2 [yj *, i !
2 2 ~ yi 2 mi !

2

vi

1 EnS ~ yn 2 [yj *,n!2 2 ~ yn 2 mn!2

2vn
D+ (A.3)

Becauseyn 5 mn 1 en, whereEnen 5 0, we have

~ yn 2 [yj *,n!2 2 ~ yn 2 mn!2 5 ~mn 2 [yj *,n!2 2 2en~ [yj *,n 2 mn!

and

En @en~ [yj *,n 2 mn!# 5 ~ [yj *,n 2 mn!Enen 5 0+

It follows that

EnS ~ yn 2 [yj *,n!2 2 ~ yn 2 mn!2

2vn
D 5

~mn 2 [yj *,n!2

2vn
+

Observe that under the normality assumption on the errors,

En logS pn

gn
D 5Epn log

pn

gn

dyn $ E~Mpn 2Mgn!2 dyn,

where the inequality is the familiar relationship between the Kullback–Leibler diver-
gence and the squared Hellinger distance+ Let mpn

~5 mn!, vpn
~5 vn!, andmgn

~5 [yn
*!, vgn

denote the means and variances ofpn and gn, respectively+ Under Condition 0, it can
be easily verified thatvgn

# vn 1 ~2supj$16 [yj, n 2 mn6!2 # vn~1 1 4t!+ Observing that
6mpn

2 mgn
6 5 6mn 2 [yn

* 6 # supj$16 [yj, n 2 mn6 # Mvnt, together with Lemma 1, which
follows, we have that

E~Mpn 2Mgn!2 dyn $
~mn 2 [yn

*!2

2vn 1 2vgn
1 6mpn

2 mgn
62

$
~mn 2 [yn

*!2

2vn 1 2vn~11 4t! 1 vnt
+

It follows that

En logS pn

gn
D $ E~Mpn 2Mgn!2 dyn $

~mn 2 [yn
*!2

vn~4 1 9t!
+
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Together with~A+3!, we have

(
i51

n21

logS pi

gi
D1

~mn 2 [yn
*!2

vn~4 1 9t!

# log~10pj * ! 1
1

2 (
i51

n21 ~ yi 2 [yj *, i !
2 2 ~ yi 2 mi !

2

vi
1

~mn 2 [yj *,n!2

2vn
+

Thus

ES(
i51

n21

logS pi

gi
D2

1

2 (
i51

n21 ~ yi 2 [yj *, i !
2 2 ~ yi 2 mi !

2

vi
D

# log~10pj * ! 2 ES ~mn 2 [yn
*!2

vn~4 1 9t!D1 ES ~mn 2 [yj *,n!2

2vn
D+

Handle log~ pn210gn21! 2 @~ yn21 2 [yj *,n21!2 2 ~ yn21 2 mn21!2#0vn21 the same way as
for i 5 n, and similarly for other 1# i , n 2 1, we have

(
i51

n

ES ~mi 2 [yi
*!2

vi ~4 1 9t!D # log~10pj * ! 1 (
i51

n

ES ~mi 2 [yj *, i !
2

2vi
D+

Because the preceding analysis holds for everyj *, it follows that

(
i51

n

ES ~mi 2 [yi
*!2

vi ~4 1 9t!D # inf
j$1
Slog~10pj ! 1 (

i51

n

ES ~mi 2 [yj, i !
2

2vi
DD+

The conclusion of Theorem 1 then follows+ This completes the proof of Theorem 1+ n

Proof of Theorem 2. We only need to modify the proof of Theorem 1+ Define f n as
before but modifyqn to be

qn 5 (
j51

`

pj Pi51
n

1

M2p [vj, i
expS2

1

2 [vj, i
~ yi 2 [yj, i !

2D
5 (

j51

`

pj

1

~2p!n02Pi51
n [vj, i102 expS2

1

2 (
i51

n ~ yi 2 [yj, i !
2

[vj, i
D+

As before, for each fixedj * $ 1, we have

log~ f n0qn! # log1 ~Pi51
n ~2pvi !2102!expS2

1

2 (
i51

n ~ yi 2 mi !
2

vi
D

pj * ~Pi51
n ~2p [vj *, i !2102!expS2

1

2 (
i51

n ~ yi 2 [yj *, i !
2

[vj *, i
D 2

5 log~10pj * ! 1
1

2 (
i51

n Slog
[vj *, i
vi

1
~ yi 2 [yj *, i !

2

[vj *, i
2

~ yi 2 mi !
2

vi
D+ (A.4)
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Taking expectation conditioned onzi21 andxi , we have

EiSlog
[vj *, i
vi

1
~ yi 2 [yj *, i !

2

[vj *, i
2

~ yi 2 mi !
2

vi
D 5

~mi 2 [yj *, i !
2

[vj *, i
1
vi
[vj *, i

2 1 2 log
vi
[vj *, i
+

(A.5)

Similarly as before, log~ f n0qn! 5 (i51
n log~ pi 0gi !, wheregi is modified to be

gi 5 (
j51

`

Wj, i

1

M2p [vj, i
expS2

~ yi 2 [yj, i !
2

2 [vj, i
D+

Together with~A+4! and~A+5!, we have

(
i51

n

E logS pi

gi
D # log~10pj * ! 1

1

2 (
i51

n

ES ~mi 2 [yj *, i !
2

[vj *, i
1
vi
[vj *, i

2 1 2 log
vi
[vj *, i
D+ (A.6)

Notice that as beforeEi log~ pi 0gi ! $ *~Mpi 2 Mgi !
2 dyi , and using the fact thatvgi

#
j2vi 1 4vi t and applying Lemma 1, we have

Ei logS pi

gi
D $

~mi 2 [yi
*!2

vi ~2~11 j2! 1 9t!
+

Together with~A+6!, we have

(
i51

n

ES ~mi 2 [yi
*!2

vi ~2~11 j2! 1 9t!D
# log~10pj * ! 1

1

2 (
i51

n

ES ~mi 2 [yj *, i !
2

[vj *, i
1
vi
[vj *, i

2 1 2 log
vi
[vj *, i
D+

It is straightforward to verify that ifx $ x0 . 0, x 2 1 2 log x # cx0
~x 2 1!2 for a

constantcx0
5 ~x0 2 1 2 log x0!0~x0 2 1!2+ Together with the fact that the preceding

inequality holds for everyj *, under Condition 3, it follows that

(
i51

n

ES ~mi 2 [yi
*!2

vi ~2~11 j2! 1 9t!D
# inf

j$1
Slog~10pj ! 1 (

i51

n

ES ~mi 2 [yj, i !
2

2j1vi
D1 C~j1,j2!ES ~ [vj, i 2 vi !2

2vi2
DD,

whereC~j1,j2! 5 ~10j2 2 1 1 log j2!0j1
2~10j2 2 1!2+ The conclusion then follows+

This completes the proof of Theorem 2+ n
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Proof of Theorem 3. Redefine

f n 5 Pi51
n

1

si

hS yi 2 mi

si
D

and

qn 5 (
j51

`

pj Pi51
n

1

[sj, i
hS yi 2 [yj, i

[sj, i
D+

Similarly as before, we have that for everyj *,

(
i51

n

ES ~mi 2 [yi
*!2

vi ~2~11 j2! 1 9t!D # log~10pj * ! 1 (
i51

n

E log

1

si

hS yi 2 mi

si
D

1

[sj, i
hS yi 2 [yj, i

[sj, i
D +

By a simple linear transformation,

Ei log

1

si

hS yi 2 mi

si
D

1

[sj, i
hS yi 2 [yj, i

[sj, i
D 5E 1

si

hS yi 2 mi

si
D log

1

si

hS yi 2 mi

si
D

1

[sj, i
hS yi 2 [yj, i

[sj, i
D dyi

5Eh~z! log
h~z!

1

[sj, i 0si

hS z2 ~ [yj, i 2 mi !0si

[sj, i 0si
D dz

# Bs0,TS~12 [sj, i 0si !
2 1

~ [yj, i 2 mi !
2

si
2 D,

where for the last inequality, we use Condition 4 withs0 5 min~j1
102,j2

2102! and
T 5 t102+ It follows that

E log

1

si

hS yi 2 mi

si
D

1

[sj, i
hS yi 2 [yj, i

[sj, i
D # Bs0,TSE

~ [sj, i 2 si !
2

si
2 1 E

~ [yj, i 2 mi !
2

si
2 D+

The rest of the proof then follows easily+ This completes the proof of Theorem 3+ n
Proof of Theorem 4. We prove the first part of the result first+ Let Pi51

n pi be the
true joint distribution ofY1, + + + ,Yn andPi51

n [pj, i be the estimated version of forecasterj
for j $ 1+ Let qn 5 (j51

` pj Pi51
n [pj, i + Then as before, for eachj * $ 1,

logSPi51
n pi

qn D # log~10pj * ! 1 (
i51

n

log
pi

[pj *, i
+
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Let gi ~ yi ! 5 (j51
` Wj, i [pj, i ~ yi ! for i $ 1+ By definition of Wj, i , qn~ y1, + + + , yn! 5

Pi51
n gi ~ yi !+ Thus

ES(
i51

n

Ei log
pi

gi
D # log~10pj * ! 1 (

i51

n

ED~ pi 7 [pj *, i !+

Then lower bounding the Kullback–Leibler divergence by the squared Hellinger dis-
tance and applying Lemma 1 as in the proof of Theorem 1, we have

1

n (
i51

n

ES ~mi 2 [yi
*!2

vi
D # ~2~11 j2! 1 9t! inf

j$1
S log~10pj !

n
1

1

n (
i51

n

ED~ pi 7 [pj, i !D+
For the second result of the theorem, let

f n 5 Pi51
n

1

si

hiS yi 2 mi

si
D and qn 5 (

j51

`

pj Pi51
n

1

[sj, i
gj, iS yi 2 [yj, i

[sj, i
D+

For dj satisfying Condition 5, taking expectation conditioned onzi21 andxi , by a sim-
ple linear transformation and then applying Lemma 2~which follows!, we have

Ei log1
1

si

hiS yi 2 mi

si
D

1

[sj, i
gj, iS yi 2 [yj, i

[sj, i
D 2 5Ehi ~t ! log

1
hi ~t !

1

[sj, i

si

gj, i 1 t 2
~ [yj, i 2 mi !

si

[sj, i

si

2 2
dt

# CSD~hi 7gj, i ! 1
~ [sj, i 2 si !

2

si
2 1

~ [yj, i 2 mi !
2

si
2 D, (A.7)

whereC is a constant depending onc0 andBs0,T with s0 andT being constants depend-
ing on j1,j2, andt+ Then as before, we have

(
i51

n

ES ~mi 2 [yi
*!2

vi ~2~11 j2! 1 9t!D
# log~10pj ! 1 CS(

i51

n

D~hi 7gj, i ! 1 (
i51

n

E
~ [sj, i 2 si !

2

si
2 1 (

i51

n

E
~ [yj, i 2 mi !

2

si
2 D+

The conclusion then follows+ This completes the proof of Theorem 4+ n
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Proof of Theorem 5. Defineh~x! 5 exp~2lc~x!! ~it is not necessarily a probability
density function!+ Define

qn 5 (
j51

`

pj Pi51
n h~ yi 2 [yj, i !+

For each fixedj * $ 1, we have

log~10qn! # log~10pj * ! 1 l (
i51

n

c~ yi 2 [yj *, i !+ (A.8)

As before,

qn 5 S(
j51

`

pj h~ y1 2 [yj,1!D3

(
j51

`

pj h~ y1 2 [yj,1!h~ y2 2 [yj,2!

(
j51

`

pj h~ y1 2 [yj,1!

3 {{{ 3

(
j51

`

pj Pi51
n h~ yi 2 [yj, i !

(
j51

`

pj Pi51
n21h~ yi 2 [yj, i !

+

It follows that

log~10qn! 5 2(
i51

n

logS(
j51

`

Wj, i h~ yi 2 [yj, i !D+ (A.9)

We now bound log~(j51
` Wj, i h~ yi 2 [yj, i !! 5 log~EJ exp$2lc~ yi 2 [yJ, i !%!, whereEJ

~depending oni ! denotes expectation with respect toJ under the probability mass func-
tion P~J 5 j ! 5 Wj, i ~for a fixed i !+ By Lemma 10+1 of Catoni~1999!, under~10! of
Condition 7, we have

log~EJ exp~2lc~ yi 2 [yJ, i !!! # 2lEJc~ yi 2 [yJ, i ! 1 I, (A.10)

whereI denotes

l2

2
EJ~c~ yi 2 [yJ, i ! 2 EJc~ yi 2 [yJ, i !!

2

3 expS Scl2bS6yi 2 mi 6b 1 S11 sup
j$1
6 [yj, i 2 mi 6DbDD+

For handling the termI, note that by~10! of Condition 7,

EJ~c~ yi 2 [yJ, i ! 2 EJc~ yi 2 [yJ, i !!
2

# EJ~c~ yi 2 [yJ, i ! 2 c~ yi 2 EJ [yJ, i !!
2

# Sc2S6yi 2 mi 61 S11 sup
j$1
6 [yj, i 2 mi 6DD2b

EJ~ [yJ, i 2 EJ [yJ, i !
2

# Sc222b21S6yi 2 mi 62b 1 S11 sup
j$1
6 [yj, i 2 mi 6D2bDEJ~ [yJ, i 2 EJ [yJ, i !

2+ (A.11)
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Under~9! of Condition 7, let a0 5 yi 2 [yi
* 5 yi 2 EJ [yJ, i ; we have

c~ yi 2 [yj, i ! 2 ~ua0
~ yi 2 [yj, i 2 ~ yi 2 [yi

*!! 1 c~ yi 2 [yi
*!!

$ sc6yi 2 [yj, i 2 yi 1 [yi
* 62 5 sc~ [yj, i 2 [yi

*!2+ (A.12)

Taking expectation underEJ, we have

EJc~ yi 2 [yJ, i ! 2 ~ua0
EJ~ [yi

*2 [yJ, i ! 1 c~ yi 2 [yi
*!! $ scEJ~ [yJ, i 2 [yi

*!2+

Observing thatEJ~ [yi
* 2 [yJ, i ! 5 0 by definition of [yi

*, we have

EJc~ yi 2 [yJ, i ! 2 c~ yi 2 [yi
*! $ scEJ~ [yJ, i 2 [yi

*!2+ (A.13)

It follows that the termI is bounded byEJ~ [yJ, i 2 [yi
*!2 multiplied by

l2

2
Sc222b21SS11 sup

j$1
6 [yj, i 2 mi 6D2b

1 6ei 62bD
3 expS Scl2bS6ei 6b 1 S11 sup

j$1
6 [yj, i 2 mi 6DbDD

# l2 Sc222b22~~A 1 1!2b 1 6ei 62b !exp~ Scl2b~6ei 6b 1 ~A 1 1!b !!+

Under Condition 8, by taking conditional expectation givenzi21 andxi , we have that
when Scl2b # t0,

Ei ~I ! # EJ~~ [yJ, i 2 EJ [yJ, i !
2!{l2 Sc222b22e Scl2b~A11!b

~~A 1 1!2bM2~ Scl2b ! 1 M1~ Scl2b !!+

Take l small enough, say, 0 , l # l0, so thatl2 Sc222b22e Scl2b~A11!b

~~A 1 1!2b 3
M2~ Scl2b! 1 M1~ Scl2b!! # l sc02 and Scl2b # t0+ Together with~A+13!,

Ei ~I ! # l sc02EJ~ [yJ, i 2 [yi
*!2 # l02Ei $E

Jc~Yi 2 [yJ, i ! 2 c~Yi 2 [yi
*!%+

It follows that

Ei @ log EJ exp~2lc~Yi 2 [yJ, i !!# # 2lEi c~Yi 2 [yi
*! 1 lEi @c~Yi 2 [yi

*! 2 EJc~Yi 2 [yi
*!#

1 l02Ei @E
Jc~Yi 2 [yi

*! 2 c~Yi 2 [yi
*!#

# 2lEi c~Yi 2 [yi
*!,

where the last step follows fromEJc~Yi 2 [yi
*! $ c~Yi 2 [yi

*! by Jensen’s inequality
based on convexity ofc+ Together with~A+9! and~A+8!, we have

2 lE (
i51

n

c~Yi 2 [yi
*! $ 2E log~10qn! $ 2log~10pj * ! 2 l (

i51

n

Ec~Yi 2 [yj *, i !+

Becausej * is arbitrary, we have

(
i51

n

Ec~Yi 2 [yi
*! # inf

j$1
S log~10pj !

l
1 (

i51

n

Ec~Yi 2 [yj, i !D+
This completes the proof of Theorem 5+ n
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Proof of Theorem 6. We consider first the case whenM , Mn+ RecallQM 5 $u 5
~u1, + + + ,uM ! :(j51

M 6uj 6# 1%+ Let Ne be ane-net inQM under thel1
M distance; i+e+, for each

u [ QM , there existsu ' [ Ne such that7u 2 u ' 71M 5M(j51
M 6uj 2 uj

' 6 # e+ An e-netNe in
QM yields a suitable net in the setF 5 $du : u [ QM % of the linear combinations of the
original forecasts+ Let [y1, + + + , [yM denote the original forecasts by theM procedures at
time i+ Let Fe be the set of the linear combinations of the forecasts[y1, + + + , [yM with coef-
ficients inNe+ Then for any [y 5 (j51

M uj [yj with u [ QM , there existsu ' [ Ne such that

6 [y 2 (
j51

M

uj
' [yj 6 5 6(

j51

M

~uj 2 uj
'! [yj 6# A37u 2 u ' 71M # A3e, (A.14)

whereA3 is an upper bound on the magnitude of the original forecasts+ Now we com-
bine all the procedures inFe using the AFTER algorithm given in Section 2 for Theo-
rem 1 with the uniform prior weight 106Ne6+ Let [yi

*, i $ 1 denote the combined forecasts
at time i + By Corollary 1, we have

1

n (
i51

n

E~mi 2 [yi
*!2 #

C log~6Ne 6!

n
1 C inf

u[Ne

1

n (
i51

n

E~mi 2 [yi
u!2,

where C depends only onA1, A2, and A3+ BecauseFe is an ~A3e!-net in F, by the
triangle inequality, for any set of mi , we have infu[Ne

E~(i51
n ~mi 2 [yi

u!2! #
2 infu[Q E~(i51

n ~mi 2 [yi
u!2! 1 2nA3

2 e2+ It follows that

1

n (
i51

n

E~mi 2 [yi
*!2 #

C log~6Ne 6!

n
1 2C inf

u[QM

1

n (
i51

n

E~mi 2 [yi
u!2 1 2A3

2 Ce2+ (A.15)

To get the best upper bound~in order!, we need to minimize log~6Ne6! 1 2A3
2 e2n when

discretizingQM + We apply a result on entropy number, i+e+, the worst case approxima-
tion error with the best net of size of 2k points+ Let ek denote the entropy number ofQM

under thel1
M distance+ From Shütt~1984, Theorem 1!, when k $ M, ek # c22k0M for

some constantc independent ofk andM+ Take

k 5
M~ log~n0M ! 1 2 log 2!

2 log 2

~note thatk $ M !+ ~Strictly speaking, we need to round up to makek an integer+! Then

log~6Ne 6! 1 2A3
2 e2n #

M~ log~n0M ! 1 2 log 2!

2 log 2
1

~A3c!2M

2
# c'M log~11 n0M !,

wherec' depends only onA3 andc+ The upper bound in Theorem 6 forM , Mn then
follows+

Now consider the other case: M $ Mn+ The preceding argument leads to a subopti-
mal rateM log~1 1 n0M ! for M # n+ For this case, as a result of thel1 constraint, the
number of large coefficients is small relative toM whenM .. Mn+ Working with only
the large coefficients can result in the optimal rate of convergence+

Note that for7u71M # 1, 6(j51
M uj [yj 6 # A3+ Then by a sampling argument~see, e+g+,

Barron, 1993, Lemma 1! for eachm, there exist a subsetI , $1, + + + ,M % of sizem and
uI
' 5 ~ui

' , i [ I ! such that6(j51
M uj [yj 2 (j[I uj

' [yj 6 # A30Mm+ Taking m* 5 Mn0 log n,
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we have 6(i51
M ui [yi 2 (i[I ui

' [yi 6 # A3~ log n0n!104+ Consider ane-net in BI 5 $uI :
(j[I 6uj 6 # 1% under thel1

m* distance+ Again by Schütt~1984, Theorem 1!, taking
k 5 @m*~ log~n0m* ! 1 2 log 2!#02 log 2, the beste-net has approximation accuracy
e # c02Mm*0n+ Then as in~A+14!, we know that there existsuI

'' in this e-net such that
6(i[I ui

' [yi 2 (i[I ui
'' [yi 6 # A3c02Mm*0n+ Thus for eachdu [ F, there existI * ,

$1, + + + ,M % of sizem* anduI
'' such that

*(
j51

M

uj [yj 2 (
j[I *

uj
'' [yj * #

A3~ log n!104

n104 1
A3c

2n104~ log n!104 #
c''~ log n!104

n104 ,

wherec'' depends only onA3 andc+
Now for each fixed subsetI , $1, + + + ,M % of sizem*, discretize the linear coefficients

as described earlier+ Then ~with the uniform prior weight! combine the corresponding
linear combinations of the forecasting procedures inD+ Then combine these~combined!
procedures over all possible choices ofI ~there areSM

m*D many suchI altogether! with

the uniform prior weight+ Let dM denote this final procedure and letDI 5 $di , i [ I % +
Applying Corollary 1 twice, we have that

R~dM ;n! # C1 inf
u[QM

1

n (
i51

n

E~mi 2 [yi
u!2 1

~n log n!102

n
1

m* log~n0m* !

n
1

logSM

m*D
n

2
# C 'S inf

u[QM

1

n
ES(

i51

n

~mi 2 [yi
u!2D1

log M

Mn log nD,
where the constantsC andC ' depend onA1, A2, andA3+ This completes the proof of
Theorem 6+ n

Proof of Theorem 7. Let Xi 5 ~Xi1, + + + ,XiM !, i $ 1 be independent and identically
distributed~i+i+d+! whereXi1, + + + ,XiM are independent and uniformly distributed on@0,1# +
AssumeYi 5 f ~Xi ! 1 ei , where the errorsei are independent and normally distributed
with mean zero and variance 1+ Let w1~x!, + + + , wM~x! be uniformly bounded orthonor-
mal basis functions~e+g+, trigonometric basis!+ Takedi , i $ 1 to be the procedure that
forecastsYi by wi ~Xi !+ For eachM 5 nt, consider the class of regression functions
F 5 $ fu~x1, x2, + + + , xM ! 5 u1w1~x1! 1 {{{ 1 uM wM~xM ! : 7u71M # 1%+ It is clear that
R~Mn;n;DMn

! 5 E~(i51
n ~mi 2 [yi

u* !2! 5 0 for f [ F+ For this case, because of the inde-
pendence of the errors, prediction and regression are essentially identical+ The conclu-
sion of Theorem 7 then follows from Theorem 2 of Yang~in press!+ This completes the
proof of Theorem 7+ n

The following lemma relates the Hellinger distance between two densities to their
means and variances+

LEMMA 1 + Let p and g be two probability densities on the real line with respect to a
measuren, with meansmp and mg, variances0 , sp

2 , ` and 0 , sg
2 , `, respec-

tively. Then

dH
2~ p, g! $

~mp 2 mg!2

2~sp
2 1 sg

2! 1 ~mp 2 mg!2 +
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When dH
2~ p, g! # 1

2
_, we have

~mp 2 mg!2 # 4~sp
2 1 sg

2! dH
2~ p, g!+

Proof. Let a be any constant+ Note that

~mp 2 mg!2 5 SE~x 2 a!pdn 2E~x 2 a!gdnD2

5 SE~x 2 a!~ p 2 g! dnD2

# SE~6x 2 a6 6Mp 1Mg6!6Mp 2Mg6dnD2

# SE~x 2 a!2~Mp 1Mg!2 dnDE~Mp 2Mg!2 dn,

where the last step follows from the Cauchy–Schwarz inequality+ Observe that

E~x 2 a!2~Mp 1Mg!2 dn

# 2E~x 2 a!2~ p 1 g! dn

5 4E~x 2 a!2
~ p 1 g!

2
dn+

By takinga 5 ~mp 1 mg!02 ~the mean of~ pn 1 gn!02!, we have that*~x 2 a!2~~ p 1 g!0
2!dn is the variance of the distribution~ p 1 g!02, which is denoted bys~ p1g!02

2 + Then
with some elementary calculations, we have that

s~ p1g!02
2 5

1

2
~sp

2 1 sg
2! 1

1

4
~mp 2 mg!2+

From the preceding analysis, we have

~mp 2 mg!2

2~sp
2 1 sg

2! 1 ~mp 2 mg!2 # dH
2~ p, g!+

The second conclusion follows easily+ This completes the proof of Lemma 1+ n

LEMMA 2 + Let f and g be two probability densities on the real line (with respect to
a measuren), both with mean0 and variance1. Suppose f has an information projec-
tion in the location and scale family F5 $~10s!g~~x 2 m!0s! :2` , m , `,s . 0%.
Suppose that the density g satisfies Condition 4 and assume further that there exists a
constant0 , c , 1 such that D~gm,s7g! $ c min~m2 1 ~s 2 1!2,1! holds for all 2`
, m , ` ands . 0, where gm,s 5 ~10s!g~~x 2 m!0s!. Then when D~ f 7g! # c02, for
6m6 # a and10b # s # b for some constants a. 0 and b. 1, we have
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D~ f 7gm,s! # C~D~ f 7g! 1 ~s 2 1!2 1 m2!

for some constant C. 0 depending only on c and Bs0,T with s0 5 ~1 2 1YYM2!0b and
T 5 ~a 1 1YYM2!0~1 2 1YYM2!+

Proof. Under the assumption of information projection, we have the following Pytha-
gorean decomposition:

D~ f 7gm,s! 5 D~ f 7gm*,s* ! 1 D~gm*,s*7gm,s!

for some2` , m* , `, and s * . 0+ It follows that D~ f 7gm*,s* ! # D~ f 7g! and
D~gm*,s*7g! # D~ f 7g!+ Under the assumptions ong, the latter inequality implies that
whenD~ f 7g! # c02, we have

~m* !2 1 ~s * 2 1!2 #
D~ f 7g!

c
# 2

1
2+

Then6m* 6 # 1YYM2 and 12 1YYM2 # s * # 1 1 1YYM2+ Under Condition 4 ong, with a
simple linear transformation, we have

D~gm*,s*7gm,s! 5 D~g7g~m2m* !0s*, ~s0s* ! ! # Bs0,TS ~s * 2 s!2

~s * !2 1
~m* 2 m!2

~s * !2 D,
where s0 5 ~1 2 1YYM2!0b and T 5 ~a 1 1YYM2!0~1 2 1YYM2! ~because 10b~1 1
1YYM2! # s0s * # b0~1 2 1YYM2! and 6m* 2 m60s * # ~a 1 1YYM2!0~1 2 1YYM2!!+ By
triangle inequality,

~s * 2 s!2

~s * !2 #
2~s * 2 1!2 1 2~s 2 1!2

~s * !2 #
2~s * 2 1!2 1 2~s 2 1!2

~12 1YYM2!2
,

~m* 2 m!2

~s * !2 #
2~m* !2 1 2m2

~s * !2 #
2~m* !2 1 2m2

~12 1YYM2!2
+

Thus whenD~ f 7g! # c02, we have

~s * 2 s!2

~s * !2 1
~m* 2 m!2

~s * !2 #

2S1

c
D~ f 7g! 1 ~s 2 1!2 1 m2D

~12 1YYM2!2
+

Then

D~gm*,s*7gm,s! # c'~D~ f 7g! 1 ~s 2 1!2 1 m2!,

wherec' 5 2Bs0,T 0~c~1 2 1YYM2!2!+ Together with earlier inequalities, we have that
whenD~ f 7g! # c02,

D~ f 7gm,s! # D~ f 7g! 1 c'~D~ f 7g! 1 ~s 2 1!2 1 m2!

# ~11 c' !~D~ f 7g! 1 ~s 2 1!2 1 m2!+

This completes the proof of Lemma 2+ n
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For the next result, consider the setup in the introduction to this paper+ Let F1,F2, + + +
be a filtration+ Assume that the errorsei form a martingale difference relative to the
filtration; i+e+, for i $ 1, ei is Fi measurable andE~ei 6Fi21! 5 0 almost surely+ Clearlyei

has mean zero and conditional variancevi 5 E~ei
26Fi21! for i $ 1+ Let d be a forecast-

ing procedure producing forecasts[y1, [y2, + + + at time 1,2, and so on+We “estimate”vi by
[vi 5 @10~i 2 1!#(l51

i21~Yl 2 [yl !
2 prior to observingYi + The following proposition gives a

property of this estimator+

PROPOSITION 3+ Assume that ei have uniformly bounded fourth moments and
supi$1E6 [yi 2 mi 62 , `. In addition, we assume thatvi converges to a positive random
variablev with probability one. Ifd is consistent (as defined in Section 2.5), then[vi 2 vi
converges in probability to zero.

Remark. Clearly the conditions on the errors are satisfied if they are i+i+d+ with a
finite fourth moment+

Proof. Expanding squares, we have

1

i 2 1 (
l51

i21

~Yl 2 [yl !
2 5

1

i 2 1 (
l51

i21

~ml 2 [yl !
2 1

1

i 2 1 (
l51

i21

el
2 1

2

i 2 1 (
l51

i21

~ml 2 [yl !el +

It follows then that

PS* 1

i 2 1 (
l51

i21

~~Yl 2 [yl !
2 2 vl ! 2

1

i 2 1 (
l51

i21

~ml 2 [yl !
2* $ eD

# PS* 1

i 2 1 (
l51

i21

~el
2 2 vl !* $ e02D1 PS* 2

i 2 1 (
l51

i21

~ml 2 [yl !el* $ e02D

#

ES(
l51

i21

~el
2 2 vl !D2

~i 2 1!2e204
1

ES(
l51

i21

~ml 2 [yl !elD2

~i 2 1!2e2016
+

Note that

E~el
2 2 vl ! 5 E~E~el

2 2 vl !6Fl21! 5 0

and for l1 . l2,

E~el1
2 2 vl1!~el2

2 2 vl2! 5 E~E~el1
2 2 vl1!~el2

2 2 vl2!6Fl121!

5 E~~el2
2 2 vl2!E~el1

2 2 vl1!6Fl121!

5 0+

It follows that

ES(
l51

i21

~el
2 2 vl !D2

# (
l51

i21

Var~el
2! # ~i 2 1! sup

1#l,`
Eel

4
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and similarly

ES(
l51

i21

~ml 2 [yl !elD2

# (
l51

i21

~Eel
2!E~ml 2 [yl !

2 # ~i 2 1!! sup
1#l,`

Eel
4 sup

1#l,`
E~ml 2 [yl !

2+

Therefore

PS* 1

i 2 1 (
l51

i21

~~Yl 2 [yl !
2 2 vl ! 2

1

i 2 1 (
l51

i21

~ml 2 [yl !
2* $ eD

#

4 sup
1#l,`

Eel
4

~i 2 1!e2 1

16! sup
1#l,`

Eel
4 sup

1#l,`
E~ml 2 [yl !

2

~i 2 1!e2 + (A.16)

It follows that @10~i 2 1!#(l51
i21~Yl 2 [yl !

2 2 @10~i 2 1!#(l51
i21 vl 2 @10~i 2 1!# 3

(l51
i21~ml 2 [yl !

2 converges in probability to zero+ Becaused is a consistent forecasting
procedure, by Markov inequality, we have for anye . 0,

PS 1

i 2 1 (
l51

i21 ~ [yl 2 ml !
2

vl
$ eD #

1

i 2 1 (
l51

i21

E
~ [yl 2 ml !

2

vl
e

r 0 asi r `+

Together with the assumption thatvl converges almost surely tov . 0, it can be easily
shown that@10~i 2 1!#(l51

i21~ml 2 [yl !
2 r 0 in probability+ Again becausevl converges to

v with probability one, we have@10~i 2 1!#(l51
i21 vl r v and@10~i 2 1!#(l51

i21 vl 2 vi r 0
almost surely+ Together with~A+16!, we have

1

i 2 1 (
l51

i21

~Yl 2 [yl !
2 2 vi r 0 in probability+

This completes the proof of Proposition 3+
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