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Tissue P systems are a class of bio-inspired computing models motivated by biochemical
interactions between cells in a tissue-like arrangement. Tissue P systems with cell division
offer a theoretical device to generate an exponentially growing structure in order to solve
computationally hard problems efficiently with the assumption that there exists a global
clock to mark the time for the system, the execution of each rule is completed in exactly one
time unit. Actually, the execution time of different biochemical reactions in cells depends on
many uncertain factors. In this work, with this biological inspiration, we remove the
restriction on the execution time of each rule, and the computational efficiency of tissue P
systems with cell division is investigated. Specifically, we solve subset sum problem by tissue
P systems with cell division in a time-free manner in the sense that the correctness of the
solution to the problem does not depend on the execution time of the involved rules.

1. Introduction

Membrane computing is a branch of natural computing introduced by Paun (2000).
Computation models (usually called P systems) in membrane computing are inspired by
the structure and functioning of cells as living organisms able to process and generate
information. Until now, there are three main types of P systems investigated: cell-like
P systems, inspired by the living cell with its compartments arranged in a hierarchical
structure, each compartment containing other compartments and bio-chemical elements
inside (Paun 2000); tissue-like P systems, inspired by cell inter-communication in tissues
and in certain environment, which is used to exchange information or chemical elements
(Martin-Vide et al. 2003); neural-like P systems, inspired by the way the neurons
communicate by means of electrical impulses of identical shape, called spikes (Ionescu
et al. 2006). An introduction of membrane computing can be found in Paun (2002), and a
recent coverage of this area can be found in Paun et al. (2010), while the most up-to-date
source of information for membrane computing, one may refer to the P systems website:
http://ppage.psystems.eu.

The present work focuses on tissue-like P systems. Tissue-like membrane structures
are described by graphs, where membranes (also called cells) are placed in nodes of a
graph. An edge between two nodes corresponds to a communication channel between
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cells placed in these nodes. Certain cells can communicate directly through channels and
all cells can communicate through the environment. The communication among cells
is based on symport/antiport rules (Paun and Paun 2002). Symport rules move objects
across a membrane together in one direction, whereas in the case of antiport rules, objects
residing at both sides of the membrane cross it simultaneously but in opposite directions.

There are several variants of tissue-like P systems (see Alhazov et al. (2005, 2006);
Bernardini and Gheorghe (2005); Freund et al. (2005)). An interesting variant of tissue
P systems, called tissue P systems with cell division, was proposed in Paun et al. (2008),
where the biological inspiration of such computing model is obvious: alive tissues are
not static network of cells, since cells are duplicated via mitosis in a natural way. An
exponential amount of cells can be generated by cell division, which provides a theoretical
basis for solving the computationally hard problems. Therefore, it is natural to investigate
the computational efficiency of tissue P systems with cell division. The first attempt in
this topic was done in Paun et al. (2008), where SAT problem was solved by using tissue P
systems with cell division in a polynomial time. In a series of subsequent works, tissue P
systems with cell division were also considered to solve other NP-complete problems, such
as vertex cover problem (Diaz-Pernil et al. 2008a), subset sum problem (Diaz-Pernil et al.
2007a), 3-colouring problem (Diaz-Pernil et al. 2007b, 2008b), independent set problem
(Diaz-Pernil et al. 2009).

In fact, in all the above mentioned works of tissue P systems with cell division the
following feature is used: a global clock is assumed and used to mark time units for
the system, in each time unit, all the applicable rules are applied simultaneously, and the
execution of each rule completes in exactly one time unit. Actually, in cell biology, the
execution time of various biological reactions might be difficult to know precisely, and it
depends on many factors, such as environmental conditions, catalyst, medium temperature
and biological signals. With this biological fact, timed P systems were proposed in Cavaliere
and Sburlan (2005), where to each rule a natural number is associated representing the
execution time of the rule. In particular, an interesting class of timed P systems, called
time-free P systems, were investigated and proved to be universal, where such P systems
generate (or accept) the same family of vectors of natural numbers, independently from
the execution time of each rule (Cavaliere and Sburlan 2005).

Time-free solutions to computationally hard problems as open problems were formu-
lated in Gheorghe et al. (2013). In Song et al. (2014a), a time-free solution to SAT problem
using P systems with active membranes was given in the sense that the correctness of
the solution to the problem does not depend on the execution time of the involved rules.
Time-free solution to subset sum problem by spiking neural P systems was presented
(Song et al. 2014b) (the universality result of time-free spiking neural P systems was
already obtained in Pan et al. (2011)).

In this work, we investigate the computational efficiency of tissue P systems with cell
division in the context of time-freeness. Specifically, we solve subset sum problem by
tissue P systems with cell division in a time-free manner, and furthermore, the P systems
are constructed in a uniform way in the sense that there exists a deterministic Turing
machine working in polynomial time which constructs the systems from the sizes of
instances.

https://doi.org/10.1017/50960129515000018 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129515000018

A time-free uniform solution to subset sum problem 19

2. Tissue P systems with cell division
2.1. Preliminaries

We assume the readers to be familiar with basic notions and notations from formal
language theory, and here we only introduce some necessary notions and notations, one
can refer to Salomaa and Rozenberg (1997) for more details.

An alphabet Z, is a non-empty set whose elements are called symbols. An ordered finite
sequence of symbols is a string or word. If u and v are strings over X, then so is their
concatenation uv, obtained by juxtaposition, that is, writing u and v after one another.
The number of symbols in a string u is the length of the string, and it is denoted by |u|.
As usual, the empty string (with length 0) will be denoted by 4. The set of all strings over
an alphabet ¥ is denoted by X" and by Lt = £\ {1} we denote the set of non-empty
strings. A language over X is a subset of X",

A multiset m over a set 4 is a pair (4, f) where f : A — N is a mapping. If m = (4, f) is
a multiset then its support is defined as supp(m) = {x € A| f(x) > 0}. A multiset is finite if

its support is a finite set. If m = (4, f) is a finite multiset over 4, and supp(m) = {ay, ..., a}
then it will be denoted as m = {a/"“", ..., al“)}.

If mi = (A4, f1), my = (A, f») are multisets over 4, then we define the union of m; and
my as my +my = (A,g), where g = f1 + f>.

For any sets A and B, we define the relative complement A\ B of B in A as follows:
A\B={xeA|x¢Bj}.

2.2. Tissue P systems with cell division

The model of tissue P systems was first present in Martin-Vide et al. (2002), where the
membranes are placed in the nodes of a graph. Based on the basic feature of cell-like P
systems with active membranes, cell division, a new model of tissue P systems with cell
division was proposed in Paun et al. (2008).

Definition 1. A tissue P system with cell division of degree ¢ > 1 is a construct
I = (rsg9Ml7' . '7Mq9R9 i{)u[)a

where

1. T is a finite alphabet, whose symbols are called objects;
2. £ < T is the set of objects initially placed in the environment of the system, all of
them available in an arbitrary number of copies;
3. M;, 1 <i< q, are multisets over I', representing the finite multisets of objects initially
placed in the g cells of the system;
4. R is a finite set of rules of the following forms:
a. Communication rules: (i,u/v, j), where i, j € {0,1,2,...,q}, i # j, u,v € T, |uv| > 0,
we use region i (0 < i < g) to refer to membrane i in the case 1 < i < ¢ and to
refer to the environment in the case i = 0.
When applying a rule (i,u/v, j), the objects of the multiset represented by u are
sent from region i to region j and simultaneously the objects of the multiset v are
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sent from region j to region i (the maximum of the lengths of u and v is the weight
of the rule).

b. Division rules: [a ], > [b];[ ¢ ];, where i € {1,2,...,q}, a,b,c € T, and i # iyy.
A division rule [ a]; — [ b ],[ c¢]; is inspired under the influence of object a in
the cell with label i, when applying such a rule, membrane i is divided in two cells
with the same label; in the first copy the object a is replaced by b, in the second
copy the object a is replaced by c; all other objects are replicated and copies of
them are placed in the two new cells.

5.0im € {0,1,2,...,q} is the output region (it can be a region inside a cell or the
environment).

The rules of a tissue P system with cell division are used in the non-deterministic
maximally parallel manner as customary in membrane computing. At each step, all cells
which can evolve must evolve in a maximally parallel way (at each step we apply a
multiset of rules which is maximal, no further rule can be added being applicable). This
way of applying rules has only one restriction: when a cell is divided, the division rule is
the only one which is applied for that cell at that step; thus, the objects inside that cell
do not evolve by means of communication rules. The new cells resulting from division
could participate in the interaction with other cells or the environment by means of
communication rules at the next step — providing that they are not divided once again.
The label of a cell precisely identify the rules which can be applied to it.

A configuration at any instant of a tissue P system with cell division is described by
all multisets of objects over I' associated with all the cells present in the system, and the
multiset of objects over I' \ £ associated with the environment at that moment. Note that
the objects from &£ have infinite copies in the environment, they are not properly changed
along the computation. The initial configuration is described by (My,..., M, &). The
system passes from one configuration to another by a maximally parallel application of
rules as described above. A computation is a (finite or infinite) sequence of configurations
such that: (a) the first term of the sequence is the initial configuration of the system; (b)
each non-initial configuration of the sequence is obtained from the previous configuration
by applying rules of the system in a maximally parallel manner with the restrictions
previously mentioned; and (c) if the sequence is finite (called halting computation) then the
last term of the sequence is a halting configuration, that is, a configuration is a halting
configuration if no rule of the system is applicable to it.

All the computations start from an initial configuration and proceed as stated above;
only halting computations give a result, which is encoded by the objects present in the
output region i,, in the halting configuration.

2.3. Recognizer tissue P systems with cell division

Let us recall that a decision problem, X, is a pair (Ix,0x) such that Iy is a language over
a finite alphabet (whose elements are called instances) and Oy is a total Boolean function
(that is, predicate) over Iy.
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In order to solve decision problems, we usually use recognizer P systems, which was
first introduced in Pérez-Jiménez et al. (2006). In this work, we give the definition of
recognizer tissue P systems with cell division, which is slightly different from Paun et al.
(2008).

Definition 2. A recognizer tissue P system with cell division of degree ¢ > 1 is a tuple
I ={I,%,EM,...,Mg,R,iou,iin) such that

— The tuple (I, &, M1y,..., My, R, i) is a tissue P system with cell division of degree
qg=1

— X is an (input) alphabet strictly contained in I', and £ < I' \ Z.

— M;, 1 <i<q, are multisets over I' \ Z.

— iy € {1,...,q} is the input cell.

— The output region i, is the environment.

— The working alphabet contains two distinguished elements yes and no.

— All the computations halt.

— If C is a computation of the system, then either object yes or object no (but not both)
must appear in the environment when the system halts.

For recognizer tissue P systems with cell division, we say that a computation is an
accepting computation (resp., rejecting computation) if the object yes (resp., no) appears in
the environment associated with the corresponding halting configuration.

For each w € X*, the computation of the system II with input w starts from the
configuration of the form (M, M,,..., M, +w,..., My, &), that is, the input multiset
w has been added to the contents of the input cell i;,. Therefore, we have an initial
configuration associated with each input multiset w (over the input alphabet X) in this
kind of systems.

2.4. Recognizer timed tissue P systems with cell division

In this subsection, we first introduce the definition of timed tissue P systems with cell
division, then the notion of recognizer timed tissue P systems with cell division is given.

Definition 3. A timed tissue P system with cell division of degree g > 1 is a pair (IT,e),
where IT is a tissue P system with cell division of degree m, and e is a time-mapping of
I, that is, e is a mapping from the finite set of rules R into the set of natural numbers
N, which represent the execution times for the rules. We denote by II (e) the timed tissue
P system with cell division.

A timed tissue P system with cell division IT(e) works in the following way: an
external clock is assumed, which marks time-units of equal length, starting from instant
0. According to this clock, the step ¢ of computation is defined by the period of time
that goes from instant ¢ — 1 to instant t. If a rule r from R selected to be executed, then
execution of such rule takes e(r) time units to complete. Therefore, if the execution is
started at instant j, the rule is completed at instant j + e(r) and the resulting objects and
membranes generated by the division rule become available only at the beginning of step
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j+e(r)+ 1. If a communication rule is started, then the occurrences of objects subject to
this rule cannot be subject to other rules until the implementation of the rule completes;
if a division rule is started, then the occurrences of object and membrane subject to this
rule cannot be subject to other rules until the implementation of the rule completes.

Definition 4. A recognizer timed tissue P system with cell division of degree ¢ > 1 is a
tuple (I1,e), where IT is a recognizer tissue P system with cell division of degree g and e
is a time-mapping of IT .

2.5. Time-free uniform solutions to decision problems by tissue P systems with cell division

In a timed tissue P system with cell division, each rule is associated with a natural number
representing the execution time of the rule, and it is possible there exist rules whose
execution times are inherently exponential. So, we use the notion of RS-step (see Song
et al. (2014a)) to characterize how ‘fast’ the constructed tissue P system with cell division
solves a decision problem in the context of time-freeness.

Definition 5. In timed tissue P systems with cell division, a computation step is called a
RS-step if at this step at least one rule starts its execution, that is, steps in which some
objects ‘start’ to change their places or cells ‘start’ to divide.

Definition 6. We say that a decision problem X = (Ix,0x) is solvable in polynomial
RS-steps by a family IT = {II, | n € N} of recognizer tissue P systems with cell division
in a time-free manner, if the following holds:

— The family II is polynomially uniform by Turing machines, that is, there exists a
deterministic Turing machine working in polynomial time which constructs the system
II, from n € N.

— There exists a pair (cod, s) of polynomial-time computable functions over Iy such that:

— for each instance u € Iy, s(u) is a natural number and cod(u) is an input multiset
of the system I1);

— the family IT is time-free sound with respect to (X, cod,s); that is, for any time-
mapping e, the following property holds: if for each instance of the problem u € Iy
such that there exists an accepting computation of Iy (e) with input cod(u), we
have Ox(u) = 1;

— the family IT is time-free complete with respect to (X, cod,s); that is, for any
time-mapping e, the following property holds: if for each instance of the problem
u € Ix such that ®x(u) = 1, every computation of I, (e) with input cod(u) is an
accepting computation;

— the family IT is time-free polynomially bounded with respect to (X, cod,s); that
is, there exists a polynomial function p(n) such that for any time-mapping e and
for each u € Iy, all the computations in [l (e) with input cod(u) halt in, at most,
p(Ju]) RS-steps.

We also say that the family IT is a time-free uniform solution to the decision problem X.
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From the time-free soundness and time-free completeness conditions in Definition 6,
we can deduce that every P system I1, is time-free confluent in the following sense: every
computation of a system with the same input multiset must always give the same answer.

3. A time-free uniform solution to subset sum problem using tissue P systems with cell
division

The subset sum problem is described as follows: given a finite set A, a weight function,

w: A — N, and a constant k € N, determine whether or not there exists a subset B < A

such that w(B) = k. If A has n elements with weights wy,...,w,, one instance of the problem
can be encoded as (n,(wy,...,wn),k).

Theorem 3.1. Subset sum problem can be solved in polynomial RS-steps by a uniform
family of tissue P systems with cell division in a time-free manner.

Proof. Let A = {s1,52,...,5,} be a finite set, w : 4 — N a weight function with n = |A|
and k € N. Let ¢ : Nx N — N be a function defined by g(n, k) = (n+k)(n+k+1)/2)+n.
It is a primitive recursive and bijective function from N? onto N. Let us denote by
u=(n,(wg,...,wy),k), where w; = w(a;), 1 < i < n, the given instance of the problem. We
define the polynomially computable function s(u) = g{n, k).

In what follows, we will provide a uniform family of tissue P systems, where each P
system solves all the instances of the subset sum problem with the same size. The weight
function w of the concrete instance will be provided via an input multiset determined via
the function cod(u) = {v/ : w(a;) = j A1 < i< n}U{¢"}, where v/ (j copies of object v;)
represents that j is the weight of the element a;.

For each (n,k) € N?, we consider the tissue P system

H((nk (F Z Mla M23 sgs iin> ioul)a

where

— I'=X2U{aaq a'l a, ,af ,d l Y B ci,d,eid i l1<i<nju{b |2<i<logn+1}u{d|
2 <i< n+1}U{B,J |1 <i<g<nl<j< log(k+1)+11U{f1,, |1 <i<
logk + )+ 1 u{fijl2<i<n+L1<j<n+logk+1)+1}U{t|1<i<
6} U {yes,no, ap, n+1, g, h,1,m,n,p,t},

— E2={q}V{y:1<i<n}

— M, =1 yes no,

— My =a; g mn,

— R is the following set of rules:

m_[a,]ﬁ[ <1>]2[a§.2)]2,1<,~<n.
= (2, a(”/a a(3 B,0),1<i<n

= (2, a(z)/a a(4 ,0,1<i<

= (2, a(3)/i,1),1<i<n.

= (2, a<4)//1 ), 1<i<n

l,am ) /a+1, ), 1<i<n

2, ao/alﬂ,l), 1<i<n

o p— g p— o —

r7,l =
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= (2. s1/b3,0).
ro; = (2,b;/b?,,0), 2 <i<logn.
ro; = 2, b10g71+lBl/cz l,lBi,lz 0),1<i<n
ri = (2,¢1/4,1).
roi=2,¢i1/ci 1), 1 <i<n—1.
ri3 = (1,¢,/dy,0).
4 = (2,di,1/d,*, 1), 1 <i<n
7’15,_ 2Blld/B22€l, 1<z<n
T16,ij = 2 BU/B”_H, ) 1<l<n,2<]<10g(k+1)
rii = (2 Bllog(k-H /B, 1og(k+1)+1d:+170)7 1 <i<n
ri = 2,d:/il l<l’l+1
rig; = (1,d:/d;,0), 2 <i<n.
ro = (Ld,, /f11,0).
ri =(2,e1/f11,1).
i = (2, f1i/f1i11,0), 1 < i <log(k + 1).
23 = (2, By jog(k+ 1)+ 191 f logtk+1)+1/f2,1P, 0).
rui =2, fir/A1),2<i<n+ L
F2sij = (lafi,j/f,%jﬂ’o), 2<isn+LI<j<n
r6i = (2,€i/fint1,1), 2<i<n
r7ij = (27fi,n+j/fi2,n+j+1>0)’ 2<ig<n+ 1,1 <j<logk+1).
28, = (2, Bilog(k+1)+1Vif intlogte+1)+1/ fir1,1p,0), 2 < i < n.
rg = (25 g/fn+1,n+1a 1)
30 = (2, fus tntlogk+1)+104/ ht1, 0).
r31 = (2, hmp/4,0).
r3 = (2,hmg/4,0).
r33 = (2,nty/15t3,0).
r3q = (2, mtz/t4,0).
r3s = (2, t3/j., 1)
e = (2, t4/j., 1)
r37 = (1,1t4/1,0).
rig = (1, t3no/t5,0).
ryg = (1, ttsyes/ts,0).

rq0 = (1,t6/n0,0).

— &=T — {yes,no}.
— i = 2 is the input cell.
— iy = 0, the output cell is the environment.

The design is structured in the following phases:

— Generation phase: The cell with label 2 is divided for n times generating 2" cells with
label 2. Note that the division rule can be applied only when the object a; (2 <i < n)
appears in cell with label 2, and the object a; will be present in each cell with label 2
at the same time. The 2" cells with label 2 represent the 2" subsets of set A.

— Pre-checking phase: When the generation phase completes, we have 2" copies of cell
with label 2, each of them encoding a subset of set A. In each cell with label 2, as
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many copies of objects p that represent the weight the subset (corresponding the cell
2) will be generated.

— Checking phase: In each cell with label 2, the number of copies of objects p and ¢ are
compared. All possible pairs (p, g) are removed from the cell in one RS-step, after that,
if some objects p or ¢ remain in the cell, then the cell was not encoding a solution of
the problem; otherwise, the weight of the subset of 4 encoded in the cell equals to k,
hence it encodes a solution to the problem.

— Output phase: The system sends the answer of the problem to the environment.

1. After the checking phase, if there exists a cell with label 2 having neither object p
nor ¢, the object yes will be sent to the environment. It means the answer of the
problem is positive.

2. After the checking phase, if there exists object p or g in each cell with label 2,
object no will be sent to the environment, which means the answer of the problem
is negative.

We now check the number of RS-steps taken by system II((, 1)) in each phase of solving
the subset sum problem.

— Generation phase: Initially, cell 1 contains objects [,yes,no, and cell 2 has objects
ai,g,m,n. The object a; in cell 2 corresponds to variable s;. At step 1, rule ry; is
applied. By using the rule, cell 2 is divided into two cells with label 2, and object
a; evolves to objects a(ll) and a(lz), which are placed in the two generated cells 2,
respectively. The application of rule r;; takes e(r;;) steps, for any time-mapping e.
During the execution of rule r;, there is no rule starting, so the number of RS-steps
is one.

When the execution of rule r;; completes, both of the rules r,; and r3; can be
applied. Although the applications of the rules r,; and r3; start at the same step,
they may finish at different steps due to the fact that the rules can be associated with
different execution time for any time mapping e. By the application of the rule ry;
(resp. r31) in the cell with label 2 having object a(ll) (resp. a(lz)), cell 2 sends out object
a(]l) (resp. a(12)) to the environment and receives objects aoa(l3) B; (resp. objects aoa(l4) )
from the environment. After the execution of rule r,; completes, object a(13 ) appears

in cell 2. At that moment, rule r4; is enabled and applied, by which object a(13) can be
sent to cell 1. When the application of rule r3; completes, cell 2 contains object a(14).

At that moment, rule rs; is applied, sending object a(14) to cell 1. The execution time

of the rules r; and r3; can be different for any time mapping e, so the applications
of the rules may complete at different steps such that rules r4; and rs; are applied at
different steps.

Rule rg; can be applied only when the executions of both rules r4; and rs; have
completed. At that moment, cell 1 contains both of the objects a(f),a(f). By using the
rule r¢1, the objects a(13),a(14) in cell 1 are sent out to the environment, and two copies
of object a, enters in cell 1. The rule r¢; has a synchronization functioning, because
e(r2,1) + e(rs1) may not equal to e(rs;)+e(rs;) for any time mapping e. Anyway, when
the application of rule rg; completes, it takes five RS-steps, which is independent on
any time mapping e.
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When the application of rule rg; completes, cell 1 has two copies of object a, and
rule r7; is applied. Note that there are two cells with label 2, and each of them contains
one copy of object ap. When the execution of rule rg; completes, cell 1 has two copies
of object a,. Each cell 2 will obtain one copy of object a, due to the fact that the
rule r7; is applied in a maximally parallel manner to all the cells with label 2. The
application of rule r7; in the cells with label 2 starts at the same step and completes
at the same time, since the execution time is e(r7;) for any time mapping e. In this
way, object a, appears in each cell with label 2 at the same moment. The process of
using rules r;; (j = 1,2,...,7) takes at most six RS-steps.

The two cells with label 2 represent the two subsets of A = {s;}. In the two cells
with label 2, one has object B; corresponding to the subset {s;}; the other one has no
object B; corresponding the empty set.

When the cells with label 2 contain object ay, they apply the rule ri» at the same
moment, by which four cells with label 2 can be generated at the same time. When
the application of rule ri, completes, the rules 1, and r3, are enabled and applied.
The two cells with label 2 having object a(zl) (resp. a(zz)) use the rule rp5 (resp. r32) and

complete at the same moment. But the execution time of rules r,, and r3;, may be
different for any time mapping e. When the execution of rule r,, (resp. r32) completes,
rule r4» (resp. rsy) is enabled and applied in the cells with label 2. Note that the cells
2 having object a(f) (resp. a(24)) apply rule r4, (resp. rs2) at the same moment, but the
applications of rules r4, and rs; may complete at different steps. Rule r¢, is applied
when the executions of rules r4> and rs; have completed. At that moment, cell 1
contains two copies of object a(23) and object a(24), respectively. By the application of
rule rg2, cell 1 can receive four copies of object a; at the same time due to the fact
that the system works in a maximally parallel manner. After the execution of rule r¢»
completes, rule r7, is applied, by which each cell 2 receives one copy of object as. The
process of the executions of rules rj> (j = 1,2,...,7) takes at most six RS-steps, which
is independent on any time-mapping e.

The four cells with label 2 represent the four subsets of A where A = {s1,s,}. In the
four cells with label 2, we can check that one has both objects By, B, (corresponding
the subset {sq,s,} of A); one has object By (corresponding the subset {s;}); one has
object B, (corresponding the subset {s,}); the other one has no object corresponding
the empty set.

In general, after at most 6n RS-steps, 2" copies of cell 2 are generated, and each
cell with label 2 has some objects of B;. The 2" cells with label 2 represent 2" subsets
of A= {s1,52,...,}

— Pre-checking phase: When the generation phase completes, each cell 2 has a copy of
object ap41. The cells with label 2 will use rule rg at the same moment. Each of the
cells 2 sends out object a,4+1 to the environment and receives two copies of object b,.
When the application of rule rg completes, rule ry, is applied for all the cells 2 at the
same moment. By using the rule, in each cell 2 one copy of object b, is sent out to
the environment and two copies of bs enter each cell 2. After the execution of rule
rg completes, the application of rule 793 starts, by which the cell can introduce two
copies of object by from the environment by sending a copy of object b;. The rules
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ro; (2 < i < logn) can be applied one by one until the object bjog,11 is generated.
Note that there are n copies of object bjog 41 presented in each cell with label 2 at the
same time. So, the applications of rules ry; start and complete at the same moment to
all the cells 2. It takes logn RS-steps during the applications of rules rg and ry; with
2 < i < logn, which is independent on the time mapping e.

When the execution of rules r9; have completed, each cell 2 has a copy of object
biogn+1. For the cells 2 having object B;, they can use rules rio; (1 < i < n). By the
application of the rule ryg;, objects biognt1B; are sent out of cells 2 and objects ¢;d; B;
enter in the cell from the environment for all cells 2 at the same moment (there exist n
copies of object biognt1 in each cell 2, which ensures that all the objects B; in cells with
label 2 can be sent out in a maximal parallel manner). The applications of rules rg; to
all cells with label 2 can complete at the same moment, hence rules ryo; are applied at
the same time when cells with label 2 have object biog nt-1. By using rule ryo 1, object By
can be sent to the environment and object ¢; enters in cell 2 from the environment.
When the application of rule rio; completes, rule ry; is enabled and applied, by which
object c; is sent to cell 1. Rule rj5; has a synchronization functioning, which can be
used only when both rules rj9, and r; have completed. By using rule ri2, one copy
of object ¢, in cell 2 is exchanged with one copy of object ¢; in cell 1. Rules rqy;
(1 <i< n—1)can be used one by one. The rules r;; and r5; are used to check whether
the applications of rules rjo; complete. If the object ¢, appears in cell 1, it means that
the applications of all the rules rio; complete. The applications of rules ryy,712; take
e(ri1) + Zi<i<n—1€(r12;) steps for any time mapping, and it takes n RS-steps.

When cell 1 contains object c¢,, the execution of rule ry3 starts, by which each
object ¢, in cell 1 can involve one copy of object d; from the environment. For any
1 < i< n—1, the numbers of objects ¢; are equal with each other, hence the number
of object d; is equal to the number of ¢;. Cell 1 has object d; inside, rule ry4; is enabled
and applied, each object d;; in cell 2 is exchanged with one copy of d; in cell 1. If
the object d; appears in cell 2, the application of rule rys; starts, where the objects
B 1d; in each cell 2 are sent to cell 1 and one copy of object e; and two copies of
object By, are emitted to cell 2. When cells 2 have object Bj,, rule rig;, is enabled
and applied, one copy of object B;, is sent out cell 2 while two copies of object Bj 3
will enter the cell. When cell 2 has object B3, rule ri613 can be used. After that, rules
rie1,j (2 < j<log(k+1)—1) can be used in order. It takes log(k + 1) RS-steps during
the applications of rules ri41, 7151 and ri6;; with 2 < j <log(k +1) — 1.

If cell 2 has object By jogk+1), rule ri7,1 is applied. In the cell, object By jog(k+1) 1S sent
out by receiving one copy of d, and two copies of By jogk+1)+1 from the environment.
There are k + 1 copies of object By ogk+1)+1 and (k 4+ 1)/2 copies of object dj in the
cell 2, which receives the object By; at some moment before. If the object d), appears
in cell 2, the execution of rule rig, starts and object d} is sent to cell 1. When object
d, presents in cell 1, the execution of rule ri9, starts. Each copy of object d5 in cell
1 is exchanged with one copy of object d, from the environment. We can check that
during the applications of rules ri41,715,1,716,1,j> '17,1, 182, 19,2, there are log(k 4 1) + 3
RS-steps.
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When object d, presents in cell 1, rule ri45 is enabled and applied. One copy of
object d,; in cell 2 is exchanged with one copy of object d; in cell 1. In the following,
the applications of rules ris52,7162,j,717,2,7183,7193 can start one by one. When the
execution of rule rj93 completes, cell 1 has object d; and the application of rule r43
starts. In this way, rules 14,715,716, 717> '18,i- '19,; can be applied as many times as
possible due to the fact the rules are applied in a maximal parallel manner. When the
execution of rule rg,4+; finishes, there are k + 1 copies of object Bijog+1)+1, 1 <i<n
in each cell 2. This process takes at most nlog(k + 1) + 3n — 1 RS-steps, which is
independent on time mapping e.

If the object d,; appears in cell 1, rule ry can be applied. Each object d;,; is
exchanged with one copy of object fi; from the environment. When cell 1 receives
object f1, rule ry; is enabled and applied, each object ¢; in cell 2 is exchanged with
one copy of object f1;. When the application of rule r;; completes, the object fi
appears in cell 2 and rule ry; is applied. By the application of the rule, two copies of
object f1, enter cell 2 by sending out one copy of object f1;. When the execution of
rule ryp; completes, rule ry, is applied. After that, rules ry; (1 < i < log(k + 1)) can
be applied one by one, and the executions of rules ry,; take log(k 4+ 1) RS-steps.

If the object fiiogx+1)+1 appears in cell 2, the application of rule ry3 starts, where
objects B jog(k+1)+1V1f 1ogk+1)+1 in cell 2 are exchanged with the objects f>1p from the
environment. When the object f,; presents in cell 2, the execution of rule ry4, starts,
object f,; is sent into cell with label 1. When cell 1 has object f,; inside, rule rss
is enabled and applied, one copy of object f»; in cell 1 is exchanged with two copies
of object f,, from the environment. Rules rys5; (1 < j < n) can be used one by one,
which takes n RS-steps.

If the object f2,+1 appears in cell 1, the application of rule ry» starts. Object e,
in cell 2 is sent to cell 1 and object f1,41 is sent to cell 2. After the application
of rule ry», rule 1721 can be applied. By using ry7,1, one copy of object f5,41 in
cell 2 is exchanged with two copies of object f,4> from the environment. When the
execution of rule 7,1 completes, the application of rule ry7,, starts. The rules 27, ;
(1 < j < log(k + 1)) can be used in order, and the applications of rules ry7,; take
log(k + 1) RS-steps, for any time mapping. When the object f2,410gk+1)+1 appears in
cell 2, the application of rule ryg, starts, objects Bajog(k+1)+1V2f2n+logk+1)+1 in cell 2
are exchanged with the objects f3;p from the environment. We can check that the
applications of rules 42,7252 j,7262, 27,2,j, 1282 take n 4+ log(k + 1) + 3 RS-steps.

If the object f3; appears in cell 2, rule 1,43 is enabled and applied, where object f3; is
sent into cell 1. When the execution of rule ry3 completes, rules 1253 j,7263,7273,j, 283
are used in order. Rules ra;,725; ), 726,727,728 can be applied as many times as
possible. When the execution of rule rps, completes, in each cell 2, as many copies
of object p as the weight of the corresponding subset will be generated. During the
applications of rules 14,725 j, 126, 1'27,,j, 28, take (n — 1)(n + log(k + 1) 4+ 3) RS-steps
for any time mapping e.

If the object f,111 appears in cell 2, the application of rule ry,4; starts, object
fut11 1s sent into cell 1. When object f,41,1 appears in cell 1, rules rs,11; (1 < j<n)
will be used in order, and the applications of rules ra4n41,725,+1,; take n 41 RS-steps.
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If the object f,+1.,+1 presents in cell 1, rule ry9 is enabled and used. One copy of object
g in cell 2 is exchanged with one copy of object f,41,4+1 in cell 1. When the object
fnsins1 presents in cell 2, rules r27,41; (1 < j < log(k + 1)) will be applied in order.
The process takes log(k + 1) + 1 RS-steps during the applications of rules r29,727,41,;.

In general, we can check that the pre-checking phase takes n> 4+ 7n + logn + (2n +
1)log(k + 1) + 3 RS-steps.

— Checking phase: When the object f41+i0ek+1)+1 appears in cell 2, the application of
rule r3 starts, the objects f,i1stiogk+1)+1pg in cell 2 are exchanged with objects ht;
from the environment. For a given time-mapping e, it takes one RS-step during the
execution of rule rsg.

— OQutput phase: When the execution of rule r3 completes, we have the following two
cases: if the weight of the subset associated with a cell is equal to k, then no object p
or g remains in this cell; if the weight of the subset associated with a cell is not equal
to k, then at least one object p or ¢ will remain in the cell.

— There is a cell with label 2 without object p nor q. When the execution of rule
ryo finishes, the application of rule r33 starts, the objects n and ¢; in cell 2 are
exchanged with objects ¢, and 3 from the environment. When the objects t, and
t3 appear in cell 2, the applications of rule r34 and r3s start at the same step. By
using rule r34, the objects mt; in cell 2 are exchanged with the object ¢4 from the
environment, and by applying the rule r3s, the object ¢3 in cell 2 is sent into cell
1. If the object t3 appears in cell 1, rule r3g is enabled and used, the objects t3no
in cell 1 are exchanged with the object t5 from the environment. If the object ¢4
presents in cell 2, the application of rule ri¢ starts, object t4 is sent into cell 1.
When the execution of rule r3 completes, the execution of rule r3; starts, where
the objects It4 in cell 1 are exchanged with the object ¢t from the environment (only
one copy of object ¢ is sent into cell 1, because there is only one copy of object [
in cell 1). Rule r39 can be applied only when the executions of rules r3;,r3g finish.
By the application of rule r39, object yes is sent to the environment, and object ¢4
is sent into cell 1. When the execution of rule r39 finishes, rule r4o is enabled and
applied, object no is sent back to cell 1. In this case, when the computation halts,
one copy of object yes appears in the environment. In total, if the weight of the
subset associated with a cell is equal to k, the output phase takes seven RS-steps.

— There exists an object p or g in each cell with label 2. In this case, when the
execution of rule r3y finishes, the applications of rule r3; (or r3;) and rule r33 start
at the same step. By using the rule r3; or r3;, the object m in each cell 2 is sent to
the environment, then rules rq, 136, 137, 139, 749 cannot be applied. By applying the
rule r33, objects t; and 3 will be sent into cell 2. When the execution of rule r;
finishes, rule r3s is enabled and used, object ¢3 is sent into cell 1. If object t3 appears
in cell 1, the application of rule r3g starts, object no is sent to the environment. In
this case, when the computation halts, one copy of no appears in the environment.
In total, if the weight of the subset in any cell 2 is not equal to k, the output phase
takes three RS-steps.
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According to the analysis above, we can check that for any time-mappinge : R — N,
the object yes appears in the environment when the computation halts if and only
if there exists a subset B = A such that w(B) = k; and the object no appears in the
environment when the computation halts if and only if there does not exist a subset
B = A such that w(B) = k. So, the system Il is time-free sound and time-free
complete.

For any time-mapping e : R — N, if there exists a subset B = A4 such that w(B) =k,
the computation takes at most n®> + 13n + (2n + 1)log(k + 1) + logn + 11 RS-steps,
and the system halts; if there does not exist a subset B = A4 such that w(B) = k, the
computation takes at most n*> + 13n+ (2n + 1) log(k + 1) +logn + 7 RS-steps, and the
system halts.

Therefore, the family of tissue P systems with cell division is time-free polynomially
bounded.

The family IT = {II(;(,)) | n,k € N} is polynomially uniform by Turing machines,
because the rules of a system Il ) of the family are recursively from the values
n and k. Besides, the necessary resources for defining each system are of polynomial
order.

— Size of the alphabet: n> + 13n + (2n + 1) log(k + 1) + logn + 18.
— Initial number of cells: 2.

— Initial number of objects: 7.

— Number of rules: n? 4+ 15n+ (2n + 1) log(k + 1) + logn + 13.

— Maximal length of a rule: 5.

Therefore, subset sum problem can be solved in polynomial RS-steps by a family of
recognizer tissue P systems with cell division in a time-free uniform manner, this concludes
the proof. ]

4. Conclusions and future work

In this work, we investigate the computational efficiency of tissue P systems with cell
division in the context of time-freeness. Specifically, we give a time-free solution to subset
sum problem by a uniform family of tissue P systems with cell division, where the
correctness of the solution to subset sum problem does not depend on the execution time
of the involved rules.

The tissue P systems with cell division constructed in this work have arbitrarily large
amount of objects in the environment. It remains open whether subset sum problem or
other NP-complete problems can be solved by tissue P systems with cell division without
an arbitrarily large amount of objects in the environment in a time-free manner.

The tissue P systems constructed in the proof of Theorem 3.1 have the maximum
length of communication rules 5. It is of interest to optimize the maximum length of
communication rules without loss of the computational efficiency of tissue P systems with
cell division.

Tissue P systems with cell separation are a new variant of tissue P systems (Pan and
Pérez-Jiménez 2010). In such P systems, cells do not have the duplication function; that
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is, when a cell is separated, the objects in the cell are divided and placed in the newly
generated cells instead of copying the objects and then placing one copy in each of the
newly generated cells. It remains open how we can construct tissue P systems with cell
separation to time-freely solve NP-complete problems.
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