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An operational profile describem a probabilistic wayhow a software is utilized

by its userslt makes the testing procedure more realistic and effic\etconsider

a model where the software is tested sequentially in all of the operations that it is
designed to perfornThe stochastic and deterministic model parameters involving
costs and failures all depend on the operatidongarticular the failure process
generated by each fault is quite general and debugging is not necessarily .perfect
Our aim is to find the optimal testing durations in all of the operations in order to
minimize the total expected coskthis problem leads to an interesting nonlinear
programming formulation that can be solved using well-known procedures in con-
vex optimization

1. INTRODUCTION

In a recent articleOzekici et al[9] introduced an interesting model to test software
with an operational profildtinvolves the determination of optimal durations of test-

ing in a number of test cases where each fault creates failures depending on the op-
erationthatis performe@here is perfect debugging so that the fault causing a failure

is removed with certaintyoreoverthe distribution of the failure time for each fault

is exponentialas in the Jelinski and Moran{ia] model This leads to a nonlinear pro-
gramming formulation with an explicit solution under reasonable conditfoBayes-

ian perspective on this model is provided by Ozekici and SEy&r Our aim in this

article is to extend this line of research in two directidie will have imperfect de-
bugging andmore importantlythe failure process is not necessarily Poisson
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The determination of the optimal release time is perhaps the most challenging
decision problem during the development and testing phase of softivésear-
ticularly appealing to researchers and practitioners in operations research and man-
agement sciencels life-critical applicationsthe mostimportant attribute of software
is its reliability. However in commercial applicationgost is as important as relia-
bility. Before releasesoftware is tested to decrease the number of inherent faults
and henceincrease its reliabilityThe testing phase is time-consuming and costly
On the other handf software is released without sufficient testjigis will result in
a high debugging cost after relea3éis fact constitutes a trade-off between costs
incurred during testing and costs incurred after release

There is abundant literature on software testing and relddssy involve a
variety of modelsForman and Singpurwal[&] provide a statistical perspective and
Goel and Okumotd4] propose a static optimization approad&oss|[13] uses a
decision rule that is similar to acceptance sampling in quality canfra decision
to release the software is based on the number of faults corrected in Bai ahtiYun
and a dynamic model is discussed in Ozekici and Caftah This list is by no
means exhaustivas reflected by the review in Ozekici and Cat{a0]. An un-
desirable restriction in almost all of these models is that the parameters of the soft-
ware failure process and the cost parameters are independent of the operation
performedThis issue is discussed in detail by MUgz8], who introduced the con-
cept of an operational profil@he operational profile simply consists of the set of all
operations that a system is designed to perform and their occurrence probalilities
reduces the system risk by making it more realidfierthermoreit makes the test-
ing procedure faster and more efficient

Our model is one that incorporates the operational profile in the testing problem
when there is imperfect debugging and the failure time distributions are not neces-
sarily exponentialln Section 2we present the testing modahd the optimization
problem is discussed in Section®special case of our modehamely the expo-
nential model will be considered in Section,4ogether with an illustrationSec-
tion 5 will be devoted to solving the general nonexponential model

2. THE OPTIMAL TESTING PROBLEM

We consider the optimal testing problem of software with an operational profile that
consists oK well-defined operationBefore releasgt is to be tested sequentially

in all of these operations and the decision problem is to determine the testing dura-
tions The objective of testing is to decrease the number of faults in the software
before releasing iAll stochastic and economic parameters of the model depend on
the operations as given by the following notation

¢;: testing cost per unit time during operation
t;: decision variable representing the duration of testing for operation

e: debugging cost after release due to failure during operation
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d;: debugging cost before release due to failure during operation

: probability that the software will fail while performing operatioafter
release

T

H: expected number of inherent faults in the software before testing

m; (t): expected number of failures caused by a fault until tirdaring opera-
tioni
F;(t): distribution of the time to failure during operation

pi: probability of successfully removing a fault after failure during opera-

tioni.

The model to determine the optimal testing strategy is based on the following
assumptions

AssumpTION 1: (1) Whenever a software failure occurs, the fault that caused the
failure will be removed instantaneously with probability= p; = 1 during opera-

tion i. (2) No new faults are introduced during debugging. (3) The total number of
faults in the software is a random variable with some known med4) The failures
caused by each fault occur independently and randomly in time according to a
counting process with some mean value functiguning operation i. (5) ¢= 0,

e =d; = 0. (6) A fixed sequence of testing is given.

The first assumption implies that debugging is imperféach fault is re-
moved with probabilityp; after a failure or it remains in the program with prob-
ability g = 1 — p; during operation. The purpose of the second assumption is to
ensure that there is reliability growth so that testing is benefidiag third as-
sumption indicates that the total number of faults in the program is a function of
many factors such as program sizemplexity and human performancélence
it is reasonable to consider the total number of faults in the program as a random
variable with a known meap.

The fourth assumption describes how failures are caused by aThelfaults
are assumed to be identical and independent in the sense that they generate inde-
pendent and identical failure processEss is a common assumption made to model
failures in most of the literature on software reliability engineerlithe faults are
not identica)then they can be classified into different typebere each type of fault
generates its own failure proce3#e discussions and results presented in this arti-
cle still apply to any type with a random number of initial faulise assumption on
independence may not holéspecially if a fault prevents another fault from being
discoveredFor examplea fault in the user interface may prevent some codes or
algorithms from being accessed during testiFige inherent faults there may only be
accessed once the fault in the user interface is eventually remioveach casest
is necessary to classify the faults into different types with a model that describes the
dependence among the different typEse dependence is specific to the software in
question because it can only be described through its own internal strutrre
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examplea software that has a modular structure with substantial interaction among
the modules is more likely to possess dependent faults where fault classification can
be done with respect to the moduldsodels with dependent faults are outside the
scope of this article since we basically assume that there is a random number of
initial faults of only one type that behave identically and independently

The fifth assumption states that all costs are nonnegative and it is less costly to
debug during testing than after relea$ke fixed sequence of testing presumed in
the sixth assumption indicates that testing is to be performed in a prescribed order
1,2,3,...,K of operations with durations, t,, ts, ..., tk.

The testing model considered in this article provides a generalization of Ozekici
etal [9] on two importantissuehe failure process is not necessarily Poisson with
exponential interfailure timesnd debugging is not perfedhe model in Ozekici
et al [9] also includes a number of test cases during which each operation creates
failures with different ratedn the present settingve set a one-to-one relationship
between cases and operations so that a case is designed to test only one operation
Moreover our model is the more attractive and realistic “common faults” model
where each fault can be accessed by a failure caused by any opefatialty, we
want to emphasize that we do not deal with finding the optimal sequence of opera-
tions to be tested and assume that a sequence is.@eraim is to determine the
optimal testing durations for the given sequerides optimal sequencing problem is
indeed very intriguingSince there are a finite number of sequentles best one
could be picked after solving for the optimal durations for each one

We will now derive some computational formulas on the expected number of
faults removed during testing for a given operatidhis will be done in the context
of a generic counting procebk= {N;;t = 0} with some mean value function(t) =
E[N;]. This process represents the failure process caused by a fault if there is no
debugginglf, howeverthere is debugging with success probabifityhen the fail-
ure process should be stopped since there can be no more failures once the fault is
removed We will count these failures by the proceds= {M,;t = 0}. The condi-
tional probability distribution of the number of failures generated by a fault can be

derived as
0 ifk=0
P[M, =k|N,=n]=4pg<?* ifl=k=n-1 (1)
g"t ifk=n

whenn = 1. Forn= 0, P[M; = 0| N, = 0] = 1. From this conditional distributign
we can obtain the conditional expectation of the number of failures generated by
a fault as

1
E[M[N] = B[l—th] )
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wheneverp # 0. If p = 0, E[M|N;] = N, trivially since the fault cannot be re-
moved after a failureNote that forp = 1, the expression ii2) will be equal to 1
whenN; =1 and 0 wher\; = 0.

We can usé€?2) to obtain the expected number of failures generated as

1 1
E[M]= E[E[Mt“\lt]]:5[1_E[th]]:F_)[1_G(t)]v 3)

where we defineG(t) = E[q™]. Recalling that the expected number of inherent
faults in the software attime O s the expected total number of failures experienced
up to timet is given by

H
—[1-G(1)].
0 [1-G(1)] 4)

After the occurrence of each failyr@debugging activity takes place to remove
the fault that caused iEach debugging activifyndependent of otheris successful
with probabilityp. Hence given that the expected number of failures experienced is
given in(4), the expected number of faults removed up to tinse

H[1-G(1)] (5)
and the expected number of faults that still remain is
H—H[1—-G(t)] = uG(1). (6)

Expressiong5) and(6) are more meaningful when we note ti@&(t) is, in fact,
the probability that a fault is not successfully removed until tim€his function
plays a crucial role in our analysi$the failure times are given by arenewal process
with some interrenewal distributiof then we can write

+oo +oo
G(t) = E[q™] =qu”P[Nt =n]= qu”[F“(t) —F™ ()], (7)
n= n=

whereF " is the cumulative distribution function for theefold convolution ofF by
itself. Moreover the mean value function is now the renewal function given by
m(t) = E[N] = S5 F(b).

A more tractable model is obtained whiris a honstationary Poisson process
with expectation functiom such that

+ o0 —m(t) t n
6 = E[qh]= 3 v S

e, (8)
n=0 .

The reader should note that our results apply to both renewal and nonstationary
Poisson modelsn fact, the counting processis quite general and our analysis only
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requires that the functio® be knownBy (7) and(8), we provide two stylish choices
with plausible probabilistic interpretations

If p=0, thenG(t) = 1 and no faults are removeth this case (4) reduces
trivially to HE[N,]. Itis also clear thaG(t) = E[q™ ] is defined oveR, =[0,+c0)
and itis not defined for negative valuestof hereforegin the following analysiswe
suppose that properties of such functions like logarithmic convexity and monotonic-
ity are defined over nonnegative values of the variables

Itis also clear thaG(0) =1 andG(t) decreases itwith G(+o0) = O, provided
thatp > 0. As a matter of factG is a survival function and + G is a cumulative
distribution function If T is the time at which a fault is removethen G(t) =
P[T > t]. This also implies that the expected time the fault is removed and failures
stopisE[T] = f, * G(t) dt. These observations provide a further verification on the
validity of the model in(8). Note that any survival function can be expressed as

G(t) = P[T>t]=e "), (9)

whereH is the hazard functiarSg, the nonstationary Poisson model simply takes
the hazard aBl(t) = pm(t), among many other possible choices

Recall now that testing is done sequentially with duratifnd,, ..., tx}. Itis
obvious that no testing should be done in operattibp; = 0 so that; = 0 optimally.
We therefore assume without loss of generality that O for alli. Using the above
derivations we see that the expected number of faults remaining before testing in
operationi is

pl:[ Gi(t), (10)
j=1

whereG;(t;) is as given in(7), with g; andF; inserted in place off andF, respec-

tively, for the renewal modebr in (8), with p; andm; inserted in place op andm,

respectivelyfor the nonstationary Poisson moddlore generallyG; (t;) is the prob-

ability that no fault is successfully removed after testirtgme units in operatiof
The expected number of failures experienced during tiheperation is

u i—1
—[1-G(t)]]] Gi(t) (11)
Pi j=1
and the expected number of faults removed during th@peration is
i—1
M[1—Gi(t)] H Gi(t). (12)
j=1

We will now use these explicit formulas to obtain a well-defined nonlinear program-
ming formulation
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3. THE OPTIMIZATION PROBLEM

Itis clear that for any strategit,, t,, ..., t }, the total testing cost is

i Gt (13)

and(11) enables us to write the expected total cost of debugging during testing as

i—1

K di
n> o [1-GWI I G). (14)
i=1 M j=1

After the testing periodwe know that the software will be released and each
fault will create a failure during operationwith probability 7;. Using (12), the
expected number of faults still remaining in the software after testing is

K i—1
U{l_ 2[1_Gi(ti)]HGj(tj)}a (15)
i=1 j=1
so that the expected total cost of debugging after release is
K K i—1
nY 7Tnen{1_2[1_Gi(ti)]HGj(tj)}- (16)
n=1 i=1 j=1
Combining(13), (14), and(16), the expected total cost is
K K K i—1
PSR 77'nen{l_ -Gt 1 Gj(tj)}
i=1 n=1 i=1 j=1

K di i—1
+u> —[1-Gi(4)] H G (). 17)
ji=1

i=1Mi

To simplify this cost functionwe sete = Sk_, 7, e, andb, = p(e — (d, /p;)).
There are some interesting economic interpretations for these. teatisremaining
fault is eventually debugged successfully after a failure of operataircoste, and
with probability 7. It is, therefore clear thate is, in fact the expected cost of
debugging a fault after releadeuring testing operation it takes on the average
1/p; trials to successfully remove a faulthe expected cost of removing a fault
during testing in operations thend, /p; and the difference— (d; /p;) represents the
benefit of testing operation Finally, b; is the total benefit obtained through testing
and removing all faults in operatidras opposed to removing them after release
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After some manipulation$17) can be rewritten equivalently as

i=1

> |:Ci t+ (b —biyy) ﬁ G, (tj):| + pe— by, (18)
=1

where we seby,, = 0.
This leads to the nonlinear programming formulation min -0
L(ty, to, ..., tc) with

K i
Lty to, ..., t) = E[Ci t+ (b — biyy) 1_[1Gj(tj):|’ (19)
i= j=
and the constant terme — b, is left out because it does not affect the decision
variablesSince the expected total costisif no testing is dongh; — L(tq, to,..., tk)
is the total benefit obtained through the testing stratggy,, ..., t}.

Although we do not necessarily have an analytical closed-form expression for
the optimal solutionthe special form of the objective function can be exploited
through convexity arguments to compute an optimal solution efficiefitig fol-
lowing proposition states whiRecall that eacly; is defined orR,, and takes values
in[0,1].

ProposITION 2: Suppose thatjo= b, = b; = -.- = bk and G is log-convex for all
j=12,...,K, then L is convex.

Proor: The linear functiorg; t; in (19) is convex The term(b; — biJ,l)F[}ﬂGj (t)is
also convex sinch, = b; ;, the product of log-convex functions is log-conyvexd
log-convexity implies convexityThe convexity ofL now follows since the sum of
convex functions is also convekhe reader is referred to Klinger and Mangasarian
[6] for details of these arguments |

If the failure process is the nonstationary Poisson proces&)nthen
log G;(tj) = —p;m;(t;). It follows thatG; is log-convex if and only if the mean value
functionm; is concaveThis implies that the intensityr failure arrival rateshould
be decreasing in timé\ similar observation holds for the more general character-
ization(9) using the hazard functioifhis implies logG;(t;) = —H;(t), whereH; is
the hazard function during operatipcorresponding to the distribution ©fthe time
at which a fault is successfully removeéthereforelog-convexity holds if and only
if T has a decreasing failure rateFR) distribution

As a consequence of PropositiontBe nonlinear programming formulation
reduces to the minimization of a convex function with nonnegativity constraints
This can be solved very efficiently by one of the known methods discu$sed
examplein Bazaraa et a[2]. The objective functior in (19) has explicit param-
eters given by the costgc,} and total benefitgb,}, and implicit parametersvhich
are specific to the survival functiod§; (tj)}. Their relation as well as the form of
{G; (1))}, are of great importance and the structure of the optimal solution depends on
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their propertiesWe present some useful results along this direction in the following
sections

4. THE EXPONENTIAL MODEL

Suppose now that the time to failure has an exponential distribution withArate
during operation so that the failure process is an ordinary Poisson prodéss
implies that

Gi(t) = e P (20)

and the objective function simplifies to

L(tl, tz,...,tK) = 2 Ci ti + (bl - bi+l) exp<_2 A] p] tj>:| (21)

i=1

ji=1
This is in fact, almost identical to the one given 623) in Ozekici et al[9], where
there is perfect debugginge., p; = 1). The difference is that the failure ratés; }
are replaced by fault removal ratés; p;}. It is also clear that th&; is not only
log-convex but also convex for gllThereforeif by =b, =hs; = --. = by, convexity
of L holds and Theorem 2 in Ozekici et §0] can be used to obtain the explicit
optimal solution

1 b — by b_1—b\1?
t* = In , (22)
AP Qi — Qi1 /\ Q-1 g

wherea; = ¢;/A;p; foralli =1,2,...,K provided that, > a, > a; > --- > ax and

b1_bz<bz_bs< <bK_bK+1

1< .
a—a, a—ag Ak — Ak+1

(23)

The boundary values are taken todye=a; + 1, by = b, + 1, anday ., = bk, =0
to complete expressiof22) for i = 1 andK. The reader is referred to the proof
discussionsand economic interpretations presented in Ozekici. ¢9&I The results
outlined in(20)—(23) extend their results when debugging is not perfébts gen-
eralization is achieved simply through the use of fault removal rates rather than the
failure rates

We will now give a numerical illustration of the exponential mad&k can
assumewithout loss of generalifythat our model consists &€ = 3 operations so
thata; p, = 1 for simplification and, = 3,¢, = 2,¢c3=1,b; =15, b, =12, andb; =8.
The objective function becomes

L(ty, ty, t3) = 3t; + 2t, + t; + 3e 74 + 4o~ (1) 4 ge~(uttatta) (24)
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All conditions required above are satisfied and the optimal solution is given by the
formulas

. b, — b, b, — bs by — b\t
ty =In| — |, t;=1In ,
a;— a, Q—az/\a;—
b; — b, b, —bsg\ 1
t;:an 5 )( : ) ] (25)
a3_a4 az_a3
15—-12 12—-8\/15—-12\1*
ol Sl e (S5
3—-2 2—1 3-2
s=nl(3)(55) 2
3 =1In 1 > 1 (26)

t; =1.0986 t;=0.2877  t;=0.6932 (27)

so that

or

Using(21), we computd* = 7.5643 and the total benefit obtained through testing
isb, — L* =15 — 7.5643= 7.4357 Ozekici et al [9] discussed how the optimal
solution can be computed for models that do not satisfy the conditiotia.oh,}.

5. THE GENERAL NONEXPONENTIAL MODEL

If the failure time distribution is not exponentjahen we do not necessarily have a
closed-form optimal solutiaras in the previous sectiorlowever we suppose that
the conditions of Proposition 2 are ts» that the objective functionis convex
The final convex program can be solved eadityaddition further assumptions on
the relations between the parameters of the objective funtti@sults in a simple
search methadSuppose that eadB; has a derivative denoted I and a second
derivative denoted bg/".

The Karush—Kuhn-Tucker conditions state that if there are valfies O,
t; = 0,...,t = 0 of the decision variable§t,, t,,...,tx} and valuesa; = 0,

=

a3 =0,...,af = 0 of Lagrange multiplier$aq, a,, ..., ax} such that
K i
ct 2 (0 —bL)GHt) [I Galty) —an=0 (28)
j=n m=1, m#n
and
anti=0 (29)
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foralln=1,2,...,K,then{t}, t3,..., t{} isa stationary policyn fact it is an optimal
policy because of the convexity of the objective functiomn (19) as a consequence
of the log-convexity assumption dg.

If the optimal policy is such that > 0 for all operationsthene;; = 0 and the
condition(28) can be expressed as

K j
2 (bj - bj+1) H Gm(tm) = ha(ty) (30)
j=n m=1

forn=12,...,K, where

C,Gn(tn)

hn(tn) = - G,(t ) .

(31)

This implies that if the system of equations(B0) has a positive solutigrthen it
must be optimalRewriting (30) for n + 1, we have

K i
2 (bj - bj+1) U Gm(trT'l) = hn+1(tr>1k+1 (32)

j=n+1

and the difference of30) and(32) gives the recursive relation

hn+1(t:+l) = hn(t:) - (bn - bn+1) ];[1 Gm(tr;) (33)

forn=12,...,K — 1. Forn = K, condition(30) becomes

hi (<) = bic TT Gm(th) (34)
or
A = he(t<) = be [] Ga(ty) = 0. (35)

Note from the special form d83) that if {t;, t;,..., t;} are knownthen we can
solve fort;, ;. This procedure can then be implemented as an interval bracketing
method which searches for a positive valuetf@uch that conditio35) is satisfied
In the determination of the new intery#he facts that is a nondecreasing function
of t; andh;(t;) is a nondecreasing function pfare usedThe first property follows
directly since eacl;(t;) is decreasing iy. The second property is shown next

ProposiTioN 3: Suppose that if Gis log-convex, then jh= —¢G;/G/ is
nondecreasing.
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Proor: SinceG,; is log-convexthe second derivative

d?log G, (t;) _ GG ) — (G )?

36
a7 (G1)? (36)
is nonnegativeThis implies thatG/'(t;)G;(t;) = (G/(t;))% which completes the
proof since
(G/(1))? = G () G/ (1)
hi(t) = —¢ ——— o = (37)
(G/(t))
andh; is nondecreasing u

The pseudocode of the algorithmuhich bisects the search intervais given
below The algorithm assumes that the initial search intervé obntaing;y > 0 for
which A is 0 and forcegt,; n=1,2,...,K} to remain nonnegative during the itera-
tions by simply setting it to 0 when it has a negative value

Algorithm
Input: Initial interval [a, b] for t,, final precisione.
Output: ¥ >0, t; >0,...,tx > 0.
begin
repeat
Set { = max{0, (a+ b)/2};
Forn=1to K- 1, solve (33) to computg t, and sett,, =0ift, ., <O0;
ComputeA by using (35);
If A < 0then set a= t;, otherwise set b= t;;
until |[A| < e
end;

Observe the use of Proposition 3 when combined with recursive relations in
(33); an increasédecreasgin the values of; results in an increagéecreasgin the
values oft,, ts,..., tx. In other wordsthe remaining variables follow because of
the propagating change through relation$38).

To demonstrate the use of these resuits will discuss the following nonex-
ponential model with

Gi(t) = e hni (38)

for n=1. In view of (8), this is a nonstationary Poisson model with(t;) = A; t*",
where the expected time to fault removal is

n!
(A pj)n.

+oo
E[T]= f e hntdt= (39)
0
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Note that ifn = 1, we obtain the ordinary Poisson or exponential model in Section 4
It is clear thatG;(t;) is log-convex and

hy(t) = ;—C’ g (40)
iP
is increasing irt;.

Consider a numerical problem that has the same cost parameters as in Sec-
tion 4 with n = 2 andK = 3 operations so that;p; = 1 for simplification and
cp=3¢c=2,¢c=1 b, =15 b, =12 andb; = 8. The objective function now
becomes

L(ty, to, ts) = 3ty + 2t + t5 + 3~ Vi + 4e~(Vu VB + e~ (Vi Vit Vi),

(41)
The optimality condition$33) and(34) can be written as
M, = 64T, — 3e VT, (42)
24t = 4T, — de(Wut V) (43)
24tz = 8e~ (Wt Vit Vi), (44)

and solving this system of equations by Maple obtain the optimal solution
ty = 0.43043 t; = 0.35395 t3 = 0.38124 (45)

The optimal objective value @#1) is L* = 6.3168 and the total benefit of testing is
b, —L*=15-6.3168= 8.6832 Note that although the parameters are identital
optimal solutions for the exponential and nonexponential models are substantially
different due to the different distributions

The recursive procedure suggested(89) can also be usediven an initial
search interval including® = 0.43043 one can easily generatieandt; by solving
(42) and(43) iteratively This is essentially what the Algorithm daéfwe find such
anonnegative solution that also satisfi44), then it will be optimal Note that such
a procedure can be applied to any arbitrary case diB8eand(34) are general
results

As an illustration we generated a sequenigg(k), t>(k), t3(k); k=1,2,...,10}
of solutions using the Algorithm with precisien= 0.001 by taking 0, 0.5] as the
initial search interval fot; and defining

A(K) = 24/t5(k) — 8~ (Va0 +\&(0+ () (46)

as the difference i635) or (44). The results are summarized in Table 1
Although itis not possible to formulate the interaction between the parameters
explicitly, such as inequalitie®3) given for the exponential casiéis still possible
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TABLE 1. Iteration Results of the Algorithm

k ta(k) t2(K) ta(k) A(k)

1 0375000 0262155 0140113 -—1.038728
2 0437500 0866116 0417995 0112001
3 0406250 0813106 0265101 —0.414543
4 0421875 (0339371 0338419 -—0.140774
5 0429688 (852686 (877465 —0.011942
6 0433594 (0859387 (0897549 (0050620
7 0431641 (856033 (387461 (0019489
8 0430664 (854358 (882452 0003811
9 0430176 0853522 (0879956 —0.004056
10 0430420 (0353940 0381203 —0.000120

to make some observatiarfSrst, as a consequence of relatioi¥8) and(34), it is
possible to write

hl tl - h2 t2
Gi(ty) = % (47)

and

Gi(t) = hi(t) — () b1 b
bJ - bj+1 hjfl(tjfl) - hj (tj)
forj=2,3,...,Kwith bx ;= hg,1(tk 1) = 0. The combination of these inequalities
with the fact that 0< G;(t;) < 1 fort; > O gives
b,—b b,—b b« — b

< 1 2 < 2 3 << K K+1 ,

hl(tl) - h2(t2) h2(t2) - h3(t3) hK(tK) - hK+1(tK+1)
which is identical to(23) for G;(t;) = e %", In addition h;(t;) > h;;1(t1) for
j=12,...,K—1follows sinceb; = b, = --- = b andG;(t;) > 0.

Coming back to our numerical exampfer t; = 0.43043 t; = 0.35395 and
t3 = 0.38124 we haveh,(t;) = 3.93643 h,(t;) = 2.37975 h,(t5) = 1.23489 and

15-12 = 1.92718< 12-8 — 349388« — >
3.93643— 2.37975 237975- 1.23489 1.23489

=6.47831 (50)
so that inequalitie$49) are satisfiedIn other wordsthe Algorithm computes an

optimal policy if the parameters guarantee the existence of a policy which satisfies
(49) andhj(tj) > hj+1(tj+l) forj = 1,2,. aey K—1.

(48)

1 (49)
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For our numerical exampléf ¢, = 0.1, ¢, =1, c3 =5, b; = 29, b, = 14, and
b; = 3, then the Algorithm fails to convergélowever there exists an optimal so-
lution. We computed; =13.01933t; = 0.02598 andt; = 0.0 withL* = 2.05709 by
using Linga This results inh,(t;) = 0.72165 h,(t3) = 0.32237 andhs(t3) = 0.0
and we obtain
29—-14 14-3

3
=375676> ———————— =34.1223< — = —oo,
0.72165— 0.32237 0.32237—- 0.0 0.0

(51)

which clearly violates condition@9). This is quite supportive since the Algorithm
assumes the existence of positive optimal valUéss is not the case here since
t5 = 0 and the corresponding Lagrange multipligris allowed to be positivefor
exampleLingo computes: = 0.57928 Similar observations can be made for other
datasets which also violate inequalitié®).
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