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Abstract. We study the dimension of code tree fractals, a class of fractals generated
by a set of iterated function systems. We first consider deterministic affine code tree
fractals, extending to the code tree fractal setting the classical result of Falconer and
Solomyak on the Hausdorff dimension of self-affine fractals generated by a single iterated
function system. We then calculate the almost sure Hausdorff, packing and box counting
dimensions of a general class of random affine planar code tree fractals. The set of
probability measures describing the randomness includes natural measures in random V-
variable and homogeneous Markov constructions.

1. Introduction

The systematic study of dimensions of the attractors of iterated function systems was
initiated by Hutchinson [16]. He proved the formula for Hausdorff dimensions of attractors
of self-similar iterated function systems satisfying the open set condition. Since then,
iterated function systems have been studied extensively and nowadays there exists a huge
literature on them. Here we mention only a few results relevant to our purposes. In the
case of affine maps, there is no counterpart to the open set condition guaranteeing that
the dimension of the attractor is given by a concrete formula. However, in [9] Falconer
proved that writing the affine maps as F;(x) = T; (x) + a;, the dimension of the attractor is
Lebesgue almost surely independent of the translation vectors a; provided that the norms
of the linear parts 7; are less than % Furthermore, the dimension is given by the unique
zero of a natural pressure. Solomyak [24] verified that % may be replaced by %, and an
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example of Edgar [6] (see also [7, 21, 23]) shows that % is the best possible upper bound
in this setting.

In this paper we verify that the Hausdorff dimension is almost surely independent of the
translation vectors for general affine code tree fractals, that is, for iterative constructions
where the families of contractions may vary (see §2 for the definition). We also illustrate
by examples that for general affine code tree fractals the dimension is not always given by
the zero of the pressure.

A natural way to generalize deterministic iterated function systems is to add randomness
to the construction. This can be done in various different ways. Jordan et al [17] studied
a fixed affine iterated function system having a small independent random perturbation
in translation vectors at each step of the construction. In this case no non-trivial upper
bound for the contraction ratios is needed in the analogue of the result of Falconer [9] and
Solomyak [24]. Gatzouras and Lalley [15] investigated random counterparts of self-affine
Bedford—-McMullen carpets. In their model the linear parts of the affine mappings are non-
random, but the translation vectors and the number of maps are independently, randomly
chosen at every step of the construction. In [13] Falconer and Miao studied random subsets
of a fixed self-affine fractal. The randomness is introduced by choosing at each step of
the construction a random subfamily of the original function system independently. They
proved that the dimension of the random subset is almost surely given by the unique zero
of the expected pressure.

In [13, 15, 17] the randomness is quite strong in the sense that there is total
independence both in space, that is, between different nodes at a fixed construction
level, and in scale or time, that is, once a node is chosen, its descendants are selected
independently of the previous history. We will consider probability distributions which
have certain independence only in time direction, more precisely, there exists almost surely
an infinite sequence of neck levels N, where all the sub code trees starting from level N,
are the same and the events depending only on the construction before a neck level Ny are
independent of those depending only on the construction after Ny. The structure between
neck levels can be chosen quite freely. In other words, our construction is locally random
but globally almost homogeneous.

A special case of our setting (which in fact is the main motivation for our study) is
the natural probability measure P of choosing random V-variable fractals considered by
Barnsley et al [1-3]. A V-variable fractal is a code tree fractal where at each level of the
code tree there are at most V different sub code trees. In [3] a formula for the P-almost
sure Hausdorff dimension of random self-similar V-variable fractals satisfying a uniform
open set condition is proved. We extend this result in two ways: by replacing similarities
with affine maps and by considering a general class of probability measures including the
measure P introduced in [3].

The paper is organized as follows: in §2 we give basic definitions and recall some well-
known results. In §3 we extend the result of Falconer [9] and Solomyak [24] concerning
the almost sure constancy of the Hausdorff dimension to deterministic code tree fractals
(Theorem 3.2) and give examples illustrating reasons why the Hausdorff dimension is not
given by the zero of the natural pressure function. Sections 4 and 5 are dedicated to
random code tree fractals and contain our main results: in Theorem 4.3 we prove that,
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under quite weak assumptions on the probability measure on the set of code trees having
a neck structure, the zero of the pressure exists and is independent of the code tree almost
surely. In Theorem 5.1 we verify that, under certain additional assumptions, the zero of
the pressure is equal to the typical Hausdorff, box counting and packing dimensions of the
code tree fractal almost surely. Finally, in Proposition 5.7 it is observed that for self-similar
code tree fractals the additional assumptions are not needed.

2. Preliminaries

We begin by defining a code tree fractal. Our definition is similar to the one in [2].

We denote by A an index set. Let D eN and let F={F* | e A} be a family of

iterated function systems such that F* = {flk, e, fi\h}. Here for all i =1, ..., M,

the map fl.x: RP — RP is defined by fiA x) = Til(x) + a?, where ai)‘ e RP and TiA is a

non-singular linear mapping with sup,ca ;1. u, ||Tik|| <1 and M =sup, ., M, < oo.

Setting I = {1, ..., M}, the length of a word 7 € I¥ is |t| = k. Consider a function

w: Ulo I" — A, where 19=¢. Let ¢ C |J;o,, I* be the unique set satisfying the

following conditions:

° hex?;

° if ij---ix€eX? and w(iy---ix) =A, then iy .- -ixl € XY for all | < M, and
i1---ixl ¢ XY forany l > My;

° ifig---ip ¢ 2P, theniy - - - ixl ¢ £ for any /.

The function w restricted to 2 is called an F-valued code tree and the set of all F-valued

code trees is denoted by €2. Equip /™ with the product topology. Let ¢ = {i=ijir - - - €

INlip- iy € >¢ for all n € N} be the compact set of infinite paths corresponding to a

code tree w € Q2. Forany ke N andie X” U U;’ik I/, let iy =iy - - - iy be the initial

word of i with length k. We use the notations

£ = f~w(®) o fiw(il) 0. -0 f_w(il'“ik—l)

i i i

and
o) polir) @ (i1-+ig—1)
7}2‘) = T‘il 711‘2 ] e ];k *
For all i € £¢, define Z“ (i) = limy_ fi‘;’(O), where 0 € RP, and set A® = {Z®(i) |ie
>“}. We refer to A as the attractor or the code tree fractal corresponding to the code tree
w € Q. The attractor A” is well-defined since the maps ff are uniformly contracting. For
keN, weQandie X, let

lix]={ex?|ji=iforalll=1,...,k}
be the cylinder starting with i; - - - ix. The length of the cylinder [i] is k.

Remark 2.1. (a) One could define code tree fractals for contractions on complete metric
spaces, or more generally for maps such that the limit Z“(i) exists for any i € X®.
However, in this paper we consider only affine contractions on R”.

(b) Any compact subset of a fractal generated by a single iterated function system is
a code tree fractal. Indeed, let AW be the attractor of an iterated function system W =
{wi, ..., wy}on RP and let K ¢ AW be compact. Setting I ={1, ..., N}, we denote
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by zW: IN — RP the natural projection and define K= (z")~(K). For k e NU {0},
let

I?k ={ix € ¥ |ixj € K for some j € IN}.
Further, let A={A CI|*#@}and F = {F* | A» € A}, where F* = {w; | i € A}. Defining
the mapping @: ({2, Kx — A by

(it igmr) =i iy ki € Ky,
we have A” = K. In particular, sub-self-affine sets are code tree fractals as compact
subsets of self-affine sets. This in turn implies that attractors of graph directed Markov
systems generated by affine maps are code tree fractals as well since they are sub-self-
affine sets. See [10, 11, 18, 19].

It is also easy to see that a code tree fractal can be expressed as a subset of the attractor

of a single possibly infinite iterated function system.

The way deterministic constructions are usually randomized depends heavily on the
formalism used. It is useful to add some additional structure to our space in order to be
able to compare results expressed in different formalisms.

Example 2.2. Suppose {w1, wy, w3} is an iterated function system, where w; = T; + a; for
i =1, 2, 3. Consider the code tree fractal constructed in Remark 2.1 corresponding to a
compact K C AV, Letting A = {1, 2} and A" = {2, 3}, we have F* ={T}* + a}, T} + a5}
and F* = {TIN + a%/, TZN + aﬁv}, where af = ay, a5 = as, a{‘/ =ap and aél = g3. Thus,
the translation vector ay is represented both by a% and af,.

To allow identifications in our construction, we suppose that the set A= {r,i)|Are

Aandi=1,..., M,}isequipped with an equivalence relation ~ satisfying the following
two conditions:
) the cardinality A of the set of equivalence classes a := A/ ~ is finite;

° for every A € A we have (A, i) ~ (%, j) ifand only if i = j.

We use the notation a for the set of equivalence classes to emphasize that we will identify
only the translation parts of the maps by the equivalence relation ~. The assumption A <
oo guarantees that the Lebesgue measure, £ A can be used on the space (RP A By the
second assumption, within any system { TI)‘ + a{‘, e, T,f},}\ + al)[,lk} different translation

. . . . . !’ .
vectors are never identified. Moreover, if (A, i) ~ (1/, j), then aiA = ajk. as vectors in

RP. Hence, we may consider a as an element of R” A and we denote the corresponding
attractor by A

For a non-singular linear map 7 : RDP — RD, leto; = 0i(T), 1 <i < D, be the singular
values of T defined as the square roots of the eigenvalues of T*T, where T* is the adjoint
of T. The singular values are enumerated in the decreasing order, that is,

O<op<op 1=-- <o =<0 =]|T]|.
Recall that the singular values are the lengths of the semi-axes of the ellipsoid 7' (B(0, 1)),

where B(x, p) C RP is the closed ball with radius p > 0 centred at x € R?. Define the
singular value function as follows

0102 -+ - Op—102 " if0<a < D,

a—D+1

UT) = ,
0102 -+ 0p-10p ifa > D,
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where m is the integer such that m — 1 < o < m. The singular value function ®* is defined
also for o« > D to ensure the existence of the affinity dimension (see §3) for all affine
code tree fractals. We have op(T)* < ®*(T) <o1(T)%*, and in particular, ®*(T) = s
if T is a similitude with o; =s for all i =1,..., D. The singular value function is
submultiplicative, that is,

PYNTU) < d¥(T)HD*(U)

for all linear maps T and U. For this and other properties of the singular value function
see for example [9]. Throughout this paper we will make the assumption that there exist
o, o € (0, 1) such that

0<o <op(T}) <o(T}) <5 <1

forall A € A andforalli =1, ..., M,. Note that whilst the condition & < 1 follows from
the uniform contractivity assumption, the existence of ¢ > 0 is an extra assumption since
A may be infinite even though A < co. The lower bound ¢ > 0 is not needed in §3.

3. Deterministic code tree fractals
In this section we show that the result of Falconer [9] (sharpened by Solomyak [24])
concerning self-affine iterated function systems can be extended to code tree fractals, that
is, the Hausdorff dimension dimy(AY) of a code tree fractal AY is typically independent
of the translation vector a € RPA. Theorem 3.2 is not only an important ingredient in the
proof of our main theorem (Theorem 5.1) but is also of independent interest. The original
proofs by Falconer and Solomyak in the case |A| =1 generalize in a straightforward
manner. For the convenience of the reader, we present the essential ideas.

We denote by M the «-dimensional natural measure defined for all Borel subsets E of
2 by

M¥(E) = lim M;‘(E),

where

M$(E) = inf{ Z > (T;)

ireJ

Jcx Ec |l andkzj}.

ireJ

The affinity dimension of X¢ is
d? = inf{a | M*(2) = 0} = sup{a | M*(Z?) = oc0}.

The next lemma is the key tool in the proof of Theorem 3.2.

LEMMA 3.1. Let p > 0 and assume that o < % If a is non-integral with 0 <o < D

then there exists a constant c¢1 > 0 such that for any k € N and i, j € ¢ with iy = ji and
ik+1 F Jk+1, we have

dLPAa c
/ . (). =< ]w forall w € Q.
acB©,p) |25 (1) = ZZDI* — ©*(T7)
Proof. The points in Ay can be expressed as
P 1(%)] w@) w(i) @) pw(i]) w(iiiz)
Z;)(l)_ail +Til 4, l +Ti1 Tiz 1 a;, R (.1
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Ifi, j € [ig], write i = iz’ and j = ixj’ where i) = iy and j/ = jr4; for l € N. Now
/ dLPA@) f dLPA(a)
acBO.p) 12§D = ZZDI*  Jacpo.p) IT0(Z8' () — Z& ()|

where the code tree o’ is defined by ' (j;) = w (ixj;) for I € N.
Let

ny = inflk > 2 | (@' (i;_), i) ~ (@' Giy)s JO)-
We consider only the case n; < 0o; the remaining case n; = o0 is easier (the second sum is
not needed in (3.2)). Letting a = {By, . . ., B4}, we may assume without loss of generality

that [(' (D), i1 = B, [(&' (D), jD1 = Brand [(&' (), ), i V=[G, 1), Jn )] # Br
Define a linear map E : RPA _, RPA by

EB1,....B84)=01.B2,..., B4,

where
/ / A
=z2yW) -2y () =B — B+ ) Li(B)
i=1
and L is a linear transformation on R? foralli =1, ..., A (recall (3.1)). Further, since
o< 2, we have
ny—2 n1—1 —n —
o—0 2™ o
||L1||<ZO' +Zz = <= <L (32)

=n

This implies that Id +L is invertible (where the identity transformation on R” is denoted
by Id), and therefore, E is invertible and det(E) = det(Id +L;) > ¢» > 0. By a change of
variables, we obtain, using [9, Lemma 2.2] in the last inequality, that

/ ED‘A(H)
acB,p) |T(Z¢' (1) — Z¢' (I

dLD.A
~l@eu )" | Lty
yeEB©,p) T (YDI*
<ol / / / dLP(y) - dLP(Ga) _ o«
=2 Jero BP(0.0) J BP(0,R) 1T (yo1* )

for some 0 < R < oo and ¢] < co. Here the superscript D emphasizes that BP (0, r) is a
closed ball in RP. Note that L and thus E depend on i, j and w, but ¢, R and ¢; may
be chosen to be independent of i, j and w. The assumption that « is non-integral with
0 < @ < D is needed when applying [9, Lemma 2.2]. O

Now we are ready to prove the main theorem of this section. The Hausdorff dimension
is denoted by dimy.

THEOREM 3.2. Let w € Q and assume that o < ~. Then
dimy(AY) = mln{D, d“}

for LPA almost all a € RPA,
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Proof. As in [9, Proposition 5.1] it follows that
dimg(AL) < d® (3.3)

for every a e RPA, Thus it suffices to prove that dimyg(Ay) > min{D, d*} for LPA
almost all a € RPA, Let o be non-integral such that 0 <« < min{D, d®}. As in [9,
Lemma 4.2] (see also [22, Proposition 2.8]), there exists a finite Borel measure ©® on
%® and a constant c¢(w) such that

p? (k) < c(@)P*(T;?) (3.4)

for any cylinder [ix].
Let p > 0 and s < @. From Lemma 3.1 and (3.4) we get

/ / / dLPA@) dp® ) du® )
o Jso Jacopy 122G — Z2G)I

00 wC D@D | pa >
dl
<> ZE:( s /aeB(o,p) |Zg)(i)—Z§)(i’)|s ®

k=01 Jod €lik]s jk+17 4 q
= “’([lk])u (i) _ w([lk])d>“(T“’)

<c(w)c1 u® (=) ZE"(“*) < 0.
k=0
Finally, [9, Lemma 5.2] (essentially Fubini’s theorem and the mass distribution principle)
implies dimy(Ay) > « for LPA almost all a € RPA. The claim follows by choosing a
sequence «; 1 min{D, d®}. ]

Remark 3.3. In [9, Proposition 4.1 and Theorem 5.3], combined with [24], it is shown that
ifo < % and |A| = 1, then the natural pressure exists and has a unique zero for self-affine
iterated function systems, and that the Hausdorff dimension of the attractor is given by the
zero of the pressure for £ A_almost all a € RPA, It then follows that also the packing and
box counting dimensions are equal to this number, see [9, Theorem 5.4] and [12, (3.17)
and (3.29)]. However, in our setting this is not true, which is evident from Examples 3.5-
3.7 below.

We will discuss the issue raised in Remark 3.3 in the remaining part of this section. We
start by defining the natural pressure.

Definition 3.4. For every k € Nand o > 0, let
Sk, o) = Z (1)
irex?
Define
log S®(k, log §“(k,
Piag(@) = lim inngT(a) and  p&(a) = lim sup log "k, @)
—00

k— 00 k

If pie(e) = pgyp (), the common value is called the (natural) pressure p® ().
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As in the next section, it is easy to see that p{. and p;‘flp are decreasing functions in «
with uniquely defined g < &1 (depending on w) such that p}.(eto) = pg‘f]p (1) =0.

Below we construct examples illustrating various reasons why the pressure might fail
to give the Hausdorff dimension for general code tree fractals. Constructions with similar
properties can be found in the literature, see for example Pesin and Weiss [20]. To highlight
the features most important in our context, we give detailed descriptions here. All our
examples are in R but they can easily be extended to R” for any D € N.

Example 3.5. There exist code trees for which the pressure p®(«) does not exist for any
a > 0.

For example, let i =0, 1, and define f;, g; : [0, 11— [0, 1] by fi(x) =x/8 + %i and
gix)=x/4+ %i forall x € [0, 1]. Let F1 = {fo, fi}and F?= {20, g1}. The equivalence
relation ~ is trivial, that is, a € R*. Letting 1 = Ng < N; < N2 < --- be integers, set
w(@)=2andforalll =0,1,2, ...

o) 1 if Ny <k <Ny,
w(ly) =
2 if Nyy1 <k < Nagyny.

It is easy to see that for a sufficiently rapidly increasing sequence (N;) we obtain
Ping(@) = (1 —3a) log2 and pg‘ilp(a) = (1 —2w) log2.
Observe that for an open set of translation vectors a we have

dimp(AY) = dimp(AY) =% and  dimg(AY) = dimp(AY) = 1,

where dimg and dimpg are the lower and upper box counting dimensions, respectively, and
dimy,, is the packing dimension.

The following example shows that the Hausdorff dimension of a code tree fractal may
be strictly smaller than the unique zero of the pressure for all translation vectors.

Example 3.6. We construct a code tree w for which the pressure p®(«) exists for all
o > 0 and there exists a unique d such that p®(d) = 0. However, dimy(AY) < d for all
translation vectors a.

Let0<r <R< % We consider two systems F' = {f1, f2, f3} and G ={g1, g2, g3}
consisting of similarities on R such that f;(x) =rx + al.l and g;(x) = Rx + a? for all
i=1,2,3 and x € R with the trivial equivalence relation ~, that is, a € RS, Taking a

sequence of integers 1 = Ny < N1 < N < - - -, define a code tree w as follows: for each
neNU({0}, me{l,2,3}and T € U,fio{l, 2, 3} for which N3pvron—1y < Itl < N3pgm,
set

F ifty =m,
w(t) = )
G otherwise.

If Ny — oo fast enough, we obtain for all @ > 0

log §°(k, @) _ lim log(3¥ RF)

—1 log R
k ook og3 +alog R,

p®(a) = lim
k— 00
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giving p®(a) = 0 if and only if « = —log 3/log R. On the other hand, it is straightforward
to see that M“(X®) < oo if & > —log 3/log r. This implies by (3.3) that

dimp(Ay) <d“ < —log3/logr < —log 3/log R.

Furthermore, dimp (A7) = —log 3/log R in an open set of translation vectors a € RS.
Observe that p® (o) does not exist if we restrict ¢ to any of the branches X% ={i €
¥ iy =m} form € {1, 2, 3}. It is possible to modify the construction in such a way that
the proportion of nodes where w (i) = F decreases to zero as k tends to infinity but for
every i there are infinitely many / for which w (i) = F for all N; <k < N;4+1. Then for
all « > 0, we have p®(«) =log 3 + « log R, and this remains true also for all branches of
¥“. The modification does not affect the Hausdorff dimension of the code tree fractal.

In the previous example the packing dimension of the code tree fractal is equal to the
unique zero of the pressure in an open set of translation vectors. The last example of this
section indicates that this is not always the case.

Example 3.7. There exists a code tree w such that the pressure p®(«) exists for all @ >0
and for all translation vectors a neither dimy(Ag) nor dim,(Ag) agrees with the unique
zero of the pressure.

For i =0, 1, define f; : [0, 1] — [0, 1] by fi(x) =x/2+ a; for all x € [0, 1], where
ap=0and ay = 5. Set F' ={fo, f1}, F?> ={fo} and F3 = {f;}. We identify ao in F>
with ag in F! and a; in F3 with a; in F'. Let o be such that the corresponding attractor
is A7 ={0}U{1/n | n € N} (see Remark 2.1). Clearly, dimg(Ay) = dim, (A7) =0 and
dimp(AY) = % Moreover, denoting by N (k) the number of dyadic intervals of length 2%
that meet Ay, we obtain for all « > 0

log N (k)

k 9
implying p®(«) = 0if and only if « = dimp(AY) = % Let us now consider translations of
this system. Since the attractor A? is a countable set for all a € R%, we have dimp(A%?) =0
for all a € R2. Note that the zero of the pressure p® is independent of a € R2.

p¥ (@) =—alog2+ lim
k— 00

We finish this section with a proposition concerning 1-variable code trees (for the
definition see Example 4.5).

PROPOSITION 3.8. Suppose that w is a l-variable (homogeneous) code tree and F
contains only similarities. Then d® equals the unique o such that p;;:(cg) = 0.

Proof. Letting B > «p, there is ¢ < 1 satisfying
lim inf(S® (k, B)'/* < c.
k— 00
Consequently, for arbitrarily large values of k, we get Zik exe oFf (Tik"’) < ¢* which implies
that M# (2®) = 0. Letting B | o, we get d” < ag.
To prove the opposite inequality, consider 8 > d®. Then M#(£®) =0. Given ¢ > 0,

we find an index set J C £¢ such that £ C |J,,[t]and 3, ; ®P(T?) < e. Since £¢
is compact, we may assume that J is finite. Defining

Nmin =min{|t| |t € J} and npx =max{|t|| T € J},
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we may assume that J minimizes

> of(re) (3.5)

tek

among all covering sets K that satisfy nyin < |t| < npax forall T € K. Consider ¢ € Z,fmm
andlet J; ={r € J | [t] C[¢]}. Since J minimizes (3.5) and each map fl.A is a similarity,
it follows from the homogeneity of w that ) oF (T?) = CD‘g(T;“’). Consequently, we

obtain

TEJ(

S®(nmin, B) = Y PH(T?) <.
tel
Choosing sufficiently large nmin € N and sufficiently small ¢ >0, it follows that
lim inf;_, o S“(k, B) = 0. This yields pi“r’lf(ﬁ) <0, and therefore, @g < §. Letting g | d*,
we get g < d®. O

Remark 3.9. There is not much to be said about the dimension of a code tree fractal for a
fixed translation parameter a € RPA. The following can be gleaned from the proof of [8,
Theorem 7.3]. Let w € 2. Assume that all the maps are similarities and for some fixed
acRPA the following uniform open set condition is satisfied: there is a non-empty open
set O such that for each A € A we have
M,
fHo)yco and fEO)NfHO)=0 ifm#n. (3.6)
1

m=

Then dimg (A®) = d°.

4. Random code tree fractals and pressure

As illustrated in the previous section, in general, the dimension of a code tree fractal is not
necessarily given by the zero of the natural pressure. In this section we consider a general
class of random affine code tree fractals for which the pressure almost surely exists, is
independent of the code tree and has a unique zero. When constructing the random sets
in [13, 17], independent choices are made at different steps of the construction and the
limiting sets have a stochastically self-repeating structure both in space and in scale whilst
in our model the random sets are spatially nearly homogeneous. More precisely, suppose
that (14)2 is a family of probability measures, where each i, is a measure on the set of
finite code trees of length k. Suppose also that v is a probability measure on N with finite
first moment. This generates a probability measure P on €2 in the following way: choose a
random number Nj according to v. Select labels of nodes from A from level O up to level
N1 — 1 at random according to py,—1. This specifies a randomly chosen code tree up to
level N1 — 1. Repeat this procedure, that is, generate a realization of N» — N according
to v. For some fixed subtree rooted at level N| choose labels of nodes of this subtree at
random according to the probability measure 1y, n,—1. For all other subtrees rooted at
level N select the same labels as in the generated one. This specifies the randomly chosen
code tree up to level N — 1. Continuing in this manner will uniquely define P according
to Kolmogorov’s extension theorem.

Next we present a convenient formalism to study constructions described above.
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Definition 4.1. Let § be the set of (w, N) € Q@ x NN such that:

° Ny < Ny forallm e N;

° ifin, Ji, i§\,m € ¢, then i/ij[ € X and w(in, ji) = a)(i/ijl),

where for each (w, N) € Q the sequence (Ny;)menN is the list of neck levels, thgt is,

-

all the sub code trees rooted at a neck level N,, are identical. Define E: Q — by
E(w, N) = (&, N), where N,, = Njy+1 — N1 and &(j;) = w(in, ji) for all m, [ € N. The
elements of 2 are denoted by @. We equip Q2 with the topology generated by the cylinders
[(@, N)wl = {(&, N) e Q| N; = N; foralli <m and &(t) = w (1)
for all T with || < Nj,}

and use the Borel o-algebra on Q.

Remark 4.2. (a) Observe that since N is a neck level, the definition of E is independent
of the choice of iy,. With the chosen topology, E is continuous. Since there is no uniform
upper bound for Ni, the space  is not compact.

(b) The functions p®, ®“(T®) etc. defined in the previous sections have natural
extensions to 5, that is, p@N) = p®, @*(T@N)) = ®*(T®), etc. We denote them by
p‘b, O*(T?), etc.

We complete this section by proving the existence of the zero of the pressure.

THEOREM 4.3. Let 0 <o <0 < 1 be as in §2. Assume that P is an ergodic E-invariant
probability measure on Q such that fﬁ Ni(®) dP(w) < oo. Then for P-glmUst all & € Q
the pressure p®(a) exists for all a € [0, oo[ and is independent of & € Q2. Furthermore,
P is strNictly decreasing and there exists a unique o such that p®(atg) = 0 for P-almost
all ® € Q.

Proof. Consider « € [0, oo[. Forn <m € NU {0}, let
220, m) = {iny41 - iny, |in,iNg+1 - in, € B2},

where No = 0. The fact that N, is a neck level implies that the definition is independent of
the choice of iy, . Setting

X (@) = 10g< DR CC T‘”“<i1“'i”'”l)>>,

. iNp+1 iNp
iNg+1°iNy, €X¥ (n,m)

we have

Xn+l,m+l = Xn,m o &

by the definition of E. Note that Xo,n(c”o)zlog(S‘b(Nn,a)), and, moreover,
submultiplicativity of ®“ gives

XO,m =< XO,n + Xn,m (41)
for any 0 < n < m. Since

(Nug1 — Ny) 10g(2a) < Xunt1 < (Npg1 — Np) IOg(EQM)
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and Njo E" = N,41 — N,, combining the E-invariance of P and the assumption
fﬁ Ni(®) d P(®) < oo gives that X, ,, is P-integrable for all n, m € NU {0} with n < m.
From Kingman’s subadditive ergodic theorem (see for example Durrett [S]) it follows that

the limit

i log(S®(Ny, @)
m —

n—o00

= (@)

exists for P-almost all @ € €. Furthermore, p® is P-almost surely independent of &
by ergodicity of P. Observe that in the definition of p® there is a neck level N, in the
numerator whilst in the denominator we have n. Birkhoff’s ergodic theorem implies that
the finite non-random limit

N, lnl
Jim, = Jim ) Mgt =bz1

exists for P-almost all & € Q. In particular,

. Nn+l - Nn . Nn+1 - Nn
im ————=0= lim —
n—00 n n—o0 N,

, 4.2)

and therefore, the limit
i log(S“(Ny, a))  p“(a)
im =
n—00 N, b

exists for P-almost all & € Q.
For any m € N, let [(m) be a random integer such that N;;,) <m < Nju)41. Since
[(m) <m and

(@) Nion+1 =N SNy, @) < SP(m, o) < @ MYNw 1 =Niow SO (N, ),
equation (4.2) implies that the pressure

o g% @) 5 PO@)
m —— =p —_—

m—0oQ0 m b

(4.3)

exists for P-almost all @ € . By ergodicity, p®(«) is P-almost surely independent of
@eQ.

We continue by verifying that for P-almost all @ € Q the pressure p®(a) exists for all
a € [0, ool, is strictly decreasing in « and has a unique zero at «g. It follows from Fubini’s
theorem that for P-almost all & € Q the pressure p“’ (@) exists for L-almost all o € [0, oof.
Consider such @ € Q. Using the properties of the singular value function, we obtain for all
a €[0, oo[,forall § > 0and forallm e N

ms Sw(m a+6) <gm
- T S%(m,a)
Hence, both
_ . log S°(n, ) , log $®(n, )
liminf — and limsuyp ———
n— 00 n n—00 n
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are strictly decreasing and continuous in «. Since for £-almost all o € [0, oo the pressure
p? () exists, it follows that the limit exists for all @ € [0, oo[ and is continuous and strictly
decreasing in «. Finally, the fact that for all n € N

log §%(n, 0 log S%(n,
n a—>00 n1—>00 n
yields the existence of a unique g such that p®(«g) = 0. This completes the proof. O

Remark 4.4. By (4.3), the functions 5® and p® have the same unique zero for P-almost
all w € Q.

Example 4.5. (a) The definition of Q was inspired by the construction of random V-
variable fractals introduced by Barnsley et al (see [1-3]). Let V > 1 be an integer. A
code tree is said to be V-variable if there are at most V distinct sub code trees at each
level, and a code tree fractal is V-variable if the code tree is V-variable. The attractors
of ordinary iterated function systems are 1-variable fractals also known as homogeneous
fractals. In random V-variable code trees the distribution of the spacing between necks
has exponentially decreasing tails implying that N has a finite expectation. In particular,
the probability measure related to random V -variable fractals introduced by Barnsley ez al
satisfies the assumptions of Theorem 4.3.

It was shown in [3] that, under the assumption that all maps are similarities, S @ (n, a)
can be expressed in terms of products of random V x V-matrices and, using the law of
large numbers, one obtains

Pd’(a)=/~log< 3 (r;?@»g(il)...ri‘;ﬁ"""Nl‘”)“)dP(@),
Q

iy, €2(0.1)

where rik is the similarity ratio of fi)‘. This property is useful when estimating the pressure
and the dimension numerically. In general, it is hard to give good numerical estimates for
the pressure when f?z Ni(®) dP(o) is large.

(b) Another example of systems satisfying the assumptions of Theorem 4.3 are random
Markov homogeneous fractals. Suppose that A = {1, ..., £} is finite and Q is an ergodic
Markov transition matrix on A, that is, Q is an £ x £-matrix with non-negative elements
and row-sums equal to 1. Let Py be a probability measure on A.

A probability measure on the set of code trees €2 is generated in the following way:
suppose @ (¥) = wy is chosen according to Py. Next choose w; according to the probability
measure defined by the row wp in Q, that is, w; = j with probability Q,;. Further,

let w(i)=w; foralli=1,..., My,ag). This defines a measure on 2 up to level 1. We
continue inductively in the same manner, that is, wyy1 = j with probability Q, ; and
w(y - igl) =wiyr foralll =1, ..., My,..i)- This defines a probability measure P
on 2.

Every realization of the above construction is spatially homogeneous since at every level
all the sub code trees are identical. By ergodicity P has a self-repeating time structure in
the following sense: let N;(w) be the smallest level k > N;_1(w) such that wy; ) = wo,
where No(w) = 0. The sequence (N;);en Will define regenerative time points in the sense
that the probability measure P on 2 will have self-repeating structure at these random
times.
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5. Dimensions of random code tree fractals

In this section we show that for P-almost all & € § the zero of the pressure is equal to
the Hausdorff dimension of Ag’ for £LPA-almost all a € RPA. For this purpose, we restrict
our consideration to the case D =2 and impose additional assumptions on the probability
measure P. For a discussion concerning the assumptions of the following theorem, see
Remark 5.6.

THEOREM 5.1. Let D=2and 0 <o <0 < % Assume that P is an ergodic B-invariant
probability measure on Q2. Further, suppose that

P({d) eQ | there exists v € R*\{0} such that Tlﬁl (v)

are parallel for all iy, € Ef’(O, 1)}) <1, (5.1)
[ee) ~ . l
ZP<{5)69|N1(@)2‘LD<00 forall co> 0 (5.2)
= log

and the o -algebras generated by {&(7) | |t| < Ny} and {&(7) | |T| = Ny} are independent
for allm € N. Then for P-almost all @ € Q

dimp (A2) = dimy(A?) = dimp (A?) = min{ay, 2}
for L2A-almost all a € R*A, where ay is the zero of the pressure given in Theorem 4.3.

Proof. Theorem 5.1 is proved as a consequence of a sequence of lemmas. We will first
verify that for P-almost all @ € § min{og, 2} < dimH(Ag’) for £2A-almost all a € R2A,
Then we will prove the inequality dimp (Ag)) < min{wg, 2} for P-almost all @ € € and
for all a € R2A. The claim then follows since the packing dimension and the lower box
counting dimension are between the Hausdorff and upper box counting dimensions (see
[12, (3.17) and (3.29)]).

To obtain the lower estimate we construct for all @ < o and for P-almost all @ € Qa
probability measure 1 on $¢ such that for some constant ¢(®)

pO (M) < e(@) (1) (5.3)

for all / € N (recall (3.4) and the proof of Theorem 3.2). Observe that inequality (3.4) is
valid only for o < d®. For & € Q and « < « the measure u® on £? is defined in the
following way: let m € N and set

i (T}L;m )SIN”’
)

where §; Non is the Dirac measure at a fixed point of the cylinder [iy,,]. The choice of the
cylinder point plays no role in what follows. Since @ is compact, the sequence (uﬁ) meN
has a converging subsequence with a limit measure ©. Observe that the converging
subsequence may depend on @ € Q.

By submultiplicativity of ®%, we have for all n, m € Nand N,_; <l < N, that

M,“,i _ ZiNm €x2(0,m)

" (5.4)
(T2

ZiNm ex®(0,m) N,

; ) ) ; =)
T Xjijex? 0y 2ok, exuntm P8 T @ Ty, ™) 55)
do (TLZ) T gn (w)) ’

iy, “ Ky,

P (1) <
iy, €22(0,n) ZkN,,, €xP (n,n+m)
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where the last |j| maps of Tlfj are denoted by T(Ci?;)j" In order to prove (5.3), we need to
estimate the denominator of (5.5) from below by

‘@ Y > NI ) (T, ) (5.6)
iy, €X¢(0,n) ky,, €X¢ (n,n+m)
for some ¢(@) > 0.

The verification of the lower bound (5.6) is divided into three different steps. The
first two steps are Lemmas 5.4 and 5.5 in which the assumptions (5.1), (5.2) and the
independence are not needed. However, the assumptions of Theorem 4.3 have to be valid.

Since D =2, it is enough to consider 0 <« < 2. Letting 7, U : R2 — R? be linear
maps, set

o 02 (T)* ifa <1,
(T) = L =
or(T)o (T)* ifa > 1.

LEMMA 5.2. Let T, U : R? — R? be linear maps and 0 < o < 2. Then
O*(TU) = ©*(T)P*(U).

Proof. The fact that 01(TU) > 02(T)o1(U) gives the claim for « < 1. If o > 1, write
B =2 — . Since det(T) = o1(T)o>(T) and o (T 1) = 0»(T) ™!, we obtain

ON(T)=o (T HP det(T) and DN(T) =oo(T~HP det(T), (5.7)
implying
O*(TU) = oy (U 'T™HP det(TU) = 0o(T~HP det(T) o1 (U™)? det(U)
= OUT)D* (V). O

Remark 5.3. Observation (5.7) implies that ®“ is supermultiplicative, that is, ®*(TU) >
D*(T)P*(U) for all linear maps T, U: R* - R?.  Similarly as in the proof of
Theorem 4.3 this in turn implies that for P-almost all @ € €2 the limit

. 1 o @ ) ~0
Jim —log Y7 @U(TT ) = p@) < @)
i, €22(0,n)
exists for all @ € [0, 2].

LEMMA 5.4. Inequality (5.3) holds for P-almost all & € SNZfor which éd’(a) > 0.

Proof. Let @ € Q satisfy é‘b(a) >0 and (4.2). There exists ¢ > 1 such that for all
sufficiently large n € N

Y eI )=

iy, €22(0,n)

Hence, inequality (5.5), Lemma 5.2 and the fact o < 1 yield

& ([ig]) < MMMt g1 @8 (1,2)
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for all sufficiently large n € N, for all m € N and for all N,,_1 <[ < N,,. By (4.2), for every
& > ( there exists n, such that N, — N,_1 < ¢n for all n > n,. This implies the existence
of a constant ¢(@) < oo such that

19 ([i1)) < (@)% (57)

for all n,meN and N,_| <[l < N,. Since [ij] is open, we have u‘b([il])g
lim infy_ o0 1 +mk([il]), where ((,+m,) is the subsequence converging to /ﬁ’. This
completes the proof. O

For the remaining two cases of the proof of inequality (5.3), we need the following
notation. Let 7: RZ — R? be a linear map. If 01(T) > 02(T) there exist unique (up to
sign) unit vectors vy (7T") and v2(T) such that |T (v;)| =o; fori =1, 2. Set w; (T) = T (v;)
for i =1, 2. Observe that v{(7T") and v,(T') are perpendicular to each other since they are
eigenvectors of the self-adjoint map 7*T, and w(T) and wy(T) are also perpendicular
as the semi-axes of an ellipse. If 01(T) = 02(T), let v{(T) and v>(T) be any pair of
perpendicular unit vectors. Given two linear maps T, U : R? — R2, write

_ wiW)
C i)l
where a and b depend on 7 and U. Then

or(TU) = |T (w1 (U))| = |alo(T)o1(U)

wi (U =av|(T) + bvp(T),

and the fact o2 (T U) > 02(T)o2(U) gives
DYNTU) > |a|*®“(T)d* (U). (5.8)

~Since o < ag, we have ﬁ‘b(a) > 0, and by Lemma 5.4, it remains to consider the case
é"’(a) < p®(a). For every such @ € 2, there exist A > 1, 0<p <A, O <y <1 and
no € N such that
Y. T =A and Y @NUTLH< ()" (59)
iy, €22(0,n) in, €2£(0,n)
for all n > ng. Since the set
Q" ={0eQ|p°@ < p®@)

can be represented as a countable union of sets consisting of points which satisfy (5.9) with
rational A, p and y, we may fix A > 1,0 < p <A and O < y < 1 for the rest of the proof.

We denote the corresponding set by SNZ)T oy and let

E,={oe SNZf’p,y | (5.9) is valid for all n > ng}.

Since (Jyo_; Eny = ﬁf,p,y,

Let 1 <Aj <A and Aj/A<y; <1. For all n,meN, iy, € Ef(O, n) and ky, €
2¢(n, n +m),let

we may also fix ng € N for the rest of the proof.

D1(T, ) = avi (T2 ) + bua(T ), (5.10)
where a and b are functions of iy, and ky,,, and define

Co(ky,) = lin, € B30, n) |a] > 17 /).
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LEMMA 5.5. Let é&)(a) < p®(a). Assuming that for all large n, m € N we have

iNn EC)a;J (kNm) iNn sz (O,n)
forallky, € Ef(n, n + m), inequality (5.3) is valid.
Proof. Let n > ng and m € N be so large that inequality (5.11) holds. Consider N,,_1 <
| < N,. From (5.5), (5.8), assumption (5.11) and the first inequality in (5.9) we get

- . A\ _ _ -
Moy ([]) < (7) M N"71V1 nCDa(Ti;U :

Proceeding as in the proof of Lemma 5.4, it follows that (5.3) holds. o

Below we will prove that the assumption in (5.11) holds for P-almost all ® € Q<. The
heuristic idea of the proof is as follows: if the assumption in (5.11) is false, then the
longer semiaxes of most of the ellipses Tk“:‘v (w)(B(O, 1)) are almost parallel to vz(Ti‘;V’ )

for most iy,. In particular, most of v2(Ti£n) are nearly parallel to each other. By
assumption (5.2), the distance N,, — N,,_ is small compared to n, and therefore, vz(Ti‘;F1 )
is roughly parallel to the image of vz(ﬂ‘;ﬂ) under T, ;:]nfl(&))_ In this manner one finds
a vector which is mapped in the same way by all the maps between the levels N,_
and N,, and by assumption (5.1), the probability of this event is smaller than n < 1.
Selecting an integer h in a suitable manner and repeating this argument in the blocks
[No—n, Nn—p+1l, . .., [Nn—1, N,] one may attach a vector v; to each [N,—;, N;,—s+1] such
that v, is mapped in the same manner by all the maps between the levels N,,_, and N,,_;4 .
By independence, this happens with probability less than ", and the Borel-Cantelli lemma
implies that this may happen only for finitely many n € N.

We will now make this heuristic idea precise. Consider ¢y > 0. For L € N, denote by

Q(L) the set of @ € §2 for which

Col
Nipt — N < — (5.12)
log
for all /> L. Since NjoE"=N,4+1 — N, and P is E-invariant, assumption (5.2)

combined with the Borel-Cantelli lemma implies that for P-almost all @ € Q2 there is an
L € Nsuchthat ® € Q(L). Fix L € N for the rest of the proof.

By considering a decreasing sequence of events, it follows from assumption (5.1) that
there exist § > 0 and < 1 such that

P({& e Q| there exists v € R?\{0} such that <1(Ti§l W), T (v) <8
Ny
foralliy,, iy, € Z2(0, D}) <. (5.13)
where <((v, u) is the angle between u, v € ]Rz\{O}. Forn e N, let
~ mn—1 ¢~ mn—1~
Hy = {® € | there exists v € R*\{0} such that <(7;° ' (v), T, @ (1))
1 N

<8 foralliy,, iy, € X2(n —1,n)}.
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Since H, = E_("_l)(Hl), we have P(H,) < n for all n € N. Furthermore, by assumption,
the events H, and H,, are independent for n # m. Observe that H, is independent of y,
Y1, A, A1, p,ngand L.
For all n, m € N with n > ny, set
Gnm = {0 € E,, | there exists Ky, € Ef(n, n + m) for which

inequality (5.11) is not valid},
and define G, = gy Un—i Gn.m- Let
Uz(Tiin) - (£>n/ﬁ}
oi(Ty ) \*
where B =« fora <1 and f =2 — « for « > 1. From (5.9) one obtains

YoRNT <y Y T (5.14)

iy, €BY iy, €22 (0,n)

B = {iNn € £2(0, n)

for all n > ny.

By Lemmas 5.4 and 5.5 it is enough to prove that for P-almost all ® € E,, the number
of those n > ng, for which & € G,,, is finite, that is, P(ﬂ,fino U22, Gn) =0. Letn > no
and w € G,. Fix meN and ky,, € Ef,f’(n, n + m) for which inequality (5.11) is not
valid. Choose 7 € N with & < h,, where h,, = | C log n] is the integer part of C log n for
some large C to be fixed later. We claim that for large enough n € N there is iy,_, €
(0, n — h)\B®_, such that iy, ,jn, € (0, )\C?(Ky,,) for all jy, € &(n — h, n).
Indeed, if for every iy, , € Ef(O, n— h)\Bf?_h there exists jy, € Ef’(n — h, n) such that
in, ,in, € C2(Ky,,), inequalities (5.14) and (5.12) yield

P ) Q@ ol ()
2, )z 2. e L)

in, €CP(kn,,) i, _, €0(0.n—)\B?

n—h

= (@)t Y (T,

- an—h
i, _, €22 (O.n—h)

5@\ heo(n/logn) i
z(g) A=y"™ > %1y (515

iy, €22 (0,n)

)

Choosing sufficiently small ¢o > 0 and sufficiently large n € N (recall 2 < C log n), this
contradicts the assumption that inequality (5.11) is not valid.

Consider iy, , € 22(0,n — h)\B®_, and jn, € Z2(n — h, n) such that iy, ,jn, €
Ef(O, n)\C,":’(kNm). For any unit vector v € §' C R?, write

mn—h (>
o) (@)
Iy, o)

—_— = -d) .C’Z)
TEE = O )+ AT ) (5.16)
Ny,
Defining
mn—h (> ~
B I CIC A
U2_ = :*Z—h((;)) ~"*h GSl’
(T ) T )
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we observe that

o o E""(@) »
lea(Tyy, 5 DI oy ) 1T Ty 5, 0)
3 i 3 —1
<ITy iy, @20y 5 DISITY G (0]

- & A
=o(hy, I, @)l

Since iy, , & Br‘f’fh, we have foralln > L — h

~ mn—h g~ _
oy ) T ey

Ty DI < —— 2@ () (T
N, 0 Ty DT Oy L )]

WNu—n iN,,_thh

(n=h)/B y = heo(n/logn)
< <3> <3> . (5.17)
A o

mn—h > ~ [l mn—h g~ ~ [
We continue by showing that 7.> @ (@, (T, @9y and T2 (i, (T, @)y are nearly
iy, Nin in, Nin
parallel to each other for all jy,, j;\,h € X¥(n —h,n) when n e N is sufficiently large.
Indeed, recalling (5.10) and (5.16), we have

LSO @aE Py =athy @@ )
1T DT D@ T YT )
+da(Ty 5 DTy ),
and thus

E"@) (o o EN) ®
[tan(<(Ty, (Wi (T, ), v2(Tiy )

ca(T2 ) d 5\ N
<[5 e (2)
dw (T 5 N lbdwaT 5 ) I\e

where b, d(vg(Tifv’
TEn—h (@)

ny,

of C,‘f)(kNm) and inequality (5.17) we deduce that for sufficiently large n € N

in )) and e are close to one. The factor e appears since
—hINh

(v1 (Tifv’n_h i, )) need not to be perpendicular to v, (Ti;‘;)n_h ). By using the definition

mn—h >~ (s mn—h (> o
o) (@) ;~ 2" (w) o) (@) ;~ 2" (w)
ATy, @S, T @G )
o - i 5\ hco(n/log n)
<2 max (77 @G ) v ) ssyg"h<—> (5.18)
I=ingd, m n—h o

for all ju,, j?vh € X2(n — h, n), where y, = max{kl_l/“, (o/M)V/FY.
Writing jy, =jndn,_,» We get

mn—h > = mn—h > mn—h+1 (7 =L
o) (@) E"(@w)\y _ & (@) o) (@) 2" (w)
e, N =15 @ T O wid .
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Now, for any fixed jy,_, € Zf(n — h + 1, n) inequality (5.18) implies

=n—h g~
Ta (w)
<« N

rd hco(n/log n)
<5yp" <—) (5.19)

a

mn—h+1~ B (& En—h ~ E”—h-H ~ G
(o PG O, E OO w157

forall jw,, jyy, € Z2(n —h, n —h + 1). Let ns € N be such that

h, (T fing co(ns /log ns)
5]/2”‘s 5(;) < 4.

From (5.19) we see that for large enough n > ng we have @ € H,,_j41 for all h < h,,. By
independence, inequality (5.13) implies that for all such n > ng

n

P(Gn)fP( N H1><nh".

[—hp+1

Select sufficiently large C and sufficiently small ¢ such that

c . i Cco p Cco
<e , — <1 and < | = .
et vm(2) "= ()

Moreover, let n € N be so large that

n FeM\ €0\
n—Clogn > 3 n > max{2L, ng, 2ng} and <7/1< pr ) ) <1l—=y.
Observing that for such n all the arguments above (see (5.15), (5.17) and (5.19)) hold,
gives P(Gp) < nLC logn| — Gipce Ziii] nCIOg" < 00, the Borel-Cantelli lemma implies
that for P-almost all @ € S~2(L) N E,, we have & € G, only for finitely many n € N. Since
this is true for all L, ng € N (and for all rational 1 <A; <A, 0<p <A, 0<y <1 and
A/A < y1 < 1), inequality (5.3) is valid for P-almost all & € . Hence the inequality
dimyg A® > min{«y, 2} follows for P-almost all & € Q, for £2A-almost all a € R2A,

It remains to prove that for P-almost all @ € Q
dimg (A%?) < min{ag, 2 (5.20)

for all a € R*A. When ap > 2, this certainly holds. Notice that by Theorem 4.3, for
P-almost all & € § the pressure exists for all o € [0, oo[ and further, p&’(a) < 0 for
2>a>ag. Fix 2 > a > ap. Then for P-almost all @ € ?z, for some 0 < y < 1, and for
all large k, we have S®(k, «) < y*. Summing up over k gives

o0

PU(T?) < C; < 0.
> D Ty

k=0 j ez

The fact di_mB(Ag’) < o now follows as in [13, Theorem 4.1]. This implies (5.20) since
for P-almost all @ € Q2 the argument can be carried out for all ¢y < @ < 2, completing the
proof of Theorem 5.1. O

We conclude this section by discussing the assumptions of Theorem 5.1.
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Remark 5.6. We say that a family F* = {f|, ..., f,} is parallel if there exists v such that
fi(v), ..., fu(v) are parallel. If a family F* is not parallel, it is irreducible in the sense
of [4], see also [14]. Note that the complement of the set of parallel families is open in any
reasonable metric. The set of non-parallel families is also dense in the following sense:
suppose F* = {f1, ..., fu} is parallel. Then the family FY = {fi,..., fu, Re o f1},
where R, is a rotation by angle &, is not parallel. If we view F* as a degenerate family
{fi, ..., fu, f1}, then F* is close to {f1, ..., fu, f1}. Assumption (5.1) is thus weak in
the sense that if it is not satisfied then after a small perturbation in the family F and in the
measure P it is satisfied. In particular, if all the families in F are non-parallel, then (5.1)
is valid for any P for which P({® € Q | Ni(®) = 1}) > 0. Further, the validity of (5.1) is
not destroyed by small perturbations. Of course, it should be noted that ergodicity is not
necessarily preserved under perturbations.

Assumption (5.1) is not necessary for the validity of Theorem 5.1. Indeed, it is not
difficult to show that Theorem 5.1 still holds if assumption (5.1) is replaced by the
assumption that all the maps in F fix two given directions. Therefore, the deterministic
iterated function system considered in [6, Example 2] (see also [7, 21, 23]) is a special
case of our theorem. Hence, in Theorem 5.1, the assumption o < % is necessary.

By (4.2), the condition fg~2 Ni(®) d P(®) < oo implies that for any ¢ >0 we have
Niy1 — N; < ¢l for large enough / € N. Thus, by (5.12) assumption (5.2) is only slightly
stronger than the condition ]52 Ni(®) dP(®) < oo.

The strongest assumptions in Theorem 5.1 are the independence between neck levels
and the condition D = 2. In the proof the role of independence is quite clear whilst the
restriction D =2 is more hidden. The latter assumption is used in the definition of the
lower pressure ﬁ‘z’. Clearly, the definition could be modified in the higher dimensional
case. However, for D > 3 the main problem is that ellipsoids have more than two semiaxes
and, for example, the counterpart of inequality (5.17) is not obvious.

Examples of measures satisfying assumption (5.2) and the independence between neck
levels are discussed in Example 4.5. For example, assuming exponential decay for
P({® € | Ni(®) > }) implies (5.2).

According to the following proposition for self-similar code tree fractals the
assumptions of Theorem 4.3 (with o < 1 replaced by o < %) are sufficient for the validity
of the dimension formula.

PROPOSITION 5.7. Let P be an ergodic E-invariant probability measure on Q such that
ffz Ni(®) dP(®) < oo. Assume that ¥ is a family of iterated functio;i systems consisting
of similarities on RP and 0 < 0 <& < % Then for P-almost all & € Q

dimy (A2) = min{ag, D)
for LPA-almost all a e RPA,

Proof. Since the mappings are similarities, ®* is multiplicative. We may proceed as in
the proof of Lemma 5.4 to verify that the measure constructed in (5.4) satisfies (5.3). The
conclusion of Proposition 5.7 then follows as in the proof of Theorem 3.2 as described in
the beginning of the the proof of Theorem 5.1. O
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Remark 5.8. Combining (5.3) with the methods of [3], we obtain a generalization of the
main theorem in [3], that is, under the assumptions of Theorem 4.3 and assuming that the
maps are similarities, the dimension formula is valid P-almost surely for any a € R? A for
which the uniform open set condition (3.6) is satisfied.
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