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1. Iniroduction. A famous construction of Wiener and Wintner ((13)), later refined
by Salem ((11)) and extended by Schaeffer ((12)) and Ivasev-Musatov ((8)), produces
a non-negative, singular, continuous measure x on [ — 7, 77[ such that

f” e~ @ du(x) = O(n—t+e) (1-1)

—n

for every € > 0. It is plain that the convolution g % p is absolutely continuous and in
fact has Lebesgue-Radon-Nikodym derivative f such thafoJ~ [f|? < oo for all p > 1.

For general locally compact Abelian groups, no exact analogue of (1-1) seems possible,
as the character group may admit no natural order. However, it makes good sense
to ask if g% p is absolutely continuous and has pth power integrable derivative.
We will construct continuous singular measures # on all non-discrete locally compact
Abelian groups @ such that g  is absolutely continuous and for which the Lebesgue—
Radon-Nikodym derivative of z # p is in ,(G) for all real p > 1.

Our construction thus contributes to answering the vague question: ‘How small
can a singular Fourier—Stieltjes transform be?’ In addition to the authors cited above,
Men’$ov ((10)) and Littlewood ((9)) have contributed to the study of this problem. There
is a related question: ‘How large can a singular Fourier—Stieltjes transform be?’ We
will make a few remarks on this question in 6-3.

In section 2 we describe our notation and state some preliminary facts. A fairly
general method of constructing measures on compact Abelian groups appears in
section 3. Our measures for some groups are constructed in section 4. Section 5 contains
the extension to all non-discrete locally compact Abelian groups. Some conclusions
and open questions are given in section 6.

We thank Professors Nachman Aronszajn, Jacques Dixmier, and Irving Glicksberg
for valuable suggestions.

2. Preliminaries. 2-1. Notation. Throughout this paper, G, H, ... will denote locally
compact Abelian groupsandX, Y, A, ... character groups or subsets of character groups.
The word ‘character’ means ‘continuous character’. The symbol o(y) denotes the
order of the character yeX: the least positive integer n such that y* = 1 if such an
integer exists, and co otherwise. The symbol A always means Haar measure on what-
ever group G is under consideration. If G' is compact, we shall take A(G) = 1. The
expression ‘almost everywhere’ means ‘A-almost everywhere’. The symbol card (S)
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denotes the cardinal number of the set S. All notation and terminology used without
explanation is as in the monograph ((5)).

2-2. Thegroups R and T. The symbol B denotes the additive group of real numbers,
and 7 the circle group. We will take 7" to be the set [ — 7, #7[ < R, with the group opera-
tion addition modulo 27. Every character of 7' has the form = — ¢¥** for some integer
n, and so the character group of 7' can be identified with the additive group Z of all
integers. We shall make this identification wherever it is convenient. .

2:3. The algebra M(G). The symbol M(() denotes the Banach algebra under
convolution of all complex measures on G. Every measure ve M{@) has a unique reso-
lution v = vz+v,+v,, where v, is a countable linear combination of point measures,
v, is continuous and singular with respect to A, and v, is absolutely continuous with
respect to A. Thus there is a function fe &,(@) such that dv, = fdA. For brevity we will
call f the derivative of v,, instead of the Lebesgue~Radon-Nikodym derivative. Thus
f is the derivative of v if v is absolutely continuous [always with respect to A]. The
algebra M(G) is a direct sum

M(G) = My(G)@M(G) @M, (),

consisting of the discontinuous, singular, and absolutely continuous measures. The
symbol M+(@) denotes the real-valued, non-negative measures in M({); similarly
for M (@), ete. Exact definitions of the entities described here, and complete proofs
of the assertions made, will be found in (5), sections 14 and 19.

We shall need the following fact.

2-4. THEOREM. Let @ be a compact Abelian group with character group X, let p be a
real number such that 1 < p < 2, and let p" = p[(p—1). Let ¢ be any function in 1,(X).
Then there is a function k'€ &,(Q) such that h = ¢. Furthermore, we have

4] < (X§x'¢‘x>'”)m-

This is an abstract form of a theorem of F. Riesz. For a proof, see, for example,
(14), vol. 1, p. 102. The modifications needed in the proof given by Zygmund are
obvious.

3. Construction of a class of measures. 3-1. Let G be a compact Abelian group,
finite or infinite, and let X be the (discrete) character group of G. A finite subset
{X15 -+ > Xm} (all ;s distinct) of X is said to be dissociate if it does not contain 1 and if the

alit € €. Em
e v XX X = 1,
where each ¢;e{—2, —1, 0, 1, 2}, implies the equalities

Xix__:Xgl:...: :"lnz 1.

For convenience, & is also taken as dissociate. An infinite subset A of X is said to be
dissociate if every finite subset of A is dissociate. Note that dissociation is a weakened
version of independence (see, for example, (5), (A. 10)), and that dissociation can be
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defined for subsets of an arbitrary Abelian group. We need the concept here only for
sets of characters.

For a complex number # and ee{~1, 0, 1}, define #® as fife = 1, as fif e = —1,
and as life = 0.

3-2. TaeorEM. Let G and X be as in (3-1) and let A be a dissociate subset of X. Let §
be a complex-valued function defined on A, the value of f at x € A being denoted by B,.
Suppose that |B,| < %if o(x) > 2, and that |f,| < 1 and B, is real if o(x) = 2. Then there
s a unigue measure p € MH(Q) such that:

@ A+ xem) = B0 - B

for all subsets {x1, ..., Xn} of O and sequences (€y, ..., €,) with values in {—1, 0,1};
(i) ay) =0

if reX and y is not of the form x3... x2;
(iii) A = 1.

Proof. For each finite subset ® of A, let
D, ={yed:o(xy) =2} and O, = Dn D,
Define the function pq, on G by

Po= 11 A+8,x) TT 1+B,x+B,x7) (8-2-1)
X € Do XED:

(void products are equal to 1). It is obvious that pg is a real-valued, non-negative
trigonometric polynomial on G. Write ®, = {x,, ..., Xz} and ®; = {Xs41,---» Xm}- Then
(3:2-1) can be rewritten as

Po = TA FEY - i xi Xz - KXo (3-2:2)

where the sum is taken over all sequences € = (¢, ...,€,) such that ¢,,...,€,€{0,1}
and €,,,,...,6,€{—1,0,1}. The dissociation of A implies that the 2¥3™~* characters
Xi' - xom are all distinet. It follows that

BE0 - plem if g = ey,
o) =1 1 i y=1,
0 for all other reX.

Now consider the set of measures pg A in M+(G), as © runs through all finite subsets of
A. Plainly each of these measures has norm 1, and they admit the natural direction
< under which pyA < pep.A means that ® < @*. Since the unit sphere in M*+(¢)
is weakly compact, the net (pg, A) admits a subnet converging in the weak topology of
M(G) to a measure e M*((). Plainly (@) = 1, and for every finite subset ® of A
and every weak neighbourhood U of , there are infinitely many pyA for which ¥ > ®
andpyAeU.

It is now easy to show that x is unique and that its Fourier—Stieltjes transform is as
in (i), (ii), and (iii). Let ¥y € X have the form y§ --- ¥ where ® = {¥1, ..., Xm} < A. If
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Y is any finite subset of A containing @, then the character i enters in the sum (3-2-2)
for py with the coefficient S0 --. m), Thus we have

) = liglﬁw(lﬁ) = i - B, (3-2-3)

If ¥y does not have the form y§:--- xgm for {xy, ..., ¥} < A, then Py(yy) = 0 for all finite
subsets ¥ of A, and here we have

A) = lim () = . (3-2:4)

Since p is completely determined by #, the proof is complete. [
For use below, we now construct some dissociate sets of characters.

3:3. Example. Let G and X be asin 3-1. Then every dissociate set in X is contained
in a maximal dissociate set M. This is immediate from Zorn’s lemma. For every
xe€XnM', we have

X:xil... :{l or X2=X?X$Ln
for some {y;,..., ¥,} <M and ¢;e{—2,-1,0,1,2}.

3-4. Example. Let X be the additive group Z, so that @ = T'. Let 6 be a real number
greater thhn 2, and let (»,,),2; be a sequence of positive integers such that

My = 0(ng+ - +my) forall k. (3-4-1)

For example, (4%¥~1),2, satisfies (3-4-1) with § = 3. An easy induction shows that
n; 2 6(1+ ) -2forj =2,3,..., and so

N+ oy = (1481 (3-4-2)

The characters x — exp (in, x) are dissociate, as an obvious argument shows. These
are extremely special dissociate sets, but their special properties are needed for part
of our later argument. The set (3%¥1),,2, is a maximal dissociate set in Z, which fails to
satisfy (3-4-1). Applying 3-2 to the set (3*1),2, < Z, we see how to determine a
measure g€ M+(T) such that 4(0) = 1, (3% = §,, and

er+€3+ 4637 = B - B2
for all sequences (€, ..., €,) with entries — 1, 0, or 1. Thus 7(3%-1) is subject only to the
restriction | #(3%1)| < 4, and then u is completely determined.

3-5. Ezample. Let G be an infinite compact 0-dimensional metric Abelian group,
so that X is a countably infinite torsion group. Suppose also that the set {¥*:xeX}
is infinite. Let (T,),. 2, be a sequence of finite subgroups of X such that

r, < Iy < and nglrn = X.
Let x, be any element of X such that y3¢I";. Suppose that y,, ..., x; have been chosen.
The subgroup H, of X generated by y¥,,...,%; and [, is finite, and we choose y;,;
as any element of X such that y3,, ¢ H,. Plainly {x,},2, is infinite and dissociate, and
consists solely of elements of order > 2.
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3:6. Example. Let X be a countably infinite torsion group such that the set {¥*: xy X}
is finite. We have no hope of constructing an infinite dissociate set of elements of orders
> 2in this case, but we can find such a set all of whose elements have order 2, as the
following simple argument shows. (Note that a dissociate set all of whose elements have
order 2 is actually independent.) Since {y?: y X} is finite, the endomorphism y — x*
maps X onto a finite subgroup of itself, and the orders of the elements of X are accord-
ingly bounded. It is known that X is isomorphic with a weak direct product

Y = P*Z(pf),
k=1

where only finitely many distinct primes p, and positive integers r, appear. (See
(5), (A.25).) For {¥%: x€X} to be finite, it is necessary and sufficient that p, = 2 and
7. = 1 for all but a finite number of indices k. Thus there is an I such that p, = 2 and
7, =1 for all k > . Each element of Y is a sequence ¥ = (41, Y2, -+ Yp, ---), Where
yr€ Z(piF)forall k, y, = Oor 1 forall k > I, and y, is ultimately 0. A moment’s reflexion
shows that Y admits a large number of infinite dissociate sets all elements of which
have order 2. For use in section 4, we make the following special construction. (See
4-7(b).) Let (a,),2, be a strictly increasing sequence of positive integers such that
lim (@, —n) = co. |

NnN—>o0
(E.g. a, = 2n, or a, = n+[loglogn].) Let x™ be the element of ¥ such that
oW, w1=1 and a2fP=0 for k*l+a, ,+1.
Let K, be the subgroup of Y consisting of all sequences y such that y, = 0 for

k > l+a,. Replacing Y by the isomorphic group X, we have the following. There is
a strictly increasing sequence (K,),2, of subgroups of X such that

I
card (K,) = II pi¥-2%= (3-61)
k=1

@
and U K, = X. There is also a dissociate set (yy,),2, of characters in X such that
n=1

o(xn) =2, xp€K,  and x,¢K,_,.
4. Construction of singular measures. In this section, we show that the measures
4 constructed in section 3 are actually singular and continuous for appropriately
chosen A’s, f’s, and G’s. The following theorem is the analytic kernel of the whole paper.

4-1. TaEOREM. Let G be an infinite compact Abelian group with character group
X. Let A be a countably infinite dissociate set in X, enumerated in any order as ()™

! -}
Let ()12 1 be any sequence of complex numbers such that |8,] < % forallkand ¥, |B,|* = .
For each positive integer m, let k=1

() Pule) = T1 (14 Auu@) + Buati @)
Then we have
(ii) lim p,,(z) = 0
for almost all zeG. "
26 Camb. Philos, 62, 3
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Proof. For notational convenience, we write y_, = x5! and f_, = B, for all positive
integers k, and we also write f, = 0 and x, = 1. For all positive integers m, let

S Bixr andlet B, = (|Bi|2+ -+ |Bu|Dt

k=—m

fm=

Since 14t < e for all real ¢, we have
pm(x) < e—fm(@) (4'1-1)

for all e G. Hence (ii) will be established if we show that

l_iE ( —f;n(x)) = —00,

m—>ao

or equivalently, that limf,,(x) = oo (4-1-2)
m-—>0

for almost all ze G.

Assume that (4-1-2) fails. The remainder of the proof consists in drawing a con-
tradiction from this assumption. Then there exist a positive number o and a A-
measurable set £ < G such that A(E) > 0 and f,,(z) < « for all ze¢ E and all positive
integers m. (This is proved by an easy argument, which we omit.) Since lim B,, = oo,

m—>o

we thus have lim (B;;! max {f,,(z), 0}) = 0 (4-1-3)
m—>w

forallze . By Egorov’s theorem, we can therefore find a A-measurable set D such that
A(D) > 0 and (4-1-3) holds uniformly for xz € D. Choose and fix such a set D.

Now consider the characteristic function £;, of the set D. Since A(D) € 1, £, is in
(), and Parseval’s identity yields

S [Bo(0f = f £5d1 = A(D) < 1.
XEX G

For every positive number ¢,, there is therefore a finite subset I' of X such that [ = I'!
and

Z o< (41-4)

We use the set " to choose a positive integer m, with the following properties:
if k> m, then y,¢l; (4-1-5)
and if k>m, and j>m, and k+j, then yx,x;'¢rl. (4-1-6)

Condition (4-1-5) is easily met, since I'n A is finite (possibly void). Condition (4-1-6)
is likewise satisfied for suitable m,, because of the dissociation of A. If (k,5) and (p,q)
are pairs of positive integers such that k < j and p + ¢, then x; ' x; & x; ' X, except in
the case k = q and j = p (or, if x;, X, X,, X, have order 2 also in the case k = p and
7 = ). This is easily verified from the dissociation of A: we omit the argument. Since
I is finite, it intersects {y;z'x;:k + j} in a finite set. The indices % and j for which
Xic 1 x; lies in I’ must both be bounded, and this enables us to choose m, satisfying
(4-1-6).
Consider next the functions f,, —f,,, (m > m,). Since

max {fm_fmo’ O} < max {fm’ O}+ |fmo|’
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and since lim B,, = oo, we infer from (4-1-3) that
lim (B;zl max {fm(x) —fmo(x)f O}) =0
m—r0

' uniformly for all ze D. That is, for every positive number €,, we can choose a positive
integer m, such that m, > mg,and

B;zl max {fm(x) _fmo(x)’ O} <&

for all ze D and all m > m,. We therefore have
f Ifm_fmoldA <J' ,fm—fmo_eleldA'i_ele/\(D)
D D
= 2€1BmA(D)_f (fm—fmo) dA
D

< 268,00+ Eolin—tu) A | (417)

Let us estimate the last integral in (4-1-7):

j En(fn—fins) dA| =
G

( 7% 1+ Z )“ﬂkfagp?(de‘

k=—m  k=my+1

(_7%_1+ 5 ) ~ A

k=—m k=my+1

<UD BB (s

Mme< k| <m me < |kl <

< {2B% - 2B Ye,, (4-1-8)
the last line of (4-1-8) being inferred from (4-1-4) and (4-1-5). Combine (4-1-7) and
(4-1-8) and use the inequality A(D) < 1 to write

j R |fin = fmgldA < 26, B, +24(BE, — BE, )t ¢, (4-1-9)

for m > m,.
We next make some estimates of f (fm—Jm,)? @A. For notational convenience, we
write 2’ to denote the sum over all gairs of integers (j,%) such that my < |j] < m

< |k| € m, and j + k. Thus:

f nefod2dd = 3 |82 f XX dA+ = B, f Xex;LdA. (41-10)
D D D

me<|kl<m

Use Cauchy’s inequality on the last sum in (4-1-10):

Z,ﬂkﬂijXkX; ! d/\l < {Z1Bel2 185122 1Enlxi 1 x) |2 (4-1-11)
From (4-1-4) and (4-1-6), we infer that
| Ep(xi xp)I? < €, (4-1-12)
26-2
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and we combine (4-1-10), (4-1-11) and (4-1:12) to write

f (Fu—fin)2dA > 24(D) (B, — Bt ) — 264(B% — B, ). (4-1-13)
D

We also need the following estimates. We write

J‘ (.fm—fmo)‘ldA < f (fm_.fmo)‘ld/1
D G
= §” zqﬂ ;u ?” ﬂpﬂqﬁrﬁa fG Xqu Xs ldA (4114)

where 3" denotes the sum over all integers j such that m, < |j| < m. The integral
J

f XpXgXr X5 'dAis 1 or 0 as the character x, x, ¥, ' x5 'is 1 or not. Since Ais dissociate,
@

itis easy to check that x, ¥, x- ' x; 'is 1if p = rand ¢ = s; orif p = sand ¢ = r; (alsoif
p = ¢qand r = s in case Y, and y, have order 2).
For all other values, we have x, x,x,*xs* + 1. Thus the quadruple sum in (4-1-14)

does not exceed 33" 5" 18,12 18,12 = 12(B, — B, )%,
» q
and so we may replace (4-1-14) by
f (Fn=faddA < 12(Bh— B (4115)
Finally, we use Hoélder’s inequality with p = 2 and p’ = 3 to write

[ n=turan<{[ 1=t { [ (Gumturar]. (e10

Use (4-1-13), (4-1-19), and (4-1-15) in (4:1-16). After an easy calculation, this yields

-3 ]
AD) < e0+3%(2#e1( 1;2) +60), (4-1-17)

for all m > max {my, m,}. Since lim B,, = o0, (4:1-17) shows that A(D) is arbitrarily

m—wxo

small. This contradiction establishes (4-1-2). O

@
Theorem 4-1 has a counterpart for sequences (f,);2; such that ¥ [£,]? < oo, as
follows. k=1

4-2. THEOREM. Let G be a compact Abelian group and (x,),.2, @ sequence of characters
of G. Let {B,).2, be a sequence of complex numbers such that Z | Bl ? < 0. Define p,,
as tn 4-1(i). Suppose that Z ﬂk X+ B Xi L converges at a point z € G Then lim pm(x) exists

and is finite at x, and is zero zf and only if some factor 1+ B x,(%) + By, ;\{k x) is zero.
Proof. Let ay, = £, x1(x) + B xi (). There is a positive integer m, such that

lax| <3 for k= m,
For these k’s, we have log (1+a,) = a;,+a20,,
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where |6,| < 2, as is easily seen from the power series

log (1+¢) =é(-1)l+l§.

Then ﬁ 1+a) = exp( > ak) exp ( =§m., a,%ﬁk).

k=m, k=m,

The series Z a; evidently converges, and so 2 a} 0, exists. Consequently
k=1 k=m,

lim ﬁ (1+ak)=exp(z ak)exp( b aﬁk)>0. O

n—wo k=m, k=m, k=m,

0
4-3. Note. We will see in 4-6 that 3 f,x;+fBrxi* does in fact converge almost
k=1

everywhere on ¢ for certain G's and dissociate y,’s .
We now specialize our groups ¢ and dissociate characters in order to be able to apply
some known summability theorems to the polynomials p,,.

4-4. THEOREM. Let G be either T or a 0-dimensional infinite compact metric Abelian
group. Let A be as in 3-4, 3-5, or 3-6. Write A = (x.)5Z,, the enumeration being as
in 34, 3-5, or 3-6. Let f be a function on A as in 3-2; write f;, for ﬂx Let p be the
measure in M(G) constructed as in 3-2.

(i) The measure p is continuous.
(i) I f Z | Bi|? = o0, then p is purely singular.
(ii) Let r be a real number such that 1 < r < 2, and let ¥’ = r[/(r—1). If 2 |,8k] < o0,

then u is absolutely continuous, and its derivative is in &.(G).

Proof. In order to discuss together the groups listed in 3-4, 3-5, and 3-6, we
define, for each positive integer g, the set A, as: {—¢, —q+1,...,q—1,¢} if X = Z;
the subgroup H, if X is as in 3-5; K, if X is as in 3-6. It is known ((6)) that

. 1
il_li m xequlo(X)P =I§G|V({x})|2 (4-4-1)

forall ve M(G).
To prove (i), consider first the case X = Z, and take any sequence (n;),2; as in 3-4.
If e;ny + ---+€,m,, where each ;e {—1,0,1} and ¢, + 0, has the property that

—(ny+ --+n) < gny+ - t+egng < N+ ---+ny, then s<t
Write ¢, = n, + ---+n,. Setting v = 4 and ¢ = ¢,in (4-4-1) and using 3-2 (i) and 3-2(ii),
we obtain A .
S 2] = 12| B, (442)
X€Aq,
the sum on the right in (4-4-2) being taken over all sequences (¢, ..., ¢) such that each
€j€{—1,0,1}. There are 2t of these sequences in which exactly one ¢; has absolute

value 1. Since |f;| < %, these sequences contribute at most 2¢(3)? to the right side of
(4-4-2). Similarly, there are 2/(}) e-sequences having exactly j entries of absolute value 1.
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These contribute at most 27(!) 2-% to the right side of (4-4-2). Adding for j = 0, ..., ¢,
we find that the right side of (4:4-2) does not exceed (). Using this, (4-4-2), and
(3-4-2), we find that 1 3
J— 7 2 _ 4.
card (A,) xez Ag, |01 < 20+1? (4-4-3)
from which it is clear that the left side of (4-4-3) has limit 0 as £ > co. Since the limit
in (4-4-1) does exist, it follows that (4-4-1) is 0. That is, 4 is a continuous measure.
We next prove (i) for the groups described in 3-5. Again we will use (4-4-1). It is
easy to see from 3-5 that card (A,) > 3. (4-4-4)

Substitute x for v in (4:4-1), use 3-2(i) and 3-2(ii), and compute as follows:

1 1
E |/’2(x)l2 = 2 e 3 |'3§€.)|2 ""ﬂt(fq)'z
X€A 1

6=-1 €g=—
= TP+ 1801+ 1871
< (@ (4-4-5)

From (4:4-4) and (4-4-5), we see that (4-4-1) is 0.
The group examined in 3-6 is a little different, since we use only characters of
order 2. It is clear from (3-6-1) that
card (A,)) > 2%. (4-4-6)

Since all B, are real (note 3-2), we apply 3-2(i), 3-2(ii), and the last statement

of 3:6 to write: . L
A= - ZO fier - f2ea < 20, (4-4-7)

X€E A 6=0 €=
From (4-4-6), (44-7), and the condition a,—q - co stated in 3-6, we see that (4-4-1)
is again 0. This completes the proof of (i).
To prove (ii), consider first the case X = Z and G = 7. Let v be any measure in
M(T) and let f, be the Lebesgue-Radon-Nikodym derivative of the absolutely
continuous part of v. It is known that

i > Ikl 2 = 4.
qll_f?o k:z_q (1 _m) exp (ikz) ¥ (k) = f,(x) (4-4-8)

for almost all z € 7' (see (14), vol. 1, ch. 11, Theorem (8-1), p. 105, or (1), Corollary (3-6),
p. 200). Furthermore, the condition (3-4-1) implies that

'3 .
pfx) = X jAlk)e*
k=—gq
for all £. The condition (3-4-1) also implies that the series
Z jk) e (4-4-9)
k=—w

has infinitely many gaps in the sense of (14), vol. 1, p. 79. Since (4-4-8) holds, it follows
that (4-4-9) converges almost everywhere, to the function f,(z). By (4'1), we have
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lim p(z) = 0 a.e.; consequently the series (4-4-9) converges to 0 a.e.; and so f, = 0.
i~
That is, 4 is a singular measure.
The 0-dimensional cases 3-5 and 36 are even simpler. For any 0-dimensional
compact metric group G and any increasing sequence (B,,),,2; of finite subgroups of X
@
such that UB,, = X, and ve M((), the derivative f, of the absolutely continuous part

m=1

of vis given by lim % 900 x(@) = f@) (+-4:10)
m—® XEBn
a.e. on @. This is immediate from (1), Corollary (4-5), p. 206. Again p,,(x) is equal to

> A(y) x(x), as 3-5 and 3-6 imply. Also the sets A, satisfy the above conditions
on B,,. Again by 4-1 we see that f,(x) = 0 a.e. on . This completes the proof of (ii).

To prove (iii), it suffices to show that
X A < oo, (4-4-11)
X€EX

since this inequality shows that 7 agrees with the Fourier transform § of a function
g in &,(G) [see Theorem 2-4]. Since x is determined by f, x4 is then absolutely con-
tinuous, and its derivative is g. In all three cases, it is easy to see from 3-2 (i) and 3-2(ii)

that N . .
¥ T A =1lm X |Ax)|" (4-4-12)
x€X g—>® X €A
For G =T, and ¢ = g, as in (4-4-2), we have
0y lEx) = H S 1B = (1+2|ﬂ,|r) (4-4-13)
i=1 =1

Similarly, for the groups 3-5, we compute as in (4-4-5) to write
. q
= A = TLQ +2|85]). (4-4-14)
XEAg j=1
For the groups 3-6, we compute as in (4-4:7) to write

z Al = H (1 +|B4]")- (4-4-15)

X€Ag
It is now clear from (4-4-12) that

[=e]

H (1+2|f;|") < oo in cases 3-4 and 3-5,

A =1 » (4-4-16)
xeX T (1+|B4]") < oo in case 3-6.
F=1

This completes the proof of (iii). O

4-5. CorOLLARY. Let G be either T or a 0-dimensional compact metric Abelian group.
Then there is a measure y in M} (G) such that 4(@) = 1, and pu # p is absolutely continuous,
with derivative in £} (G) for all pe]1,0[. We also have 3 | (x)|* < oo for all r > 1.

X€EX
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Proof. In the construction of 4-4, let (8,),2; be such that

o0 @
Z|pplt=00 and I [Bi]2** <
k=1 k=1

for all € > 0. For example, we may take |8,| = k2. Then the measure 4 is continuous
and singular (4-4(i) and 4-4 (ii)). For the measure x % x4, we have

N R
wok p(x) = fa(x)*

for all yeX. Thus g% u is the measure constructed as in 3-2 with f% instead of f,.

Let p be a number such that 2 < p < o, and write s for p/(p — 1). We have

[ o] @©
S B = 3 |8l < oo, (4-5-1)
k=1 k=1

since 2s > 2, and so 4-4(iii) shows that u % u is absolutely continuous and that the
derivative of p* u is in £,(G). To complete the argument, note that

LA <A@ if pzsx1,
since A(G) = 1. The inequality ¥ |2(x)|*" < oo is checked from (4-5-1) and (4:4-16). [J
! ) XEX

4-6. Remarks. We can find the support of the measures u%u for p as in 4-5.
Consider first the case ¢ = T', and a dissociate set (n,),2, of integers (i.e., characters
of T') asin 3-4. If @ w
1Bl < % kzl |84l = o0, and 1921 |Bi]* < oo,

then we know that the corresponding g is singular and continuous and that w%pu
is absolutely continuous and has derivative gin &5 (7'). Now consider the Fourier series

k{_zl Biexp (iny @) + Brexp (—ingx). (4-6-1)

Since 7y, 1/n;, > 2, a classical theorem asserts that (4-6-1) converges a.e. to a finite limit.
(See, for example, (14), vol. 1, p. 203, (6-3).) Hence we can apply 4-2 with f, replaced
by B2 to assert that ® '
kHI (1 + L exp (iny, ) + B exp (—iny.x)) (4:6-2)

converges a.e. to a finite non-negative function, which is zero if and only if
1+ ffexp (in,x) + fE exp (—in,x)

iszeroforsomek. The mth partial product of (4-6-2) is the mth partial sum of the Fourier
series for the function g, because of the condition %,,; > 8(n; + ---+mn,). Since the
Fourier series of ¢ is (C, 1) summable to g a.e., it follows that the product (4.6.1) is
g(z) a.e. Since |f;| < 4, no factor in (46-2) can vanish. Therefore g is positive a.e.,
and the support of x % u is the whole group 7.

For the groups described in 3-5, we argue as in the preceding paragraph, but using
(1), Corollary (4:5), p. 206, as in the proof of 4-4(ii). This shows that the support of

p#pis all of Gif | B < % and § [Be|* < 0.
k=1
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For the groups described in 3-6, the measure of the support of x % # can be made to
be any of the numbers 1, 2-1, 2-2, ... by appropriate choice of (£,). In fact, let all §,

be such that — 1 < £, < 1, let exactly s of the 5, be of absolute value 1, and let 3 B3 be
k=1
finite. Then ¥ % x, converges to a finite limit a.e., as (1), Corollary (4-5), p. 206 shows.
k=1

Theorem 4-4 implies that [J (1+ B%x,) converges a.e. to a finite non-negative limit,
k=1
which is zero if and only if some factor 1 + £ x;, is zero. It is well known that G is topo-

logically isomorphic with the complete direct product P Z(p%). A simple computation
k=1
then shows that the set

4 =xe P 2 T 0+ = o)
k=1 k=1

has measure 1— 2-2. It follows that the support of x % s, which is the complement of 4
in G, has measure 2-3.

We do not know how to find the support of x for x as in 4-5. Since g g can have
support equal to ¢, the support S of £ must have the property that S-8 = @, so that
S is in a sense large. For the case G = T', Salem ((11)) constructs a measure x such that
A(n) = O(n—t+¢) and for which the support of x is a certain perfect nowhere dense set.
He says nothing about the support of x % .

4-7. Notes. (a) Let G be any compact Abelian group and v a measure in M+(G)
with zero absolutely continuous part: v = vz +v,. If v % v is continuous, it is easy to see
that v; = 0. In particular, if v % v is absolutely continuous, then v itself is continuous.
This is of no help in our construction of continuous singular measures x such that sz  p
is absolutely continuous, since the proof of 4-4(ii) apparently requires such special
dissociate sets that 4-4(i) can also be proved for them.

(b) The dissociate sets of characters constructed in 3-4, 3-5, and 3-6 and used in
4-4, are rather special. The sequences (f,) used in 4-4, however, are quite general.
Plainly one can construct measures p satisfying the conclusions of 4-5 with more
general dissociate sets of characters, if the sequences (f,,) are restricted. For example,
in 3:6, let (a,) be any strictly increasing sequence of positive integers, and take a
sequence (8;) of real numbers for which |f,| < t < 1, for some fixed ¢. Then the measure
4 constructed as in 3-2 is continuous: the proof of 4-4(i) can be repeated with obvious

changes. The measure #is still singular if § % = co: the proof of 4-4(ii) can be repeated.
k=1

How much more can be done for the case G = T', by way of relaxing the condition
fyyq > O(n + .-+ +7n;), is an open question.

5. Eaxtension to non-discrete locally compact Abelian groups. We first construct a
class of measures on the line.

5:1. THEOREM. Let 4 be a measure in M+(T'). Define a measure pty € M*H(R) by the rule
#(EY = (B ~[ —m,7n[) for all Borel sets E < R. Define e M*+(R)as p % ( > bs£2ns\) , the

8=—c0
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convolution being taken in M(R)and (b,),.~ ., being a sequence of positive real numbers such

that Y, b, < 0. Suppose that u is continuous and singular and that the measure

8=—00 ,

p%pe MH(T) is absolutely continuous and has its derivative in &,(T'), for some p > 1.
Then p, 18 continuous and singular and p, * jt, € MH(R) is absolutely continuous and has
its derivative in Qf (R) n & (R). If the support of p* p is T, then the support of p, % p,
s R,

Proof. Note that in the theorem and in its proof, the convolution x # x is taken in
the group 7'; all others are in the group R. Let C be a Borel subset of [ — 77, 77 such that
#(C) = 0. Then we have

M (t_oLo! (O’+27rt)) =0, (5-1-1)
since ,ug( G (C’+27rt)) = 020] bs,ul( G (C+2ﬂt)—27rs)
l=— 8=—® {=—
= 3 b O_(0+2m)
= 3 su{(G_(cr2m)ar-mm)
8= —00 {=—~
= 2 bu0)
= 0.

From (5-1-1) it is easy to see that u, is continuous, since x is continuous, and singular,
since p is singular.

@ o«
Let ¢,= X b,_.b;. Then we have ¥ ¢, < ooand
k=—o f=-—w

Mo ¥ fg = oy [y *(t Z_co cl€21rl)' (5-1-2)
We first show that g, % g, is absolutely continuous. It is clear that
i # iy (] — 00, — 27[v [27, 00[) = O.
Thus to show that x, # x, is absolutely continuous, it suffices to prove that
Mk p(B)=0 if AB)=0 and B<[-mn[

or Bc [m,2n[ or B<[—2nm, —a[. For B < [—n,n[, we have

i # pa(B) = f (B2 [~ m,7T) (o) (513)

[—7,

and ok p(B) =f [,u((B—x (mod 2m)) A [ — 7, 7[) du(z), (5-1-4)

[—7m, 7
where the interpretation of the symbol B— x (mod 27) is obvious. Since

(B=2)n[—m,7n] < (B—z(mod2m)) n[—m,n[
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and since u % u(B) = 0, it follows that g, # #,(B) = 0. In a somewhat similar way, one
shows that if B < [, 2#[, then

Py * py(B) < pxp(B—m) =0 (5-1:5)
and, if B < [ - 27, — ], then
Hy %k py(B) < p*p(B+m) = 0. (5:1-6)

Thus g, * 4, is absolutely continuous.
Let g, be the derivative of u, % 4, on R, and ¢ the derivative of p% & on 7. We will
show that g, € & (R). The equality

mw)=33§yh*qu-&x+ﬂ) (51:7)
holds for almost all ze R, with a similar formula for g(z) for almost all zeT'. For
ze]—m,n[, and 4 sufficiently small, formulas (5-1-3) and (5-1-4) show that

sy gy ([2~ 0,2+ 0]) < pp([z— 6,z + 6]).
For zelm, 2a[, we have
po# oo — 8,2+ 8]) < prplle—m— 8,z —m+8]), (51:8)
and for xe]—2m, — ],
% p([x— 6,24+ 0)) < ppu([x+7— 06,247+ 6)). (5:1-9)
Combining (5-1-7), (5-1-8) and (5:1-9), we find that
glx+m) if —-2m<z< —m,

gi(x) <{gx) if —m<z<m,
glzx—m) if 7<z<2m,

almost everywhere, of course, and g,(z) = 0for || > 27. Since g e L,(T"), it follows that
g1 € L,(R).

We now take up the measure u, % u,. Since p, * g, is absolutely continuous, (5-1-2)
shows that u, % u, is also. Let g, be the derivative of y, * #,: we claim that

92(%) =t_Z ¢,gy( ~ 2mt). (5-1-10)
For every Borel set E, (5:1-2) shows that
o ® po( ) = L G * py (B — 2mt)

- zqf 02(2) dz
E—-2nt

t=—cw

= % c,f g1(x - 2mt) dx
t=~c0 E

=f ( % c,gl(x—21rt)) dz, (5-1-11)
E\{=~w
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the last equality following from the monotone convergence theorem. The function

x - Y ¢g,(x—2mt) plainly being in &,(R), and the derivative being unique, (5-1-11)

t=—o

proves (5-1-10). Next let us prove that g,€ £,(R). We have

fgg’d/\ f(éj_‘,wc,glx 27rt))

= 2 [ E ante—2m)’ds

m=—cw J 2rm t=—cw

= § 2”( §: ¢ g.(y — 27rt+27rm)) (5-1-12)

m=—m 0 {=—c0
Since g, vanishes outside of ] — 27, 27, the function g,(y — 27t +27m) can be different
from 0 for y €[0, 27r] only for t = m and ¢ =m 4 1. The last line of (5:1:12) is therefore
equal to 2
> , (ng1)+ Cppaga(y —2m)° dy. (5:1-13)

m=—w

Holder’s inequality and a short computation show that (5-1-13) does not exceed
0 2w
X (e + 62';{+1)”‘1f ,, 919)7 dy.
where p’ = p/(p—1). It is easy to see that

fes]
S (B +ch )Pl 2? Y b < oo,

M=—o0 Mm=—a0
and so g, is in & (R).
It remains to show that the support of u, % s, is R if the support of y % 4 is 7. Clearly
it suffices to prove that p, % #t,(U) > 0if U is an open set such that
o+ Uc<]@-m (2+1)a]
for some integer j. Let # = min{b_,, by, by, b;_4, b;, bj,4}. Since the numbers b, are posi-
tive and the measure x, is non-negative, we have .
tho % Po(U) = {1 % (b_18_an+bo€o+b18aq)} % {1 % (b;_1 €20 (51
+8;89m5 + 0511 €200} (U)
2 BP{py # (e_an 8ot 24) P ¥ £2,5(U)
= B2y % (e_gq + 8o +€2,)}2 (U — 2my). (5-1-14)
The set U — 2775 is contained in ]—a, 77[. For a Borel subset A of |-, n[, it is easy to
see that
{#1% (e_on + 80+ 85,) 12 (4) = pxep(4)
(recall that u*x is a convolution in 7'). Since p% (U —27mj) > 0, it follows that
be¥ps(U) > 0. O

5:2. CorROLLARY. There is a continuous singular measure p in MH(R) such that
H(R) = 1, the support of i % puis B, and p * p is absolutely continuous and has derivative in
L (R) for all p > 1.
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Proof. Combine 4-5, 4-6, and 5-1. I
We next construct our measures on arbitrary compact Abelian groups.

5-3. THEOREM. Let G be an infinite compact Abelian group. There exists a measure p
in M} (Q) such that u(G) = 1, pu* p is absolutely continuous, the derivative of p+ u is
in &,(Q) for all p e 11, oo, and the support of u* p is the entire group G.

Proof. Consider the character group X of . Either X contains a countably infinite
torsion subgroup or X contains an infinite cyclic subgroup. Let Y be a subgroup of X
of one of these two types. Let H be the annihilator of Y in @, let G, denote the group
G/H, and let 7 be the natural mapping x - xH of G onto G4. It is a classical fact that
Y is isomorphic with the character group of &, the characters of G, all having the form

zH — y(x) (5-3-1)

for some yeY. It follows that G, is either a 0-dimensional infinite compact metric
Abelian group or is topologically isomorphic with 7'. In both cases we apply 4-5 to
find a measure g, € M} (G,) such that u,(G4) = 1 and

> Iﬁl(X)'zr < oo
XEY

for all r > 1. Thus g, * p, is in M,(G,) and the derivative of p, % g, is in £,(@,) for all
p > 1. Furthermore, the support of u, % #; can be made to be the entire group @,
as 4-6 shows.

Now consider the function 4 on all of X such that

i(x) for xeY,
h(x) =
0 for yx¢éY.

Since f, is positive-definite on Y and since Y is a subgroup of X, it is easy to check
that A is positive-definite on X. By the Herglotz—Bochner theorem, there is a measure
pe M*(Q) such that u(@) = k(1) = 1 and f(y) = h(x) for all yeX. Since

2 [T = 2 [mkx)|* <o
X€EX xXx€Y
for all r > 1, it follows that u % x is absolutely continuous and has derivative in ()
for all p > 1.

We wish to show that x is continuous and singular. To do this, let y, be any character
of G, and let y be the character of G corresponding as in (5-3-1) to y,. It is evident that

f Xadpy = By(xit) = Ax™) = f xap =f (X,07) dp. (5-3-2)
Gy G G

Since linear combinations of characters are uniformly dense in €(@,), the identities
(5-3-2) and a simple calculation show that

[ sm = [ romau (5:3:3)
Q, (e
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for all f; € €(¢,). That is, u, is the continuous image of 4 under the mapping 7. It is
known (see, for example, (7), p. 180, Theorem (12-46)) that for every y,-measurable sub-

set A, of G,, the equality
(4y) = u(171(4,)) (5-3-4)

obtains. Let A and A; be Haar measure on @ and @,, respectively. It is obvious that
A, is the image of A under the mapping 7. The measure g, is singular in M(@,). Thus
there is a Borel set B, < (; such that A;(E,) = 0and g,(Z;) = 0. Applying 5-3-4, we

have
0 = u(r=Y(E)) = p((T~(E,))) (5-3-5)

and 0= A0(E) = AMrYE,)). (5-3-6)

The equalities 5-3-5 and 5-3-6 show that yx is singular. A like argument proves that
M 18 continuous.

Observe next that u, % p; (convolution in M(G,)) is the image under 7 of p*u
(convolution in M(G)). This is so because (%, % #,)* and (4 x)* agree on Y; and so the
argument used above with x and g, can be repeated. We choose x, so that @, is the
support of u, % 4,. Let U be a non-void open subset of G. Then 7(U) is open in G,

and so we have
0 < py % oy (1(U)) = pp p(r~X(1(U))).

The set 7-1(r(U)) is plainly the set H-U, so that
pxu(H-U) > 0. (5-3-7)

Let o be normalized Haar measure on H, regarded as a measure in M(@). Since

d = &y, we have
(e p)* 0 = (u*p)',

and so BERU*O = sk pu.
Now for each 2z€ H, we have

ponal) = prpwolel) = [ weply1e0)doty); (5:3:8)
since o is invariant on H, the integral in (5-3-8) is equal to
[ peutym0)dow) = pxun oV) = wr (). (5:3-9)

Now assume that g% u(U) = 0. Then we apply (5-3-8), (5-3-9), and a known fact
(9, p. 122, (11-15)) to write

st = o3, 0) < [ 3,60}

(¢4

= X u*p@U)=0.
ze€eH
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This contradicts (5-3-7), and so we infer that x4 u(U) > 0. Since U is an arbitrary
non-void open set in G, the support of u # u is the entire group G. 0O
We now make another extension.

5:4. THEOREM. Let G be a non-compact, locally compact, Abelian group containing an
infinite, compact, open subgroup J. Let Sbe a or-compact subset of G. There exists a measure
L eMI(G) such that u(G) = 1, g% p is absolutely continuous, the derivative of u* p isin
(@) for all pe 11, 00[, and the support of u* p contains S.

Proof. Since S is o-compact, a countable number of cosets of J cover S. Write 4,
for the set J, and let (4,, 4,, 45, ...) be a countably infinite family of distinct cosets of

J such that S < |y 4,. Let a, = ¢ and let a, be an arbitrary element of 4, for

n=1

n=2,3,.... Let («,),2, be a sequence of positive numbers such that ¥ «, = 1.
n=1

Let g, be a measure in M} (J) satisfying all of the conditions laid down in 5-3.
Let u, be the measure in M(G) such that

[, 7am = | rauo

forall fe €y(&). Since J is a compact open subgroup of G, it is easy to see that 4, e M} (G),
that u,(G) =1, that p;*p,e M, (G), that the derivative of ;% x4, is in €,(G) for
all p > 1, and that the support of y, % ¢, is J. We omit the argument.

Finally we define u e M({¥) as

Bo= iy ( 21 ansaﬂ). (5-4-1)
n=
It is evident that #(G) = 1, that 4 is in M+(@), and that x is continuous and singular.
Since ®
HE = [y % fhy ¥ ( 2 X amaneama,.)’
m=1 n=1

it follows that x% g is absolutely continuous. From (5), p. 292, Theorem (20-12),
we infer that the derivative of 4 % s isin £,(G) for all p€]1, cof. It remains only to show
that the support of x contains 8. Let U be a non-void open subset of a,J for some
k=1,2,3,.... It suffices to prove that g * x(U) > 0. Compute as follows:

prp(U)= 3 3 a,o,pu*m(Uayta,t)

m=1 n=1
> oo po %y (Ui h).

Since Uaj; ! is a non-void open subset of J, u, % u,(Ua; 1) is positive. [
For our final theorem, a lemma is needed.

5:5. LEmMMA. Let G and G, be arbitrary locally compact groups, and let p; and o;
be measures in M(G4) (j = 1,2). Then

(i) (012X p2) # (01X 05) = (py % 071) X (pg % 0g),
the convolutions being in M(G, < G,), M(G,) and M(Q,), respectively.
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Proof. Let f;e €5(G,) (j = 1,2) and let ¢ be the function (x;,%,) > fy(%,) fo(,) on

G, >< G,. The following equalities follow from the definitions of product measure
and convolution and from a simple case of Fubini’s theorem:

f Pd(p; < pg) # (0, > 075)
G X G,y

= f f J1(2191) fo(@2Y2) dpy X oy, %5) Aoy XX 05(Y1, Ya)
1 X G A X G
= I | | remntes doe dose dow dow,
f f f1(21, 91) dpy (1) doy (y4) f I Jo(%2Y2) dpo(20) dos(ys)
=f f1dp1*0'1'f fedpy# 0y
Gy G,

- f $d((py# 1) X< (2% 7). (5:51)
G X Gy

That is, the two measures in (i} give the same integral for functions ¢. Linear combina-
tions of these functions are uniformly dense in €y(¢), and so (5-5-1) holds if ¢ is replaced
by any function in €4(G). This implies (i), since measures may be regarded as bounded
linear functionals on €y(G). O

5:6. THEOREM. Let G be a non-discrete locally compact Abelian group, and let S
be a o-compact subset of G. There exists a measure ye M} (Q) such that u(G) = 1, u % p is
absolutely continuous, the derivative of u* w is in £,(Q) for all p €11, cof, and the support
of u* pcontains S.

Proof. A classical structure theorem asserts that ¢ is topologically isomorphic with
Re3< Gy, where a is a non-negative integer and G, is a locally compact Abelian group -
containing a compact open subgroup J,. Thus we can write elements of G as

(x,9) = (25, ..., g ¥)s
where each z;e B and y € . It is plain that S < Re><§,, where §, is a o-compact
subset of G, Since G is non-discrete, we have either a > 0 or J,, is infinite.

If a > 0, use 5-2 to construct a measure £, on R with the properties ascribed to g in
5:2. For j = 2,3,...,a, let u; be (2m)texp(— 32?) times Lebesgue measure on R.
Choose the Haar measure A, on G such that Ay(Jy) = 1. Let (a,,J,) be a pairwise dis-
joint countable family of cosets of J such that va,J; > §,. Let (a,) be a sequence of
positive numbers such that Xa, = 1. Let f, be the function Za, £, ; on Gy, and let
Mo be fo times Ay. Then define z by

Bo= oy X X g X o
From (7), p. 349, Theorem (21-29), we infer that x is singular in M(G); plainly 4 is
non-negative and x(G) = 1. By 5-5, we have
B o = (foy % py) X< oo DX (g % fg) DX (o % Ho);

and (7), p. 394, Theorem (21-29), shows that x4 % ue M (&) and that the derivative of
1* p is the product of the derivatives of p, % p,, ..., g # ftg, lo * fty. As each of these
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derivatives is in &, for all p € ]1, co[, we infer that the derivative of u % s is in 8,(G) for
all pe]l, oof.

Finally, if a = 0, we are in the case treated in 5-4. [

6. Remarks. 6-1. In (2) Glicksberg gives a condition on x which ensures that % u
is absolutely continuous. Theorem 5-6 shows that for no non-discrete G can one infer
from Glicksberg’s theorem that u itself is absolutely continuous.

6-2. Readers familiar with Wiener and Wintner’s theorem ((13)) will see that we could
have used their measure in Theorem 4-4 for the case G = 7T, instead of the measure
that we construct. We would not have known the support of & % 4, however, and in any
case we think it worth while to give a complete construction in the present paper. A
similar comment applies to the possible use of Salem’s or Ivagev-Musatov’s con-
struction.

6-3. The measures constructed in 3-2 evidently can be made to yield ‘large’
Fourier—Stieltjes transforms. For example, for the groups considered in 3-4 and 3-5,
we can take |8,| = % for all k, and for the groups in 3:6 we can take f, = +1. The
subject of large Fourier—Stieltjes transforms of singular continuous measures has a
long history. It is touched upon by Salem ((11)), and is treated in detail by Hewitt and
Kakutani ((3), ().

6:4. Theorem 5-6 shows that the Banach algebra A = M(G)/M,(G) has a fairly
large radical if G is a non-discrete locally compact Abelian group. We have shown that
there are always non-zero elements in A whose square is 0, and these of course are in
the radical. An easy modification of our construction yields the following. For each
integer k& > 1, there is a non-zero measure x in M (G) such that

23, L leM(G)Y and ke M (G).
For such a g, 4+ M_(G) is also plainly in the radical of A. A glance at 3-2 and 44
shows that there may be very large sets of pairwise orthogonal elements in A each
with square 0. Let G be a compact Abelian group with character group X. For " = X,
let (') be the set of all characters x5 & --- xo, where ¥, ..., X,, are distinct elements of
I and e;e{—1, 0, 1}. To construct orthogonal elements in A with square 0, one needs
only a family {A}, . ; of infinite subsets of X such that each A, is dissociate and
hA) N R,

is finite if A, + A,. Then A contains a subalgebra having card () independent ele-
ments z, such that 2% = z,z, = 0. Such a family {A,},.; with cardinal number 2%
is easily found in an infinite weak product of finite Abelian groups. It seems likely
that Z also admits such a family with cardinal number 2%. We hope to return to this
topic in another communication.

6-5. Plainly Theorem 5-3 can be stated for a compact non-Abelian group G.
We can prove this theorem for some such groups, in particular for the 3-dimensional
rotation group. Our argument is very like that used in the Abelian case, and depends
on obtaining a set of irreducible continuous unitary representations of G that behave
under conjugation and decomposition of tensor products like dissociate sets of charac-
ters. We hope to take up this matter as well in another communication.
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