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Abstract. In this paper we study analytic properties of compensator and Dulac expansions
in a single variable. A Dulac expansion is formed by monomial terms that may contain a
specific logarithmic factor. In compensator expansions this logarithmic factor is deformed.
We first consider Dulac expansions when the power of the logarithm is either O or 1.
Here we construct an explicit exponential scaling in the space of coefficients which in an
exponentially narrow horn, up to rescaling and division, leads to a polynomial expansion.
A similar result holds for the compensator case. This result is applied to the bifurcation
theory of limit cycles in planar vector fields. The setting consists of families that unfold a
given Hamiltonian in a dissipative way. This leading part is of Morse type, which leads to
the following three cases. The first concerns a Hamiltonian function that is regular on an
annulus, and the second a Hamiltonian function with a non-degenerate minimum defined
on a disc. In the third case the Hamiltonian function has a non-degenerate saddle point with
a saddle connection. The first case, by an appropriate scaling, recovers the generic theory
of the saddle node of limit cycles and its cuspoid degeneracies, while the second case
similarly recovers the generic theory of limit cycles subordinate to the codimension k Hopf
bifurcations k = 1,2, .... The third case enables a novel study of generic bifurcations
of limit cycles subordinate to homoclinic bifurcations. We then describe how the above
analytic result is applied to bifurcations of limit cycles. For appropriate one-dimensional
Poincaré maps, the fixed points correspond to the limit cycles. The fixed point sets
(or zero-sets of the associated displacement functions) are studied by contact equivalence
singularity theory. The cases where the Hamiltonian is defined on an annulus or a disc can
be reduced directly to catastrophe theory. In the third case, the displacement functions are
known to have compensator expansions, whose first approximations are Dulac expansions.
Application of our analytic result implies that, in an exponentially narrow horn near a
homoclinic loop, the bifucation theory of limit cycles again reduces to catastrophe theory.

1. Introduction

This paper contributes to the study of generic families of planar diffeomorphisms near
a degenerate fixed point [3, 15, 47-49]. Note that such diffeomorphisms can be obtained
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from time-periodic planar vector fields, by taking a Poincaré (return) map. Usually, by nor-
mal form or averaging techniques [3, 17, 40], the family becomes autonomous to a large
order. In many cases, after suitable rescaling the family is the sum of a Hamiltonian vector
field that does not depend on the parameters, a dissipative part and a non-autonomous part.
The latter part consists of higher-order terms in the rescaling parameter [5, 23-25, 47].
This approach covers many generic cases like the codimension £ Hopf bifurcations includ-
ing degenerate Hopf (or Chenciner) and Hopf-Takens bifurcations [15, 20-22, 46-49]
but also the Bogdanov—Takens bifurcation for maps [4, 16]. Our interest is with the
geometry of the bifurcation set of limit cycles of the autonomous system, which correspond
to invariant tori in the full system. The latter were studied systematically by Broer
et al [12]. Limit cycles of the autonomous system correspond to fixed points of the
Poincaré map (or zeros of the displacement function) on one-dimensional sections.
For values of the parameter that are relatively far from the bifurcation set of limit cycles
associated to the autonomous system, the dynamics of the non-autonomous system is of
Morse—Smale type [41]. The genericity conditions on the original family often lead to
certain explicit genericity conditions on the corresponding family of scaled displacement
functions [14, 19, 23, 24], which in our set-up will be translated to suitable hypotheses.
By the division theorem, the latter lead to structural stability of a scaled displacement
function under contact equivalence [30, 32, 39].

The starting point of the present paper will be the family of non-autonomous systems
after rescaling, although our results are concerned with bifurcations of limit cycles in the
autonomous truncation. In Example 1 below, we show the classical way in which this
format is obtained; later on, more classes of examples will be discussed. Before that,
we note that for the full non-autonomous family, the autonomous bifurcation diagram
provides a skeleton indicating the complexity of the actual dynamics [20, 50]. However,
as Broer and Roussarie [14] have shown, this dynamical complexity near the bifurcation
set of limit cycles, in the real analytic setting, is confined to an exponentially narrow horn.
For earlier results in this direction, see [12].

Example 1. (Bogdanov—Takens bifurcation) [4, 6, 17, 25] Consider the following
unfolding of the codimension two bifurcation

3 a
Xﬂ)” =y — + (_xz—i—/,l,—i-yl) :I:yx—i-R(X, yvts M, V))—,
ax dy

where R is 2w -periodic in the time ¢ and represents the non-autonomous part. We assume
that |R(x, y, t, i, v)| = O(x* + y?)3/2. Under the classical rescaling [4, 6]

X = &°x, y=83§, ,u=—84, v =¢gv,

the system above becomes
- - 8 _2 —_ —_ 3 8
eYep=¢ey—+e((x"—1)+eyvEteyx + O0(”))—.
ax ay
We see that ¥ 5 = Xy + eZev + O(e?), where

N I 9
XHZyﬁ‘i‘(x _1)8_)_)
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is a Hamiltonian that does not depend on the parameters (v, €) and possesses a homoclinic
loop to a hyperbolic saddle. The loop encloses a disc containing a centre. Notice that the
non-autonomous terms are included in the O(e3) part. See [6, 14] for details.

This example motivates the general perturbation setting of our paper. More examples
will be recalled below [6, 15, 17, 23, 24] and certain new examples will be treated in
detail. Our focus will be on bifurcations of limit cycles near a homoclinic trajectory of
the Hamiltonian vector field. By an explicit exponential scaling in the parameter space,
an exponentially narrow horn is created, in which the bifurcation set of limit cycles
can be completely described. Indeed, the structural stability of a scaled displacement
function under contact equivalence leads to the full complexity of catastrophe theory.
For the original autonomous family of vector fields, inside the horn, this yields structural
stability under weak orbital equivalence [5, 26, 27], where the reparametrizations are C*°.
In summary, our results reveal an exponentially narrow fine structure of the parameter
space, that regards the dynamics of the autonomous family of planar vector fields.
We expect that our results will be of help when studying the full system on the solid
torus R? x S!, where the ‘unperturbed’ limit cycles correspond to invariant 2-tori with
parallel dynamics. When turning to the non-autonomous ‘perturbed’ system, persistence
of these tori becomes a matter of KAM theory, in particular of quasi-periodic bifurcation
theory [5, 11]. Indeed, the 2-tori with Diophantine frequencies form a Cantor foliation of
hypersurfaces in the parameter space, and we conjecture that most of the Diophantine tori
persist, including their bifurcation pattern. The KAM persistence results involve a Whitney
smooth reparametrization which is near the identity map in terms of |¢| < 1. This means
that the perturbed Diophantine 2-tori correspond to a perturbed Cantor foliation in the
parameter space. In the complement of this perturbed Cantor foliation of hypersurfaces,
we expect all the dynamical complexity regarding Cantori, strange attractors, etc.,
as described in [19-22, 38, 43].

1.1.  Background and setting of the problem. The general perturbation format of the
present paper is given by the family of C* planar, time-periodic vector fields

X)L,s +¢"R with X)\,g = 8PXH + 8qY)L)5, @))]

where X, . consists of the autonomous part. The following properties hold. First 0 < p <
g < r are integers. Secondly, A € R’ is a (multi)parameter varying near 0, while ¢ > 0 is
a perturbation parameter. Thirdly, the vector field R is 27 -periodic in the time ¢, and may
depend on all the other variables and parameters as well. Finally, the vector field Xy is a
Hamiltonian and does not depend on the parameters. Notice that, in Example 1, we have
p=1,g=2andr =3.

We begin by discussing the Hamiltonian function H. Our genericity setting implies
that H should be a stable Morse function, which leaves us with three possible cases X g is
defined in an annulus, near a centre or near a homoclinic loop (see Figure 1). In each case,
we can define a Poincaré return map

Pre:Zo—> T withP; ((x) = x + 977 By ¢ (x). 2)
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(a) (b) (©)

FIGURE 1. The Hamiltonian X g in an annulus (a), near a centre (b), and near a homoclinic loop (c).

Here X9 C X is a transversal section and B .(x) is the scaled displacement function.
Limit cycles are in a one-to-one correspondence with the zeros of By .. The bifurcation
set 13 of limit cycles is defined as

B={( &) eR xR B .(x) = B; . (x) = 0 for some x € Xo}.

Denote B, = BN{e = go}. The family Y} . is generic in a sense to be made precise below
and which by the division theorem [27, 32, 36, 39] implies C*° structural stability under
contact equivalence of the scaled displacement function B;,  in the following sense. In the
following definition the families of functions are local, i.e. we consider germs of families.

Definition 1. (Contact equivalence) [5, 26, 36, 43, 49] Let f, : (R,0) — (R,0) and
gu (R, 0) = (R, 0) be two families of functions, with A, . € (RY, 0). These families are
C>-contact equivalent if there exist a C* diffeomorphism ¢ : (R¢,0) — (R¢,0),a C*®
family of diffeomorphisms %, : (R, 0) — (R, 0) and a C* function U : (R, 0) — (R, 0)
with U (0) # 0 such that

frohy(u) =U) - goon) ).

The definition implies that £ sends the zero-set of f; to the zero-set of gy(y) preserving
multiplicity. As a consequence, for small values of ¢, the zero-set ;. is diffeomorphically
equivalent to By. Although our main interest is with the homoclinic loop case, we first
briefly revisit the simpler cases of an annulus and a centre.

1.1.1. Classical cases of polynomial geometry. In the case of an annulus (see
Figure 1(a)), by our assumption of structural stability under contact equivalence and by
the division theorem [27, 32, 36, 39], B, . takes the form

Be(x) = U(x, 2, £) 0y (x, B0, €)). (3)
In (3), U # 0 is smooth and
07 F(x, Br, &) = foh, &) + BI(A, )x + - + froa(h, exF 2 x4
which is the standard catastrophe cuspoid normal form. Here, the map

A= (Bo(2,0), ..., B—2(2,0))
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is a submersion. The codimension of the singularity is k — 1. For ¢ sufficiently small, the
bifurcation set 1B, consists of all A-values such that

s, £
dQ;

0V F(x, Br, 8)) = -

(x, B(x,8)) =0,

for some x near 0. Since Qi’i takes the form (4), we say that, for sufficiently small ¢, the
geometry of the bifurcation set of limit cycles B, is polynomial. By studying the zero-set
Bo using standard catastrophe theory [5, 29, 43, 53], we recover the generic bifurcation
theory of limit cycles as it now has become standard [5, 26, 29]. For instance, in the case
k = 2, the bifurcation set is called a fold corresponding to a saddle node of limit cycles; in
the case k = 3 one obtains a cusp of limit cycles.

In the case of a centre (see Figure 1(b)), by similar arguments, the reduced displacement
function takes the form

Bye(u) = Ulu, 1, )0 (u, a(3)),

where u = r2, r being the distance to the origin, with the pointed catastrophe cuspoid
normal form

OV F(u, @) = ap(h, &) + a1 O, ) + - + a1 (, )k £k, w=0. (5

We remark that Q,f o+ possesses a term of order k — 1 while Qi’i does not. For more
details, see [14]. Again, the map

A (oA, 0), ..., 0r—1(X,0))

is a submersion and the codimension of the singularity is k. For each ¢ sufficiently small,
the set 3, consists of all A-values such that
Pt

OV (u, a(h, 8)) = d%’; u, a(r, €)) =0,

for some u# > 0. As in the annulus case, for each sufficiently small ¢, since Q,f s+ takes the
form (5), the geometry of the bifurcation set of limit cycles 5, is polynomial. Now B, is
described by the pointed catastrophe theory. This set-up recovers all codimension £ Hopf
bifurcations [14, 19, 47].

1.1.2.  The homoclinic loop case. Our main interest in the present paper is with the
case where the Hamiltonian H possesses a homoclinic loop I' (see Figure 1(c)). Here the
Poincaré return map is defined on a half section ¥y C X parametrized by u > 0.
The difference between the present and the above cases is that the displacement function is
singular at u = 0 and so cannot be written as a Taylor expansion at this value. When ¢ = 0,
the displacement function takes the form of a Dulac expansion [1, 34, 35, 44]; and when
e # 0, it takes the form of a compensator expansion [34, 35, 44], which deforms the Dulac
expansion. We shall be more precise in the next section.

The aim of this paper is to present a division theorem which is adapted to Dulac and
compensator unfoldings. We shall construct a singular scaling in the parameter space so
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that the corresponding family of displacement functions becomes structurally stable under
contact equivalence, and, thanks to the classical division theorem, takes the form (3).
This implies that the bifurcation set 3, has polynomial geometry. The function U in (3),
although smooth in the interior of the horn, contains all non-regularity of the displacement
function, i.e. has Dulac asymptotics at the tip of the horn. The region in the phase space to
be considered, though arbitrarily close to I', does not contain I'. However, the region does
contain all the (bifurcating) limit cycles.

1.1.3.  Example: the codimension two saddle connection. To fix thoughts, before stating
our results, we announce an application in the case of a codimension two degenerate
homoclinic orbit [14, 23, 24], as it is subordinate to a degenerate Bogdanov—Takens
bifurcation.

Example 2. (Degenerate Bogdanov—Takens bifurcation) [14, 23, 24] Consider the follow-
ing unfolding of the codimension three Bogdanov—Takens bifurcation

9 9
Xpvpm = Yox + (% yvo +viyx yx3)@-

This family is studied in [23, 24]. The bifurcation set is a topological cone with vertex
at 0 € R3 that is transverse to the 2-sphere S?>. The trace of the bifurcation set on S?
possesses, among various bifurcation points of codimension two, a point of degenerate
saddle connection. After suitable rescaling [14], the family here takes the form

Xyt = 65+ (G2 — 1+ &5 (770 + 717 + 7).
o % ay
In terms of our general set-up, the family takes the form (1) with p = 1, ¢ = 6 and
HE ) =172 - 18+ &

The phase portrait of Xy is described in Figure 1(c). The scaled displacement function
takes the form

By e (u) = ao(vo, vi, &) + B1(vo, vi, &)uwe (u) + cu + o(u), (6)
where wg (1) is a compensator function [15, 18, 34-36] and where wo(#) = log u, where u
is the distance to the saddle connection. In this example, it is generic to assume that ¢ # 0
and that the map

(vo, vi) > (a0 (vo, v1, 0), Bi(vo, v1, 0))
is a local diffeomorphism near 0. For simplicity, we restrict to the case ¢ = 0, since the
case ¢ # 0 is just more complicated without being qualitatively different. Theorem 2 gives
the scaling
Wi(=A,4) x 0,1 = R (0,7) = (a0, B),
where A > 0, 9 > 0 and where
c+rtlogtQ1(7)

pr= 14+logt o
YT —cT + rzlog TRy(7)
oy = - ,
0 1+1logt 1 +logt
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Yo o

FIGURE 2. Image of a rectangle (—A, A) x (0, tp) under the scaling W. On the right-hand side the corresponding
region is an exponentially flat horn. The resulting bifurcation set B, located in the dashed region on the right-
hand side, is the product of a fold bifurcation set and an interval.

where Q1 and Ry are C*° (see Figure 2). We claim that as an application of our results,

T 1
T 1 = —( = 1 2 3 ,
By (y,0),0(t (1 +x)) 1 logr(yo (2 + O(z 0g7:)>x + O ))

and by the division theorem, we have

2
T - X
B‘P(Vo,r),o(f(l +x)) = WU(L Y0, T) (VO - 7),

where U is C* and has Dulac asymptotics at 7 = 0, see below. Therefore

By (.00t +x)) = U(x, y0, T)(y0 — x7), (8)
where .
U ’ ’ = 70 5 9 9
(x, 0, 7) T+ logr (x, y0, T)

see Definition 1.

The idea of the scaling in (7) is the following. Observe that the form (6) contains
a logarithmic term and therefore is singular at u = 0. However, the form is no longer
singular at u = t for any v > 0 arbitrarily small. By putting u = (1 + x), we localize the
study of (7) near u = t, i.e. near x = 0. The map

Dy (y,r)(X) = Bw(yy,r).0(t(1 +x))

is regular and can be expanded in a Taylor series. All non-regularity of the unfolding is
now contained in the parameter dependence (7).

From (7), we have
e~ 1/B1

ap ~ —(yo —0)p1 pant
Since yp belongs to an interval of length 2A, for fixed 81, we have the following

exponential estimate:
2AB1

ap ~ e VP B> 0. )
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The bifurcation set of limit cycles is given by By = W (F) where
F ={r =0},

which is the product of a fold and an interval and corresponds to a saddle node bifurcation
of limit cycles.

As a consequence of the estimate (9), the image of the rescaling is an exponentially flat
region (see Figure 2). Observe that the set of homoclinic bifurcation which is given by
‘H = {ag = 0} is contained in the image of the rescaling introduced in (7). However, since
the study of the displacement function is localized near u = 7 < exp(—1/|81]), the region
of the phase space under consideration is an exponentially narrow annulus, which does not
contain the homoclinic orbit. Therefore, the subordinate homoclinic bifurcation cannot be
studied with the help of the form (8). Up to division by U, the displacement function is
polynomial; indeed, it is the normal form of a fold [43, 53].

As mentioned before, the stability of the displacement function under contact
equivalence implies weak orbital stability of the vector field unfolding with C*
reparametrization.

Remark. In Example 2, we find a saddle node of limit cycles inside the horn, corresponding
to a fold catastrophe of the scaled displacement function. Using similar techniques, stable
limit cycles are discovered in [14, 16] that correspond to scaled displacement functions of
Morse type.

1.1.4. Outline. This paper is organized as follows. All results will be formulated
in §1.2. We first study the rescaled displacement function B) . when ¢ = 0, in which
case Bj o has a Dulac expansion. In Theorems 1 and 2 we present normal forms for
B;. .0, showing that the geometry of its zero-set again is polynomial. Also we give an
explicit algorithm for the normalizing rescaling. We mention that Theorem 2 generalizes
the example of §1.1.3, extending it to all cuspoid bifurcations of limit cycles of even degree.
Second we treat the case ¢ > 0, in which the scaled displacement function will have a so-
called compensator expansion, which deforms the above Dulac case. Theorems 3 and 4
are the analogues of Theorems 1 and 2 for this compensator case.

Section 1.3 contains an example concerning a cusp bifurcation of limit cycles, as
it is subordinate to a codimension four Bogdanov-Takens bifurcation [31, 34, 35].
This example is an application of Theorem 1. In §1.4 we discuss further potential
applications of our results for the full ‘perturbed’ system, where our statements are mainly
conjectural and pointing to future research. All proofs are postponed to §2.

1.2.  Results. We briefly recall the general setting. The family of planar autonomous
vector fields to be considered has the form (1),
Xie =Xy + &Y e,

where X g possesses a homoclinic orbit I' C {H = 0}. We focus our study near this
homoclinic loop. For all 0 < u < ug where ug is close to 0, orbits of X g contained
in ', € {H = u} are supposed to be periodic, I, tending to the homoclinic loop I'
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as u tends to 0 in the Hausdorff topology. The subsection ¥y C X (see Figure 1), on which
the Poincaré return map is well defined, transversally intersects each of these periodic
orbits. The Poincaré return map takes the form (2). The asymptotics of By . is given by
Roussarie [44]. For convenience, we introduce the 1-form vy, , 2, which is dual to the
vector field X . by the standard area form €2 on R2, ie.

1,2 = ePdH + lw; o + o(e).
We have
Byo(w) = / rg. (10)
Iy

This Abelian integral expands on a logarithmic scale, to be described below. Such an
expansion is called a Dulac expansion. In Theorems 1 and 2 a scaling in the parameter
space

U R R 5 RE (v, 1) > ¥(y, 1)

is constructed in such a way that
By(y0.0(t(1+x) = f(@) (o +y1x + -+ y2x' 2 +k(y, Dk + O ), (4D

where f(r) = t"logt, in the case k = 2n — 1, and f(r) = t"/(1 + log7), in the case
k = 2n, and where k(0) # 0. The idea behind the construction of the scaling W is the
following. By putting u = v (1 + x), the map

Gy R—=>R, x> Bypolr(l+x))

becomes C™ at the origin, and we expand @, g in a Taylor series. In the generic case,
we may identify the coefficients of the Dulac expansion with A. First, in the (¢, 8)-space,
a parametrization of the curve C by 7 is given by

C={@pB) eR! | @y p(0) = ¥ 4(0) = -+ = DG (0) = 0, DL, (0) # 0}.
This latter curve emanating from the origin is of ‘highest degeneracy’, i.e. along this curve
Dy(0,0) () = F@K*O, Dx* +O*h).

Secondly, the scaling ¥ is defined. The image of W is a narrow neighbourhood of C and,
for each parameter value in this neighbourhood, the map ®y, ;) takes the form (11).
By the division theorem [27, 32, 36, 39] applied to (11), we obtain

Py(y0) () = U, ¥, D F@ (o + y1x + - + pax® 2 £ 25
=U(x, 7, 1) 0y (x, ),

where U (x, T, y) = f (1)U (x, y, 7). All non-regularity of the unfolding is hidden in the
function U, and after division by this latter, the displacement function is polynomial. In a
final step, we consider the complete compensator expansion given in [44]. In Theorem 3,
respectively Theorem 4, we show that there exists an analytic deformation of the scaling
proposed in Theorem 1, respectively Theorem 2, such that By, ). again takes the
form (11).
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1.2.1. The Dulac case. We now give a precise description of the Dulac case.
The logarithmic scale of functions is given by

E:{l,ulogu,u,...,ui,ui"’llogu,...}.

The Abelian integral (10) expands on this scale [34-36, 45]. This means that there exist
sequences of C*° functions «; (1) and 8;(A) for integers i > 0 and j > 1 such that

N N
By o) =) aiu' + ) Bju logu+ow™), (12)
i=0 j=1
forany N € N.
We say that (12) is a non-degenerate Dulac unfolding of order 2n if r, 7 0 but for each
integeri =0, ...,n — 1 one has 8;4+1(0) = 0 = «; (0) and if moreover the map

A= (ao(D), BL(A), ... on—1 (), Br(X))

is a submersion. In this case, we rewrite (12) as
n—1 ) n )
B o(u) = Zai Mu' + Z Bi(Mu' logu + cu” + o(u™),
=0 i=1

where ¢ = a, (A).

Similarly we say that (12) is a non-degenerate Dulac unfolding of codimension 2n — 1 if
B, (0) # 0 but ap(0) = 0 and for each integeri = 1, ...,n — 1 one has 8;(0) = 0 = «; (0)
and if moreover the map

A= (o), BL(A), ... on2(), Bp—1(X), dtn—1(R))

is a submersion. In this case, we rewrite (12) as

n—1

n—1
B o(u) = Z o (Mu' + Z'Bi Mu' logu + cu™ log" +Ou™),
i=0 i=1

where ¢ = B, (A). We introduce the following notation. Let F' : (R, 0) — R be a Dulac
expansion of the form (12). We then write

F(u) = cu" log" (u) + - - - = cu™ log (u) + Z ce,juk log’ (u), (13)
(m, )<L (k,j)

where the order < on the set
N ={(a,b) e NxZ|b < a},
is defined as
W, j)<K+1,k) forallj<t, k<f4+1, and(l,j—1) K (¥, ). (14)

In what follows R denotes the set of strictly positive real numbers. We now state the
first results.
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THEOREM 1. (Dulac case of odd codimension) Let

B:Ry xR" xR 5 R,
n

n—1 -1
(u,a, B) > By p(u) = Z(xiui + Zﬂiui logu + c[u" logu + - - -1,
i=0 i—1

=

be a non-degenerate Dulac unfolding of codimension 2n — 1. Then
By(y,0(x(1+x) = k(y, D" log T(Q5;:5 (x, ¥) + OG™), (15)
where k(y, t) # 0 depends C* on (y, t), and where
ViR 2 xRy — R (1) (aly, 1), By, 1)),
gives the change of parameters. The map WV is C*° and of the form

aizt"_ilogzt&[(y,t), 0<i<n-—1, 16)
Bi=1""logrhi(y, 1), 1<i<n-—1

We further specify

Bi(y.T) = —ca; + Vi(y) —log™ ' TR,—14i (7),
n—1 _
@1y, V) ==Y (Ly-1,jlog™" T+ Hy1 B (v, T) + dn-rlog™' T
Jj=1

1

+ Yuetlog ™' T = (cLy—1n + Paoi(2) log 2 1,

and for each integeri =0, ...,n — 2,
n—1 n—1 _
ai(y, 1) = — Z Jijjai(y, t) — Z(Li,j log™ 't + H; B (v, T)
j=itl j=1
+dilog™ v +yilog™ T — (cLiy + Pi(x)) log ? 7.

For each pair of integers (i, j) under consideration, the coefficients L; j, H; j, J; j, a;, d;
are real numbers. Moreover V; is a linear map and

Pi(t)=Po+rtlogtPi+ -,
Ru—14i(t) = Ry—14i0 + TIog TRy 14ig + -+
THEOREM 2. (Dulac case of even codimension) Let

B:R;y xR"xR" - R,
n—1 ) n )
.o, ) > Bup) =Y aju’ + Y piu' logu + clu" + -],
i=0 i=1

be a non-degenerate Dulac unfolding of codimension 2n. Then

k(y, )"

s,+ 2n+1
T+ aylogt (05, (x, ) + OGT)), (17)

Bkl/(y,t)(f(l +x)) =
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where k(y, 1) # 0 depends C* on (y, t), and where
v R Ry — R?", ¥, 1) = (a(y, 1), By, 7).
The map V¥ is C* and of the form

o =t""a;(y, 1), 0<i<n-—1,

T _
= ——Bi(y,1), 1<i<n.
Bi 1+anlogtﬂ,(y 7) i<n

We further specify
Bu(y.©) = —cay + (1 +dn,110g 1)~ ' Wy (y) — t10g 7 Q21 (1),
for each integeri =1,...,n —1,
Bi(y. 1) = —a;log T(1 + a1 log T) "W, (y) + Wi(y) — ca

— 7108 Téy Qnyi—1(t) + @it 1022 T Q2,1 (1) — T10g T Qpi—1(T),

_ logt 1
an-1(y, 1) = W Z(L” 1,jlog” T+ Hy— ]),31(% T)

—cLyo+ vu—1(1 +aylog T)_l + tlog TR, 1 (1),

and for each integeri =0, ...,n —2,

lo
&y, 1) = ZJ,,a (. 0) = Z(L,,log‘r+H,,)ﬂ,(y,r>

IS 1+a,,10gt

—cLio+yi(1+a,log t)* — 7 log tR,-(t).

n—i (18)

For each pair of integers (i, j) under consideration, the coefficients L; ;, H; j, J; j, a; are

real numbers. Moreover, W; is a linear map and

Qi(t) =0io+tlogtQi1+---, R(t)=Rio+tlogtRi1+---.

1.2.2. The compensator case. In the case ¢ # 0 an asymptotic expansion for B

in [44] was found to be

By () = oo + Biluw + eni(u, uw)] + oy [u + e (u, uw)] +
+ " + e, uw)l + B 1 [ o + enpp (u, uw)]

+ W, (u, A, €), (19)

where o; and 84 for 0 < j < n depend C* on (2, ¢). Either
;(0,0) = Bi+1(0,00 =0, 0<i<n-—1 and «,(0,0) #0,
or

;(0,0) = Bi+1(0,0) =, (0,0) =0, 0<i<n-—2 and B,(0,0)#0.
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Furthermore, w = w(u) is a compensator function of the form

ep _
wu) =

ifef =0, wu) =logu, ifef =0,

where 8,5 = 1 — R(P) and where R(P) is the absolute value of the ratio of the negative
eigenvalue of the linear part of X, , at the saddle point by the positive one. Moreover,
the functions »; and u; are polynomial in # and uw (u), taking the form

i, uo @) = niou + -, i, uw@) = wiou o @)+

where 1; 0 and p; o are real numbers. Note that the compensator unfolding deforms the
Dulac unfolding and is obtained from the latter by replacing log(u#) by w(u). The remainder
W, is of class C" and flat of order n at u = 0. An expansion of the form (19) is said to be a
non-degenerate compensator unfolding of codimension & if for ¢ = 0 it is a non-degenerate
Dulac unfolding of codimension k. Theorems 1 and 2 can be extended for compensator
unfoldings as follows.

THEOREM 3. (Compensator case of odd codimension) Let

B:R+XR"XR”_1—>R,
n—1 n—1
(u, o, B) > By ) =Y ailu' +--- 14 ) Bilu' o) + -1+ clu' @) + -1,
i=0 i=1

be a non-degenerate compensator unfolding of codimension 2n — 1. Then
By(yr(t(1 + 1)) = k(y, 7. )T"0(1)(Q%,5 | (x, ¥) + O(™)),
where k(y, 1, €) # 0 depends C* on (y, t, €), and where
VR xRy — R (y, 1) e (ay, 1), By, T)).
The map ¥ is C* and of the form
o =" (Dai(t,y,e), 0<i<n-—1,
Bi=1t""w(®pi(t,y,e), 1<i<n-—1.
We further specify
Bi(z, v, &) = —cai(r, &) + Vo 14i(t, ¥, 8) — to(0) ' Ry_14i(x, ),
where for each integeri = n,...,2n — 2, Vi is linear in y with coefficients depending

analytically on & and Tw" (t). Furthermore

n—1
Gn-1(t,7,8) ==Y (Ln-1,j(x, &)0~ " (©) + Hyo1 (7, 8))Bj (T, v, €)
j=1

+ dp—1 (7, &)~ (1) + Yy (1)
— (cLu—1.4(t,8) + Pr_i (7, 8))00 2(1),
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n—1

ai(ry,e)=— Y Ji (€0, e
j=i+1

n—1
=Y (Lij(t, &)™ (x) + Hi j (. 8)Bj(T, . &)
Jj=1
+di(r, )07 (1) + yio (1) = (cLin(r, &) + Pi(1)o (1),

fori =0,...,n—2. For each pair of integers (i, j) under consideration, L; j, H; ;, J; ;,
ai, d;, P; and R; are analytic functions in & and T@" (7).

THEOREM 4. (Compensator case of even codimension) Let

B:R;y xR"xR" - R,
n—1 n
(@, o, B) > Bup) =Y eilu' +--- 14+ Y Bilu'o@) + -1+ clu" +--]
i=0 i=1

be a non-degenerate compensator unfolding of codimension 2n. Then
k(y,t,e)t"

1+ an(7, &) (7)

where k(y, T, €) # 0 depends C* on (y, t, €), and where

Brgotr(h+0) = (@5 y) + O,

IR xRy, (7, D) e (a(y, 1), By, 1))
The map V¥ is C* and of the form

o =1""a;(t,y,8), 0<i=<n-—1,

.L.l”lfl

Bi ( )Bi(T, v,8), 1<i<n.

- 1+ a,0(t
We further specify
Bu(z, v, 8) = —cin(t, &) + (1 + dn (1, &) (1)) "' W, (1, v, &) — T0(v) Q2n-1(1, &),

for each integeri =1,...,n —1,

Bi(z.y.€) = —ai(1, )o(T)(1 + (1, ) (1) "Wy (T, v, &) + W (1. v, &) — céai(r. &)
— -[a)z(r)&n Onti—1(t, &) +ai(z, S)Ta)z(f)QZn—l(t’ €)
—Tw(t)Onti-1(7, &),

where for each integeri = 1,...,n — 1, W; is linear in y with coefficients depending
analytically on ¢ and Tw" (t). Furthermore

(1) 1

R =

Lo-1j(z, )0~ (1) Bj (T, v, €)
1

(1) LA -
- m ]; Hy—1,j(z,e)Bi(z,y,¢€)

— Lpo(T, &) 4+ Yuo1(1 + @n(z, )0() " + T (D) Ry—i (7, 8),
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and foreachi =1,...,n—2,
n—1

Gi(ry.e)=— Y JijT ety e
j=i+1

(1)

N - .. —1 .. 3.
~ e 0@ ;(L,,,(r, e () + Hi j(t, £)B; (T, v, €)

—cLio(t, &) + yi(1 + an(t, &) (1))~ — tw(t)Ri (7, &).

A

For each pair of integers (i, j) under consideration, L; j, H; ;, Ji j, a;, Qi and R; are
analytic functions in & and To" (7).

Remark. (i) Concerning the topology of the bifurcation set of limit cycles, Mardé€sic
[34, 35] shows that the following properties hold. In the Dulac expansion case (¢ = 0), the
bifurcation diagram is homeomorphic to the bifurcation diagram of the model Q,f o+ (u, @)
in (5); and in the compensator case (¢ > 0), the bifurcation diagram is homeomorphic to
the product of the interval (0, g9) and the bifurcation diagram of the polynomial model,
Q,’: ’i(u, B). If we restrict the parameter space to the image of the map W given in
Theorems 1-4, these latter properties also directly follow from our approach. Mardésic’s
approach is rather topological and his results are not suitable for more analytical studies.
We emphasize here the explicit character of our results that are preparations for further
applications. Indeed, in [13], we apply these results to study quasi-periodic bifurcation of
invariant tori for the full system X, ¢ + ¢ R. For more details, see §1.4 below.

(ii) An interesting observation concerns the image of the scaling and its order of contact
with the hyperplane {9 = 0} of homoclinic bifurcation. In the case of odd codimension,
if a point («, 8) belongs to the boundary of the image of the scaling, from (16) it follows
that for all » > O there exists a constant C > 1 such that, for each integeri = 1,...,n—1,

ClBu—1I""" < max{la;l, |Bi]} < ClBu—1]" """

and
C|,3n—1|n < lap| = Cllgn—l|n_r-

This implies that the contact is n-flat; compare with Example 2. However, in the case of
even codimension, from (18) it follows that for all » > 0 there exists a constant C > 1
such that

16 séexp<—"_l ) i=1.....n-2
|Bn—1l

~ n
|Ol'|SCCXp<— >, i=0,...,n—1.
’ 1Bu_il

This implies that the contact is infinitely flat and that the bifurcation set is located in an

exponentially narrow horn; compare with §1.3. Furthermore, the region in the phase space
under consideration is an exponentially thin annulus. This observation reveals a significant
difference between the odd- and the even-codimension cases.

(iii) Concerning the geometry of the bifurcation set of limit cycles, from formulae (15)
and (17) we clearly obtain the hierarchy of the standard catastrophe theory in terms of the
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parameter y and this hierarchy is independent of t. In this sense we can say that, along
the curve C, the singularity has been removed. From this, using formulae (16) and (18),
we can deduce a hierarchy for the bifurcation sets in the parameters (o, ) which now
depends on 7 in a non-regular manner when 7 approaches 0. It would be of interest, at
least in the odd-codimension case, to further study the geometry of the bifurcation set
of limit cycles, for instance the order of contact between the different subordinate d-fold
bifurcations in a family of cuspoids of degree k > d. However, when working in the range
of the scaling, it is appropriate to work in terms of the parameter y and the variable x.

1.3. Application: the codimension three saddle connection. Consider the following
unfolding of the codimension four Bogdanov-Takens bifurcation

X =y,
. 2 2, 4 (20)
y=x"4+pu+yo+vix +vx° £ x").

This family was partially studied in [23, 31] for more background see [24, 25, 28, 29, 50].
After the rescaling

pw=—e* w=¢, vi=en, wm=¢tr, x=¢k% y=¢%,

and then omitting all bars, we end up with the following three-parameter family of vector

fields: )
. 2 5 Y 3 4 r 1)
y=e((x* =D +eyo+rix+rx” £x7)+0O(")).
In terms of our general system (1) we have p = 1l and g = 8, r > 8§, i.e.
Xie=eXy +e¥ Y,
where
HE y) =157 - 18 + &,
The scaled displacement function takes the form
Bio() = ao + Biluw@) + - 1+ ailu+ -1+ clo@) + -1+ O@).
For simplicity, we again restrict to the case ¢ = 0. The scaling
Yy, 1) = (a(y, 1), By, 7))
of Theorem 1 takes the explicit form
B1 = —3ct —2ctlogt + rzﬁz(t),
oy = ct? logt + y0t2 logt + y1r2 logt + t2130(t), (22)

o1 = 3ctlogt + 2ct log2 T+ yitlogt + P (7).
Therefore
By(y,0,0(t(1+x) = t*logtU(x, 7, D)(yo + y1x £ x°)
=U(x,y, 00 (x, p),
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where U is given by the division theorem. The latter function, although smooth if t > 0,
has Dulac asymptotics at 7 = 0. Up to a division by U, the scaled displacement function
is the normal form of a cusp. The bifurcation set of limit cycles B is given by B = W (V)
where

V={(z,-3x%,2x%) |t > 0, x € R},

which is the product of a cusp and an interval. From (22) we observe that if («o, 81, @1)
belongs to the bifurcation set of limit cycles, the estimates

1
- 2 2
lor] < [B1l < lerl ™", lai|” < ol < E|051| "

hold for any r > 0. This implies that, contrary to the even-codimension case
(see Example 2), the order of contact between the bifurcation set of limit cycles and the
hyperplane {¢p = 0} of homoclinic bifurcation is finite.

1.4.  Further applications. We summarize as follows. We are given a family of vector
fields of the form (1),
Xoe(x,y) + & R(x, y, 1,4, ¢),

withx, y,t e R, A € R¢ and where ¢ > 01is areal perturbation parameter. The autonomous
part X . = e? X +¢€7Y) . is a such that X i is a Hamiltonian with Hamilton function H,
which is of Morse type, and Y; . is a dissipative family. Moreover, Xy possesses a
homoclinic loop I'. The dissipative part is generic in an appropriate sense. In this setting
we focus our study near the homoclinic loop I and our concern is with the autonomous
family X, .. By an explicit scaling, a narrow fine structure for the bifurcation set of limit
cycles is found in the parameter space R® = {A}. We show that the corresponding geometry
is polynomial where a scaled displacement function can display the full complexity of the
cuspoid family

Oy (6, ¥) =+ nx + -+ yrax* b, (23)

where y = y()) is appropriate; compare with (4).

We now discuss certain consequences of the above results for the full non-autonomous
family X, . + ¢"R, see (1), where R is assumed time-periodic of period 27 and therefore
has the solid torus R? x S as its phase space. Here the limit cycles of the ‘unperturbed’
part X, . correspond to invariant 2-tori with parallel dynamics [12, 11]. By normal
hyperbolicity these tori persist as long as the multiparameter A remains outside an
exponentially narrow neighbourhood of the bifurcation set of limit cycles found before;
compare with [14] for details.

Near the bifurcation set of limit cycles we can apply quasi-periodic bifurcation theory
as developed by [2, 8-10, 12, 13, 20, 39, 52, 53]. To this end we consider ‘unperturbed’
tori which are Diophantine. This means that the two frequencies (1, w(A)) are such that

‘a)(x) _P
q

>xq" (24)

for certain k > 0 and v > 2. For fixed « and v, formula (24) inside R¢ = {i}
defines a Cantor foliation of hypersurfaces. At the intersection of this foliation with the
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bifurcation set, the ‘unperturbed’ family X, . displays a cuspoid bifurcation pattern of
2-tori as can be directly inferred from the above. In the ‘perturbed’ case X, . + &R,
we conjecture persistence of many of these Diophantine tori, including the bifurcation
pattern, provided that |¢] <« 1. Here k = «k(g) = o(e) has to be chosen appropriately.
For instance, whenever the Cantor foliation intersects a fold hyperplane transversally,
we expect a quasi-periodic saddle node bifurcation of 2-tori to occur [11, 12]. These KAM
persistence results involve a Whitney smooth reparametrization which is near the identity
map in terms of |¢] < 1. This means that the perturbed Diophantine 2-tori correspond
to a perturbed Cantor foliation in the parameter space R¢ = {A}. In the complement
of this perturbed Cantor foliation of hypersurfaces we expect all the dynamical complexity
regarding Cantori, strange attractors, etc., as described in [19-22, 38, 43]. This programme
will be the subject of [13] where we aim to apply [10, 11, 12, 51, 52] to establish the
occurrence of quasi-periodic cuspoid bifurcations in the three cases (a), (b) and (c) of
Figure 1.

A second topic is the generalization of the approach of the present paper to cases where
the Hamiltonian A in (1) no longer is a (stable) Morse function, but undergoes simple
bifurcations.

2. Proofs

We first give a proof of Theorems 1 and 2. Theorems 3 and 4 generalize Theorems 1
and 2 to compensator unfoldings and are obtained by a perturbation method. Before we
distinguish between the odd- and even-codimension cases, we first describe the main idea.
Consider a non-degenerate Dulac unfolding of the form

n n
Bap(u) = ojul + " Bjullogu + H(u), (25)
j=0 j=1

where H (1) = cu" ! logu + - - - . Put
u=t(1+x) and By g(t(l+x)) = Py p(x).

Using the Taylor formula we get

2n
Do p(x) =Y Aix' + O, (26)
i=0
Since the Dulac unfolding is non-degenerate we can see the coefficients of the unfolding
as independent. The goal of this section is to show that independent coefficients of the
Dulac unfolding yield independent coefficients for the monomials x’ in (26). It will also
be proven that the non-zero leading term in (25) (¢, for even and 8, for odd codimension)
leads to a non-zero leading term in (26). To illustrate this, we consider the case of
codimension k = 2n — 1, i.e. where 8, # 0. This case is covered by Theorem 1 and
in (11) we have f(r) = 1" logt. It follows that indeed the leading term in (26) is of
degree 2n — 1; compare with Example 2 for a special case. In the case of codimension
k = 2n covered by Theorem 2, we similarly have f(r) =1"/(1+1logt) in (11); compare
with §1.3 for a special case.
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To be precise, for each integeri =0, ..., 2n, in (26) we have

_ o0 _

i!

By (1) 27)
and together with (25) we get
Za, WL, + l, fﬁ,-(u-" logu)yL, + ’.—:Fﬂ“(r).
il = i!
Observe that the following equalities hold:

Tl N ; J! e
i—'aj(uj)f,lif =Oljfj(f)a if j >1i,

i —=i!
i
—aj iwhi) =0, ifj<i,
i!
! e jla == .
—,3 (u] 10gu)(l) _ (_1)1*]*1Mﬂjt1’ ifj<i
i!
and
1 HD (1) = " logt R (1),
where

Ri(t)=Rio+ Riitlogr 4 ---.
We use the Leibniz rule to compute (u/ log u),(jir, when i < j, and we get
i

LA - a AP N )
ﬁ(u logu){) ﬁ,l.,ZQ(u) (logu)§

s=0
12 J! oG (i j\Gi—s
= Bjy log T Bi—y > (s)ml)»(f:?)(log ),
: J : Cos=1
o it t) G\ (=D (s — D!
=B;,—1 Ty )
Observe that
T/ J! L '
(uf logu)(), = T logr(j y + 7(”] logu)|,,
where

1 e () (=D = D
(“ logu) _1_Z(s> G —i+9)!

s=1
3 Z (=11
U+s =D —9)ls
We then introduce the following notation. Let

J= (i )i=0,..n, j=0,..n, L =(Lij)i=0,...n,j=1,..ns
H=(H, )i=0,..nj=1,..n and T =(T;;)i=n+1,..2n, j=1,...n>
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be respectively the (n +1) x (n+ 1), (n+ 1) x n, (n + 1) x n and n X n matrices defined

as follows:
Ji,j=Hij= <f) ifi <j,
Jij=Hj=0 ifj <i,
Li;= %'!_j_lj!(i —j=D! ifj <i,
i 1
L= l.l!(uf logu)\ | = ; G +§__1);)!(iﬂ_ oy s
and
(=i~

Tj= ' —j—D.

Finally N= (N[,.j)[:n,_,_,zn_l,j:l » 18 defined as follows:

Nuw=1, Nij=0 if(,j)# n,n).
We also introduce the following matrices:
J™ = )i=0...n-1, j=0....n—1, Where J; = Jj ,
H™ = (H, )i=0...n-1, j=1....n. Where H; . = H .

and
L = (L;j)i:O ,,,,, n—1, j=1,...n, Where Li_,j =L;;.

With the above notation we get
n . n .
A= Z Jijojt! + Z(H,-,j logt + L; Bt/ + " log TR (1),
j=0 j=I

ifi <n, and

_j_l
— i —j = D!+ " logt R (1)
l!

n (=1
A= ,ij’#
=

n
=Y TijBjt) + " logt Ri(7),
j=1

if i > n. We state the following lemma.

LEMMA 1. Let

.....

Then A, B, A and T are invertible.
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Proof. We show that A is invertible. The non-degeneracy of the three other matrices
follows exactly the same argument. First of all, we claim that L; ; > 0, for each integer
1 <i < j < n. To show this, recall that
L= ! i @)
i,j = l_'(u ogu), -

It then follows that

Lot = — it Dl 1 ING)
i+1,j+1 = m((} + Du’ logu +u’),_,
s j!

—i_i_—lLi,j‘f‘m. (30)

In particular, for each integer 1 <i < n,
i1
Li; = <.
=1t

Since for each integer 1 < s < n,

Lis=@'logu), _, =1,

it turns out that for each integer s = 1,...,n, L is always positive. With (30) it then
follows that for each integer 1 <i < j < n, the L; ; are always positive.
By definition
i L, i)
(Ai,j)i=n,...,2n71, j=l,.n = ;((u logu)uzl)i=n,...,2n71, j=1,..,n-
Thus
det(A; ;) = T det((u’ logu)™) ).
i=n L

For eachinteger j =1, ..., n, we put fj(u) = (u/ logu)™ . Then

~ 1
det(A;,j) = TZ“W(fl, s S (),

i=n

where
fiw)y ... fa(w)
fiw)y .o fr)
W(ft,.... f)@ = : . :
) W

Letg:R — R, u — g(u) be a C* function. We have that

Wgfrs-. . 8w =g"W(fi,.... fu)w).

This latter property can be shown by induction on n using the fact that the determinant is
multilinear. Take
g(u) = (=1"u"~/(n = D).

https://doi.org/10.1017/50143385706000289 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385706000289

1384 H. W. Broer et al

We then get
1 ku ku? - kw4 (=D)"nlogu
0 ki 2ku --- (n — Dkp_qu"2
Weh, g =0 0 2k o =D =Dk
0 0 0 kn—1(n —1)!
where for each integer j = 1,...,n — 1,
D" (=

This implies that

n—1
W(gfi,.... g =[] i%; #0,
j=1
which ends the proof of Lemma 1. O

From now on we need to distinguish between the odd-codimension case (developed
in §2.1) and the even-codimension case (developed in §2.2).

2.1. Proof of Theorem 1. In the odd case k = 2n — 1, the parameters are
a0, -+, Qn—1, B, ---, Bn—1. Moreover we have B, = c5# 0 is a constant. This implies
that
n—1 n—1
Bo,g(u) = Za,-ui + Z,Biu[ logu + cu" logu + u" F(u),
i=0 i=1
where

Fu) = Fo+ Frulogu + - - - .

In this situation, the term o,u” in (25) is included in the term u"F(u). By putting
x =1(1 +x)and By g(t(1 + x)) = g g(x), we get

Do p(x) = Ao+ A1x + -+ Aop2x™ 2 4 Agy x4 O, (3D

With (27), (28) and (29) the following equalities hold:

A o) Bit
0 a7
=J . +logt H™
A . ,anl":ni1
n-l 17"} ct"

Bit Py(1)

+L~ : + : (32)
Bo—17""! Ppa(7)

ct” P,_1(7)
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A, Bit Py(7)
=(A+ log 7N) T + ’ ) (33)
Aop—2 Bt Py 2(7)
Aoy ct" Py 1(7)
where, for each integer i € {n,n + 1, ..., 2n — 1}, P;(7) takes the form

Pi(t)=1"Pi(t) =1"(Pio+tlogtPio+--).
We have the following strategy. We aim to find a scaled reparametrization of the form
Yy, 1) =(a, B)

linking y = (y0,..., Y2n—3) and t with («, 8). For each integer i = 1,...,n — 1,
we require W to have the components

@ =" log? ta&(y, ), Bi=1""logt Bi(y, 1), (34)
leading to
Dy(y.r)(X) = FOG0 +y1x + -+ Y3+ k(y, Ox 1 4+ 0*).

We first determine f (t) and show that the leading term k(y, t) is such that £(0, 0) # 0.
Note that the set W (0, t) parametrizes the curve C of ‘highest degeneracy’ of ®y(y 1).
We then obtain the desired expression for @y, ;) by solving

Ai=f@)y, i=1,...,2n—2.
To be more precise, we start by solving the equation
Ai=0, i=n,...,2n—2.

With (33) and the definition of the matrix A, we get

Ap
0= .
Aon—2
pir . Au Pa(D)
=A : +ct'"logt | .| +ct” + . (35)
Bu-17"! 0 Asp_zn Pay—2(7)
By Lemma 1, the matrix A is invertible. Let
AN = (@i izt onet et

be its inverse. After multiplication by A~! on the left-hand side and the right-hand side of
(35) we get

Bit aii Ru(7)
: =—ct"logt +" : ; (36)

Bn—1T" an—1,1 Ryp—2(7)
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where _ . _
R, (7) An,n P, (7)
: =—cA™! : -A7! : : (37)
Rop—2(7) Asn_o.n Py (1)
Observe that, for each integeri = 1,...,n — 2,

Ri(t) = Rig+tlogtRio+--- .

We now set y = 0in (34). With (35) and the definition of the matrix B we have

Ant1(0, 7) Bit Antin Puy1(7)
: =B +ct" +
A2,-1(0, 7) Bu—17"! Asn—1.n Poy—1(7)
B1(0, 7) Antin+ Pag (1)
=1"logtB +ct" ) (38)
Bn-1(0, 7) Asntn+ Pai(1)
Since A~! is invertible we have (a1, ...,an—1,1) # 0. Therefore after division by

" log T on both sides of (36), we get

(Bi1(0,7), ..., Bu1(0, 7)) # (0,....0).
Moreover, since B is non-degenerate, with (38) we must have

sup A (0, 7)| = —t"]k(7)|log T,

n+l<i<2n—1
where k(0)+ 0. But
(Al’l+1 (07 7:)7 ety A2n72(07 T)) = (01 ceey 0)7

which implies that
A20-1(0,7) = k(1)7" log T,

with

n—1

k() =" Bu-1.jBi0.7) + clog™ 7(Agy_1.n + Puo1(2)).
Jj=1

As we announced before, we set f (1) = 7" log . We now develop the scaling. For each
integeri =0, ...,2n — 2, we put

Ai(y,t) =yt logt, fori <2n—3, Ag_a(y,7)=0.
From (35) and (37) we then get

1 i,
pir . Ru(r) s
A : = —ct"logt |+ A +1t"logt : . (39
Bu1t"! O Ryn (1) J/2673
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After multiplication of both sides of (39) by A~! we get

pit ai1 Ry (1) y_n
: =—ct"logt| @ |+7" : +1"logt A™! : . (40)
Bp—17"! a1 Rop—2(7) yz'(l)%
Next, with (32) get
n—1
n—1 __ . , o J n
1" == Ly j +logTHyo1 )BT — et log THy 1
=1
+ Va1 log T — ct"Ly—1 — " Pyy (1),
and foreachi =1,...,n—2,
! = - Z Jijj = Z(L,, +log T Hy j)p;’
j=i+1 j=1
—ct"logt Hip + yit"logt — ct"Liy, — " Pi(1).
Recall that
o =" log2t&i(y, ), 0<i<n-1, D
pi=t""logt Bi(y, 1), l1<i<n-—1L
Putting
Vi(y) Yn
: =A"" : . ai1=a;, —cH;,=d,
Vi—2(y) Y2n—-3
Vi-1(y) 0
by (40), this implies that
Bi(y.1) = —cai —log ' TR, _11i(1) + Vi(y), 1<i<n-—1, (42)
and
n—1 _
an—1(y, 1) = — Z(Lnfl,j log™' © + Hyo1,)Bj (v, 7)
=1
— (cLy—1,n + Poo1 (@) log ™2 7 + dy_ylog™ T + yu_i log 7! 7, .

n—1 n—1
&Gy, =— Y Jijaj(y.v) = > (Lijlog” v+ H )Bj(y. 1)
j=it1 j=1

—(cLip+ Pi(x))log 27 +d;log™!

T+ log_l T,

for 0 < i < n — 2. Observe that (42), (43) together with (41) define a scaling in the
parameter space. In the new parameters (y, t), the displacement function takes the form

Dy(y.r)(x) = " log T(yo + y1x + - - + yan3x? 2+ k(y, D+ O,
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where k(0,0) = k(0) # 0. By a rescaling of the form y; = —y;/|k(y, t)| and after
removing the tildes, we get

Dy () (x) = —lk(y, D" log T(Q5T | (x) + O™)).

This ends the proof of Theorem 1.
In the next section we prove Theorem 2. Though the idea is similar, there are differences
in the computations that deserve to be mentioned.

2.2.  Proof of Theorem 2. We now turn to the even case k = 2n. The strategy is the
same as in the previous section. For k = 2n, the expression in (25) holds with o, = ¢ # 0
constant and we have

Do p(x) = Ao+ A1x + -+ Mgy 13?7+ Agux™ + O, (44)
where
o Ro(7)
A
0 ot it | Ri(7)
: =J ) + (L™ +logtH™) + "l logt . ,
A : " :
n-l anflfrhl Put Ry—1(7)
(45)
An Bit 1 R, ()
- . : 0 :
: = (A +1logtN) : +et" | |+ gt : , (46)
Aoy 2 Bu—17"! : Ron—2(7)
Aop—1 ,Bntn 0 Roy—1(7)
and
A it Ry41(7)
: =T : + 1" logt : ) 47)
Aop—1 ,Bn—lfn_1 Roy—1(7)
Aop BnT" Roy (1)

From (46), we get
n ~ .
Ay =ct" +logtBt" + Z A, jBjt! + " log TR, (1),
=1

and for each integeri =n +1,...,2n — 1,
n ~ .
A = ZAL/':B/'T] + ¢! log TR; (7).
j=1

By Lemma 1, the matrix A is invertible. Putting
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and after multiplication by A~ on both sides of (46), we get

Ay ,31 T
Al : = (Id + logtA~'N) .
Aopn Bn-1 -
Aop—1 But"
ai, i Ry (7)
+et"| ¢ + " log TA™! : (48)
ap—1,1 Ry —2(7)
Zln,l Ryu—1(7)
Observe that
0 ... 0 ai
- 0 ... 0 ax
AN = .
0 ... 0 au,
Now, we aim to find a scaled reparametrization of the form
Yy, 1) = (o, B)
linking y = (o, ..., Y2n—2) and T with (¢, 8). We require W to have the components

o =t""ai(y, 1), 0<i<n-—1,

n—i

Bi Bi(y,T), 1<i<n,

1 + a,logt
where g, is a constant, leading to
_ 7 2n—2 2n 2n+1
Dy, n(x) = f@0o+vix+ -+ yam-2x +k(y, Dx" +O™T)).

We first determine f (t) and show that the leading term k(y, t) is such that (0, 0) # 0.
We then obtain the desired expression for @y, ;) by solving

Ai=f@y, i=1,....2n—1.
To be more precise, we start by solving the equation
A;i =0 foralli=mn,...,2n—1, and Ay, # 0.

With (48) and for each integeri = 1, ..., n, we get

Bit' + log T 1 Bnt" + cai " + s logtQn+i—1(z) =0, (49)
where
On(7) R, (1)
: = A"l :
Oon—1(7) Rop—1(7)
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Again for each integeri =n,...,2n — 1,
Qi(t) = Qio0+ Qiatlogr +---.
By putting i = n in (49), we get

_C&n,l + tlog T Qon—1(7)
1+api1logt

:Bn:

and foreachi =1,...,n—1,
Clin,13;,17" 1og T + d@;, 17" log 72 02,1 (1)
1+ au,1logt

" og T Quti—1(7),

Bit' —
=—ca;1t" —1
which implies that

Cln1di 17" log T + @ 1t log 12 02,1 (T)

=
bi 1+4ay1logt

—ca; 1" — ca; 1a, 1t log T

BT T OBF  ortliog T Qo (1),
1 +aplogt
, a; 1" ai 17" log? © _1(z

it = — Cilz,l ai,1 ~g Qon-1(v) o log T Opsr 1 (2)

I+aylogt l+aulogt

= —76(:1[’”" + ¢l log2 tig[(r) ,
I+a,logt l+aulogt

where Q; is of the form
0i(t) = Qi_1log™ v+ Qio+ Qintlogr +--- .

This also implies that

pit ar 01(r)
) ct" ) "+ jog? 1 )
=0 . +— .
: I+aplogt | - I14+a,1logz | _ -
Bnt" an,1 On(1)
With (47) we get
Ap+1(0, 7) ai 01(7)
! ) _ ct" tl - "t jog? 1 )
: a 1+ an1logt ~: 1+api1logt -
A2, (0, 7) an,1 On(1)
By Lemma 1, both A~! and T are invertible. It follows that
1 -
0 ain apn
Al =] : |#0 and T| : |#0,
6 an,1 &n,l
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thus (A,+1(0,7),..., A2,(0, 7)) does not vanish. Since for eachi = 0,...,2n — 1,
A; = 0, this implies that

n

Agn(0.7) = R(1)————— . with K(0) # 0.
1+ay1logt

We now develop the scaling. Putting

n

Ai(y,t) =i 0<i<2n-2, Aypy_i(y,7)=0,

1 +aylogt’

with (48) it follows that, for each integeri =1, ..., n,

Bit' +10gT @i 1 fat" + ciit" + " log T Qpyioi1 (7)
2n—2 N

- VT
=Y a,—0 (50)
j;n " +au1logt
In particular we have
2n—2 )/"L'n
Bnt" +logtay 1Bt = —cay 1" + Z &n,j# — " ogt Qop_1 (7).
ot +ap,1logt
Thus
~ 2n—2 n
cap, | 1 - VT
. E— O L
(1+4+auilogr)  (1+a1logr) = 14+a,1logt
-1l _ _ . 51
tlogt Qo 1(T)1+&n,110gt (51)
We now put
. i _
o =1""ai(y, 1), Bi=————Bi(y, 7). (52)
14+ aplogt
Write
Wi(y) Yn
f — A
Wu—1(y) Y2n—2
W (y) 0
With (50), (51) and (52), it follows that
Bi(y,©) + i1 Bu(y, T)log T + cdij 1 (1 + an,1 log )
2n—2

+1(1 +an1 logT) log T Quyio1 (1) = Y @iy, (53)
j=n
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and we get
Bu(y. (A + an,1log ) = —cin,1(1 4 an,1 log 1)
2n—2
+ > aijyj — (1l +an1logt) log T Q2,-1(7),
j=n
_ 2n—2
Bu(y, ©) = —clin + (1 +an1logt) ™" Y an jyj — tlogt Qau1(7),
j=1

= —cap,1 + (1 +an,1log r)_IW,,(y) —tlogtQ2,—1(7).
Moreover, with (53) and (54), foreachi =1,...,n — 1, we get
Bi(y.T) +diilog T(—can,1 + (14 dn1logT) "W, (y) — T log T Q24—1(1))

2n—2
= —clii+ Y di1yj — 1ogTQnyi1(7)
j=n

o 2~
—cajap,1logt — tlog” T, 1 Qnyi—1(7),

Bi(y, T) = —cai—a; log T(1 + dy log ) "' W,(y) + W;(y) — log T Qusi—1(2)
— 71082 T dn Qnsi—1(7) + @it 10g% T Q201 (1), (54)

where a; = a; 1. Now with (45), we get
o 1‘["71:)/ 1*—014 Lot"
" "+ an,1logt e

n
— Y (Ln-1j+logtHy1 )i/ — " log TR, 1(7),

Jj=1
thus
Fn1(y.7) = —cly + Ya—1 (1 + aylog 7)™
08T NS Ly s log T+ Hyt B )
- — _1ilog7 't )8y, T
1+a,logt = n—1.j 708 n-LPIY
—tlogtR,—1(1), (55)
where ¢; = L;pandforeachi =1,...,n —2,
. n_l .
ot = —clit" — Z Jijo; v/ + it (1 + a1 log7) ™!
j=i+1
n .
- Z(Li>f +logtH; j)Bjt) — "l log TR (1),
Jj=1
thus
n—1
&Gi(y. 1) =—cli— Y Jijaj(y.7) +yi(l +an1logr)”!
j=i+1

logt 1 _ _
(2 ) S i log T+ Hy )i (y. 1) — tlog TRi(T).  (56)
1+4+aylogrt e
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Observe that the expressions given in (54), (55) and (56) together with (52) define a scaling.
In the new parameters (y, ), the displacement function takes the form

n

Dyynx) =

TFarogs 0T+ Hymad® 7 k()2 + 0GTh),
n

where k(0,0) = K(0) # 0. By a rescaling of the form y; = —y;/|k(y, 7)| and after
removing the tildes, we get

k(. o)l"

s, =+ 2n+1
114, logr(QZ" (x) + Ox™"")).

CI)\ll(y,t)(x) =

This ends the proof of Theorem 2.

2.3.  Proof of Theorems 3 and 4. To construct the scaling, we first recall that

By e () = ag + Biluw + eny (u, uw)] + ai[u + epy (u, uw)] + - --
+ o1 [ e (1, uw)] + Bulu" + eny (u, uw)] + W, (u, 1, €).

For simplicity we assume that 8, = ¢ # 0 and we are treating an unfolding of odd
codimension. In the even-codimension case, the proof is completely similar.
Let 7 > 0, and put u = (1 4 x) where x is close to 0. Recall that

utf — 1

w(u) =
It follows that
1 ~ ~ ~ ~
olt(1+x)] = —B(r”‘(l + 0% — A+ 0P+ A+ x0)F - 1)
£
=ow(t)(1+ )c)‘?’§ + ol +x)
=) +eA(x, &) + log(1 + x) + eAa(x, &), 57)
where both .4; and A are analytic functions. Consider the maps
ur Gj(u) = ,Bj(uja)(u) +enj(u, uwm))), 1=<j=<n-1,

and
ur> F(u) =a;' +epi(u,uw)), 0<i<n-—1.

For all integers i, j under consideration, we have
Gj(x(1+x)) = Bjlt/ (1 +x) w(x(l +x))
+enjlr(l+x), (t(1 + o (r(1 + )N,
Fi(t(1+x) = ai[t' (L + 0" +epilr(1+2), (1 + 0w (x (L +0)]].
With (57) and knowing that
nj(u, uo@) =niou’ +---, 1<j<n—1,

i, uw ) = piou No@) 4, 0<i<n-—1,
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it follows that

Gi(r(1+x) =BT/ [(1+x) w(r)(1 + e A1 (x, &) + log(l +x) + e Az (x. £)

+eCix,e,t,tw(z))], j=1,...,n—1, (58)

Fi(t(1+x) =i’ [(1 +x) +eDi(x, 6,7, t0(r)], i=0,....n—1, (59

where C; and D; are smooth in x and ¢, polynomial in 7 and " (7) and satisfy
Ci=Cjo+-, Di=Dioro'' @)+,
Write B, (t(1 + x)) = Py g(x). We get
Do p(x) = Ao+ Ar1x + -+ Aoy 1 X772 4 Mgy x4 O,

From (58) and (59), there exist matrices

H™(e) = (H; ;(€))i=0...n. j=loons T = (T pi=nt1...20, j=1.....n;

and N with entries that are polynomial in T and " (t) and analytic in ¢ such that

ﬁ,j:]},.j+...’ ]\V]i,jZZ\NJi,j-i----,
and such that

ap pit

. T .
=J ) +w(t)H™

Ao

A . . ﬁn—l'fn_l
n-l ! ct”
Bit Py(t, &)

+L

. + R .
Bu—17"! —2(1, €)
ct" Py_i(t,€)

where for each integeri =0, ...,n — 1,
Pi(t,e) =" Pi(t,e) = T"[Pi(0,€) +---].
Define also the following two matrices:

A= (Ai,j)i:n,...,Zn—l,j:[ ,,,,, n» A,',j = Ti,j ifi > n, An,j = L_)

From Lemma 1, these three matrices remain invertible for ¢ sufficiently small. We get

An ,Blt PI’Z (Ta 8)
: = (A + log rN) T + :
Aop—2 Bn—1t"” Py _2(7, 8)
Agp—1 ct" Pry_1(z, 8)
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where for each integeri =n,...,2n — 1,
Pi(t,e) =1"Pi(t, &) = t"[Pi(t,e) +---].

We follow the same strategy as in the previous section. We claim that for each integer i =
1,...,n — 1, there exist maps R,—1+(t, €), V;(z, ¥, ¢) and coefficients a;(z, &), d; (t, €)
which are smooth in ¢ and tw" (7), (V; is linear in y), such that

ai(r,e) =a;+---, CZ‘('L',S):di—F... ,
]’én*1+i(fs €)= Ru—14i+ . Vi, y,e)=Vi+-. -,
and such that by putting
Bi =" w@pBi(r, v, &), o =a(t,y, )T Wi (z),

Bi(t,y.6) = —cai(t, &) — 0 (1) Ry_14i(1, &) + Vi(z, v, )

and
n—1 . . _
Gn1(1.y.8) ==Y (Ly1,j(t. )0~ (1) + Hy1 j (1, £)Bj (. v, €)
Jj=1
— (cLu-14(z,8) + Py (7, 8)) 0" 2(1)
+du1(7, &)~ 1 (T) + Ypo107 (D),
n—1 R
Gi(ty.e)=— Y Jijr.ea;ry.e)
j=i+l1
n—1 . . _
=Y (Lij(x. &)™ (x) + Hi j(r.e)B,(z. v, &)
j=1
— (cLin(z,8) + P (1, )0 2(v) + di(z, &)o' (v)
+ yiw~ (1),
fori =0,...,n—2, we get

Qyiyy®) =T"0@ G0+ 1+ F Y3 T KLy, x4 0(h),
where K£(0, 0, 0)# 0.
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