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Compact composition operators on model
spaces

Evgueni Doubtsov

Abstract. Let ¢ : B — D, d > 1, be a holomorphic function, where B; denotes the open unit ball of
C% and D = By. Let ® : D > D be an inner function, and let Kg denote the corresponding model
space. For p > 1, we characterize the compact composition operators C, : Kg — HP(B,;), where
H?(B,) denotes the Hardy space.

1 Introduction

Let B, denote the open unit ball of C%, d > 1, and let 9B, denote the unit sphere.
Let 0 = 04 denote the normalized Lebesgue measure on the sphere dB,;. We also use
symbols D and T for the unit disc B; and the unit circle 0By, respectively.

For d > 1, let Hol(By) denote the space of holomorphic functions in B,. For
0 < p < oo, the classical Hardy space H? = H?(B,) consists of those f € Hol(B,) for
which

1l = sup [ IFGOR do(€) < .

As usual, we identify the Hardy space H?(B,), p > 0, and the space H?(dBy) of the
corresponding boundary values.

It is well known that the composition operator C, : f ~ f o ¢ sends H? (D)) into
HP?(B;), p > 0. Indeed, let f € H?(D). Then |f|? < h for an appropriate harmonic
function h on . So, |f o ¢|? < h o @, hence f o ¢ € HP(By), as required.

Since C, maps H*(D) into H*(By), it is natural to ask for a characterization of
those ¢ for which C,, : H*(D) — H?(B,;) is a compact operator. Two-sided estimates
for the essential norm of the operator C,, : H*(D) - H*(B,),d > 1, were obtained by
Choe [4] in terms of the corresponding pull-back measure. A more explicit approach
based on the Nevanlinna counting function was proposed in [10] for d = 1; see also
[1] for an extension to the case d > 1.
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1110 E. Doubtsov

Definition 1.1 A holomorphic function ® : D — D is called inner if |®({)| =1 for
oi-ae. (eT.

In the above definition, @({) stands, as usual, for lim,_,;— ®(r{). Recall that the
corresponding limit is known to exist o3-a.e. Also, by the above definition, unimodular
constants are not inner functions.

Given an inner function ® on D, the classical model space Kg is defined as

Ke = H*(D) © ©H*(D).

In this article, first, we characterize those ¢ for which C,, : K¢ - H?(By) isa compact
operator. For d =1, such characterizations were earlier obtained in [9]. Second, in
Theorem 4.3, we solve the analogous problem for C, : Kb — H?(B,), p > 1, where
K? := H? n ®HP. Note that K3 = Ke.

1.1 Organization of the paper

Auxiliary results, including Cohn’s inequality and Stanton’s formula, are presented in
Section 2. Compact composition operators C, : Ko - H 2(By) are characterized in
Section 3. Real interpolation of Banach spaces is used in Section 4 to prove that the
compactness of C,, : K5 — H?(B,;) does not depend on p for 1 < p < oo.

2 Auxiliary results

2.1 Littlewood-Paley identity and related results

Given an f € H*(D), the Littlewood—Paley identity states that

e i) = VOF +2 [ If ()P log 7 dA(w).

where A denotes the normalized area measure on ID.
2.1.1 Cohn’s inequality

Let ® : D — D be an inner function. If f € Kg, then the lower estimate in (2.1) is
improvable in the sense of the following theorem.

Theorem 2.1[5] Let © be an inner function. There exists p € (0,1) such that

@) Ul 2 OF +6, [ L tog o daw)

forall f € Ke.

2.1.2 Stanton’s formula

To study the composition operator generated by a holomorphic self-map ¢ of the
unit disk, Shapiro [10] used for f o ¢ an analog of (2.1). This analog is based on the
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Nevanlinna counting function Ny defined as

Ny(w)= >, log =l
zeD: ¢(z)=w

L wen\{p(0)},

where each pre-image is counted according to its multiplicity. The key technical result
in Shapiros argument is the following Stanton formula.

Theorem 2.2 [10]  Let ¢ : D — D be a holomorphic function. Then
@3 U o bl = F@ODE 2 [/ () Ny(w) dA(w).

Given an f € Hol(B;) and a point { € 0By, the slice-function f; € Hol(ID) is
defined by f;(1) = f(A{), A e D.

Corollary 2.3  Let ¢ : By — I, d > 1, be a holomorphic function. Then
@) 1f o 9l = F0O)F +2 [P ( [ Nycw) doa(©)) dacw).
d

Proof  Let{ € 0B;. Applying Theorem 2.2 with ¢ = ¢, and integrating with respect
to the normalized Lebesgue measure o; on dB,, we obtain (2.4). [

2.2 Subharmonicity inequality for the Nevanlinna counting function

Proposition 2.4 [10, Section 4.6] Let w € D and ¢ : D — D be a holomorphic func-
tion. Suppose that A is a disk centered at w and such that ¢(0) ¢ A. Then

(2.5) No(w) < fA Ny(2) dA(2).

L
A(D)
Corollary 2.5 Letw € D and ¢ : B; — D be a holomorphic function. Suppose that A

is a disk centered at w and such that ¢(0) ¢ A. Then
1

eo [ NudodO < o [ ([, Nu(2)dou(©)) dac).

Proof Let { € dB,. To obtain (2.6), we apply Proposition 2.4 with ¢ = ¢, integrate
with respect 0,4, and use Fubini’s Theorem. [ ]

2.3 Reproducing kernels for K¢

Recall that the reproducing kernel k,, (z) for Kg is given by

1-0(z)0(w)
1-zw

1- o)

> k 2:
H WH 1—|W|2

ky(z) =

Let D(w) ={zeD:|z-w| < ¢l - zw|}, that is, let D,(w) denote the pseudohy-
perbolic e-disk centered at w € .
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Lemma 2.6 [9, Lemmal] Let {w,} c D be such that |w,| - 1 and
2.7) |©(w,)| < a
for some a € (0,1). Then:

M K,/ k| = 0asn — oo;
(ii) there exist € > 0, C > 0, and ng € N such that

C
e O G e

z€D.(wy),
forall n > ny.

3 Compact composition operators on Kg

Theorem 3.1 Let ¢ : By — D, d > 1, be a holomorphic function, and let © : D — D be
an inner function. Then the following properties are equivalent.

(i) Omne has

(3.1) faB W(w)@'("”)' dog() =0 as|w|—1-.

(i) Cy:Keo — H*(B,) is a compact operator.

Proof The principal arguments below are modeled after [10].
(i) = (ii) For n € N, let

Ko,n(D) = {f € Ko(ID) : f has zero of order n at the origin}.
Let P, : Ko (D) — Ko,,(D) denote the orthogonal projector. We claim that
(3.2) ” Cern HKe(D)—»HZ(Bd) -0

as n — oo. Then C, is compact, since it is approximable by the finite-rank operators
Co(I-P,).
To verify (3.2), fix e > 0 and f € Ko(D), | f|| < 1. Let g, = P,f, then | g,| <1
First, let p € (0,1) be that provided by Theorem 2.1. By (3.1),

(1-1e(w))?
(3.3) fa 2 (w WG 4000 >0 aslwl 1.
For r € (0,1), put
1-|®
N, = sup Ny, (w )( | w? . L),
r<|w|<1 9B4 | |
By Littlewood’s inequality [8],

Ny (w) <log 1-wg(0)

20 -w | w e D\{g(0)}.
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Thus, for W < |w| <1, we obtain N, (w) < C(1~ |w]), hence,
- 1+ (0
NEP o)y < -y, POy o
Therefore,

(3.4) MNpr—0 asr—1-

by (3.3). Now, using (3.4) and applying (2.2) to g, € Ke, | gx| < 1, choose R so close
to 1 that

69 [ BNy 1o dAw) < Clgs <o
o\rp (1-[@(w)[)? " "
forall n e N.
Second,

max|g, ()| - 0
|w|<R

as n — oo, Thus,

/ 2
(3.6) fR lgn(w) [a . Vo) doy (O) dA(w) < ¢
for all sufficiently large n.
By (2.4),

CogalBny = [[18:0F [ Nogw) dou(0) dAGw) + lgn (9(0))F

A BTN

Observe that |g,(¢(0))|* > 0 as n —» co. Hence, combining (3.5) and (3.6), we
conclude that

”C(pgn ”Hz(Bd) -0,

as required.
(ii) = (i) Assume that (i) does not hold. Then, there exists a sequence {w,, }°2; c D
such that |w,| - 1and

1-[©(wn)|
3.7 f N —_—
( ) 0By P (Wl’l ) 1-
Sequentially applying (2.4), Lemma 2.6(ii), and Corollary 2.5, we obtain
1

1ok, @)1k > 1 K, G ( [, N (@) doa(©)) dace)
(3.8) > [ #( A  Noc(2) dad(C)) dA(2)

D(wy,€) (1 — |Wn|2)3

Ce faB., Ny, (wn) dog ().

>
1= |wn]?

dog({) > c>0.

[wal
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Now, recall that C, is a compact operator by (ii), thus, |Cyk,, (2)[/[kw,| — 0 by
Lemma 2.6(i). Therefore, (3.8) contradicts (3.7). The proof of the theorem is finished.
]

4 Compact composition operators on K2
For 0 < p < oo and an inner function ©, let
def -
Kb = KB (D) = H? (D) n @HP(D).

It is well known and easy to see that K3 = Keg.

By definition, an inner function ® : D — D is called one-component if the set {z ¢
D:|®(z)| < r} is connected for some r € (0,1). The present section is motivated by
the following assertion.

Proposition 4.1 [2,9] Let ¢ : D — D be a holomorphic function, p > 1, and let ® be
a one-component inner function. Then Cy : K5 — HP (D) is a compact operator if and

only if
1-[0(w)|

N O

-0 as|w|—>1-.

Proof Asindicatedin [9, Section 4], the results of Baranov [2] on compact Carleson
embeddings of the model spaces K5 guarantee that for a one-component inner
function ®, the compactness of the composition operator C,, : K5 (D) - H? (D) does
not depend on p € (1, 00). Finally, for p = 2, it suffices to apply Theorem 1 from [9] or
Theorem 3.1. un

In Theorem 4.3, we show that the direct analog of Proposition 4.1 holds for an
arbitrary inner function ©. The arguments are based on the real interpolation method
for Banach spaces, so we first recall related basic facts.

Let (A, A7) be a compatible couple of Banach spaces. Given 0 < 6 <1 and 1<
g < oo, the real interpolation method provides (Ag, A;)g,q4, an interpolation space
between Aj and A (see, e.g., [3, Chapter 3] for details).

We need the following one-sided compactness theorem for the real interpolation
method.

Theorem 4.2 [6]  Let (Ao, A1) and (By, B1) be compatible couples of Banach spaces.
Assume that T : Aj — Bj, j = 0,1, is a bounded linear operator such that T : Ay — By
is compact. Then T : (Ao, A1)g,q = (Bo> B1)e,q is a compact operator for all admissible
0 and q.

Theorem 4.3 Let p > 1, and let ® be an inner function. Then C, : Kb — HP (By) is
a compact operator if and only if property (3.1) holds.

Proof By Theorem 3.1, it suffices to show that the compactness of C,, : K5 (D) —

H?(B,;) does not depend on p € (1,00). To prove this property, assume that py €
(1,00) and C, : K5° (D) — H?*(B,) is a compact operator. We are planning to prove
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that C, : K5 (D) - HP(By) is also compact for all p e (1,00)\{po}. In fact, for
definiteness and without loss of generality, we may assume that p > po.
Fix p and p; such that p; > p > po. Define 6 € (0,1) by the following identity:
(4.1) 1 1-9 + ﬁ
P P P

On the one hand, (4.1) guarantees that (KP",Kg‘)g,P = Kf-; (see, e.g., [7] for more
general results even in the bidisk D?). On the other hand, it is known that
(H?*(Bg),H?'(Bg))e,p = H?(Bg), since p; > po > 1. Indeed, application of the
classical Riesz projection reduces interpolation between H?°(B;) and H?'(B,) to
that between L?° and L.

Now, observe that C,, : Kb' (D) - H?'(B,) is a bounded operator. Indeed, as indi-
cated in the introduction, C, : H4(ID) — H9(B,) is bounded for all 0 < g < oo. Thus,
applying Theorem 4.2 for q = p and the pairs (K5, K5') and (H?*(B,), H"(B,)),
we conclude that C,, : K5 (D) — H?(B,) is compact, as required. |
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