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ON A NEW STOCHASTIC MODEL FOR
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Abstract

In this paper, to model cascading failures, a new stochastic failure model is proposed. In
a system subject to cascading failures, after each failure of the component, the remain-
ing component suffers from increased load or stress. This results in shortened residual
lifetimes of the remaining components. In this paper, to model this effect, the concept of
the usual stochastic order is employed along with the accelerated life test model, and a
new general class of stochastic failure models is generated.
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1. Introduction

A cascading failure is a failure in a system of interconnected parts in which the failure of
a part can trigger the failure of successive parts. Cascading failures usually begin when one
part of the system fails. When this happens, the remaining components must then take up
the slack for the failed component. This in turn overloads these components, causing them to
fail as well, prompting additional components to fail one after another. Recently, in [11], we
suggested a general stochastic framework for modelling the cascading failures, generalizing
the initial basic model considered in [19].

The basic idea for modelling the cascading failures in [11] is that after a failure of a com-
ponent in the system, the lifetimes of remaining components are shortened by increasing their
failure rates. In applied probability, stochastic orders formalize the concept that one random
variable is bigger than another (see [18]) and they have crucial roles in various applications
(see e.g. [3], [4], [9], [10], [14], [15], and [16]). Thus, to model the shortened residual life-
times of the remaining components in a system subject to cascading failures, the concept of
stochastic order can be employed. In this paper, to generate a new general class of stochastic
failure models, we employ the usual stochastic order along with the accelerated life test (ALT)
model.

The structure of this paper is as follows. In Section 2 we formalize a stochastic model for
modelling system lifetimes operated under varying stress levels, based on the usual stochas-
tic order and the ALT model. In Section 3, relying on the stochastic model suggested in
Section 2, we obtain a new general model for cascading failures. We derive the survival func-
tion of the system and the corresponding failure rate. In Section 4 we make a brief concluding
remark.
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2. Lifetime under varying stress levels

In this section we suggest a general stochastic model for the lifetime of a component oper-
ated under varying stress levels, and in Section 3 we will use it to model cascading failures. To
model the component lifetime under varying stress levels, we will use the ALT model, which
is based on the usual stochastic order, and the concept of virtual age. First we briefly introduce
the ALT model; see also [5] and [6] for other reliability applications of the ALT model such as
burn-in and standby systems. In introducing the ALT model we essentially follow the descrip-
tion of Cha, Mi, and Yun [6], with appropriate modifications. We first introduce the concept of
the usual stochastic order, as follows.

Definition 1. (Usual stochastic order [18].) Let X; and X, be two non-negative random vari-
ables with distribution functions F{(#) and F»(¢), respectively. The random variable X is said
to be smaller than X, in the usual stochastic order, denoted by X| <y X», if Fa(¢) < F(¢) for
all 1> 0.

Today’s highly reliable products may take too long to fail, and it may take an impractically
long time to conduct a life testing. Thus, in this case, test units are subjected to a higher than
usual level of load or stress to observe the failure times of the tested units in an affordable
amount of testing time. This is the main objective of the ALT. After conducting the ALT, using
the observed lifetimes obtained from the ALT, the actual lifetime distribution under the usual
level of stress is predicted. See [17] for background, basic theory, and examples for the ALT.

Let an absolutely continuous non-negative random variable Z be the lifetime of a compo-
nent operated under the usual level of stress, and let G(¥), G(t), g(1), and r(7) be its cumulative
distribution, survival, probability density, and failure rate functions, respectively. Also, let Z4 s
denote the lifetime of a component operated under the accelerated stress level, with the cor-
responding distribution function G 45(#). Since the units are operated under accelerated stress
during ALT, Z 45 would be stochastically smaller than Z, and it is thus natural to assume that

ZpS <5t Z. ey

By Definition 1, inequality (1) implies G(#) < G 45(#) for all > 0. Note that the distribution
function of an absolutely continuous random variable is a continuous increasing function. Thus
the relation G(f) < G 45(¢) for all > 0, or inequality (1), is equivalent to the following relation:

G as(t)=G(p(t)) forallt>0, )

where p(-) is non-decreasing, p(#) >t for all # > 0, and p(0) = 0. To describe the lifetime dis-
tribution of units operated under an accelerated environment, Meeker and Escobar [13] also
suggested the general model given in (2). We thus follow the general model in (2) as the life-
time distribution of units operated under accelerated stress level. From (2), by using the ‘failure
rate function under the usual stress level” 7(7), the corresponding survival function G 45(f) can
be written as

_ p(1)
GAs(t)=eXp{— /O r(x)dX}, (3)

where p(f) can be interpreted as the ‘degradation function’ and p’(f) as the ‘rate of degradation’
(see Finkelstein [7, 8, 9]). In practice, a simple linear function p(f) = pt, t > 0, is frequently
applied (see [12]).

Suppose a component that has been operated during (0, «] without failure under the accel-
erated stress level now starts to operate under the usual level of stress. Then, in this case, the
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future reliability performance of this component under the usual level of stress will not be
equal to that of a component which has been operated during (0,x] without failure under the
usual stress level, because these two components have been operated under different stress lev-
els. Since the ageing process under the higher level of stress is accelerated, the ‘virtual age’ of
this component would be greater than u. Thus it is assumed that the survival function for the
residual lifetime of this component under the usual stress level is given by

G t !
M:exp{—/ r(a(u)—l—x)dx}, t>0, %)

G(a(w)) 0
where a(u) satisfies a(u) > u, for all u >0, a(0) =0, and is assumed to be a non-decreasing

function.

As in the cumulative exposure model in [17], if the virtual age a(u) is assumed to yield the
same cumulative failure probability of units as the age u does in the accelerated level of stress,
that is, if we assume

G(a(u)) =G ps(u) forall u>0,

then it obviously holds that
a(u) = p(u) forall u>0. %)

The relation in (5) is typically assumed in ALT (see [17]), and throughout this paper we assume
this relation.

Based on the ALT model and the concept of virtual age described above, we now discuss
the lifetime of a component operated under varying stress levels. Suppose a system having its
baseline failure rate (the failure rate in the usual stress level) r(¢) starts to operate at time 0 under
a stress level which is higher than the usual level and, as it operates, the stress level changes to
another one which is higher than the usual level at times 0 < ¢ <, <--- . For each interval
[ti—1, 1), i=1,2, ..., with fo =0, the degradation function corresponding to the stress level
in this interval is given by p;(), i=1, 2, ..., respectively. Let T denote the lifetime of the
system operated under the described environment with the changes of stress level. Then its
survival and conditional survival functions are obtained in the following proposition.

Proposition 1. For n> 0 and t € [t,, ty41),

/Zf’l Pilti—ti—1)+pPnt1(t—1n)

P(T > t):exp{— ; r(x)dx}, (6)

where 2:1:1 (1)=01ifn=0. Furthermore, forn > 1, j <n, and t € [t,, t,11),

Yoy pilti—tio )+ P 1 (t—1n)
/ ) r(x) dx} (7

P(T >t T>tj)=exp{—
S pilti—tizy)

Proof. For n =0, from (2) and (3), it is clear that

p1(0)
P(T>t)=exp{—/ r(x)dx}.
0

Observe that, forn > 1,

P(T>t)=(l_[P(T>tj|T>tj1)>~]P>(T>I|T>t,,). (®)
j=1
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In (3),
p1(11)
]P’(T>t])=exp{—/ r(x)dx}.
0

Note that at time #1, due to (4)—(5), the virtual age of the system is given by p1(¢#1) and, in the
interval [#1, 12), the component is operated under the accelerated stress level specified by p(?).
Thus

p2(tr—11)
IP(T>t2|T>t1):exp{—/ r(m(t1)+x)dx}
0
p1(t)+p2(t2—11)
:exp{—/ r(x)dx},
]

1(71)

and similarly

Y pilti—tizy)
]P’(T>tj|T>tj1)=exp{—/ r(x)dx}, j=3,...,n,

Z]i;} pilti—ti—1)
and
Yoy pilti—tim1)+ppg1 (t—1y)
IP’(T>t|T>t,,)=exp{—/ r(x)dx}.
Yoy pilti—tio1)
Then, by applying (8), we have P(T > 1) in (6). The residual lifetime distribution P(7" >
t| T > t;) in (7) can be directly obtained by using (T > ¢) in (6). O

It can be seen from Proposition 1 that, given the stress level changes until time ¢, the survival
probability of the component can be obtained by calculating the integral of r(x) from 0O to
Z;’Zl pi(ti — ti—1) + pu+1(t — t,) and then by taking the exponential formula. In this case, the
function

n
D pilti = ti1) + pap 1t — 1)

i=1

can be interpreted as the ‘cumulative degradation’ until time 7.

3. New stochastic model for cascading failures

In this section, based on the discussion given in Section 2, we suggest a new stochastic
model for cascading failures. In [11], basically, the lifetime of a k-out-of-n system subject
to cascading failures was modelled assuming that the failure rates of the remaining compo-
nents increase as the number of failed components in the system increases. Then, interpreting
the sequential failures of the components in the system as the events in a point process, they
specified the corresponding stochastic intensity function to obtain the survival function of the
system (see [11] for more details). For the reason described in [11], we will also consider the
many-valued cascading model in this paper. In the studies of [19] and [11], it is assumed that,
after a failure of a component in the system, the load or stress on the remaining components
is increased and the failure rate of each remaining component increases but, after time §, this
effect of increased stress vanishes and the failure rate drops back to the previous level. For con-
venience, we call this interval of length § during which the remaining components are affected
the ‘effective period’. In the many-valued cascading model, the total increment size in the fail-
ure rate of a remaining component is proportional to the total number of overlapping effective
periods, whereas in the two-valued cascading model, the total increment size in the failure
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m(t)
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FIGURE 1: Realization of m(¢) for the component which fails last in a 1-out-of-4 system when s1, 57, 53
are given.

rate of a remaining component is always fixed regardless of the total number of overlapping
effective periods.

In this paper we also consider a k-out-of-n system subject to cascading failures. The n com-
ponents in the system have the same general failure rate A(f) (which corresponds to the failure
rate of a component under the usual level of stress). As in [11], we assume that, after a failure
of a component in the system, the load or stress on the remaining components is increased,
but the effect of increased stress on the remaining components is described by the ALT model
introduced in Section 2. Under this model, to apply the point process approach suggested in
[11], it is necessary to obtain the stochastic intensity function, regarding the sequential fail-
ures of the components in the system as the events in a point process. As in [11], we let
0<8) <8 <--- <8,k denote the sequential failure points of the components in the k-out-
of-n system and let N(¢) be the total number of component failures observed in (0, ¢]. Then the
system survival function for the k-out-of-n system is defined by P(N(f) < n — k), which will be
derived by using the stochastic intensity function of {N(¢), ¢ > 0}.

The stochastic intensity function given the history up to time t, H,— = (N(t — ) =1, S| = 51,
S>=s2,...,8=s)),is defined by (see e.g. [1] and [2])

im P(N@, t+At)=1|H,-) E[N(t, t+ At) | H,—]

M= 1 = lim ,
A1—0 At At—0 At
where N(t1, 1), t] <tr, represents the number of events in [f1, #;). For convenience,
the stochastic intensity A;, when H;,_ =(N(t —) =1, S1 =51, S2 =952, ..., S =1s7), will be
denoted by Ai(¢]s1,82,...,5), [=0,1,2,...,n—k, and, when [=0, the notation A;(|
S1, 52, ...,s) will be written as Lo (¢). Obviously Lo(7) = nA(?).

In the k-out-of-n system considered, the stress level (i.e. the total number of overlapping
effective periods) of a remaining component changes dynamically depending on the failure
times of components which have failed previously, and it is a crucial element in describing the
stochastic model because we have to apply different degradation functions depending on the
stress level. To obtain Ay(¢ | s1, 52, ..., s1),[=1,2, ..., n—k, we now define some necessary
notations to represent this dynamic stress level changes in the system, referring to Figure 1.

Define m(t), t > 0, as the total number of overlapping effective periods at time ¢, and define
it as a ‘right-continuous’ function, which can be mathematically defined as

N

m(t)="y _ as(t—s),

i=1
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where

1 if0<r<$,
as(t) = . )
0 otherwise.

By convention, m(t) =0 if N(t) =0. Thus m(r) represents the level of stress imposed on
each remaining component at time ¢ and the minimum and maximum values of it are 0
and n — k, respectively, for the k-out-of-n system considered. Regarding m(f) as a stochas-
tic process {m(t), t > 0}, we can define the stress level change times O=vy <vi <vy <---.
Furthermore, define A(?) as the total number of level changes (i.e. jump up or jump down) in (0,
1). Then, given H;,— = (N(t — ) =1,S1 =51, S2 = 52, . . ., S; = 51), h(¢) depends on the positions

of 51, 52, ..., s; and the size of § (see Figure 1), which has minimum and maximum values /
and 2/, respectively. Then the sequential points of stress level changes in (0, f) are denoted
by vi, v2, ..., vi). To aid understanding of these notations, a realization of m(z) is given in

Figure 1, assuming that the system is a 1-out-of-4 system.

In the example in Figure 1, h(tp) =5, vi =51, v2 =82, v3 =51 + 6, va =52 + 6, and v5 = 3.
Note that Figure 1 may also correspond to the realization of m(f) of the non-failed components
in other system configurations.

We assume that when there are i overlapping effective periods in total, the degradation
function corresponding to this stress level is given by p;(7), and its derivative ,ol.’ (1) exists, for
i=0,1,2,...,n—k. Asbefore, p;(-) is non-decreasing, p;(t) >t for all > 0, p;(0) =0, and
it would be reasonable to assume that p;(t) > p;—1(t), forall t >0, fori=1, 2, ..., n— k, with
po(t) =t for all > 0. Let Ts denote the lifetime of the system. Then the stochastic intensity
functions and the survival function of the system are given in the following theorem.

Theorem 1. Under the proposed model and assumptions, the stochastic intensity functions are

given by

Lo(t) = nA(r) j=0,
Ajt]s1, 82, ..., 8)= -, _
(1 =Dyt = VaeIM@i(D)  j=1,2, ... .n—k,

where, for given 0 <51 <sp <---<s;<t,

t h(t)
pi(n = / Prnup) X = Vh) dx = Z Pm@i—) (Vi = Vi—1) + Py (E = Var)-
0

i=1

The survival function of the system is given by

t
P(Ts > 1) = exp{— / Lo(x) dx}
0

n—k

t s 53 sy 171
+Z/ / / / H[xj(sﬁusl,sz,...,s;)
=1 70 Jo 0 Jo j=0

@j(Sjt+1)
X exp{—/ (n—j)k(x)dx”
®j(sj)

@i(1)
X exp{— f (n—DA(x) dx} dsy dsp - - - ds;—q dsy,
wi(s1)
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where @o(t) =t, for all t > 0, and sy =0,

t N 53 52 !
/ / f / (-)dsy ds2~--ds1_1dSz=f () ds;
0 Jo o Jo 0

when1=1, Y 7=F () =0 when n=k.

Proof. Let T¢ denote the lifetime of a ‘component in the system’. Then, given H,_ =
(N(t—)=j, S1 =51, S2=152,...,5;=5;) and T¢ > s, the conditional survival function of
Tc is defined as

P(Tc>t|Tc>Sj, S1 =51, Sz=S2,...,Sj=Sj)

_ P(Tc > t|S) =s1, Szzsz,...,SjZSj)
_P(Tc>sj‘|Slzsl, SZZSZ,...,SJ‘:SJ')'

(10)

As discussed in Proposition 1 and the remark given after it, to calculate the survival prob-
abilities in (10), the calculation of the ‘cumulative degradation’ is crucial. Note that given
Hi- =Nt —)=j,51 =515 =s2,...,8=s)),in [0, ), we have to consider in total h(t) + 1
intervals: [vi_1,v;), i=1,2, ..., h(t), and [vy), t). Note that the stress level in the interval
[vi—1,vi) is given by m(v,—1), i=1, 2, ..., h(t), and that in the interval [vy), ) is given by
m(vp(p). Thus the cumulative degradation until time # is given by

h(r)
@i = Z Pm(vi) Vi = Vi=1) + Pm(uyp)(t = Vi),
i=1
which can be equivalently expressed as the integration of the rate of degradation in the interval
O, 1):
t
@i(t) = f o)X = Vhw) dx. (11)
0

Then, from Proposition 1,

[710)
]P’(Tc>t|Tc>Sj, S1=s1, S2 =92, ...,Sj:Sj)ZeXp{—/
@j(sj)

,\(x)dx}. (12)

From (12), the failure rate of a remaining component in the system when H;,— = (N(t) =],

S1=s1,82=s2,...,8;=s))is given by
—(d/dOP(Tc >t|Tc > sj, S1 =51, Sa=92,...,8=5)) ,
= t— Mei(1), (13
o= 1 Te s 51 =n e 5oy = Phisat ~ M0, (13
and, given H,_ =Nt —)=j, S1 =51, S2=52,...,5j=s), as there are in total (n—j)

remaining components in the system, the stochastic intensity function is given by

M(Es1, 82, -0 5) = (0= Py, ) E = Via)M@;(1).

Now we will derive the survival function of the system. Note that the joint distribution of
(N(H=1,81=s1,5 =s2,...,5 =s)) is given by

-1
1—[ [Ai(sjv1 181,82, .o, SHP(Sjp1 > 541 [ S1 =51, S2=952,...,85=5))]
j=0

X P(Spp1 >1|S1=51, S2 =52, ..., 8 =151,
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where
1
P(Sjp1 > sip1 |S1 =51, S2 =52, ..., Sj=5) =P(51 > sﬂ:exp{—/ Ao(x)dx}
0

forj=0and 0 <s| <s2 <---<s7 <t. Thus P(N(¢) =) can be obtained by

t 5] 53 52 -1
PW@ZD?AA'”A Allmwﬂnhm“”w

X]P(Sj+1 >Sj+1 |51281, S2:S2,...,Sj:SJ')]
X P(Siy1 >1|S1 =51, S2=s52,..., 5 =s)dsydsy---ds;—1 dsy,

where

®j(sj+1)
P(Sjt1 > s 1 S1=51, S2=s52,...,5=5)) = exp{— / (n —j))»(x)dx}
®

(1)

and
@i(t)

P(Si+1 >1|S1 =51, Sa=s52, .. .,Slzsg):exp{—/ (n—l)k(x)dx}.
@

1(s7)
Then the survival function of the system is given by
n—k ¢ n—k
P(Ts >1) = Z PN(H=D)= exp{— / Ao(u) du} + Z P(N() =1). O
1=0 0 I=1

Remark 1. In differentiating ¢;(¢) in (13), if # is between two consecutive jump points (i.e. dis-
continuity points) of the function m(-), i(x) in the interval [t — At, t + At] for an infinitesimal
value At is fixed by A(2), and thus the derivative of ¢;(#) in (11) is given by

lOl/n(vh(,))(t - Vh(t))'

Observe that the function ¢;(7) may not be differentiable when 7 is a discontinuity point of the
function m(-) because the left and right derivatives are not equal. In this case we can assign
the left derivative to the derivative of ¢;(¢), and this does not affect the survival function in
Theorem 1 because the derivative of ¢;(?) is just integrated in the survival function.

From Theorem 1, it can be shown that the failure rate of the system, denoted by rs(?), is
given by

1
P(Ts > 1)
n—k—1

L rSn—k 53 K
X|:// / / 1_[|:)\-j(sj+l|51,52,...,5‘j)

@j(Sjt1)
X exp{— / (n—Hrx) dx”
®j(s;)

J

rs(t) =

X Akt S1, 82, -+ oy Sn—k)
On—k (1)
X exp{— / kX (x) dx} dsydsy - - - dsp—g—1 dsn_kj|,
On—k(Sn—k)
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t Sn—k 53 52 t
/ f e / / (-)dsydsy - - -dsp—k—1 dsp— =/ (-)dsy
o Jo o Jo 0

whenn —k=1.

Now let us consider a meaningful specific case when ,olf(t) =1+ip,i=1,2,...,n—k.
That is, in this case the degradation rate of the component is proportionally increasing in the
number of overlapping effective periods. In this specific case, the formulas in Theorem 1 can
be simplified as follows.

where

Corollary 1. If pi(t) =1+ip, i=1,2, ..., n—k, then @;() is given by

j
g=t+p Yy (min(s;+8.0—s), j=1.2.....n—k

i=1
and the stochastic intensity functions are given by

Ao(1) = nA(r) J=0,

At 1,82, 8) = . j '
(= +p YI_, a5t —sMgi(0) j=1,2,....n—k,

where function as(-) is defined in (9).

Proof. Observe that, given 0 <s; <53 <---<s; <1, the degradation rate at time ¢ is
given by

J
L+p ) st =)

i=1

and the cumulative degradation in this case is obtained by

' j j
(pj(t)=/ 1+pZa3(x—si)dx=t+pZ(min(si+8, 1) —sp), O
0

i=1 i=1

Example 1. In this example we investigate the effect of the system configuration, the compo-
nent failure rate A(f), and the degradation function p;(f) on the system lifetime. We consider
3-out-of-5 and 4-out-of-5 systems. In each system we assume that A(f) = ar for all > 0, and
pi()=(1+bitforallt>0,1<i<n—k, where a >0 and b > 0, with § = 0.5. Thus, as the
parameter b increases, the corresponding degradation rate at each stress level also increases.
For different system configurations and different sets of values of a and b, the values of the
system survival function P(7s > r) are obtained in Tables 1 and 2. As can be seen by comparing
the tables, the survival function of 3-out-of-5 systems is larger than that of 4-out-of-5 systems.
This result is clear from the definition of the k-out-of-n system and also from the formula
P(Ts > t) given in Theorem 1, which is increasing in n — k. Furthermore, as the failure rate
increases (i.e. as parameter a increases) and the degradation rate at each stress level increases
(i.e. as parameter b increases), the survival function of the system decreases.
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TABLE 1: The values of the system survival function P(Ts > ¢) for 4-out-of-5 systems and various

a and b.
t
a b 0.5 1 1.5 2 2.5 3
0.10 1.0 0.99611 0.95290 0.83721 0.65789 0.45670 0.27893
2.0 0.99305 0.92596 0.77325 0.56746 0.36370 0.20349
3.0 0.98957 0.90103 0.72247 0.50457 0.30645 0.16214
4.0 0.98593 0.88005 0.68556 0.46419 0.27364 0.14086
0.15 1.0 0.99153 0.90566 0.70762 0.45839 0.24409 0.10694
2.0 0.98522 0.85915 0.61856 0.36192 0.17203 0.06671
3.0 0.97843 0.82147 0.55986 0.30882 0.13852 0.05080
4.0 0.97177 0.79386 0.52437 0.28149 0.12361 0.04463
0.20 1.0 0.98544 0.85033 0.58125 0.30548 0.12314 0.03831
2.0 0.97512 0.78660 0.48263 0.22344 0.07852 0.02111
3.0 0.96462 0.74088 0.42775 0.18692 0.06242 0.01605
4.0 0.95491 0.71091 0.39895 0.17089 0.05637 0.01439
0.25 1.0 0.97800 0.79078 0.46800 0.19780 0.05996 0.01319
2.0 0.96317 0.71370 0.37138 0.13594 0.03541 0.00663
3.0 0.94882 0.66417 0.32517 0.11311 0.02831 0.00514
4.0 0.93624 0.63436 0.30317 0.10400 0.02585 0.00468

TABLE 2: The values of the system survival function P(Ts > ) for 3-out-of-5 systems and various

a and b.
t
a b 0.5 1 1.5 2 2.5 3
0.10 1.0 0.99976 0.99067 0.94484 0.83770 0.67306 0.48351
2.0 0.99905 0.97208 0.87291 0.69792 0.48896 0.29895
3.0 0.99762 0.94681 0.80028 0.58784 0.37312 0.20492
4.0 0.99545 0.92118 0.74399 0.51884 0.31288 0.16382
0.15 1.0 0.99923 0.97340 0.86352 0.65857 0.42043 0.22347
2.0 0.99711 0.92982 0.73261 0.46844 0.24144 0.10082
3.0 0.99325 0.88246 0.63527 0.36565 0.16924 0.06350
4.0 0.98804 0.84382 0.57746 0.31791 0.14212 0.05197
0.20 1.0 0.99827 0.94655 0.76034 0.48233 0.23725 0.09109
2.0 0.99381 0.87396 0.58989 0.29620 0.11123 0.03162
3.0 0.98645 0.80912 0.49239 0.22310 0.07635 0.01996
4.0 0.97745 0.76414 0.44390 0.19467 0.06527 0.01686
0.25 1.0 0.99679 091118 0.64951 0.33573 0.12518 0.03433
2.0 0.98907 0.81048 0.46348 0.18218 0.05002 0.00976
3.0 0.97738 0.73466 0.37822 0.13591 0.03475 0.00640
4.0 0.96430 0.68791 0.34015 0.11934 0.03012 0.00551
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4. Concluding remarks

There are many types of cascading failure events that can occur in natural and man-made
systems, from electrical and computer systems to political, economic, and ecological systems.
In spite of its importance, there has been very limited ‘probabilistic’ modelling and analysis
of cascading failures, and there is still a big gap between the desired practical applications and
available useful models. In this regard, in this paper a new general class of stochastic failure
models is generated based on the usual stochastic order and the ALT model. In deriving the
results, the stochastic intensity function is explicitly stated, along with the survival function
of the system. This would allow explicit expression of the likelihood function in estimation
procedure and, in turn, would increase the applicability of the developed model.

Note that in [11], the lifetime of a component in an accelerated level of stress is modelled by
increasing the failure rate of the component and the corresponding stochastic model is based
on the failure rate order. On the other hand, in this paper it is modelled by decreasing the
survival function of the component and, accordingly, it is based on the usual stochastic order
as described in Section 2. Thus, as the failure rate order implies the usual stochastic order (see
[18]), the stochastic model in this paper can be regarded as a more general model.

The k-out-of-n system has wide practical applications, including series and parallel systems,
and, as stated above, the stochastic model proposed in this paper can be regarded as a very
flexible model. Thus the model proposed in this paper could be usefully applied to a wide range
of applications. On the other hand, due to its flexibility, the proposed model may contain many
parameters, and they should be estimated in practical applications. Thus the related estimation
issue should be investigated and explored in the future studies.
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