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COMBINING FORECASTING
PROCEDURES: SOME
THEORETICAL RESULTS

YUHONG YANG
lowa State University

We study some methods of combining procedures for forecasting a continuous
random variableStatistical risk bounds under the square error loss are obtained
under distributional assumptions on the future given the current outside informa-
tion and the past observatianghe risk bounds show that the combined forecast
automatically achieves the best performance among the candidate procedures up
to a constant factor and an additive penalty tehmterms of the rate of conver-
gencethe combined forecast performs as well as if the best candidate forecasting
procedure were known in advance

Empirical studies suggest that combining procedures can sometimes improve
forecasting accuracy over the original proceduRisk bounds are derived to theo-
retically quantify the potential gain and price of linearly combining forecasts for
improvement The result supports the empirical finding that it is not automati-
cally a good idea to combine forecastadiscriminate combining can degrade
performance dramatically as a result of the large variability in estimating the best
combining weightsAn automated combining method is shown in theory to achieve
a balance between the potential gain and the complexity pefthiéyprice of
combining, to take advantagéf any) of sparse combiningand to maintain the
best performancén rate among the candidate forecasting procedures if linear
or sparse combining does not help

1. INTRODUCTION

Forecasting or prediction is of interest in many scientific fieldepending on
the nature of the process of constructing forecastsdel-based methods or
more subjective opinion-based methods are usdddel-based methods in-
clude empirically based modelingtilizing statistical tools and theory-based
modeling which depends mainly on theories from the subject fi€ginion-
based methods require extensive experience in the subject tlelaally ex-
perts’ predictions are based on a difficult-to-quantify mixture of many different
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sources of informatioiqualitative andor quantitative and their subjective in-
tuition or beliefs Research in various fields has strongly suggested that the
performance of prediction can be enhanced wtsmetimes even in simple
fashior) forecasts are combine# survey of research results on combining fore-
casts is in Clemef1989.

Although the idea of combining modelisdom is attractivethe challengge
of courseis how to do it right Although many approaches have been proposed
for combining forecastswith much empirical evidence of success and some
theoretical justificationthere is still a lack of general theoretical understand-
ing. A difficulty is that the forecasts to be combined can be completely differ-
ent in their derivations and assumptiorad therefore the commonly used
methods for comparing statistical models such as model selection criteria or
the traditional hypothesis testing techniques are not generally applicable
pointed out bye.g., Armstrong (1989 and othersthe research in the area of
combining forecasts so far provides few guidelines for applications

In this paperwe propose some methods for combining point forecasts of a
continuous variable and address several issues on combining foratashs-
cus on theoretical developments

1.1. Setup of the Problem

Suppose that we are interested in forecasting or predicting a real-valued con-
tinuous random variabl¥. Let Y;, Y,,... be the true values at time 2,...,
respectivelyAt each timei = 1 (possibly related qualitative antr quantita-
tive information denoted jointly byX; (which thus could be multidimensional
is observed prior to the occurrenceof We need to predicY; based orX; and
the earlier dat&Z'~* = (X,,Y,)|Z1. After Y, is revealeda possible discrepancy
(los9 occurs between the forecast and the true vaju@ he goal of forecast-
ing is to make the discrepancy as small as possible

Assume that foii = 1, the conditional distribution of; given X; = x; and
Z'71 = 7' has(conditiona) meanm; and variancey;. Thatis Y, =m, + e,
whereeg is the random error representing the conditional uncertainty at
time i. The conditional mean and varianog andv; depend orx; andz'~* in
general Note thatE(e | X;,Z'~1) = 0 almost surely foi = 1. Let y; be a pre-
dicted value ofY;. Then

E(Y,—9)2=E(m +e—9)>=(m —9)*+v?

whereE; denotes the conditional expectation given* = z'~* and X; = x;.

The decomposition indicates that giveln* andx;, the expected total square
error of §; has two componentshe squared differencébiag betweeny; and

the unknown conditional meam;, and the conditional uncertainty. The lat-

ter cannot be controlled and therefore is always present regardless of which
method is used for predictiohe best we can hope for is thatequals(or is
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very close t9 m;. Becausey; is the same for all forecastg will not be in-
cluded in our measure of performanéecordingly we may consider the loss
function

LY, 9) = (m —9)2

Let 6 be a forecasting procedure yielding forecagtsys,... at times 1 2,
and so onWe consider the average risk in prediction up to the presentrnime
denoted byR(8;n), as the performance measure of the forecasting medhod
i.e,

1 n
~ S EM-9)%

i=1

R(6;n) =

where the expectation is taken with respect to the randomnezg% éfand X,,.

Now suppose we have a collection of forecasting procedwtesoted by
A = {84,8,,...}. The number of forecasting proceduresAncan be large or
even countably infiniteThis, from a theoretical point of views appropriate to
study because it captures the complexity when the number of candidate fore-
casting procedures is large relativentd=or each forecasting procedusec A,
at each time = 1, the procedure gives a predicted value or foregasbased
onz'~! andx;. The outside informatioix may be completelypartially, or not
at all available to a proceduré this work we assume that the outside infor-
mation is not available for the purpose of combining forecasting procedures

1.2. Some Views on Combining Forecasts

Despite the empirical successes of combining forecastsie controversy at-
tended the topic early in its historisee e.g., discussions in Newbold and
Grangey1974. One reason is the lack of confidence in the rather ad from
a statistical point of viewnature of the majority of the proposed methoéis-
other more philosophical reason is the view that combining forecasts is funda-
mentally flawed as a techniqu€&he argument is that all the information that is
used by the individual forecasters should be pooled and used to construct a
single best model based on which the optimal forecast can be found

We regard the first reason as validseful methods have been proposed to
pursue “optimal” combining based on the idea of minimizing the variance of a
linear combination of the assumed unbiased foredagis Bates and Grangger
1969. However results on the performance of such combining methods in terms
of statistical risks are rar&Simulation and case studies have shown that com-
plicated combining methods pursuing “optimal” behavior often lead to unsta-
ble weights and the combined forecast even performs significantly worse than
the individual forecastgsee e.g., Figlewski and Urich 1983 Kang 1986
Clemen and Winklgr1986. A related question is how many forecasts should
be combinedShould one just combine all the forecasts available? Theoretical
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understanding of these questions will provide helpful guidelines for combining
procedures in practice

Regarding the objection to combining forecasts based on the argument that
combining information and then creating a comprehensive model is preferable
we strongly disagreéds pointed out by many researchers who favor combin-
ing forecaststhe combining information approach may not be feasible if one
does not have access to the information used by the individual forecdsters
thermore even if one can in principle obtain the informatj@ractical consid-
erations(e.g., cost time constraintand lack of expertise in processing some of
the information may well prohibit such an actiorAlthough these are valid
defenses of combining forecastiscan be further argued that even if these dif-
ficulties with the super model approach are ignom@mbining forecasts is still
a legitimate and constructive way to combine informatfaithout building a
super model In light of nonparametric statistical researcbhmbining informa-
tion to build a super modgin our view has very limited potential for success-
ful applications

Let us consider a relatively simple regression case to illustrate the. paint
sume that the variable being forecast, is a function of the information set
Xn = (Xn1, Xn2,...) plus some noisa.e, Y, = f(X,) + &,, where the errors are
independentThe individual forecasters have access to some or all of the com-
ponents ofX,,. Of course f is unknown to any forecastdn many (if not mosb
realistic situationsthe estimation of is a nonparametric problem super model
of infinite dimension is not very helpful

Besides fully nonparametric methgdsich as kernel and nearest neighbor
regressionsan automated parametric approximation approach is us€éhd
idea is that although honestly admitting that the tafgetnnot be described by
a model with a finite number of parameteosie hopes that it can be approxi-
mated reasonably well by a sequence of parametric moAdiey here is to
allow the dimensions of the approximating models to increase appropriately
(based on dajaso that the approximation errgbias of the model and the
estimation errorvariance of the estimator df) are well balanced to achieve
the optimal performancerhe fundamental difference between this approach
and the traditional parametric approach is that the latter performs estimation
and prediction based on the selected moth#ting it as the true modelt is
becoming commonly acknowledged that such parametric approaches usually
lead to underestimation of uncertainty in the estimatgmediction procedure
(see e.g., Chatfield 1995 though much earlier researchg., Leamey 1978
has already pointed in this directip®Whenf is not finite-dimensionalthe best
model which balances bias and variabilitgenerally depends on the sample
size and its dimension increases as more data arfivem this point of view
identifying the correct model for forecasting is problemalibe true model is
never recovergdut the prediction accuracy gets better and beEeen if one
is given the right model with a large number of unknown parameteis still
better to use a much simpler model trading the bias for much less variability
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The preceding discussion indicates that mggedcedure selection is a con-
structive technique for combining informatioModel selection can be re-
garded as a special case of combining forecakis individual forecasts are
based on different modeland all the weight is allocated to a single madel
Other combining strategies such as convex or linear combining are also.useful

1.8. Target Classes of Combined Forecasts

LetA ={84,0,,...6w} be a finite collection of original forecasting procedures
A forecasting procedurg&, with forecastsy; for i = 1, is said to be a combined
procedure based ahif §; is a measurable function of,...,Y;_; andy; ,1 =

| =i,1=j =M fori =1 Note that here no outside information is used for
combining

DEFINITION 1. Any collection of combined forecasting procedures is called
a target class of combining.

For a given target clas#, let 5* = §*(¥;n) be the minimizer of the fore-
casting riskR(8;n) over all6 € ¥. Let R(¥;n) = R(6*;n) denote the mini-
mum prediction risk in the clas$.

Consider two examples of target classich follow.

Example 1

W, = A. For this casgd*(¥;n) is simply the best individual original procedure
andR(¥y; n) = infsc, R(6;n) is the ideal performance if,.

Example 2

¥, consists of(constrainegl linear combinations of the procedures
M

9 =26% i=1
j=1

wherefd = (6,,...,0\y) satisfies the constrairEjM:l|0j| = 1. Let 8§ denote the
corresponding forecasting procedure anddet 0,, denote the set of all such
0. Then¥, = {8%:0 € 0}. Let 6 be the minimizer oR(8%;n) overd € 0.
ThenR(¥,;n) = R(8%;n) is the ideal performance i, .

Obviously R(¥;n) = R(W;n). GenerallyR(¥;n) is nonincreasing inv;
i.e, the larger¥ is, the smallerR(¥;n) is. However because the best proce-
dure in the clas¥ is unknown one may not be able to achieve the correspond-
ing performanceln their influential paperBates and Grangdi969 consider
the class¥ of convexly combined forecast$he combining coefficients are
estimated based on the previous dathis approach is certainly well moti-
vated but it is rather unclear how close the actual performagéh the esti-
mated coefficientsis to the ideal oneSuch an issue is important for comparing
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different target classes when considering combining forecastsvith the fa-
miliar trade-off between bias and variantkeough the ideal performance of a
larger target class is generally betfat least no worsgit is more difficult to
search for the best procedure in a larger classome sense one needs to pay
a higher price for searching fdor “estimating’) the best procedur@hus it is
not necessarily a good idea to simply pursue the ideal performance of a large
target class

In Example 1 one may use or develop a criterion to choose a mooieh
procedurg from the original list However model(or procedurgselections are
often unstable in the sense that a slight change in the data causes the selection
of a different modelwhich usually makes the estimator or forecast based on
the selected model have unnecessarily large varicdeeeral lines of research
follow from this problem Strategies for stabilizing such estimators or forecasts
such as baggingbootstrap aggregating Breiman 1996h have been sug-
gested There is evidence suggesting that appropriate weighting of the models
(or procedurescan perform very wellin related contexissee e.g., Buckland
Burnham and Augustin 1997 Yang 2001). Promising results have also been
obtained under the Bayesian framewo8ee a recent review article by Hoet-
ing, Madigan Raftery and Volinsky (1999 for referencesin the theoretical
direction in a simplified density estimation contextang (2003 shows that
the risk based on any selection rule is at least 27% higher than that based on an
appropriate combining

Along this line of combiningweighting instead of selectingve will con-
sider convexly combining the original procedui#ise convex coefficients are
allowed to change in time This may look like the linear combining in the
second examplebut the purposes of combining are very differeintthe first
example we want the convex combination to perform as well as the best indi-
vidual procedure im; in the second exampleve target the begiconstrained
linear combination of the original procedurd® make a distinctionwe will
call the first casecombining for adaptatiorand the second@ombining for
improvement

Now for a given target clas®, suppose is a constructed combining proce-
dure targeting the performanced&f(¥;n). Then the differencéregre} R(5;n) —
R(6*(¥;n);n) measures the performance®felative to the ideally combined
procedure in®. Note thats*(W;n) depends also on the true distribution of
Y1,Ya,...,Y,. To objectively measure the performancedothe worst value of
R(8;n) — R(8*(W¥;n);n) over different possible conditional means and vari-
ances ofYs,..., Y, is of interest The smallest possible worst-case regret when
is over all valid combined procedures captures the piiitéerms of prediction
accuracy we have to pay for not knowing*(¥;n) in ¥. The price of linearly
combining in¥,_ will be examined in Section.3

In addition to the preceding minimax type of measure of performaoice
may also consider pointwise performance as studiedgn Rissanen1986
and Barron Rissanepand Yu(1998. Recently Ploberger and Phillip$1999
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have derived lower bounds on pointwise predictive performance in terms of
relative likelihood for some time series parametric modaisluding certain
nonstationary onesSuch results are useful for model comparison and evalua-
tion of estimators

The rest of the paper is organized as folloWe present results for combin-
ing for adaptation in Section 2 and study combining for improvement in Sec-
tion 3. Concluding remarks are given in SectionTéchnical proofs of the main
results are in the Appendix

2. PROPOSED METHODS FOR COMBINING FORECASTS
FOR ADAPTATION

2.1. Combining with Normality when the Conditional
Variances Are Known

We first consider the case in which the conditional distributiolY,afivenz'~* =
z"t and X; = x; is Gaussian for all = 1 with the conditional variances
known This of course is not realistic in most applicatiptsit it provides a
relatively simple case to begin witffo combine the forecasting procedures
A = {84,6,,...} at each timen, we look at their past performances and assign
weights accordingly as followd.et = = {7:] = 1} be the prior weights on the
procedureswheres; are positive numbers summing tollet W, ; = 7; and for

n=2, let
1t (Yi_y',i)z
T exp(—— > —
W - 23 v
- 12 (Y =907\
S| =53
i 25 Y

Note that>2; W, , = 1 for n = 1 andW , depends only on the past forecasts
and the corresponding actual realizationsyofThe combined forecasting pro-
cedures™ is a convex combination of the original procedures

lo'e)
N N
yn - Z\Mnyjn
i=1

forn=1

Note that in the determination o ,, the previous prediction errors are
weighted relative to the actual conditional varianegsWhen there is larger
uncertainty inY; givenz'~! andx;, prediction error is likely to be largeThe
division byv; accounts for the willingness to tolerate a bigger error in such a
case
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Note also that

(Yn—l - Yj,n—l)2
\Nj,n—lexp -
2Unfl
W, = - . 1)
b (Ynfl - yj’,nfl)2
S expl -
T 20,1

Thus after each additional observatidhe weights on the candidate forecasts
are updatedwe call the algorithm aggregated forecast through exponential re-
weighting (AFTER).

This weighting methodas will be seenleads to a general adaptation risk
bound From (1), the method has a Bayesian interpretatitinwe view the
weightsW ,_,, j = 1 as the prior probabilities on the procedures before observ-
ing Y,—1, thenW , is the posterior probability o; after,,_, is seen

For the choice of prior weightgr;}, if the size ofA is not large one can
naturally use uniform weight&Vhen the size oh is very large howevey one
needs to be more subjectivibut its effect becomes weaker and weakemas
gets larger

Related algorithms focusing on worst-case performance have been studied
in machine learningsee e.g., Vovk, 1990Q Littlestone and Warmuth994 Cesa-
Bianchi Freund Haussler Schapire and Warmuth 1997 Haussler Kivinen,
and Warmuth1998. Closely related ideas on Bayesian updatungversal cod-
ing, and prequential statistical analysis have been considered earlier and since
in information theory and statistidsee e.g., Cover 1965 Dawid, 1984 Fos-
ter, 1991 and recent review articles on universal predictidterhav and Feder
1998 and the minimum description length principle in estimation and predic-
tion, Barron et al 1998. Results in the machine learning literature focus on
bounding the cumulative losg" ;(Y; — ;)2 (or other loss functionswithout
probabilistic assumption&esults are usually obtained under the strong condi-
tion that the observation¥, are uniformly boundedMethods and statistical
risk bounds for combining estimation procedures in the context of density es-
timation regressiopand conditional probability estimation are in Ya(@p00a
2000k 2000¢ 2001) and Catoni(1999.

Condition Q There exists a constant> 0 such that for all = 1, with prob-

ability one we have
|)71 i —m|

sup————— = Vr. (2)
=1 v

This condition means that the individual forecasts are not too far away
from the conditional mean relative to the conditional standard deviakon
regression-based forecasts with the regression function bounded below and above
by known constantsif the error variance does not diminis@ondition O is
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satisfied when the forecasts are restricted to the same .r@ogelition O is not
directly satisfied by the usual time series models such as autoregressive inte-
grated moving averaglARIMA ) models However like the regression case

for a case where the conditional meanYois naturally boundede.g., between

0 and 1, restricting the forecasts accordingly can lead to the satisfaction of
Condition Q For instancefor a qualitative threshold autoregressive conditional
heteroskedasticityARCH) model (Gouriéroux and Monfort1992, one may
restrict the parameters properly to satisfy Conditiot @eems quite possible

to relax Condition 0 so that specific time series models are allowed without
restriction but we will not pursue that direction in this warkrom a practical

point of view in implementing AFTERwe feel that one does not need to worry
about this technical conditiomndeed following the work presented in this pa-

per, Zou and Yang(2003 empirically study the performance of AFTER for
ARIMA models and show through simulations and data examples that AFTER
has a clear advantage in forecasting compared with popular model selection
criteria (used for choosing ARIMA ordeysvhen the instability of model selec-

tion cannot be ignorecas is usually the case in most applicatipns

THEOREM 1 Assume that Condition O is satisfied. When the errors are
normally distributed, the mean average square risk (relative to the conditional
variance) of the combined procedure satisfies

n _ O*)2
}EE<(m. 9i) )
ni=; vj

T 2 log(1/; n )2
<2+9—>|nf<—og( /) +}EE<—(m 5i.) ))
2 /=1 n ni= Ui

Remarks

1. Bounds of the type

12 N CogM
Ez(%—yi*)zs E(Y 9;.i)?

l<]<
for combiningM procedures based on related methods are givesgn Haussler
et al (1998. But the result is obtained under the very strong assumptiontthat
are uniformly boundedSuch a requirement is usually not appropriate for model-
ing uncertainty inY.

2. An upper bound of the type

log(M)

1.0 .
EiEI(\G—Vi)2<Cl<Irj11M< -E(Y 9i.i) )

with a constanC > 1, when taking expectatigns much weaker than the bound
given in the theorem
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3. Condition 0 implies that each of the candidate forecasting procedures has scaled
mean average square risk upper bounded.by

4. Though the risk bound is given under Conditiom@ expect AFTER to perform
well more generallyFor a good forecasting procedur@) is most likely satisfied
with high probability and for a bad proceduras seen fron{l), the procedure’s
weight drops exponentially fagif a forecasting procedure is really haitl will
soon be terminated

From Theorem Jlup to a constant factor and an additive penalty(lgg
rj)/n, the combined procedure achieves the performance of the optimal fore-
casting procedure among the candidategarticular if there areM forecasting
procedures then with the uniform prior weight = 1/M, we have

1.0 _ )2
H; < Ui >
n — )2
S<2+%>(2I09M+ inf }2E<—(m' 5. >>
2 n 1=j=M N =3 v;

For the nonparametric prediction casg/n) > ; E(m, — 9,.1)%/vi) converges
more slowly than order /h, and therefore the additive penalty is asymptoti-
cally negligible If additionally when the sample sizeincreasesthe individ-

ual forecasts get closer and closer to the conditional means in the sense that

sup |9 — my|

1=j=M
— = =
Vi

for some positive constants — 0 asi — oo, then one can show

a,%E< e )2>

lim su
P ( m — ;)2 )

as. 3)

=2

inf E E

1=j=M N {=; Ui
Thus the performance of the combined forecast is eventually at least half as
good as the best individual orfehich is unknown. (Note that the condition
in (3) is put on all the original procedures and is very restrictitds used
mainly for technical tractabilityand we feel that the upper bound requirement
is not really needed for the bad procedurdse factor of 2 comes from relat-
ing the Kullback—-Leibler divergence and the Hellinger distance in the technical
proof of the theorem

In Theorem 1the risks of the forecasts are measured relative to the variabil-
ity of Y. Under the following conditiongwhich unfortunately rule out some
interesting models such as generalized autoregressive conditional hetero-
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skedasticity(GARCH)), Theorem 1 implies good performance of the com-
bined forecast under the ordinary square loss

Condition 1 The conditional variancas, are uniformly upper bounded away
from co and lower bounded away from zero in that there exist positive con-
stantsA; andA, such thatA; = v, = A, as. foralln= 1.

Condition 2 sup=4|Y;,; — m;| is uniformly bounded above b; with prob-
ability one for some constami{; > 0.

COROLLARY 1 Assume that Conditions 1 and 2 are satisfied. Under Gauss-
ian errors, the mean average square risk of the combined procedure satisfies
1.0 log(1/m7;) 1
—ZE(mi—yi*)zscmf(—' -
n<; n

=1
where C is a constant depending only on A,, and As.

Remark One does not need to know the constalisA,, or A; to use the
AFTER algorithm to combine forecasts

2.2. Combining with Normality when the Variances Are Estimated

For Theorem lthe conditional variances are assumed to be know8imilar
results can be obtained when the variances are estimated by the individual fore-
castersAssume that for each forecasting proceddjeprior to forecastingy,,

an estimate ob,, say ; ,, is obtained based om"~ ! andx,. For stationary
observations a number of variance estimation methods have been proposed for
different scenariasNote that the procedures do not have to use different vari-
ance estimators and if some procedures do not provide variance estimates
can borrow from others

Condition 3 Assume the variance estimatars, are not too far away from
the true valuethere exist constant & ¢, =1 =< ¢, < oo such that

LL=—=6

Ui
with probability one for allj =1 andi = 1.

We modify the AFTER algorithm using the variance estimates W, ; = ;
as before and fon = 2, let

7T] exp _1_ nz_:l (YI - gﬁ,i)z
L= U W L= Y “
"y L 0= g\
T2 OXP\ TS 2 T
i'=1 I_Iin=1lvjl',/i2 20 Uji
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Combine the forecasts by = 321 W Y, .

THEOREM 2 Assume that the errors are Gaussian and that Conditions 0
and 3 are satisfied. Then the risk of the combined procedure satisfies

lSe —9)?
or \. 2log(1/m;) 12 (mi_glj,i)z
f(1+fz+z):zi<—n e ()

C<§1,§2 $e <<ﬁ —v>2>>
i1 U| ’

where Qé,,¢&,) = (1/€, — 1+ log&,)/E2(L/€, — 12

Regarding the constafit(¢y, £,), e.0., whené, = 1/&, = 3, C(£1,&,) ~ 3.1
Note that risks of the variance estimators also appear in the preceding perfor-
mance bound and thus for this combining method variance estimation is also
important However we do not need good variance estimation for all the pro-
cedures as long as there is an accurate one for a good pro@diine weight-
ing method and the risk bound suggest that procedures with bad forecagts and
bad variance estimation receive rather small weights and accordingly have lit-
tle effect on the performance of good procedufis have good estimators of
vi, assumptions on the relationship between observations are necésgagy-
ample one may consider stationary errors that are independent or that have
short-range or long-range dependerféerformance of variance estimators can
be theoretically justified under reasonable conditioRgr various situations
the part of risk in the upper bound due to variance estimation in Theorem 2
may be dominated by the risk of predictidror examplefor prediction based
on nonparametric regression with independent or short-range dependent er-
rors, under mild smoothness conditigrtke quantity In>" , E((m, — yj,i)z/
vi) typically converges at a rate * for some 0< y < 1 but In >, E((3;; —
v;)%/v?) typically converges at the parametric ratn.lin such a caseif the
number of individual forecasting proceduresAnis finite, and if in addition
the individual variance estimators converge in the sense #@at<l o; /v, =
&, holds almost surely witlf,, — 1, then we again have

: E((mi —W)
Ui

lim sup — =2

LM

https://doi.org/10.1017/50266466604201086 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466604201086

188 YUHONG YANG

If no variance estimator is available from the individual forecastmng can
estimate variances based on the previous realizatioiYsafd the correspond-
ing forecasts as follows

1. Individual variance estimation for the forecasting proceduré a forecasting
procedures;. Fori =1, let §; ; be any initial guessFori > 1, let

i—1

1
b= g S92 ©)

Under some conditionésee Proposition 3 in the Appendjone can show that
0j,i — v converges to zero in probabilitiRates of convergence could also be worked
out under additional conditions

2. Estimating variance based on the combined forecaite. combined forecasting
procedure can also be used to estimate variaRoei = 1, let 5; be any guess
Then use this value as the variance estimate for all the forecasting procedures and
accordingly assign weights k). Fori > 1, let

i—1

1
= g Y, =92 (6)

Other estimatorge.g., based on exponential smoothjngnay be more effi-
cient under additional assumptions

2.3. Combining under Non-Gaussian Errors

When there is a clear indication that the normality assumption on the condi-
tional distributions ofY, does not holdthe combining weights should be mod-
ified. Let h(t), t € R be a probability density function with mean zero and
variance 1 which is thought to better capture the error distributidion-
Gaussian choices df allow different degrees of heavy-tailedness in the error
distributions

Condition 4 For each pair 0< 55 < 1 andT > 0, there exists a constant
B = By, v (depending ors, andT) such that

h
fh()’)|09¢dys B((1—s)2+12)
1 <y—t>
_h z
s s
foralggy=s=sland-T=t=T.

Note that/ h(y)log(h(y))/(1/s)h((y — t)/s)dy is the Kullback-Leibler di-
vergence between density and a rescaled and relocated dengitys) X
h((y — t)/s). Under mild conditionsthis divergence should behave locally like
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a squared distanc&he condition is satisfied by Gaussjatouble-exponential
t (with degrees of freedom bigger thah 2nd many other distributions

We assume that variance estimators are available for the forecasting proce-
dures Note that the variance estimators given(B) and (6) in the previous
section do not require the normality assumption on the ertbus they can be
used here alsd-et §; = 4/9;; for j = 1 andi = 1. The earlier AFTER algo-
rithm is now modified to compute the weight based on the density fun¢tion
and the variance estimatdset W ; = 7; and forn = 2, let

(i HAVRY
> Wj'“i”:‘f(*‘(%)&:)
=1 i

Combine the forecasts by = 321 W, .

W n= )

THEOREM 3 Assume that Conditions 0, 3, and 4 are satisfied. Suppose
that h used in (7) indeed characterizes the distributions of the errors in the
sense that for & 1, Y; has the conditional density(fty — m;)/s)/s given 21 =
zZ'and X = x,, where s = \/F, is the conditional standard deviation of.Y
Then the risk of the combined procedure satisfies

12 (M9
2

i=1 Ui

log(1/m; B n =902
5(2(1+§2)+97)im;( Og(n/”')+ :TZE (m YJ,)>
j= .

n B%,T§E<(%_ \/;i)2>>,

n U;

where g = min(\/g—l,l/\/g—z) and T= 1.

2.4. Combining under Density Forecasts

Suppose that at each tinea forecaste; comes up with an estimatsay p ;,
of p;, the conditional density of; givenZ'~* = z'"* andX; = x;. The estimate
reflects the forecaster’'s assessment of the uncertain¥y jmior to its occur-
rence Let y;; be the mean of the distribution @ ;. Various methods have
been suggested to combine probability distribution estimdtgsa review on
this topig see e.g., Genest and Zidekl986). Here our focus is on combining
the density estimates to form a composite forecast. of
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LetW ; =7, forn = 2, let

W i IS By () @©
. ZWJ'Hi=lpj',i(Yi)’
j'=1

and combine the forecasts = 72, W ,9; .

Some technical conditiongo be given subsequenjlare needed for part of
the next result wheffy; ; is of the formg; ; ((yi — ¥;.1)/5.1)/5.i, Whereg; ; is a
(nonrandom density function with mean zero and varianceOhe hopes that
for at least one forecastéy, g; ; gets closer and closg¢in some senseo p; as
i — oo.

Let F = {g,: 0 € O} be a class of density functions on the real libet f be
a given density f may or may not be irr). Let D( f|g) denote the Kullback—
Leibler divergence between two densitfeand g. We say thaff has a projec-
tion in F if there exist®9* € O such that for alb € 0, D(f|gy) = D(f|g,+) +
«|lgy). The densityg,- is called the information projection dfin F. When
F is an exponential family withy,(x) = exp(SE_; 6, ¢, (x) — (8)), whereg;
are linearly independent basis functions an@) is the normalizing constant
the information projectiong,~ of f exists and is characterized by
Joi(X)f(x)dx = [ ¢;(X)gy+(x)dx for 1 = i = k (assuming that the integrals
are finite) (see Csiszarl975.

Now letF; = {g/"” = (1/0)g;i (X — pw)/0): —0 < u < c0,0 > O} be the
location-scale family generated lgy; for j = 1 andi = 1. We need the follow-
ing regularity condition for at least one forecasting procediire

Condition 5 Suppose that at timg the true conditional distribution of;
has densityp; = h;((y; — m;)/s)/s, whereh; is a probability density function
with mean 0 and variance 1 and is assumed to have an information projection
in F; ;. Assume also that the densitigs;, i = 1 satisfy Condition 4 uniformly
in the sense that the constafdg 1 in the condition do not depend anAs-
sume further that there exists a constant @, < 1 such thaD(g/"“|[g;;) =
Ccomin(u? + (o — 131 forall i = 1.

As mentioned earliethe projection requirement in Condition 5 is satisfied
if F;; are exponential familiesThe lower bound condition on the Kullback—
Leibler divergence within each family is mild and typically satisfied

THEOREM 4 Assume that Conditions 0 and 3 are satisfied.

1. In general, the risk of the combined procedure satisfies

1 =92 [ log(1/ 12
—ZE(%)S(Z(]-"'&)"'QT)}T(TWJ EZ D(pi|pj,i))'
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2. For any j= 1, if §; satisfies Condition 5 and v g;i) — 0 as i — oo, then the
risk of the combined procedure satisfies

:i ((m UIV.) )

SCinf<%+%iD(hi|gj,i)+ ZE((m 57“))

=1 Ui

%E <(\/_ \D,.0)° >)

Z}I
where C is a constant depending sap=1 D (hi|g;,i), 7, &1, &2, G, and B.
Remarks

1. Note that if a procedur®; eventually correctly specifies the distributidm,
then the projection requirement in Condition 5 is automatically satisfied for that
procedure

2. One could also use the weights(B) to combine the density estimat&&ng(2000a
Sec 5) gives a corresponding risk bound in terms of Kullback—Leibler divergence
without the need of Conditions @, and 5

Note that because the forms of the conditional denshiese unknownthe
combining method pays an additional price of or@em) >, D(h;|g; ;). If
for the forecastep;, g;; gets closer and closer tg in the Kullback—Leibler
divergencethen this penalty approaches zeltanay or may not affect the rate
of convergence of the combined procedutepending on how closg ; andh;
are to each other

In particulay from the resultif there is at least one forecasting procedure
that eventually pick$; with good estimates of the conditional means and stan-
dard deviationsthe combined procedure based on the AFTER algorithm be-
haves well Thus different distribution shapes and assumptions on the dependence
relationship between the erroesand also on the relationship betwe¥rand
the outside informatioiX can be tried out to increase the chance of capturing
the true uncertainty iry. The theorem shows that if one such choice approxi-
mates the reality welithe combined forecast will automatically perform well

2.5. A Consistency Property of the Combining Methods

Recall that the prediction error has a decomposiBalY; — ¥,)2 = (9, — m;)? +
vi. Equivalently we have

E (Y, —%)? _ (9 —m)? 1
Ui Ui
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This quantity measures prediction accuracy conditioning on the information
available at the timeNote that it is always lower bounded by 1 and should be
close to 1 for a good forecasthis motivates the following definitian

DEFINITION 2. A forecasting proceduré& with forecasts; attime i=1,2,...
is said to be consistent if

n —\r)2
}2E<(Yi v_y.)

—1 asn— .
ni-1
Note that from the decomposition mentioned previouslys consistent if
and only if

E <(y' " m)* >—>0 asn — oo,

which roughly means that the forecasts approach the conditional me@al-
ative to the conditional standard deviatiq['zTi). This is a desirable property
for a forecasting procedure

PROPOSITION 1 Assume that the conditions for Theorems 1-3 are satis-
fied. Suppose that there is at least one consistent forecasting procedure in
the original list. For the combining methods used in Theorems 2 and 3, we
further assume that for at least one consistent forecasting procedure
the variance estimator becomes more and more accurate in the sense that
1/ X, E((v; — ;-;)%v?) — 0 as n— co. Then the combined forecasting
procedure is consistent.

The proposition basically indicates that if any original procedure works well
so does the combined procedure in the consistency sewse if nonconsistent
procedures are preseiote that the key characteristic here is that the combin-
ing method does not need to know which original procedure is considteat
conclusion of the proposition follows easily from the results of Theorems 1-3
A similar result can be derived for the combining method in Sectidn 2

2.6. Combining Forecasts without Variance Estimation

The methods in the previous sections require knowledge of the variances or
appropriate estimates for determining weights for the candidate foreBaste-
times e.g., when the data are nonstationagitymay be difficult to estimate the
conditional variance ofY,, reliably. We present a method in this section that
does not require variance estimatidrkey idea is borrowed from Cato1999.

Condition 6 Assume that the forecasts satisfy that;sup-1|y;; — m| is
bounded above by a positive const@nt- 0 with probability one
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Let ¢ be a fixed nonnegative convex function witi{O) = 0. Herey is not
necessarily symmetric about When ¢ (Y; — ¥;) is used as a loss functipn
asymmetry ofy is of interest to reflect the reality that over- and underforecast-
ing might have very different consequendes Newbold and Granged 974).
Because) is convex for any ay, there exists a ling = 6, (a — ao) + ¢¥(ap)
(called a supporting linesuch thai/ is above the lineWe further assume sub-
sequently tha#/ is quadratically off the line angt does not change too dramat-
ically in some sensd et ¢, andys” denote the right and left derivatives &f
respectively

Condition 7 There exist constants> 0 andc > 0 andg > 0 such that for
eachay, € Rand a supporting ling = 0, (a — ag) + ¢(ay) at anya,, we have

(@) — (0,(a—ag) +(ay)) =cla— a,)? )
and

max |y, (a)| =c(1+T)A max |y’ (a)|=c(1+ T)~» (10)
—T=a=T —T=a=T

for eachT > 0.

Condition 7 essentially restricis to be basically quadratid@he slight gen-
erality is used so as to include asymmetric function

2

c,a® whena>0

P(a) = {

c,a®> whena=0

for some positive constants # c,. Such a losg/(Y; — ¥;) penalizes prediction
error differently when under- or overpredicting

We also need a condition on the conditional distributions of the erives
do not require knowledge of its shape as long as certain moment generating
like functions are uniformly upper bounded

Condition 8 There exist a constary > 0 and continuous functions €&
M. (t), My(t) < oo on (—tg, ty) such that for allh = 1 and -ty = t = tp, with
probability one

Enlenl?” explte,|?) = My(t),  E exp(t|e,|’) = My (1),
whereB > 0 is the same constant as in Conditian 7

LetW , = 7; and forn = 2, let

n—1
m exp(—A > (Y- yj,n)

Win=

n—-1 ’
> eXI0<—)\ 21 (Y — yj’,i))

j'=1

https://doi.org/10.1017/50266466604201086 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466604201086

194 YUHONG YANG

whereA is a positive constant to be chosen lafdren the combined forecast-
ing procedures” is defined byy, = 221 W ¥ .

THEOREM 5 Assume that Conditions 6—8 are satisfied. Then whes
chosen small enough, say< A = Ay for some constant, depending ore, C,
A, M;, and M,, the mean average risk (under the logsof the combined pro-
cedure satisfies

10 . 10 R

= 2 Ep(Y, = §) = inf + =D B =9 )

ni= ] ni=,

In particular, whenys is the square loss, we have
og(1/7r; n

A <—)\ ! 2 E(m —9,:)?% ).

1 n
— Y Em-y)2=i
ni=a J

Note that unlike the previous resultso variance estimation is required here
nor is the form of the conditional distribution ¥fspecified In addition the loss
(of a constant factgbeyond the additive penalty term is avoidédt under the
strong moment generating function conditioAdifficulty with this method is
the choice ofA, which can have a dramatic effect on the weights for moder-
aten. In generalthe quantitieA, M4, andM, are unknownand therefore it is
hard to determing . If one is willing to assume a particular form of distribu-
tion (e.g., normal, the quantities can be appropriately boundstd them, can
be determinedfor the regression case with independent erreftCatonj 1999.
In contrastthe earlier algorithms do not require such a tuning paramgtene
simulation results in the context of nonparametric regression with independent
errors in Yang(2001) suggest that when the true error distribution is double-
exponential but weight calculations are based on normal,erstimation accu-
racy is significantly decrease®n the other handwhen both types of error
distributions are considergthe combined procedure behaves as if it knew which
error distribution is the correct on€hus we tend to recommend the use of the
earlier methods when one has reasonably strong confidence that some members
of the chosen error distribution set closely reflect the true error distribution

log(1/7r;)
AN

2.7. Potential Applications

2.7.1. Forecasting Based on Regressiddere we use an example to dem-
onstrate how AFTER can be used to obtain forecasts that are adaptive to mul-
tiple scenarios

Suppose that the response variabjeand the outside informatioiX; =
(Xi1,..., Xig) have the regression relationship

YI = m(X|)+Q,

wherem is the unknown regression function assumed to be uniformly bounded
and whereg are Gaussian errors with mean zero and finite variareeppose
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that the explanatory variablé takes values in a bounded culyéhich is then
taken to bg0,1]% without loss of generalityin addition we assume that the
errors andX; are independent of each other and that the unknown design den-
sity of X with respect to Lebesgue measure is bounded above and away from
zero on[0,1]9. In practical situationsespecially wherd is largg it is usually
difficult to know the form ofm or how the errors are related to each other
Accordingly one may consider different scenarios in the hope that some of them
capture the characteristics of the data and result in good forebéstsonsider
several modelfgprocedures herdn the first five casesthe errors are assumed
to be independenEor such a scenarjas is well-knownprediction of the next
response is basically equivalent to estimatiomof

1. Linear regressionHerem is assumed to be of the form(x,...,Xq) =
Bo + 2{11 Bi X;. One can use the least squares method to estimate the param-
eters The squared., risk for estimatingm is of the parametric rate/f if the
model holds One may also consider other plausible parametric mogsis
including quadratic or higher order afmt cross product terms of the variables

2. Wavelet regressionfFor 1= o,q = o anda > 0, let B 2(C) be the
collections of all functiongy € Lq[O,l]d such that the Besov norm satisfies
||g|\B€,g = C (seg e.g., Triebel 1975 DeVore and Lorentz1993. Besov(and
similarly defined Triebel'd=) classes contain a rich collection of function classes
including Sobolev classefractional Sobolev classgand Hardy classed he
richness of these classes provides a great deal of flexik#ity, spatial in-
homogeneity for statistical function estimatioriThe minimax rate of con-
vergence for estimating a function € Bg.#(C) under the squarel, loss is
n-2«/2atd) (gsee e.g., Donoho and Johnston@998 Yang and Barron1999.
Ford = 1, Donoho and Johnstor{@998 show that wavelet thresholding tech-
nigues naturally lead to minimax-rate optimal estimatéisthermorethe es-
timators are adaptive in the sense that the hyperparametgranda need not
be known in advancd-ord > 1, one can consider tensor-product wavelet bases
and expect similar minimax optimal results

3. Tensor-product wavelets with different interaction ordaupposel is large
When the smoothness paramedeis small or moderatethe convergence rate
n—2¢/2a*d) for the Besov clasBgJ(C) is slow the phenomenon known as the
“curse of dimensionality To overcome the “cursé one may considefsome-
what enlargefiBesov classes of different interaction orders as foltows

d
Si#(C) = {EIQi(Xi)igi EBg,(C), 1=i= d},

ssfﬁ<c>={ > gi,j<xi,x,->:gi,,-esg,ﬁ(c:),lsi<jsd},
1=i<j=d

§i5(C) = BEJ(C).

q,o
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Note that the simplest function cIa%f;}(C) contains additive functiongno
interaction). These classes have different effective input dimensibesween

1 andd). By results of Yang and Barro(1999, the minimax rate of conver-
gence under squardg loss for estimatingnin S¢/(C) is n=2*/>*" for 1 <

r = d, as suggested by the heuristic dimensionality reduction principle of Stone
(1985. Note that wherr is small relative tod, the convergence rate is much
improved compared with—2¢/2¢*d_Corresponding to these classes of differ-
ent interaction order®ne can consider tensor-product wavelets of different in-
teraction ordersWith an appropriate thresholdingne expects to obtain an
estimator that converges optimally for ev&y,; (C) without knowing the hyper-
parametersr, g, «, andr.

4. Neural netsLet N(C) be the closure i.,[0,1]¢ of the set of all functions
g:RY — Rof the formg(x) = ¢y + > G o (v X + by) (where the prime denotes
the transposewith |co| + Xi|c| = C, and|v;| = 1, whereo is the step func-
tiono(t) =1fort =0, ando(t) = 0 fort < 0. The minimax rate for estimat-
ing m € N(C) under the squarel, loss is shown to be bounded between

n—(l+2/d)/(2+l/d)(|og n)—(l+l/d)(l+2/d )/(2+1/d) and (n/log n)—(l+l/d)/(2+l/d)
(11)

(see Yang and Barrori999. Whend is large the rate is slightly better than
n~%? (independent ofl), which avoids the “curse of dimensionalityEstima-
tors at rateO(logn/n*/?) using finite-dimensional neural network models are
in, e.g., Barron(1994).

5. Kernel regressionWith kernel methodsuniversally consistent estimators
have been derived undéy, loss without any assumption on the joint distribu-
tion of (X,Y) other than the necessary existence of the corresponding moment
of Y (see e.g., Stone 1977 Devroye and Wagnef980. Thus we have a con-
sistent kernel estimator under the squaktgdoss

Now suppose that one suspects that the random errors may be cotrelated
For simplicity assume that the errors are stationary and normally distributed
with Cov(e, &) of order|j|~” for somey > 0. When 0< y = 1, the errors
are said to be long-range dependent

6. Prediction under long-range dependen&eippose that the errors are long-
range dependenfThen estimation of the regression function can be severely
hampered(see Hall and Hart199Q Wang 1996 Johnstone and Silverman
1997 Efromovich 1999 Yang 1997). However as long as the dependence
parameter is knowrprediction is not harder at least in terms of rate of conver-
gence(Yang 1997). When the dependence is unknawime prediction problem
becomes more complicatedt this point we are not aware of general results
in that direction We here assume thatis known and the regression function
m has the neural net representation as in cagéhén one can construct a fore-
casting procedure converging at radén—Y2),

Now we combine the forecasts based on the preceding six cases using the
method in Section 2. If the errors are independerthen when the true regres-
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sion function is linear in the variables,1 = i = d, the prediction risk of the
combined procedure converges at rate; whenmis in Bg;j(C) with « rela-
tively large compared td, the risk converges at a good rate®*/?«+4): when
mis in §*f(C) for some smalk, then the risk converges at rate /"),
whenm s not in any of these casdsut has the neural net representatithren
the risk also converges at a good r&tdog n/n'/2). Even if mis not smooth at
all, the combined forecasting procedure is still consisténhe errors are long-
range dependent with the dependence parameter correctly specified in, case 6
and if m has the neural net representatitime risk converges at ra@(n~2),

The key point here is that by combining the different forecatsts mixed
forecasting procedure automatically adapts to different scenarios for a good rate
of convergence

2.7.2. Single series forecasting~or this casgone is interested in predict-
ing a variable based on its past valueere no outside information is used to
help prediction

Let Yy, Ys, ... be a univariate time serie®ifferent tools including Box—
Jenkins methods using ARIMA mode{8ox and Jenkins1976, exponential
smoothing(e.g., Holt, 1957 Winters 1960, and models based oa.g., econo-
metric theories have been proposed and widely used in prablate that fore-
casting based on ARIMA modeling typically requires selection of appropriate
autoregressivemoving averageand differencing order#\s pointed out in the
introduction to this papein the regressioffiand classificationcontex{s), it is
now known that selection often causes unnecessarily large variability and does
not perform as well as combining the models appropriatélgeems reason-
able to expect a similar phenomenon in the time series forecasting corttest
the AFTER algorithms could be used to combine plausible ARIMA models of
different orders Another way of using the algorithms is to combjresg., a
forecast based on the ARIMA technique and a forecast based on exponential
smoothing

Many authors on combining forecasts have commented that one might ex-
pect a greater improvement when the procedures are more distinct in nature
(see e.g., Newbold and Grangefl974). It may also be worthwhile to combine
proceduregmodels of similar nature to avoid a large variability due to selec-
tion. See Zou and Yan(R003 for empirical results in that direction

3. COMBINING FORECASTS FOR A BETTER PERFORMANCE

The results given so far deal with combining forecasts for adaptati@nthe
purpose of combining the individual forecasts is to achieve the best overall
performance over time among all the competing forecastapplicationsthe
more aggressive goal of combining procedures for improving the individual
forecasts is certainly appealin§ee ClemenMurphy, and Winkler(1995 for
a discussion of the difference between the two directions in combining forecasts
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In this sectionwe consider linear combinations of forecasts with a certain
constraint The treatment is mainly theoretical because the combining methods
we study are hard to implement in applicatio@sur purpose is to address sev-
eral important issues on combining forecasts for a better perform@ihegheo-
retical understanding can be very helpful when evaluating practically feasible
combining methodsRelated theoretical results on linearly combining nonpara-
metric regression procedures with independent errors are in Juditsky and
Nemirovski(2000 and Yang(in press. Some practical combining methods for
regression have been proposed by Wolp@@92, Breiman (19964, and
LeBlanc and Tibshirani1996.

Let A = {6,,6,,...} be the set of original forecasting procedur®sie hopes
that a certain linear combination of them will significantly outperform any of
the individual procedureJhere are two related issues that we want to address

1. stability versus pursuing further improvement
2. sparsity in combining

In addition to higher computational coshere must also be a price in terms
of statistical performance for searching for the best linearly combined proce-
dure The price will be quantified in a minimax framework in terms of the num-
ber of procedures being combingts intuition suggeststhe more procedures
involved in combiningthe bigger the price one needs to pay as a result of the
increased variability of the combined forecaBhe first issue then amounts to
the comparison of the potential gain and the price of combining more forecast-
ing procedureslf the potential gain is larger than the prjcten there is an
advantage in combining more procedutgmoring the computational cosOf
course in applications one does not know the optimal trade-off between the
potential gain and the pric&hus it would be nice to have a combined proce-
dure that automatically behaves the right wthat would be both conservative
(which targets the best performance based on a small number of procedures to
avoid a large variability and aggressivéwhich targets the best performance
based on a large number of procedures to increase the potential \whioh-
ever is betterSparseness in combining is also an important isfumany co-
efficients in a linear combination of the procedures are rather siediping
the important ones only can lead to a much better performance because of the
much reduced variability of the resulting forecaBecause one does not know
which coefficients are important in advan@™me sort of search over sparse
combinations is needed

Empirical evidence suggests that simple combining methods sometimes out-
perform more complicated versian& possible explanatignas proposed by
several researchefs.g., Figlewski and Urich 1983 Kang 1986 Clemen and
Winkler, 1986, is that more complicated combining methods have a much larger
variability. Our theoretical results tend to support this view

For simplicity in illustration in this section we will assume normality of the
conditional distributions of the future response given the past data and the present
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outside information and will also assume that the variangese known and
bounded above and below by some positive constants as in Corollatgvi-
ever similar results can be obtained with little difficulty for the other cases
considered in Section 2 with weaker assumptions

3.1. What Is the Price of Linearly Combining for Improvement?

Let A = {84,...,6m} be a finite collection of forecasting procedures wih
producing forecast);; at time i. Consider the linear combination of the
procedures

M
9i0:_210137j,i, =1,
i<

wherefd = (6,,...,60y) satisfies the constrairEj"illejl = 1. Let 8 denote the
corresponding forecasting procedure anddet 0,, denote the set of all such
6. Let 6* be the minimizer of(1/n)>; E(m; — 97)? overd € © and let
R(M;n; A) denote the minimized valué captures the best performance among
all the linearly combined procedures subject to the constraargetings?”
(which is unknown, we combine the procedureéd using the AFTER algo-
rithm with 6 restricted to a finite sed, C ©. An appropriate choice ddy (see
the proof of Theorem 6 in the Appendileads to the following result.et 6
denote the combined forecasting procediRecall that for a forecasting proce-
dures with forecasty; fori = 1, R(§;n) = (1/n) >, E(m; — ¥;)? is the mean
average square risk

THEOREM & Assume that Conditions 1 and 2 are satisfied. The risk of the
combined proceduré™ can be bounded as follows:

M log(1+ n/M)

R(M;n;A)+T when M< v/n
R(&M;n)=C ,
R(M;n;A) + _logM_ when M= +/n

o vVnlogn B

where C is a constant depending op, A,, and A; (as in Conditions 1 and 2).
In particular, if M = M, = Cyn” for somer > 0 and G > 0, then

logn
RIM;n;A) + 5= when0 =17 < 1
R 6M. <= ’
(8%:n)=C rlogn\u2 (12)
R(M;n;A) + whens = 7 < oo,

where the constant Gdepends on A A, Az, and G.
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Remark A similar result in the regression context suitable wihér= \/n is
given in Juditsky and NemirovskR000.

The result characterizes the performance of the combined procedure in
terms of the best linear combinatigsubject to the constrainand a penalty
For nonparametric estimation or predictj@xact risks are usually too difficult
to obtain without restrictive conditionsaand accordingly convergence rates
are used to compare procedur€hle result implies that when combining =
Con" proceduresthe combined forecast has mean average risk converging at
the rate of the best combination plus a penalty term or pritgch is of order

(rlogn/n)¥2 whenr = 3 and is of ordem~*""logn when 0= 7 < 3.

Define
M log(1+ n/M
—g( VM) 1=M<+n
(M) = "
Ui logM
e —— M = +/n.
vnlogn

Note thaty,(M) is the penalty term associated with the combined procedure
for not knowing which linear coefficients work the be¥he termy,(M) in-
creases abl increases and thus can be viewed as a complexity penalty of com-
bining M proceduregrelative to the sample sizeWhenn is small the price of
combining a large number of procedures is very hight whenn becomes
large more forecasts can be combined for a relatively low price

One might wonder if the price we gave previously for combining forecasts is
really necessary or rather is due to suboptimal combinindact, the upper
bound given previously is almost optimal in the sense that it cannot be im-
proved much in general as shown in the following reshtir simplicity as-
sume that the conditional variance 4fgivenz'~* andx; is 1 fori = 1. For a
real number, let |a| denote the largest integer no bigger then

THEOREM 7 Consider M, = | n” | for somer > 0. There exist M proce-
duresAy = {8;,1=] = M,} satisfying Condition 2 such that for any combined
procedures based omyy, , one can find a case of true data generating process

such that
n--" when0=r7=<1
R(8;n) — RM;n;Ay ) = C"4 (logn\2
Y when3 <7 < oo,

where the constant Cdoes not depend on n.

Thus no matter how carefully a combining procedure is construdtedn-
not be uniformly close to the ideal performanReM;n; Ay, ) within an order
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smaller than the one given earli®tote that the lower rate matches the upper
rate in Theorem 6 whem > 3 and the upper and lower rates differ only in
logarithmic factors when & 7 < 3.

Theorems 6 and 7 together with Corollary 1 provide some understanding of
the question of whether one should combine for adaptation or combine for im-
provementBy Corollary 1 and taking the uniform prior weight on thé,, pro-

cedurescombining for adaptation yields risk of order

. log M,
inf R(8;;n) + _—

1=j=M,

If M, does not increase exponentially fasig M,/n is of order logn/n, which
is usually negligible for nonparametric estimation or predictibimen combin-
ing for adaptation achieves the best performafnate among theM,, forecast-
ing proceduresin terms of rate of convergence of the mean average risk
linearly combiningn™ procedures for better performance is guaranteed to do
better than combining for adaptation only when b&M,;n;A,, ) and the
penalty term(logn/n)¥? for 7 > 3 andn~*"" for 0 = 7 = 3 converge at
a faster rate than inf;—y R(5;;n) + (logM,)/n. Otherwise the linearly
combined procedure can do worse or even much worse than combining for
adaptationThus it is not automatically advantageous to combine forecasting
procedures for improvement

Theorems 6 and 7 can also help us to understand how many procedures should
be combinedNote that inf_;—, R(5;;n) is nonincreasing as more forecasting
procedures are included if, but on the other hand the penaljy(M,) in-
creasesThus one needs a good trade-off between the potential gain and the
complexity penaltyln the next sectiona method will be given to automati-
cally achieve the best trade-off

3.2. Combining with Multiple Discretization Accuracies

In the construction of the combined forecast in the previous sedialiscret-
ization is used that is chosen accordingntGamong other things This is un-
desirable because it requires knowledge of how many times one will forecast
in the future Theoretically speakinghe problem can be fixed by considering
different discretization accuracies at the same tilneaddition we will seek
automatic balance between the potential gain and the complexity penalty

Let A = {6,,8,,...} be a list of forecasting proceduretet A, =
{81,05,...,8u}. Fix M for the time beingFor eachk = 1, consider a best-net
Ny (under thel} distance in ©y with 2¥ points (which minimizes the maxi-
mum distance between a point &), and the closest point in the neFrom
Schutt(1984 Theorem 1}, the entropy number under th¥ distance is upper
bounded bycep (M, k), where
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1 if 1 =k=log,M
log,(1+ M/k

d(M, k) = % iflog,M =k=M
2*2k/MMfl if k>M

andc does not depend ol or k. We combine the 2corresponding forecast-
ing procedureslinear combinations of the origindl procedures with in N,)
for adaptation using the uniform prior weiglienote the procedure B(M, k).
By Corollary 1,

R(6(M,k);n) = C<IH( + R(M;n;Ay) + ¢2(M,k)),

whereC is a constant depending @&, A,, and A;. For conveniencewe will
use the same symbd to denote any constant that may dependAan A,,
andAs.

Define log" by log*x = log(x + 1) + 2loglog(x + 1). Now we combine
the procedure$s(M,k):M = 1,k = 1} for adaptation with the prior weight
celog’M-log’k \where the constantis chosen to normalize the weights to sum
to L Leté” denote this forecasting procedul&follows again from Corollary 1

) . k logM logk
R(6*;n) = C mf(R(M;n;AM) + =+ $p2(M, k) + — + —)

M, k n n n

Compared with the other termdog M/n) + (logk/n) are asymptotically neg-
ligible. Thus the final combined procedure behaves automatically as well as if
it knew the optimal discretization accuracy that balarig@sand ¢2(M, k) and
knew also the optimal number of proceduMgthat balance®(M;n; Ay ) and
inf ((k/n) + ¢2(M,K)). In particular for eachn and M, by takingk as in the
proof of Theorem Gwe have

R(6%;n) = Cir'\wﬂf(R(M;n;AM) + ¢ (M)). (13)

Note that the upper bound agrees in order with that in Theorem 6 but the com-
bining procedure does not need to knovin advanceUp to a constant factpr

the combined forecast automatically achieves the best trade-off between risk
reduction and the complexity penalty for combining

3.3. Sparsely Combining

In some casesvhen combining many procedutgble best linear combination

may concentrate on only a few of thefor such a caseombining only the
important procedures leads to a much better performance because of the signif-
icantly reduced variability in the final combined procedudsually one does

not know which of the original procedures are important individyalhd even
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if one doessome of the individually important procedures may not be needed
in the best linear combinatioiVithout such knowledgewe consider different
sparse combinations of the candidate forecasts

The idea is to combine each suitable subset of the candidate procedures for
improvement and then combine the new ones for adaptétieer the different
subsets For each integeM > 1, 1= L < M, and a subse$of {1,2,...,M} of
sizel, let §(S) be the linearly combinedfor improvemenk procedure based
on{g;:j € S} using multiple discretization accuracies as in the construction of
8* in the previous sectioThen lets™- be the combinedfor adaptation pro-
cedure based on all sué{S) with the uniform prior weight,(") (there are
"C') many such procedurgsThen letd™ be the combinedfor adaptation
procedure based ai*%,..., 6MM~1 using the uniform prior weight/AM — 1).
Let 8¢ denote the combinetfor adaptation procedure based o™, M = 2
with the prior weightc’ exp(—log*M), where the constant’ is chosen
such thatSy_, c’'e™'°9'M = 1 Let A(S) denote the collection of procedures
16;:] € S}. Based on Corollary Jwe have

log(M
R(8%:n) = C inf ( inf ( inf R(M;1:A(S)) + (L) + ﬂ))
M=2\ 1=L=M-1\ |S|=L,SC{12,...,M} n
. . . LlogM
=C inf inf inf R(M; n;A(S)) + (L) + .
M=2\ 1=L=M—-1\ |S|=L,SC{L2,...,M} n

(14)

Compared with upper bound3), we see the potential advantage of sparse
combining Let M,, achieve the best trade-off betweB(M; n; Ay) andyr,(M).
Suppose there exists(S) C {1,2,...,M,} with L = |A(S)| much smaller than
M, andR(M,; n; A(S)) is only slightly larger tharR(M,; n; Ay ). Theny, (L) +
(LlogM,)/n is much smaller thaw,,(M,) if M,, does not grow exponentially
fast For such a casesparse combining avoids unnecessarily large variability
in combining all the firstM,, procedures

Sparse approximatigiestimation has been effectively used for wavelet esti-
mation (seeg e.g., Donoho and Johnstoné994 1998 Johnstong1999 and
also has been applied to general model seledse® Yang and Barrgri998
1999 Barron Birgé, and Massart1999.

3.4. Adaptively Combining Forecasts

The results in the previous sections provide helpful insight into the difference
between combining for adaptation and combining for improvemamipoten-

tial gain and the price of combining forecastsd on the advantage of sparse
combining In practice however one does not know which scenario one is in
and therefore can not gauge beforehand the optimal combining strétegg
indiscriminately combines a large number of proceduoes might end up with

a much worse performance compared with combining for adaptatiothis
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section we give an adaptive combining method that overcomes these difficul-
ties at least in theoryHere we show that when combining the procedures prop-
erly, one can have the potential of obtaining a large gain in forecasting accuracy
yet without losing much when there happens to be no advantage in considering
sophisticated linear combinations for improvement

Consider three different approaches for combining procedurea i
{81,65,...}.

The first approach is to combine the procedures for adaptakiene one
intends to capture the best performafiogterms of rate of convergencamong
the candidate procedurelset 65 denote this combined procedure basedAon
using the AFTER algorithm as given in SectionVEhenA is not a finite col-
lection one cannot use uniform prior weigl®ne choice of prior weightr; is
ce °9"i where the constart is chosen to normalize the weights to sum to 1
Based on Corollary Jwe have

log(j +1)

R(8x;n) = Cirjnf(T + R(B,;n)) =: CRi{(n;A). (15)
If one procedurgsay §;-, behaves the best asymptoticaligen the penalty is
of order ¥n. If the best procedure changes according,tthen inf(log(j + 1)/
n + R(n;g;)) is a trade-off between complexity and estimation accuracy

The second approach targets the best performance among all the linear com-
binations of the original procedures up to different ord@iss is the combin-
ing procedure described in Sectior23Let 6§ denote this procedur&hen

R(d5;n) = Cinf(R(M;n; Ay ) + (M) =: CRy(n; 4).

The third approach is to combine the procedures through various sparse com-
binations as described in Sectior83Let §¢& denote this procedur@hen

LlogM
R(52:n) = C inf < inf < inf R(M; n:A(S)) + (L) + —g>>
M=2\ 1=L=M-1\ |S|=L,Sc{12,..., M} n
=: CRi(n; A).

Now we combine these three procedudds 63, and & with equal prior
weight 3 and letsg denote the final combined procedumdote that this is
still a linear combination of the original procedurdd¥e have the following
conclusion

PROPOSITION 2 Assume Conditions 1 and 2 are satisfied. Then the com-
bined procedure satisfies

R(6¢;n) = Cmin(Ri(n;A), R3(n;A), R3(n; A)),

where C is a constant depending only of A,, and As.
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Thus in terms of rate of convergendest of all, the combined forecasting
procedure converges as fast as any original proce@@®ndwhen linear com-
binations of the firstVl,, proceduregfor someM,, > 1) can improve estimation
accuracy dramaticallyone pays a price at most of ordgg(M,) for the better
performanceWhen certain linear combinations of a small number of proce-
dures perform wellthe combined procedure can also take advantage oflthat
summarythe combined procedure is automatically both aggressive in pursuing
greater accuracy improvement and conservative in avoiding paying a price higher
than the potential gain

4. CONCLUDING REMARKS

Combining forecasts is a useful technique for sharing strengths of different fore-
casting procedure3here are two closely related directions in combining fore-
casts combining for adaptation and combining for improvement

An algorithm AFTER, is proposed for combining forecasts for adaptation
The method assigns weights to the candidate procedures according to their per-
formances thus far and relies on the specification of the fdems, Gaussian
or double-exponentialof the conditional distributions of given the past data
and the current outside informatio®@ne may use a fixed specification for com-
bining or use specifications from the individual forecast®&fen the common
specification for the first case or the individual specifications corresponding to
the best forecasts capture the true uncertainty well, the AFTER algorithm
is shown to have a prediction risk automatically close to the best procedare
assumption on the relationship between different forecasts is needed for the
result In applicationsvarious model assumptions on the relationship between
Y and the outside informatiod and on dependence structure among the errors
(noise can be considered in constructing individual predictioftse resulting
forecasts and also additional forecasts based on subjective assessments can be
combined The algorithm AFTER is easy to implement in practi@mbining
without specifying or estimating the conditional distributionsyas also stud-
ied under assumptions on certain moment generating functions

An alternative to combining procedures is selecting the bestMoeel se-
lection criteria can be used in that regard when combining model-based fore-
casts However model selection is often unstable@hich causes a rather large
variability in prediction Combining with appropriate weighting as by AFTER
gives more stable predictions and accordingly yields better performance

In the other directionwe studied linearly combiningsubject to a constraint
forecasts for improving the individual procedurBgcause the “optimal” weights
are estimatedone must pay a price in the sense that the risk of the combined
forecast is larger in general than that of the best linear combinakimmpoten-
tial gain and the price in terms of prediction accuracy are theoretically quan-
tified. The result supports the empirical finding that combining does not
necessarily lead to performance improvement and indiscriminate combining of
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a number of forecasts can have a much worse performance compared to the best
individual procedureln addition we showed an advantage of sparse combin-
ing. A multipurpose combining method is shown to be able to automatically bal-
ance the potential gain and the complexity penattiakes advantage of sparse
combining when only a few procedures have large weights for the best linear
combination and it always achieve@n rate) the best individual performance
Our results on linearly combining forecasts for improvement are mainly theo-
retical Computationally feasible methods need to be developed with similar
propertiesIn addition to linear combininghonlinear methods may also prove
helpful for sharing strengths of different procedur@sother interesting and
challenging research direction is combining prediction inten&ée Taylor and
Bunn (1999 for some simulation result§urther theoretical research on these
topics in our opinion will be a fruitful guide for combining forecasts in practice
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APPENDIX: PROOFS OF THE RESULTS

Proof of Theorem 1. Let

¢ 1 1 ( 2
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and

& 1 1
= I, — —— (v =Y )2
1_2177] i=1 27Tl)i eXp( 21)i (yl )7],|) )

1 i 1o (=902
= 2 m exp(——E—J )
ij=1

(2m)™21 v 23 U

Consider log f"/g"). By monotonicity of the log functionfor each fixedj* = 1, we
have

log(f"/g") = log

(A1)

On the other handbserve

> j 1
= g W exp<_2_vl(yl_yj,l)2>

S M 1 , 1 ,
g 47200, exp( 20, (1550 2v, (Y2~ 9:.2)
X
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Letp = (1/\/27Tvi)exp(—(Yi — m)%2v;) andg; = 1/\/2wvi2{’11 W exp(—[(y; —
¥,.1)%2vi]). It follows by definition of W ; that log( f"/q") = XL, log(p, /g;). To-
gether with(A.1), we have

2”: Vi = 9-)%—(yp —my) . A2)

Ui

I\)IH

2 (gi> log(1/r;~)
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Taking expectation on both sides @.2) under the conditional distribution &f, given
Z" 1 =z""1 andx,, we have

n—1
Pi Pn
log| — | + E,log| —

1020y = 902 = (v —my)?
= log(V/m:) + = 3 =

i=1 Ui
(yn - y’*,n)z - (yn - mn)2
En< J ” ) (A.3)

Becausey, = my, + €,, whereE, e, = 0, we have
(Yo = 952n)% = (Yo = Mp)? = (M, = 9 0)® = 26,950 — M)
and

Enlen(Fi<n— M)l = (-0 — My)E €, = 0.

It follows that

£ (Yn_yj*,n)z_(yn_mn)2 -~ (mn_Yj*,h)2
n 2v, 2v,

Observe that under the normality assumption on the errors
Pn\ Pn -
Balog( ") = | Pulog ~dy, = (\/Pn = \[9n)? dy,

where the inequality is the familiar relationship between the Kullback—Leibler diver-
gence and the squared Hellinger distarige w, (= m,),v, (= vn), andug (= 95),04,
denote the means and variancesppfand g,, respectively Under Condition Qit can

be easily verified thab, = v, + (2SUp=1|¥j,n — Mn|)? = v,(1 + 47). Observing that
|, = Mgl = My — Yl = sup=1|9j,n — My| = fu,7, together with Lemma Iwhich
follows, we have that

(mn_y:)z - (mn_y:)z

200+ 20y + @y, — g |2 200+ 20,(1 4+ 47) + o7

[ - ez ay, =

It follows that

Pn _ >(mn_y:)2
En|09<a> = J‘(M_ \G)* dy, = va(4+97)°
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Together with(A.3), we have

nzllog( pl) (mn_y:)z

i vn(4+97)

n—1 U« )2 — (V. — m )2 — . )2
<|og(1/77' )+ 1 E (y| y]|) (yl m|) i (mn yjn) )

25 Ui 2vu,

Thus

n-1 P 1022 (Y =92 = (v —my)?
e e

= (m, yn)2 (mn_yi*,n)2
JOg(l/ﬂﬁ)_E( n(4+9r)>+E< 2, )

Handle lod pr-1/gn-1) — [(Yn-1 — )A/j*,n—:l_)2 = (Yn-1— mnfl)z]/vnfl the same way as
for i = n, and similarly for other =i < n — 1, we have

n 2 d ( i ‘*i)z
Te < )><|og(1/wj*>+25<%>’

i=1 U(4+9) i

Because the preceding analysis holds for eyériyt follows that

o ((m-902) (Mo
> <U(4+9)>_Jp2f1<log(1/7-rl-)+i_21E< 2. ))

The conclusion of Theorem 1 then followBhis completes the proof of Theorem B

M

Proof of Theorem 2. We only need to modify the proof of TheoremDefinef" as
before but modifyg" to be

g T 1A €X p<_T(y| ¥ i)2>
j=1 \’2’7TU]| 2 :

°° 1 10y =907
=2 G o exp<_5i-21 : )

Uj,i

As before for each fixedj* = 1, we have

I\)lH

(1 (27r0;)~ 1/2)e><|0<

Zn: (y; _.mi)2>

7TJ”(H|n:1(2771>] *’i)_l/z)exp<—:—2L :é y] I) )

1*,i

log(f"/g") = log

i (yi_yj*,i) B (yi —my) ) (A4)

1 n
= log(Y/m;) + 5 > <Iog —

U; Uj i U;
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Taking expectation conditioned @i * andx;, we have

< O (Y= 95i)? (yi_mi)2> (my = 9+1)? v;
E; IogT+ - = +

Ui
- - —log —.
Vi Vi Ui Ui Ui
(A.5)

Similarly as beforglog(f"/q") = 2", log(p; /g;), whereg; is modified to be

3w, )
= P ¥ 277_1)“ exp 2,, .

Together with(A.4) and(A.5), we have

_En‘, EIog(g) = log(1/m;+) + - 2 E(y—yj) + Avi |og—>. (A.6)
i ]

Y Uji Vi~

Notice that as befor& log(pi/gi) = [(\/p; — A/g)* dy;, and using the fact that, =
&oup + 4vit and applying Lemma,lwe have

E | by (m —9)?
NG )T wear ey o
Together with(A.6), we have
n (m;y —9)?
i_ElE<vi(2(1+ &) +9r>>
i m = ¥i)? i i
= og(y/m) + 5 € <¢ 1 o f’—).
23 j* i Oj i U i

It is straightforward to verify that ik = xo > 0, x — 1 — logx = ¢, (x — 1)? for a
constantc, = (Xg — 1 — logXo)/(Xo — 1)2 Together with the fact that the preceding
inequality holds for every*, under Condition 3it follows that

" (m, —9)?
§E<vi<2<1+§2>+9ﬂ>

) n (m; — fﬁ,i)z 0 — v;)?
= }22('09(1/75-) + .—21E<W) + C(§1,52)5<Ti2 ,

where C(é1,&,) = (1/€, — 1 + logé,)/€2(1/€, — 1)% The conclusion then follows
This completes the proof of Theorem 2 u
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Proof of Theorem 3. Redefine

Yi —
o ()
S S

and
1 Vi — Vi
g n(15)

Similarly as beforewe have that for every*,

I

q" =
i

n < (m —97)? ) n
D E| —7—7+—— | =log(Y/m;-) + > Elog
i-1

i=1 vi(2(1+ &) +97)

By a simple linear transformation

= m; 1 —m

lh Yi —m; _h(yl ml)
S S _flh Yi—m | S S

s )01 (v,

Eilog—ih<yi_—yj’i> 5 h<yu—37,i>dy'
§.i §.i §.i §.i
h(z)
:fh(z)'og 1 [2- G, —mis\ %2
-éj,i/S h( %,i/ﬁ )

(%1 - m)?

where for the last inequalitywe use Condition 4 withsy = min(£4/2,£5,%2) and
T = 7Y2 It follows that

ih<yi _mi)
S S B E(S,i_S)Z_i_E(yj,i_mi)z
0. T s & :

Elog———F———F—~ =
1 Yi — i
S,ih< §.i )

The rest of the proof then follows easilfhis completes the proof of Theorem 3 B

Proof of Theorem 4. We prove the first part of the result firstet II_, p; be the
true joint distribution ofYy,...,Y, andIIL, p, ; be the estimated version of forecaster
forj=1 Letq"= X", =TI ,p,;. Then as beforgfor eachj* = 1,

. p
Iog( ,:p,> = log(1/m;+) + 2 log —
q ﬁ] i
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Let gi(yi)) = 220 Wi Py () for i = 1. By definition of Wi, a"(y,...,¥n) =
19, (y;). Thus

E<Efi '°9§> =log(l/m-) + 3, ED(pIA;-):

Then lower bounding the Kullback-Leibler divergence by the squared Hellinger dis-
tance and applying Lemma 1 as in the proof of Theoremwel have

10 )2 log(1/m) 12
S E <—>5(2(1+§2)+97)inf<—77’ Z D(pillﬁ,-,i)>-
n v; j=1 n =

i=1

For the second result of the theorglet

1 Yi—m 1 Vi — Vi
fr=11, — h and q"= > mII, - i — .
's ( 5 ) q E T ( §.i )

For §; satisfying Condition 5Staking expectation conditioned @h~* andx;, by a sim-
ple linear transformation and then applying Lemmenhich follows), we have

()

hi ()

E log ig< )ﬁ.) fh(t)log - S —m) dt
S,i o s,l 1 g Si
§i 7 S
S S
( ,i_Si)2 (y‘,i_mi)z
§C<D(higj,i)+ 5 — + = 2 ) (A7)

whereC is a constant depending @p and B, + with 5o andT being constants depend-
ing oné,, &5, andr. Then as beforewe have

n (m; —9)?
2E<vi(2(1+§2>+9r>>
n noo(8i-8)2 o (Fi—m)
Slog(l/w,-)+C<ED(hig,-,i)+EE§1’— E '—)
i=1 i=1 s = §

The conclusion then followsThis completes the proof of Theorem 4 n
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Proof of Theorem 5. Defineh(x) = exp(—A¢(x)) (it is not necessarily a probability
density function. Define

q" = _Elﬂjninzlh(Yi =9.i)-
i=
For each fixed* = 1, we have
log(1/q™) = log(1/mj+) + A X ¢ (y; = §ji)- (A.8)
i=1

As before

8

m h(y; = $,.0)h(Y2 = i)

j=1

q" = (Elw,-hwl—yj,l)) X
P

> mh(y1— 9.0
i=1

8

m I h(y, — 9i0)

Il
i

X
X

m (Y = 9,4)

M

Il
[

It follows that

W i h(y; _)7j,i)>- (A.9)

n
log(1/q") = =X I09<

i=1 i
We now bound logX”; W, ;h(y; — ;i) = log(E”’exp{— Ay (y; — ¥5)}), whereE”
(depending on) denotes expectation with respectltander the probability mass func-
tion P(J =]) = W; (for a fixedi). By Lemma 101 of Catoni(1999, under(10) of
Condition 7 we have

log(E” exp(— Ay (y; — 95.i)) = —AE(y, — ¥5,0) + 1, (A.10)

wherel denotes

2

B =950~ By~ 95,0
X exp(CAZB <|yi -m|f+ <1+ JS;PW" - m \)B>>.
For handling the ternh, note that by(10) of Condition 7
B2 (i = ¥5:) — B (Y = 95:0)?
=By — 950) — ¢y —E’950)?
= <:2(|yi —m |+ <1+ sup g, — m, \>>ZBEJ(§/JJ — E%,)2

=1

= czzzﬂ*(\yi —m |28+ (1+ sup,; — m, \)Z‘*) E°(9 — E°%0% (A1)

j=1
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Under(9) of Condition 7 letap =y, — ¥ = yi — EYY;;; we have
(i = 95,0) = (Oa(Yi = %i = (¥ = 9D + b (y; = 7))
=clyi =¥~y H P = - 92 (A.12)
Taking expectation undeg”, we have
EY (Y = 931) = (00 EX(97 = 95) + ¢ (yi = 97)) = CEY (95, — ¥7)2
Observing tha€’(y;" — ¥;,;) = 0 by definition ofy*, we have
E% (Y = 95.:) =9 (yi = %) = cEX(9,,; — 92 (A.13)

It follows that the terml is bounded byE(y;; — i) multiplied by

/\2
> (‘:2223’1(<1+ sup ¥ i — mi|>zﬁ + |q|2/3>

j=1
X exp<<‘:A23 <\a [P+ <1+ suﬁ Yii—m |>B>>
=
= A2C222F72((A+ 1% + | |?P)exp(CA28 (| |P + (A+1)P)).

Under Condition 8by taking conditional expectation giveri-* andx;, we have that
whenca2? < t,

E (1) = EX((Y,; — EYy,)?)- 12622287200 2° (A1 (A + 1)%PM,(CA2P) + My(CA2")).

Take A small enoughsay 0 < A = A, SO thatA2c2228-2ecA2*(A+DP (A + 1)28 X
Mx(CA2P) + M1(CA2P)) = Ac/2 andcA2P < t,. Together with(A.13),

E (1) = Ac/2E7(¥5; — 97)? = A/2E{E (Y, — 95:) — o (Y, — )b
It follows that
Ei[log B exp(—=Ay (Y, = Y3:0))] = —AE ¢ (Y, = 97) + AE [y (Y, = 97) — By (Y, — 97)]
+A2E B (Y — 97) — (Y — 9]
= —AEY(Y =9,
where the last step follows froB% (Y, — ¥*) = (Y, — ¥7) by Jensen’s inequality
based on convexity af. Together with(A.9) and(A.8), we have
- AEZn‘,lw(Yi —¥) = —Elog(1/q") = —log(1/m;-) — /\éEd/(Yi = 9i)-

Becausg * is arbitrary we have

log(1/m;
A

> Ew(Y, - y7) = inf )+2E¢(Yi—yj,i>).

This completes the proof of Theorem 5 u
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Proof of Theorem 6. We consider first the case whém < +/n. Recall®y = {0 =
(01,...,0m): Ej”':le | = 1}. Let N, be ane-net in®,, under thd } distancei.e., for each
0 € Oy, there exist®’ € N, such that|g — 6’|} = 4/ jM:1|HJ- —0/| =e. Ane-netN; in
0y, yields a suitable net in the sEt= {6?:6 € @y} of the linear combinations of the
original forecastsLet y4,..., y denote the original forecasts by tiv procedures at
timei. Let F. be the set of the linear combinations of the forecgsts ., Yy with coef-
ficients inN.. Then for anyy = E ~1 0, with 6 € Oy, there exist®)’ € N, such that

M M
E = | 26, = 69| = Asll6 — 0"} = Age, (A.14)
] =

whereA; is an upper bound on the magnitude of the original foreca&isv we com-
bine all the procedures iR, using the AFTER algorithm given in Section 2 for Theo-
rem 1 with the uniform prior weight/IN,|. Let ", i = 1 denote the combined forecasts
at timei. By Corollary 1 we have

12 Clog(|N 12

- D Em -y = Clog(N.)) +Cinf = > E(m —9)?

ni=; n 0EN. N {7

where C depends only orA;, A,, and Az. BecauseF, is an (Asze)-net in F, by the
triangle inequality for any set of m;, we have infcy E(ZLi(m — 9/)?) =
2inf,ce E(SM (M — 99)?) + 2nA3€2 It follows that

Sl

M:

Clog(|N, 120
E(m —y")2 =< Clog(N.)) +2C inf = E(m; — )% + 2A3Ce? (A.15)

i=1 o0y N =,

To get the best upper bourith orden, we need to minimize logN.|) + 2A3e%n when
discretizing®y. We apply a result on entropy numbeée., the worst case approxima-
tion error with the best net of size of points Let ¢, denote the entropy number 64,
under thelM distance From Shiitt(1984 Theorem ), whenk = M, ¢ = c27¥M for
some constant independent ok and M. Take

M(log(n/M) + 2 log 2
- 2log 2

(note thatk = M). (Strictly speakingwe need to round up to makean integep Then

M (I M) + 2log 2 A;C)°M
log(|N,|) + 2A3e*n = (Og(nz/lo)gz og)+(3;) =c'Mlog(1+n/M),

wherec’ depends only o; andc. The upper bound in Theorem 6 ff < +/n then
follows.

Now consider the other cas® = +/n. The preceding argument leads to a subopti-
mal rateM log(1 + n/M) for M = n. For this casgas a result of thé; constraint the
number of large coefficients is small relativeMdwhenM > +/n. Working with only
the large coefficients can result in the optimal rate of convergence

Note that for|g|}' = 1, \Zj"il 6,9;] = As. Then by a sampling argumef(geg e.g.,
Barron 1993 Lemma 1 for eachm, there exist a subsétC {1,...,M} of sizem and

= (6/,i € 1) such thai=/",; 6,9, — 3, 6/9,| = As/Nm. Takingm* = \n/logn,
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we have|SM, 6.9 — Sic, 6/9;| = As(logn/n)V4 Consider ane-net in B, = {6;:
Sieil6] = 1} under thel!™ distance Again by Schiitt(1984 Theorem 1, taking

k = [m*(log(n/m*) + 2log 2)]/2log 2, the beste-net has approximation accuracy
€ = ¢/2Nm¥/n. Then as in(A.14), we know that there existg” in this e-net such that
Xic 09 — Zie 69| = Asc/2¥m*/n. Thus for eachs? € F, there existl* C
{1,...,M} of sizem* and§,” such that

Ag(logn)V4 AsC c”(logn)¥4
<
n1/4 2n1/4(|og n)1/4 - n1/4 ’

M

jel™

wherec” depends only o\; andc.

Now for each fixed subsétC {1,...,M} of sizem*, discretize the linear coefficients
as described earlieThen (with the uniform prior weight combine the corresponding
linear combinations of the forecasting procedured.ifhen combine thes@ombined
procedures over all possible choicesldthere are<n“:'*> many suchl altogethey with

the uniform prior weightLet 5™ denote this final procedure and l&t = {5;,i € 1}.
Applying Corollary 1 twice we have that

M

13 (nlogn)¥2  m*log(n/m*) log m*

R(M;n) =C\| inf = X E(m —9/)% + E:] N gn .
1

ooy N =

1 n logM
=c'( inf -E =902 ) + ——— ),
<eg]@Mn <i_21(m' 5) ) anogn)

where the constantS andC’ depend om\;, A,, and As. This completes the proof of
Theorem 6 u

Proof of Theorem 7. Let X; = (Xi1,..., Xim), i = 1 be independent and identically
distributed(i.i.d.) whereXs,..., Xijw are independent and uniformly distributed @ ].
AssumeY; = f(X;) + &, where the errorg are independent and normally distributed
with mean zero and variance llet ¢,(X), ..., ¢m(X) be uniformly bounded orthonor-
mal basis functionge.g., trigonometric basis Take§;, i = 1 to be the procedure that
forecastsY; by ¢;(X;). For eachM = n", consider the class of regression functions
F = {fo(Xy, Xop..., Xm) = O101(X1) + -+ + Oueom(xm):|0]Y = 1} It is clear that
R(M,;n;Ay ) = E(ZLy(m; — 977)2) = 0 for f € F. For this casgbecause of the inde-
pendence of the errarprediction and regression are essentially identitake conclu-
sion of Theorem 7 then follows from Theorem 2 of Yafig press. This completes the
proof of Theorem 7 |

The following lemma relates the Hellinger distance between two densities to their
means and variances

LEMMA 1. Let p and g be two probability densities on the real line with respect to a
measurev, with meansu, and g, variancesO < o7 < o0 and0 < o < oo, respec-
tively. Then

(/va - /vlvg)2
2007 + 02 + iy~ tig)?

di(p,9) =
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When ¢(p,g) = 3, we have
(kp— ng)? = 4o + o) dA(p,9).

Proof. Let a be any constantNote that

(pp— pg)? = (f(x— a)pdv —J(x— a)gdv>

2
(f(xa)(pg)dv>
2
= ([ ax=aiive = Vi~ alar

= f(x—a) (Vp+ W)Zdv)pr— Vg)* dv,
where the last step follows from the Cauchy—Schwarz inequéibgerve that

[ o=@ + var2aw

_Zf(x—a)z(erg)dv

:4f( )z(p 9,

By takinga = (u, + ug)/2 (the mean of p, + g,)/2), we have thaf(x — a)?((p+9)/
2)dv is the variance of the distributiofp + g)/2, which is denoted by &, /.. Then
with some elementary calculatignse have that

1 2
_(/*‘Lp_,“vg) .

1
2 — 2 2
Oprg2 = 5 (05 +0g) + 2

2
From the preceding analysiwe have

(/’Lp - Mg)z
2002+ 02) + (p— o)

5> = da(p, Q).

The second conclusion follows easilyhis completes the proof of Lemma 1 n

LEMMA 2. Let f and g be two probability densities on the real line (with respect to
a measurev), both with mearD and variancel. Suppose f has an information projec-
tion in the location and scale family & {(1/0)g((x — u)/o): —o0 < p < c0,0 > O}.
Suppose that the density g satisfies Condition 4 and assume further that there exists a
constant0 < ¢ < 1 such that g, ,|g) = cmin(u? + (¢ — 1)31) holds for all —
< u <owando > 0, where g, , = (1/0)g((x — w)/o). Then when Df | g) = c/2, for
|u| = aandl/b = o = b for some constants 2 0 and b> 1, we have
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D(f[g,..,)=C(D(flg + (0 —1*+ u?)
for some constant C- 0 depending only on ¢ andsBr with § = (1 — 1/V§)/b and
T=(a+1/V2)/1 - 1/V2).

Proof. Under the assumption of information projectjove have the following Pytha-
gorean decomposition

D(fllg,,,) = D(flg, o) + D(9u019,,0)

for some —o0 < u* < o0, ando* > 0. It follows that D(f|g,~,+) = D(f|g) and
D(9,.,~19) = D(f|g). Under the assumptions ay the latter inequality implies that
whenD( f||g) = ¢/2, we have

D(flg

()2 + (0" —1)? = .

=

NI

Then|u*| = 1/4/2 and 1~ 1/42 = ¢* = 1 + 1/4/2. Under Condition 4 ory, with a
simple linear transformatigrwe have

(0" —0)? Lo M)2>

D(g/.:.*,a'*”g,u.,o-) = D(Q”Q(M—M*)/a*,(a/g*)) = BSO,T< (o*)2 (o")2

wheres, = (1 — 1/42)/b and T = (a + 1/42)/(1 — 1/42) (because Ab(1 +
1/N2) = o/o* = b/(1 — 1/N2) and|u* — ul/o* = (a + 1/N2)/(1 — 1/2)). By

triangle inequality

(o* —0)? _ 2(c* —1)?+2(oc — 1)? _ 2(c* —1)?+2(oc — 1)2

()2 (a7)? - a-1/N22
(w" = w? _2(p")?+2p2 _ 2(p*)® +2p?
(@9~ (e")? T @a-1/N2)?

Thus whenD(f|g) = c¢/2, we have

1
- 2 2 2<-D(f|\g)+(a—1)2+uz)
(0" - o) +(u*—u) __\C
(0_*)2 (G*)z - (1_1/\/5)2
Then
D(9,6+19,.) = (D(fllg) + (o —1)2 + u?),

wherec’ = 2B 1/(c(1 — 1/\/5)2). Together with earlier inequalitiesve have that
whenD(f|g) = c¢/2,

D(f[g,,,) =D(flg) +c'(D(flg) + (¢ —1)? + u?)
= (1+c)(D(flg + (0 = 1)? + u?).

This completes the proof of Lemma 2 u
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For the next resultconsider the setup in the introduction to this papet 7, 7,...
be a filtration Assume that the errorg form a martingale difference relative to the
filtration; i.e., for i =1, g is & measurable anB(e|%_1) = 0 almost surelyClearly e,
has mean zero and conditional variange= E(e?|%_,) for i = 1. Let 8 be a forecast-
ing procedure producing forecasts ¥»,... at time 12, and so onWe “estimate’; by
o = [1/(i — DIZ|_3(Y, — )2 prior to observingy;. The following proposition gives a
property of this estimator

PROPOSITION 3 Assume that jehave uniformly bounded fourth moments and
sup=1E|9; — mi|?2 < co. In addition, we assume that converges to a positive random
variablev with probability one. 116 is consistent (as defined in Section 2.5), ther v;
converges in probability to zero.

Remark. Clearly the conditions on the errors are satisfied if they drd. iwith a
finite fourth moment

Proof. Expanding squaresve have
1

i i—1 i—1

1 i1 1 2
=92 =:|§1(ml_yl)2 _12 _12 -9e.

26>

1 -
-13

It follows then that

1 i1 1 -1
P<’ 72((\4 =97 —u) - fE(rm —-9)?
i—1= i—-1=

1 i=1 2 -1
<‘_12 & —u) Z'5/2>+P< — > (M —¥)g ZE/Z)
—1 i-1=
- i-1 2
<Z e UI)) E(;(M%)Q)
(i—1)2%%4 * (i—1)%%16
Note that

E(ef —v) = E(E(6f —v)[F_1) =0

and forly > |5,

E(e? —v,) (&% —v,) = E(E(ef —v,) (62 —v,)| A, 1)
= E((ef, — v, )E(e — v, A, 1)
=0.

It follows that

=1 1=l<co

E<|2(q2—v| > i Var(e?) = (i —1) sup E¢’
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and similarly

i-1 2 -1
E<|_§:1(m, _Y|)e|> = E(EQZ)E(ml —9r=(>-1 llzlufm Eg lillieo E(m —9)7%

Therefore
= e)

i

i—1

1 1
_E((Y %)% —v) — —E(m| 9)?

1= 1=
4 sup Eg* 16 | sup Eg* sup E(m —¥;)?
1=l<oco 1=l<co 1=l<oo
= + . A.16
(i—1)e? (i—1)e? ( )

It follows that [1/(i — DIZ|Z1(Y, — 92 — [/ — DIS|Ziy — [1/G — D] ¥
I_1(m, — )2 converges in probability to zer@ecause is a consistent forecasting
procedureby Markov inequalitywe have for any > 0,

1 'd (g -—m)? "12 U .
=) 1 > =¢c| = — 0 asi — oo.
— L= (%] €

-m)?

Together with the assumption thatconverges almost surely to> 0, it can be easily
shown thaf1/(i — D]SI_1(m, — $)2 > 0iin probabilityAgain because, converges to
v with probability onewe have[1/(i — D)]Si—F v, = v and[1/(i — D]=|Z1 v, —vi = 0
almost surelyTogether with(A.16), we have

i—1

1
—12(Y $,)?> —v; = 0 in probability
—1li=1

This completes the proof of Proposition 3
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