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ABSTRACT 

The most common method of vibration control is the use of the dynamic absorbers.  Two types of 
absorbers can be found: Linear and nonlinear.  The use of linear absorbers allows reducing vibration but 
only at the resonance frequency, whereas nonlinear absorbers attenuate vibration on a wide band of fre-
quency.  In this paper, a nonlinear two degrees of freedom (DOF) model is developed.  A cubic non- 
linearity induced by a gap is considered.  The objective of the paper is to characterize nonlinear vibra-
tion of the system by applying explicit formulation (EF).  An experimental study is performed to vali-
date the numerical results.  The jump phenomenon is the principal nonlinear dynamic phenomenon ob-
served on both numerical and experimental investigations. 
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1.  INTRODUCTION 

Tuned Vibration Absorber (TVA) has been invented 
since 1900s [1].  It is mainly composed of a mass, a 
spring and a damper and has a great effect in suppress-
ing vibrations of machines and structures [2,3].  Op-
timal parameters were determined for the optimization 
of nonlinear dynamic vibration absorbers.  Technical 
aspects were considered for its implementation [4,5]. 

Optimization was also carried for linear and nonlin-
ear dynamic vibration absorbers in the case of damped 
primary systems.  Attenuation of vibration amplitude 
by means of nonlinear springs was highlighted in [6-8].  
Systems with nonlinear damping and nonlinear springs 
were studied by Zhu et al. [9].  They noticed that some 
reduction of the vibration amplitude can be obtained by 
adjusting the parameters of the nonlinear dampers, non-
linear spring stiffness and excitation frequency. 

It has been shown that the nonlinear vibration ab-
sorber incorporating a nonlinear coupling spring ele-
ment could offer performance advantages in a large 
frequency range [10-13].  But, unfortunately, the 

presence of nonlinearities may introduce dynamic in-
stabilities and result in amplification rather than reduc-
tion of the vibration [14,15]. 

In this work, a two degrees of freedom (DOF) sys-
tem submitted to a harmonic force is studied.  It has a 
nonlinear behavior due to an imposed gap.  To inves-
tigate the dynamics of this system, a nonlinear formula-
tion in frequency domain is developed [16].  Dynamic 
responses of the linear and nonlinear systems are com-
pared using Frequency Response Function (FRF) and 
nonlinear normal modes (NNM).  A test rig was de-
veloped in order to validate numerical results.  Ana-
lytical and experimental results are presented and dis-
cussed. 

2.  DYNAMIC MODEL OF THE TWO 
DOF SYSTEM 

The investigated system is a linear oscillator (LO) 
attached to a nonlinear dynamic vibration absorber 
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(NDVA).  The LO is a single mass spring model.  
The spring K1 is represented by two parallel steel beams 
fixed in one side.  The length of the two beams can be 
modified so that the spring stiffness can be adjusted.  
The vibration absorber is composed of two thin blades 
and a small mass M2 embedded to the LO.  Position of 
M2 on the blades can be modified so that it is possible 
to vary the absorber stiffness.  In addition, weights can 
be added to the absorber to modify its mass.  The non 
linearity is due to a gap of 1mm on either side of the 
mass M1 and the blades (Fig. 1). 

Table 1 presents the geometric characteristics of the 
investigated system 

The dynamic model of the investigated system con-
sists of two masses M1 and M2, two linear springs K1 
and K2 and two linear dampers C1 and C2.  Non linear-
ity is represented by the contact stiffness Kc.  A sinus-
oidal force F is applied to the mass M1 (Fig. 2). 

The equations of motion of this system are given by: 

 [ ]{ } [ ]{ } [ ]{ } { } { }c extM X C X K X F F      (1) 

where {X}{x1, x2}
T, {  }X  and { }X   represent re-

spectively the generalized displacements, velocities and 
accelerations. 

[M] is the mass matrix of the system given by: 

 1

2

0
[ ]

0

M
M

M

 
  
 

 

[C] is the damping matrix of the system expressed by: 

 1 2 2

2 2

[ ]
C C C

C
C C

  
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[K] is the stiffness matrix of the system given by: 

 1 2 2

2 2

[ ]  
K K K

K
K K

  
   

 

{Fext} is the external forces vector applied to the sys-
tem: 

 { }
0

ext

F
F

 
  
 

 

{Fc} is the nonlinear force vector which is due to the 
contact that can occur between the two masses M1 and 
M2: 

 { } c
c

c

F
F

F

 
  
 

 

Fc is defined by the non-analytical expression as fol-
lows:  

 

0                      if  | |

( )         if  

( )         if  
c c

c

g

F K g g

K g g

 
    
     

 (2)  

where 2g is the total gap.  (t) x1(t) x2(t) is the rel-
ative displacement between the two masses M1 and M2.  
Kc is the contact stiffness supposed to be constant. 

Table 1  Geometric characteristics. 

  Material Dimensions (mm)

Linear 

oscillator

Mass M1 Steel 20  20  90 

2 beams Steel 20  2  240 

absorber
Mass M2 Steel 16  30  40 

2 blades aluminium 20  0.5  150 

 
 
 

 

Fig. 1  Geometric model. 

 

Fig. 2  Dynamic model of the investigated system. 

Fc can also be written by:  

  
0            if  | |

( ), . ( )      if  

( )     if  
c c c

g

F K h t g K g g

g g

 
      
     

  (3) 

The nonlinear function  ( ),h t g  is modeled 

through smoothing functions  ( ),f t g  as follows: 

      ( ) ( )
( ), ( )

2

f t g f t g
h t g t

    
   

 
  (4) 

The smoothing function used by Kim et al. [17] is:  

 ( ) tanh( )f W W W   (5) 

 (ith: )W W t g    (6) 

 is a coefficient reflecting the degree of nonlinearity.  
So, combining the two last equations yields to: 
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       ( ) ( ) . ( )f t g t g tanh t g         (7) 

The series expansion to order 3 of hyperbolic tangent 
function is given by the following equation: 

 3 31
tanh( ) ( ) ( )

3
W W W W     (8) 

The nonlinear function  ( ),h t g  can be written as 

follows: 

   33 3 34 4
( ), 1 2 ( ) ( )

3 3
h t g g g t g t

               
   

  (9) 

Equation (3) becomes: 
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c c c

c
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

 (10)

 

Figure 3 shows the theoretical contact force presented 
by Eq. 3 and its approximation presented by Eq. 10. 

3.  NONLINEAR FORMULATION 

The equation of motion of a linear undamped mass- 
spring system in the frequency domain and expressed in 
a matrix form, is: 

    [ ] ( ) [ ] ( ) { }M X K X F     (11) 

[M] and [K] are respectively the mass and stiffness ma-
trices.  {F} is the harmonic excitation vector operating 
at frequency . 

The nonlinearity is introduced by the nonlinear con-
tact force expressed by (10).  The value of the gap is 
small so that: 

 3 34
1 2 1

3
g g      

The nonlinear contact force can be written as: 

  334
( ) ( )

3
c c cF K t K g t

      
 

 (12) 

Fc can be expressed by the mathematical model giv-
en by the function ( )g x   as [16]: 

 3( )g x kx x      (13) 

 3W th 4

3

i
c

c

k K

K g



       

 

( )g x   is the force induced by an elongated spring by a 
distance x .  The coefficient k represents the linear 
component of the spring and the coefficient  accounts 
for the nonlinear effects due to the term 3x . 

By introducing (11) in (10), we obtain: 

 

Fig. 3  Contact force. 

      3[ ] ( ) [ ] ( ) ( ) { } i tM X K X G x F e          (14) 

{ }X  is the vector of generalized coordinates of the 

nonlinear system. 

 3( )G x   is a nonlinear vector defined by: 

  
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  
  

 

  

 (15) 

Each component ijg  describes the presence or not of 
nonlinearity between DOFs i and j.  It can be ex-
pressed by:  

 3 3
, ,( )ij i j i jg x x     (16) 

Linearization of ijg  can be done as following: 

 3 2
, , ,( ) ( ).ij i j ij i j i jg x x x      (17) 

The function 2
,( )ij i jx   is defined by the relation [16]: 

  
2

2 3
, ,

0

1
( ) ( ) sin( ) cos( )ij i j ij i jx g x d

X


     

      (18) 

In a multi degrees of freedom system ,i jx  represent a 
coupling between the degrees of freedom.  For exam-
ple 1,2x  is written by: 

 1,2 1 2x x x     (19) 

In the general case, the function is obtained by: 
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
     (20) 

Rearranging Eq. (14) yields to: 

   2 2
,[ ] [ ] ( ) ( ) { }i jM K x X F       

   (21) 

The resolution of this set of equations is accom-
plished using the Newton-Raphson method.  The non-
linear eigenvalue problem to be solved is: 

    2
,[ ] [ ] [ ]{ } ( ) 0i jM K P G x       (22) 

[ ]  is the nonlinear eigenvectors matrix depending on 

the amplitude and frequency.  This matrix can be de-
composed into two matrices and we can write: 

 [ ] [ ]       (23) 

where  is the eigenvectors matrix,  is the nonlinear 
variation of the eigenvectors. 

By analogy with the linear case, we can write: 

 

1

2 2

2

{ } { }

[ ]{ } [ ] { }

[ ] [ ][ ] [ ]
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T

P X
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K

 
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   

 
    (24) 

The system response can be obtained by solving Eq. 
(22): 

 
2 2

[ ][ ] { }
{ }

[ ]

T F
X

 


 
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  (25) 

where   are the nonlinear eigenvalues.  They are 
defined by: 

 2 2 2       (26) 

For each mode r, the variation r  is defined by:  

  
2

2 2 1( ) ( ) { } ( )

{ }

r
T T

r r
r

r

G P F

P




       




  

  (27)
 

For mode s, the ratio of the ith component of the non-
linear solution vector to the jth component of the exter-
nal force vector is defined by: 

 
2 2 2 2

1

L
is js ir jri

j rs r
r s

X

F 


   
 
   
 
   (28) 

The computation procedure of nonlinear modes is 
shown by the following chart (Fig. 4). 

 

Fig. 4  Chart of the nonlinear modal computation. 

4.  NUMERICAL SIMULATION 

The investigated system has a linear behavior in the 
case of low force amplitude since there is no contact 
between the blades and the Mass M1. 

Table 2 presents the parameters of the studied sys-
tem: 

Table 2  Mechanical properties. 

Parameters Value 

Mass M1 (kg) 0.36 

mass M2 (kg) 0.09 

Stiffness K1(N/m) 12800 

Stiffness K2 (N/m) 3000 

Damping C1(N/m.s1) 1.3 

Damping C2(N/m.s1) 0.3 

 
 
A frequency analysis is performed by the finite ele-

ment software ABAQUS.  Table 3 shows the first five 
natural frequencies of the system. 
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Table 3 First five natural frequencies an corresponding 
mode shapes. 

 
 
The two first natural frequencies are f1  23Hz and f2  

39Hz.  We will consider the frequency range of excita-
tion covering only these two natural frequencies.  
Knowing also the values of the masses M1 and M2, it is 
possible to estimate the values of stiffness K1 and K2 by 
solving the analytical formula of natural frequencies for 
a 2 DOF system given by: 
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The eigenvalues and eigenvectors are defined by: 
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2
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0 560930
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The damping is chosen to be proportional to mass and 
stiffness matrices [18].   

 4  0.05 an 1 )0( dC a M b K a b       

Figure 5 shows the linear frequency response for each 
degree of freedom X1 and X2 (X1 refers to the LO and X2 
refers to the absorber).  Each response shows two res-
onance peaks corresponding to the linear natural fre-
quencies of the system. 

In the case of high force amplitude and for certain 
excitation frequencies the two thin blades reach to tape 
on the mass M1so that the investigated system has a 
nonlinear behavior.  The nonlinearity in stiffness can be 
defined by the following function: 

 

Fig. 5  FRF of the linear system: (a) LO, (b) absorber. 
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The dynamic behaviour of the nonlinear system is 
described in the form: 

 3[ ] [ ] ( ) i tM X K X G x Fe        (31) 
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  (33) 

Equation (29) becomes: 

 2[ ] [ ] ( ) i tM X K X x X Fe      
     (34) 

where 2( )x     is defined as:  

(a)

(b)
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2 2

12 1 2 12 1 22

2 2
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| | | |3
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   
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The nonlinearity is introduced into the model by the 
constant 12  21  1.28  106. 

Figure 6 presents a comparison between the linear 
response characterised by the presence of peaks corre-
sponding to the two resonance frequencies and the non-
linear response characterized by the jump phenomenon 
(discontinuity of responses).  This jump is close to the 
two linear natural frequencies of the system for the 
primary mass (LO) and the absorber.    

We note that the amplitudes of the frequency response 
near the natural frequencies are significantly attenuated. 

Figure 7 shows the discontinuities of the eigen values 
in the vicinity of the two natural frequencies of the sys-
tem.  These discontinuities are caused by nonlinearity 
introduced by the cubic stiffness model. 

Figure 8 shows the discontinuity of the components 
of the nonlinear modal matrix depending on the excita-
tion force frequency .  This discontinuity is always 
in the vicinity of the natural frequencies of the model. 

For the two modes it is clear that the modal deflec-
tions are, as for the LO, in phase for the first mode and 
counterphased for the second one. 

 
 
 

 

Fig. 6 FRF of the nonlinear system: (a) LO, 
(b) absorber. 

5.  EXPERIMENTAL RESULTS AND 
DISCUSSION 

In this section, an experimental study is performed to 
validate the numerical results.  As shown in Fig. 9, the 
main system is directly connected to an electrodynamic 
shaker and is subjected to a harmonic force.  The elec-
trodynamic shaker is excited by a signal generator pro-
ducing a stepped-sine signal.  The exciting force is 
measured by a load cell.  The accelerations of the two 
masses are measured using piezoelectric sensors.  
Measurements are directed to National Instruments NI- 
PXI 4462 data acquisition card and processed by Lab-
view software.   

 

 

Fig. 7  Discontinuity of the nonlinear normal mode. 

 

Fig. 8 Discontinuity of the vector components of the 
nonlinear modal matrix. 

(a)

(b)
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Fig. 9  Experimental setup. 

The schematic diagram of the experimental setup is 
shown in Fig. 10. 

A preliminary test consists of a frequency sweep to 
determine the resonant frequencies and the frequency 
band set to be studied.  The length of the beams and 
the position of the absorber mass are well adjusted to 
limit the frequency band sweep.  For each test, differ-
ent force amplitudes are applied by the shaker and 
measured by a load cell.  A slow frequency sweep was 
applied from 6Hz to 55Hz and the response of the sys-
tem was recorded via the data acquisition card.  The 
sweep frequency is performed in increasing and de-
creasing ways.  The variation of the frequency was 
done at a very slow rate such that the registered results 
can be safely considered to represent the steady-state 
behavior of the system.   

Figure 11 shows the time measurement of accelera-
tion in the case of increasing and decreasing frequency 
for the two masses M1 an M2.  The sweep rate during 
increasing and decreasing frequency is of 100 seconds. 

We start with low excitation force amplitude.  There 
is no contact between the absorber and the LO so that 
the system present linear behavior.  Two resonant fre-
quencies are observed with large vibrational amplitudes 
in both masses.   

 

 

Fig. 10 Schematic diagram of the instrumentation 
setup. 

 
(a) Increasing frequency 

 
(b) Decreasing frequency 

Fig. 11  Registered accelerations:      (M1), 
             (M2). 

In the case of high excitation force, the two blades of 
the absorber reach to tape on the mass M1.  By in-
creasing frequency, the vibration level of the two mass-
es is increasing until reaching 25Hz.  At this frequency, 
a sudden decrease in the amplitude of vibration of the 
two masses is occurred: A jump-down in the response. 
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When the frequency was increased beyond this, the 
vibration amplitude stay insignificant.  By increasing 
frequency again, a second resonance occurred at about 
41Hz.  The jump-down phenomenon is observed again 
especially for the absorber mass. 

The frequency was then slowly swept down from 
this high frequency back to the low frequency (from 
55Hz to 6Hz).  For the mass M1, the vibration ampli-
tude increase practically like in the case of increasing 
frequency.  For the mass M2, a sudden increase in the 
amplitude is occurred at 36Hz (a jump-up).  By de-
creasing frequency again, the jump-up phenomenon is 
occurred for the masses at about 20Hz. 

Figure 12 presents the experimental frequency response 
of accelerations of the masses M1 and M2.  The 
jump-down phenomenon occurs at around 25Hz and 41Hz.  
The jump-up phenomenon occurs at around 20Hz and 
36Hz.  The vibration amplitudes are significantly attenu-
ated near the natural frequencies of the system. 

A comparison between experimental and numerical 
frequency response for the two masses is shown in Fig. 
13.  It is well noticed a qualitative agreement in results 
even if there is a difference on the amplitude at jump- 
down and jump-up frequencies.  This is due to the 
difficulties on the exact characterization of the nonline-
ar stiffness and damping. 

Figure 14(a) ~ 14(b) shows the harmonics for the 
two masses M1 and M2 dynamic response which proof 
the presence of non linearity for the experimental de-
vice.  This nonlinearity makes this system robust and 
with a great importance in vibration mitigation. 

 

 
(a) LO 

 
(b) Absorber 

Fig. 12 Experiment frequency response of accelera-
tions: (a) LO, (b) absorber () increasing fre-
quency, (*) decreasing frequency. 

 

Fig. 13 Numerical and experimental frequency re-
sponse: (a) LO, (b) absorber (*) simulation, () 
experiment. 

 
Fig. 14 harmonics of experimental response on: 

(a) M1, (b) M2. 

(a)

(b)
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6.  CONCLUSIONS 

In this works, an explicit formulation method to in-
vestigate the nonlinear dynamics of a two DOF system 
with a nonlinear cubic stiffness is investigated.  The 
results showed that the natural frequencies of the sys-
tem vary with the excitation frequency.  It is also ob-
served the existence of the jump phenomenon which 
characterizes the nonlinear behavior of the system.  
Experimental results agree with numerical simulation 
and illustrate the importance of the nonlinear vibration 
absorber in reducing the amplitude levels especially 
close to the natural frequencies. 
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