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Abstract Let (R,m) be a d-dimensional Noetherian local ring that is formally equidimensional, and letM
be an arbitrary R-submodule of the free module F = Rp with an analytic spread s := s(M). In this work,
inspired by Herzog-Puthenpurakal-Verma in [10], we show the existence of a unique largest R-module Mk

with `R(Mk/M) < ∞ and M ⊆ Ms ⊆ · · · ⊆ M1 ⊆ M0 ⊆ q(M), such that deg(PMk/M
(n)) < s−k, where

q(M ) is the relative integral closure of M, defined by q(M) := M∩Msat, where Msat = ∪n>1(M :F mn)
is the saturation of M. We also provide a structure theorem for these modules. Furthermore, we establish
the existence of coefficient modules between I(M)M and M, where I (M ) denotes the 0th Fitting ideal
of F/M , and discuss their structural properties. Finally, we present some applications and discuss some
properties.
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1. Introduction

Let (R,m) be a commutative Noetherian local ring of Krull dimension d, and let I be an
m-primary ideal of R with its integral closure denoted by I. The classical result known
as the Hilbert-Samuel theorem says that for sufficiently large integer n, the length of
R/In is a polynomial in variable n of degree d. This polynomial is well known as the
Hilbert-Samuel polynomial of I and can be expressed as:

d∑
i=0

(−1)iei(I)

(
n+ d− i− 1

d− i

)
,
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2 P. Lima, M. Ferrari and V. Jorge Pérez

where ei(I) is called the ith Hilbert-Samuel coefficient of I for i = 1, . . . , d and e0(I)
is the Hilbert-Samuel multiplicity of I. In this context, we have the following classical
result known as Rees multiplicity theorem (see [20] and Kirby-Rees [22]): If R is formally
equidimensional, then the integral closure I of I can be characterized as the unique
largest ideal of R containing I and having the same Hilbert-Samuel multiplicity as I,
i.e., e0(I) = e0(I). It should be noted that this result is extensively used in Algebraic
Geometry, Singularity Theory and Commutative Algebra (see [18]). Given the importance
of this result, it is natural to ask the following question:

Question 1.1. Let (R,m) be a Noetherian formally equidimensional local ring. Is
there a chain of ideals between I and I with a property similar to Rees multiplicity
theorem? If so, does there exist a colon structure for these ideals?

Motivated by this question or Rees’ theorem, Shah establishes in [27] the existence of a
chain of unique largest ideals Ik, with 0 ≤ k ≤ d, between the ideals I and I. Each Ik ideal,
called the coefficient ideal, has the property of preserving the first k +1 Hilbert-Samuel
coefficients of I. In other words, there exist ideals Ik satisfying the following inclusions:
I ⊂ Id ⊂ · · · ⊂ I1 ⊂ I0 = I with ei(I) = ei(Ik), for i = 0, . . . , k. The kth coefficient ideal
Ik represents the kth step in this chain. Moreover, Shah determined a specific colon ideal
structure for each coefficient ideal Ik of I. He showed that, for k = 1, . . . , d, the ideal Ik is
determined by Ik = (In0+1 : x1, . . . , xk), where n0 > 1 is a fixed integer and (x1, . . . , xd)
is a fixed minimal reduction of I n0 , for some integer n0. Additionally, Shah proved that
the Ratliff-Rush closure of this same ideal, denoted as Ĩ := ∪n>1(I

n+1 : In), coincides

with the dth coefficient ideal, i.e., Id = Ĩ.
The importance of the Ratliff-Rush closure and coefficient ideals cannot be under-

estimated. For instance, the Ratliff-Rush filtration {(Ĩ)n}n∈N has proven to be a very
useful tool for studying numerical invariants of the associated graded ring GI(R) =
⊕n>0I

n/In+1 (see Rossi-Valla, [26], and the references therein). Rossi-Valla used the
Ratliff-Rush closure of an ideal crucially in their proof of the Sally conjecture. Blancafort
also employed the Ratliff-Rush closure of an ideal and the Hilbert-Samuel function of a
good filtration to generalize the works of Huckaba-Marley in [11] and Rossi-Valla in [25].
On the other hand, coefficient ideals also hold their importance. For instance, Ciupercă

described the S 2-ification of the extended Rees algebra of an m-primary ideal I through
the first coefficient ideal of all powers of I in [5]. Furthermore, assuming that I is a 0-
dimensional monomial ideal in characteristic zero, Polini-Ulrich-Vitulli used the fact that
the kernel of an ideal can be related to components of the graded canonical module of
the extended Rees algebra to prove that the kernel of I coincides with the kernel of any
ideal between I and the first coefficient ideal IR1 of I in [21]. Moreover, the properties of
the first coefficient ideals were extensively described by Heinzer-Johnston-Lantz, Heinzer-
Johnston-Lantz-Shah, Heinzer-Lantz, and Shah in [7–9, 27], respectively.
We can observe that the above results were obtained for m-primary ideals, but Question

1 was also answered for arbitrary ideals: Let J ⊂ I be ideals of R with `R(I/J) < ∞.
Amao in [1] and Rees in [23] show that the numerical function hI/J(n) := `R(I

n/Jn) is a
polynomial function PI/J(n) of degree at most d. We refer to hI/J(n) and PI/J(n) as the
Rees-Amao function and the Rees-Amao polynomial of the pair (J, I ), respectively. The
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On coefficient modules of arbitrary modules 3

Rees multiplicity theorem has been generalized for ideals that are not m-primary by sev-
eral authors. For instance, Rees showed in [23] that if (R,m) is formally equidimensional,
then J is a reduction of I if and only if deg(PI/J(n)) < d.
Analogously to the results obtained by Shah in [27] for the case of m-primary ideals,

Herzog-Puthenpurakal-Verma proved in [10, Theorem 4.4] that coefficient ideals always
exist for arbitrary ideals. More specifically, if (R,m) is a formally equidimensional local
ring and I is an ideal of R, then for each k = 1, . . . , s, there exists a unique largest ideal
Ik with `R(Ik/I) <∞, and

I ⊆ Is ⊆ Is−1 ⊆ · · · ⊆ I1 ⊆ q(I), such that deg
(
PIk/I(n)

)
< s− k

where q(I ) is the relative integral closure of I, and s := dimF (I) = dim(⊕n>0I
n/mIn)

is the analytic spread of I, where F (I ) is the fiber cone of I,
It should be noted that Herzog-Puthenpurakal-Verma showed the existence of coeffi-

cient ideal for arbitrary ideals, but they did not demonstrated the colon structure of these
ideals. However, in [4], the authors determined the colon structure of each coefficient ideal
found by Herzog-Puthenpurakal-Verma.
Finally, as we can see, the coefficient ideals have been extensively explored by many

researchers. Therefore, it is natural to wonder if these results can be extended to modules.
To introduce this context, we recall some well-known facts.
Let M be a finitely generated R-module contained in a free R-module F of positive

rank p> 0 with finite colength, denoted as `R(F/M) <∞. Using the notation described
in Section 2.1, Buchsbaum-Rim showed that for sufficiently large values of n, the length
`R(F

n/Mn) can be expressed as a polynomial in n of degree d+ p− 1, given by

PFM (n) =

d+p−1∑
i=0

(−1)ieFi (M)

(
n+ d+ p− i− 2

d+ p− i− 1

)
,

where eFi (M) represents the ith Buchsbaum-Rim coefficient of M in F for i = 0, . . . , d+
p − 1. In particular, eF0 (M) is called the Buchsbaum-Rim multiplicity of M in F (for
more detailed see [3]).
Similar to the case of ideals, there is also the Rees’ multiplicity theorem for modules. If

R is formally equidimensional, then the integral closure M of M in F can be character-
ized as the largest submodule of R that contains M and has the same Buchsbaum-Rim
multiplicity as M, i.e., eF0 (M) = eF0 (M) [22]. The Buchsbaum-Rim multiplicity has been
extensively studied by numerous authors in the fields of Commutative Algebra, Algebraic
Geometry, and Singularity Theory (e.g., [3, 16, 18, 22], [12, p. 317] and [28, p. 418, Remark
8.9]). Given the importance of this result, it is natural to ask the following:

Question 1.2. Let (R,m) be a Noetherian formally equidimensional ring, and let M
be an R-submodule of F. Is there a chain of modules between M and M with a property
similar to Rees’s multiplicity theorem? If so, does there exist a colon structure for these
modules?

We can observe that this question is less explored compared to the ideal case, but there
have already been some partial answers. For instance, Liu [15] provides the following
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result: If R is a domain formally equidimensional ring, and M is a finitely generated
R-module such that F/M has finite length, then there exists a unique chain

M ⊆MF
{d+p−1} ⊆ · · · ⊆M

F
{1} ⊆M

F
{0} ⊆M,

such that eFi (M) = eFi (M
F
{k}), for all i = 0, . . . , k. The module MF

{k} is called the

Coefficient Module of M. On the other hand, in [14], the Pérez and Ferrari showed
the same result as Liu, but without assuming that R is a domain. Furthermore, they
provided the colon structure of these modules, which constitutes a generalization of one
of the main results given by Shah ([27, Theorem 2 and 3]).
The main aim of this paper is to establish a generalization of a result originally pre-

sented by Herzog-Puthenpurakal-Verma in [10, Theorem 4.4]. Precisely, we show that
there exists a unique largest module Mk with `R(Mk/M) < ∞ and M ⊆ Ms ⊆ · · · ⊆
M1 ⊆ M0 ⊆ q(M), such that deg(PMk/M (n)) < s − k, where q(M ) is the relative inte-

gral closure of M, defined by q(M) := M ∩ Msat, where Msat = ∪n>1(M :F mn) is
the saturation of M and s is the analytic spread of M (see Theorem 3.1). Additionally,
we also provide the colon structure of these coefficient modules (see Theorems 3.3, 3.4).
Furthermore, our results also generalizes the results given by Liu in [15] and Perez-Ferrari
in [14].
Now let I (M ) denote the 0th Fitting ideal Fitt0(F/M) of F/M . In [17], Katz and

Kodiyalam defined the associated graded ring with respect to the module M to be the
R/I(M)-algebra

GI(M)(R(M)) :=
R(M)

I(M)R(M)
=

R

I(M)
⊕ M

I(M)M
⊕ M2

I(M)M2
⊕ · · · .

In the case p=1, that is, if F =R is a ring and M = I is an ideal of R, then I(M) = I and
GI(M)(R(M)) = GI(R), the associated graded ring of the ideal I of R. Another aim of
this paper is to give a new result that shows a way to control the height of the associated
prime ideals of GI(M)(R(M)) (see Theorem 5.8), providing a generalization of one of the
main results of Shah [27, Theorem 4]. To do that, we establish the existence of another
coefficient module between the R-modules I(M)M and M, denoted by M[k] and which
we call the coefficient module of the associated graded ring GI(M)(R(M)) (see Section
4). Additionally, we give a colon structure of these coefficient modules in Theorem 4.5.
The organization of this paper is as follows: In section 2, we introduce the notation,

definitions, and some necessary known results that will be used.
In Sections 3 and 4, we show the main results of this work. In Section 3, we start

by proving the existence of coefficient modules between M and q(M ). Additionally, we
provide an algebraic characterization of the coefficient modules in terms of colon modules.
In section 4, we show the existence of coefficient modules between I(M)M and M, and
give structural properties for them.
In the last section, we provide some applications and properties by making use of the

results presented in Sections 3 and 4.
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2. Setup and background

Let (R,m) be a Noetherian local ring,M a finitely generated R-module which is contained
in a free R-module F of positive rank. The embedding M ⊆ F induces the graded
R-algebra homomorphism between the symmetric algebras

Sym(i) : SymR(M) −→ SymR(F )

of M and F. As F is a free R-module, the symmetric algebra S(F ) := SymR(F ) of F
concides with the polynomial ring S = R[t1, t2, . . . , tp] over R, where p = rankR(F ) > 0.
The authors Simis-Ulrich-Vasconcelos in [28], defined the Rees algebra R(M) of the
module M as the image of the induced homomorphism:

R(M) = Im (Sym(i)) =
⊕
n>0

Mn ⊆ S(F ) = R[t1, t2, . . . , tp],

where Mn := [R(M)]n stands for the homogeneous component of R(M) of degree n,
i.e., is the nth power of the image of M in R(M). In particular, M = [R(M)]1 is an
R-submodule of R(M). We denote IM the ideal of S generated by [R(M)]1. So the fiber
cone of ideal IM is defined to be F (IM ) := ⊕n>0I

n
M/M InM , where M = m⊕

⊕
n>0 F

n

is the only maximal homogeneous ideal of S.
As in the ideal case, we may define the fibre cone (or special fibre) of an R-module

M as following F (M) := R(M)/mR(M). The analytic spread of M is defined by s :=
s(M) = dim(F (M)).
Throughout the paper the R-modules will be contained in a free R-module F of finite

rank p> 0.
The next result gives a characterization for a sequence to be a minimal reduction of

powers of a module.

2.1. Some properties of reduction

An R-submodule N of M is called a reduction of M if there exists an n0 > 0 such that
Mn+1 = NMnfor all n > n0. A reduction N ⊆M is said to be a minimal reduction of M
if N properly contains no further reductions of M. If the R-submodule N is a reduction
of the R-submodule M, then there exists at least one R-submodule L in N such that L is
a minimal reduction of M. This last statement follows exactly from the same deduction
as the proof of Huneke-Swanson in [12, Theorem 8.3.5].
Let us recall the definition of the integral closure of modules. For every integer n > 0,

we define the integral closure

Mn =
[
R(M)

Sym(F )
]
n
⊆ Sn(F ) = Fn,

of Mn to be the nth homogeneous component of the integral closure R(M)
Sym(F )

of
R(M) in Sym(F ). In other words, Mn is the integral closure of the ideal (MSym(F ))n

of degree n. In particular, M = (MSym(F ))1 ⊆ F. Hence M consists of the element
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x ∈ F which satisfies the integral equation xn+ c1x
n−1+ · · ·+ cn−1x+ cn = 0 in Sym(F )

where n > 0 and ci ∈M i for every 1 ≤ i ≤ n.
Saturation and reduction: Let (R,m) be a Noetherian local ring, M a finitely

generated R-submodule of F. The saturation M sat of M with respect to m is the R-
submodule of F defined by

Msat =
⋃
n∈N

(M :F mn) = {x ∈ F | xmn ⊆M for some n ∈ N}

and the relative integral closure q(M ) of M is defined by q(M) :=M ∩Msat.
The saturation and the relative integral closure are R-modules which contains M.
Since M ⊆ (M :F m) ⊆ (M :F m2) ⊆ (M :F m3) ⊆ · · · and since F is a Noetherian

R-module, there exists an integer k such that (M :F mk+1) = (M :F mk). This implies
that `R(M

sat/M) <∞.

Lemma 2.1. Let (R,m) be a Noetherian local ring, M a finitely generated R-module
which is contained in F. Then, the relative integral closure q(M) of M satisfies the
following properties:

(i) M is a reduction of q(M) and `R(q(M)/M) <∞.
(ii) If M is a reduction of N with `R(N/M) <∞ then N ⊆ q(M).
(iii) If N ⊆M then q(N) ⊆ q(M).
(iv) q(q(M)) = q(M).

Proof. (i) Since M ⊆ q(M) ⊆ M , we get M is a reduction of q(M ). Also, we have
`R(q(M)/M) < `R(M

sat/M) <∞.
(ii) SinceM is a reduction of N we get q(N) = N∩Nsat =M∩Nsat. As `R(N/M) <∞,

there is k ∈ N such that mkN ⊆M . ThereforeNsat ⊆Msat andN ⊆ q(N) ⊆M∩Msat =
q(M).
(iii) Clear.
(iv) If q(M ) is a reduction of K with `R(K/q(M)) <∞ then M is also a reduction of

K and `R(K/M) < ∞. So by (ii) we have K ⊆ q(M). By taking K = q(q(M)) we get
the desired result. �

Lemma 2.2. [14, Lemma 2.3] Let M be an R-module and let a1, . . . , as be elements
of Mn0 for some fixed n0 > 0. We denote by ai := ai +mMn0 , for i = 1, . . . , s. Then

`R
m

(
F (M)

(a1, . . . , as)

)
<∞⇐⇒ (a1, . . . , as) is a reduction of Mn0 .

The next theorem, when the residue field is infinite, shows the existence of minimal
reductions whose minimal generating sets have cardinality equal to the analytic spread
of the R-module M. As a consequence, the following corollary shows a condition, using
minimal reduction, to an element belongs to the integral closure.

Theorem 2.3 [12, Corollary 16.4.7] Let (R,m) be a Noetherian local ring with
infinite residue field. Then all R-module M with analytic spread s(M) admits a reduction
generated by s(M) elements. Furthermore, this reduction is minimal.
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Corollary 2.4. [14, Corollary 2.6] Let R be formally equidimensional Noetherian
ring, M an R-module and s := s(M). Let x1, . . . , xs form a minimal reduction of Mn0

for some n0 > 1. Suppose yxi ∈ Mn0+1 for some y ∈ S(F ) and some i ∈ {1, . . . , s}.
Then y ∈M .

Some general references on the subjects of this Section 2 are authored by Simis-Ulrich-
Vasconcelos in [28] and some of these results were proved in Huneke-Swanson in [12].

3. The coefficient modules between M and M

In this section, we show the main results of this work. We begin by showing the existence
of coefficient modules between M and q(M ). Additionally, we provide an algebraic char-
acterization of the coefficient modules in terms of colon modules. The results obtained in
this section generalize the findings of Herzog-Puthenpurakal-Verma ([10, Theorem 4.4]),
Liu ([15]), and Perez-Ferrari ([14]).

Theorem 3.1 Theorem of Existence for Arbitrary Modules Let (R,m) be a
formally equidimensional and d-dimensional local ring with infinite residue field. Let M
be a finitely generated R-submodule of F with analytic spread s := s(M) > 1 and let k ∈
{1, . . . , s}. Then there exist unique largest R-submodules Mk of F with `R(Mk/M) <∞
and

M ⊆Ms ⊆ · · · ⊆M1 ⊆M0 = q(M)

such that deg(PMk/M (n)) < s− k for k = 1, . . . , s.

Proof. Fix 0 ≤ k ≤ s. Consider the sets

Vk =

{
L ⊆ F | M ⊆ L, `R

(
L

M

)
<∞, deg

(
P L

M
(n)
)
< s− k

}
If L ∈ Vk, then deg(PL/M ) < s − 1 and `R(L/M) < ∞. Hence, by Huneke-Swanson’s

theorem [12, Theorem 6.5.6 (3)], M is a reduction of L and by Lemma 2.1 (ii), L ⊆ q(M).
Since M ∈ Vk and F is a Noetherian R-module, Vk has a maximal element, say N.
We show that N is unique. Let L ∈ Vk and x ∈ L. Since M ⊆ (M,x) ⊆ L,

`R

(
(M,x)

n

Mn

)
≤ `R

(
Ln

Mn

)
<∞,

for all large n. Hence

deg
(
P (M,x)

M

)
≤ deg

(
P L

M

)
< s− k.

By [12, Theorem 6.5.6], M is a reduction of (M, x ), i.e., M(M,x)
r
= (M,x)

r+1
for some

r. Then xr+1 ∈ M(M,x)
r ⊆ N(N, x)

r
. Hence N(N, x)

r
= (N, x)

r+1
. It follows that, for

all n > r, Nn−r(N, x)
r
= (N, x)

n
.
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Because `R((M,x)/M) < ∞, there exists some t > 0 such that (x,M)mt ⊆ M ⊆ N .
Then xmt ⊆ M ⊆ N and mtM ⊆ M ⊆ N . Hence mtM ⊆ M ⊆ (N, x), so that
`R ((N, x)/M) <∞. We have

`R

(
(N, x)

n

Mn

)
= `R

(
(N, x)

t
Nn−t

Mn

)

= `R

((
Nn, Nn−1x, . . . , Nn−txt

)
Mn

)

≤
t∑
i=1

`R

(
Nn−ixi +Nn

Mn

)

≤
t∑
i=1

[
`R

(
Nn−ixi +Mn

Mn

)
+ `R

(
Nn

Mn

)]

≤
t∑
i=1

[
`R

(
Mn−ixi +Mn

Mn

)
+ `R

(
Nn

Mn

)
+ `R

(
Nn−ixi +Mn

Mn−ixi +Mn

)]
≤

t∑
i=1

[
`R

(
(M,x)

n

Mn

)
+ `R

(
Nn

Mn

)
+ `R

(
Nn−i

Mn−i

)]
.

Hence deg(P(N,x)/M ) < s − k. Therefore (N, x) ⊆ Vk. By maximality of N, we conclude

that x ∈ N . Hence L ⊆ N and therefore N is unique and it will be denoted by MF
k . �

Definition 3.2. The R-submodules MF
k of F, for k = 1, . . . , s, which appear in the

Theorem 3.1, are called the kth Coefficient Modules of M in F.

Theorem 3.3 Structure Theorem for Coefficient Modules Let (R,m) be a for-
mally equidimensional and d-dimensional local ring with infinite residue field. Let M
be a finitely generated R-submodule of F with analytic spread s := s(M) > 1. Let
k ∈ {1, . . . , s}. Then

MF
k =

⋃
n0, x

(
Mn0+1 :F x1, . . . , xk

)
∩Msat,

where n0 > 1 and x = (x1, . . . , xk, . . . , xs) is a minimal reduction of Mn0 .

Proof. Fix 1 ≤ k ≤ s and let y ∈MF
k . Then M ⊆ (M,y) ⊆MF

k , and hence

`R

(
(M,y)

n

Mn

)
≤ PMF

k
M

(n),

where, by definition of coefficient module we have deg(PMF
k /M

(n)) < s− k.
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In particular, since (M,y)Mn−1 ⊆ (M,y)
n
,

`R

(
(M,y)Mn−1

Mn

)
≤ `R

(
(M,y)

n

Mn

)
≤ PMF

k
M

(n). (3.1)

Set

L =
⊕
n>0

Ln, where Ln :=
(M,y)Mn

Mn+1
.

Clearly L has the structure of an R(M)-module. By equation (3.1) we have that dim(L) ≤
s− k, that is,

dim(L) = dim

(
R(M)(

0 :R(M) L
)) ≤ s− k. (3.2)

We can easily prove that(
0 :R(M) L

)
=
⊕
n>0

(
Mn+1 :R(M) y

)
∩Mn.

Consider the natural projection π from R(M) to F (M). Then

π
(
⊕n>0

(
Mn+1 :R(M) y

)
∩Mn

)
=
⊕
n>0

(
Mn+1 :R(M) y

)
∩Mn +mMn

mMn
=: Hk. (3.3)

Then Hk is an R-module and we have a surjective R-homomorphism

R(M)

(0 :R(M) L)
−→ F (M)

Hk
,

and hence, by equation (3.2)

dim

(
F (M)

Hk

)
≤ s− k. (3.4)

By assumption, we have dim(F (M)) = s, that is, s = s(M). By equation (3.4) and by
[27, Lemma 2(E)], we can obtain elements x1, . . . , xs in the fiber cone F (M) such that

(1) x1, . . . , xs are homogeneous of the same degree n0 > 1;

(2) `R

(
F(M)

(x1,...,xs)

)
<∞;

(3) We have dim
(

F(M)
(x1,...,xk)

)
= s− k;

(4) x1, . . . , xk are in Hk.
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Let x1, . . . , xs be any preimages of x1, . . . , xs in Mn0 . By Lemma 2.2 and (2) just
above, the elements x1, . . . , xs form a minimal reduction of M n0 . Since x1, . . . , xk are
in Hk we obtain by equation (3.3) that y is in the projection (Mn0+1 :R(M) x1, . . . , xk).

Therefore MF
k ⊆

⋃
n0,x

(Mn0+1 :R(M) (x1, . . . , xk)) and hence MF
k ⊆

⋃
n0,x

(Mn0+1 :F
(x1, . . . , xk)) ∩Msat.
Conversely, take y ∈ (Mn0 :F x1, . . . , xk) ∩Msat. In particular yxi ∈ Mn0 . Thus, by

Lemma 2.4, y ∈ M . Therefore M is a reduction of (M, y), i.e., (M,y)
s+n

= (M,y)
s
Mn

for some s > 0 and all n > 0. Then

`R

(
(M,y)s+n

Mn+s

)
= `R

(
(M,y)sMn

Mn+s

)
=

s∑
i=1

`R

(
(M,y)

i
Mn+s−i

(M,y)
i−1

Mn+s−i−1

)

=
s∑
i=1

`R

(
(M,y)

i−1
Ms−i(M,y)Mn

(M,y)
i−1

Ms−iMn+1

)
≤

s∑
i=1

ci`R

(
(M,y)Mn

Mn+1

)
for some positive constant integers ci. The last inequality can be seen by canonically
mapping for each i :

ci⊕
n=1

Ln −→
(M,y)

i−1
Ms−i(M,y)Mn

(M,y)
i−1

Ms−iMn+1
−→ 0,

where Ln = (M,y)Mn/Mn+1. Choose ci as the minimal number of generators of

(M,y)
i−1

Ms−i. Set c =
∑
ci. Thus

`R

(
(M,y)

s+n

Mn+s

)
≤ c · `R(Ln). (3.5)

Since y ∈Msat there exists a positive integer p such that ymp ⊆M. Set L =
⊕

n>0 Ln
and G = R(M)/mpR(M) =

⊕
n>0M

n/mpMn. Then, since ymp ⊆ M, we have
mpR(M) ⊆ AnnR(M)(L). Hence L, which is an R(M)-module, has a natural struc-
ture of an G-graded module. Thus `R(Ln) is, for large n, a polynomial in n of degree at
most dim(L)− 1. But dim(L) = dim(G/AnnG(L)). Notice that

AnnG(L) =

(
0 : R(M)

mpR(M)

⊕n>0
(M,y)Mn

Mn+1

)
=
⊕
n>0

(
Mn+1 :R(M) y

)
∩Mn

mpMn
=: Ak.

Since y ∈ (Mn0 :F x1, . . . , xk) it follows that x
′
1, . . . , x

′
k ∈ Ak, where x′i is the image of

xi in G. Thus, since dim(G) = dim (F (M)) = s, one concludes that

dim

(
G

AnnG(L)

)
≤ dim

(
G

(x′1, . . . , x
′
k)

)
= s− k.
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Therefore, by the inequality (3.5), `R((M,y)
s+n

/Ms+n) is bounded by a polynomial
in n of degree s− (k + 1) for all large n. Thus

deg
(
P (M,y)

M
(n)
)
< s− k,

which implies that M ⊂ (M,y) ⊂MF
k . Therefore y ∈MF

k . �

Theorem 3.4 Finer Structure Theorem for Coefficient Modules Let (R,m) be
a formally equidimensional and d-dimensional local ring with infinite residue field. Let
M be a finitely generated R-submodule of F with analytic spread s := s(M) > 1. Then
there exists n0 > 1 and a minimal reduction x1, . . . , xs of Mn0 such that

MF
k =

(
Mn0+1 :F (x1, . . . , xk)

)
∩Msat, for all k = 1, . . . , s.

Proof: We know, by definition of MF
k and for all large n, that

`R

(
(MF

k )n

Mn

)
= PMF

k
M

(n) and that deg

(
PMF

k
M

(n)

)
< s− k.

In particular, since M ⊆MF
k , we also have

`R

(
MF
k M

n−1

Mn

)
≤ PMF

k
M

(n). (3.6)

Set L(k) :=
⊕

n>0(M
F
k M

n)/Mn+1. Clearly L(k) has the structure of an R(M)-module
and, by (3.6), we have

dim
(
L(k)

)
= dim

(
R(M)(

0 :R(M) L(k)
)) ≤ s− k. (3.7)

We can easily prove that(
0 :R(M) L

(k)
)
=
⊕
n>0

(
Mn+1 :MF

k

)
∩Mn.

Consider the natural projection π from R(M) to F (M). Then

π
(
⊕n>0

(
Mn+1 :MF

k

)
∩Mn

)
=
⊕
n>1

(
Mn+1 :MF

k

)
∩Mn +mMn

mMn
=: Hk.

We have a surjective R-homomorphism

R(M)(
0 :R(M) L(k)

) −→ F (M)

Hk
,
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and hence, by equation (3.7), dim(F (M)/Hk) ≤ s − k, for all k = 1, . . . , s. Further,
H1 ⊆ · · · ⊆ Hs and each Hk is a homogeneous ideal of F (M). Thus, by [27, Lemma
2(F)], we can choose homogeneous elements x1, . . . , xs in F (M) of some fixed degree
n0 > 1 such that

`R

(
F (M)

(x1, . . . , xs)

)
<∞

and x1, . . . , xk are in Hk, for all 1 ≤ k ≤ s. Let x1, . . . , xs be any preimages of
x1, . . . , xs in M n0 . Then, by Lemma 2.2, x1, . . . , xs form a minimal reduction of M n0 .
Now, since x1, . . . , xk are in Hk we have that MF

k ⊆ (Mn0+1 :F x1, . . . , xk). Therefore
MF
k ⊆

(
Mn0+1 :F x1, . . . , xk

)
∩Msat for 1 ≤ k ≤ s.

The inclusion (Mn0+1 :F x1, . . . , xk)∩Msat ⊆MF
k follows straight from Theorem 3.3.

4. The coefficient modules between I (M )M and M

In this section, our main focus is on demonstrating the existence of coefficient mod-
ules between I(M)M and M. We also give the structural properties of these coefficient
modules. To this end, we begin by presenting some preliminary facts and concepts. In
[17], Katz and Kodiyalam investigate the generalization for the associated graded ring
GI(M)(R(M)).
Next lemma is a generalization of [27, Lemma 2(A)].

Lemma 4.1. Let M be a finitely generated R-submodule of F with `R(F/M) <∞ and
let a1, . . . , as be elements of Mn0 for some fixed n0 > 0. We denote a′i := ai + I(M)Mn0

for i = 1, . . . , s and some s > 1. Then

`R

(
GI(M)(R(M))

(a′1, . . . , a
′
s)

)
<∞⇐⇒ (a1, . . . , as) is a reduction of Mn0 .

Proof. A well-known property of Fitting ideals says that
√
I(M) =

√
AnnR(F/M),

so I (M ) is an m-primary ideal. Firstly, observe that

`R

(
GI(M)(R(M))

(a′1, . . . , a
′
s)

)
<∞⇔ (x′1, . . . , x

′
s)

Mn0n

I(M)Mn0n
=

Mn0+n0n

I(M)Mn0+n0n
, (4.1)

for n� 0.
(⇒) Since for n� 0,

(x′1, . . . , x
′
s)

Mn0n

I(M)Mn0n
=

Mn0+n0n

I(M)Mn0+n0n
,

we get (x1, . . . , xs)M
n0n+I(M)Mn0+n0n =Mn0+n0n. And then, by Nakayama’s Lemma

one concludes that (x1, . . . , xs)M
n0n =Mn0+n0n, which means (x1, . . . , xs) is a reduction

of M n0 .
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(⇐) If (x1, . . . , xs)(M
n0)n = (Mn0)n+1 for some n > 1 then (x1, . . . , xs)M

n0n =
Mn0+n0n for n � 0, in a way that (x1, . . . , xs)M

n0n + I(M)Mn0+n0n = Mn0+n0n. The
result follows by Equation (4.1). �

Let M be a finitely generated R-submodule of F with `R(F/M) <∞. Then
√
I(M) =

m, which implies

dim
(
GI(M) (R(M))

)
= dim

(
R(M)

I(M)R(M)

)
= dim

(
R(M)

mR(M)

)
= dim (F (M)) = s.

Consider an R-submodule L of M such that I(M)M ⊆ L ⊆M , and let P =
⊕

n>1 Pn

with Pn = LMn−1

I(M)Mn be a GI(M)(R(M))-submodule.

According to [2, Theorem 4.1.3], the numerical function n 7→ `R(Pn) becomes a poly-
nomial of degree dimP − 1, for sufficiently large n. In other words, it is a polynomial of
degree less than or equal to s − 1.

Lemma 4.2. [19, Lemma 2.1] Let R be a Noetherian ring and M be an R-module,
and let I, J, and L be three R-submodules of M such that L ⊆ I, L ⊆ J , `R(I/L) < ∞
and `R(J/L) <∞. Then

`R

(
I + J

L

)
≤ `R

(
I

L

)
+ `R

(
J

L

)
.

By convention, a polynomial of degree less than −1 is the zero polynomial.

Theorem 4.3 Let (R,m) be a d-dimensional Noetherian local ring with infinite residue
field and let M be a finitely generated R-submodule of F with `R(F/M) <∞ and analytic
spread s = s(M) > 1. Then, for each k = 1, . . . , s, there exists a unique largest module
I(M)M ⊆M[k] ⊆M such that

deg

[
`R

(
M[k]M

n−1

I(M)Mn

)]
≤ s− (k + 1),

for n� 0. Moreover, we have

I(M)M ⊆M[s] ⊆M[s−1] ⊆ · · · ⊆M[1] ⊆M.

Proof. Fixed k ∈ {1, . . . , s}, write the set Vk in the following form:

Vk = {L ⊂ F | Lis an R-submodule of F, M ⊇ L ⊇ I(M)Mand

deg

[
`R

(
LMn−1

I(M)Mn

)]
≤ s− (k + 1)for n� 0.

The set Vk is not empty because I(M)M ∈ Vk. As F is a Noetherian R-module, Vk

contains a maximal element, say J. Let L ∈ Vk. In order to prove that J is the unique
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maximal element in Vk, we shall prove that L ⊆ J . Let x ∈ L. Then (I(M)M,x) ⊆ L so
that,

`R

(
xMn−1 + I(M)Mn

I(M)Mn

)
= `R

(
(I(M)M,x)Mn−1

I(M)Mn

)

≤ `R

(
LMn−1

I(M)Mn

)
.

Then, by [2, Theorem 4.1.3] and for n� 0, we get

deg

[
`R

(
xMn−1 + I(M)Mn

I(M)Mn

)]
≤ s− (k + 1).

By Lemma 4.2, we obtain the inequality

`R

(
(J, x)Mn−1

I(M)Mn

)
= `R

(
(J, x)Mn−1 + I(M)Mn

I(M)Mn

)

= `R

(
JMn−1 + xMn−1 + I(M)Mn

I(M)Mn

)

≤ `R

(
JMn−1

I(M)Mn

)
+ `R

(
xMn−1 + I(M)Mn

I(M)Mn

)
.

By [2, Theorem 4.1.3], we conclude that deg[`R((J, x)M
n−1/I(M)Mn)] ≤ d− (k+1), so

that (J, x) ∈ Vk. Since J is maximal in Vk, it follows that x ∈ J . We denote this unique
maximal element J by M[k]. Moreover, for k = 1, . . . , s− 1, since

deg

[
`R

(
M[k+1]M

n−1

I(M)Mn

)]
≤ s− (k + 2) < s− (k + 1),

for sufficiently large n > 0 and by maximality of M[k], one has M[k+1] ⊆M[k]. �

Definition 4.4. The moduleM[k], for each k = 1, . . . , s, obtained in the previous result
will be called the kth Coefficient Module of the Associated Graded Ring GI(M)(R(M)).

Theorem 4.5 Let (R,m) be d-dimensional Noetherian local ring with infinite residue
field and let M be a finitely generated R-submodule of F with `R(F/M) <∞ and analytic
spread s = s(M) > 1. Let k ∈ {1, . . . , s}. Then

M[k] =
⋃
n0, x

M ∩
(
I(M)Mn0+1 :F x1, . . . , xk

)
,

where n0 > 1 and x = (x1, . . . , xk, . . . , xs) is a minimal reduction of Mn0 .
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Proof. Let y ∈ M[k] ⊆ M . We will prove that y ∈ M ∩
(
I(M)Mn0+1 :F x1, . . . , xk

)
for some n0 > 1 and some minimal reduction (x1, . . . , xk, . . . , xs) of M

n0 , which proves
one inclusion. From the inequality

`R

(
yMn−1 + I(M)Mn

I(M)Mn

)
= `R

(
(I(M)M,y)Mn−1

I(M)Mn

)
≤ `R

(
M[k]M

n−1

I(M)Mn

)
,

we obtain by [2, Theorem 4.1.3] that

deg

[
`R

(
yMn−1 + I(M)Mn

I(M)Mn

)]
≤ deg

[
`R

(
M[k]M

n−1

I(M)Mn

)]
≤ s− (k + 1),

for n� 0. Now, define a graded GI(M)(R(M))-submodule

E =
(I(M)M,y)

I(M)M
GI(M)(R(M)) =

⊕
n>1

(I(M)M,y)Mn−1

I(M)Mn
=
⊕
n>1

yMn−1 + I(M)Mn

I(M)Mn

of GI(M)(R(M)). Set A = AnnR(E). It follows by [2, Theorem 4.1.3] that

deg

[
`R

(
yMn−1 + I(M)Mn

I(M)Mn

)]
= dim(E)− 1.

Thus dimE − 1 ≤ s− (k+ 1), that is, dimE = dimGI(M)(R(M))/A ≤ s− k. Note that
A is a homogeneous ideal in GI(M)(R(M)), so by [27, Lemma 2(E)] we get homogeneous
elements x′1, . . . , x

′
s in GI(M)(R(M)) of the same degree, say n0 > 1, such that

`R

(
GI(M)(R(M))

(x′1, . . . , x
′
s)

)
<∞and x′1, . . . , x

′
k ∈ A.

Let xi denote a preimage of x′i in M n0 , for 1 ≤ i ≤ d. Then, by Lemma 4.1 the ideal
(x1, . . . , xs) is a minimal reduction of M n0 . Also, x′1E = · · · = x′kE = 0, and since
y+I(M)M ∈ E we obtain 0 = x′i(y+I(M)M) = xiy+I(M)Mn0+1 for each i = 1, . . . , k,
that is, y ∈M ∩ (I(M)Mn0+1 : x1, . . . , xk).
For the reverse inclusion, suppose y ∈ M ∩ (I(M)Mn0+1 : x1, . . . , xk), where

(x1, . . . , xk, . . . , xs) is a minimal reduction of M n0 . By Lemma 4.1, the canonical images
x′1, . . . , x

′
s in GI(M)(R(M)) form a system of parameters of GI(M)(R(M)). Now, we prove

that

deg

[
`R

(
(I(M)M,y)Mn−1

I(M)Mn

)]
≤ s− (k + 1), for n� 0.

Consider the graded GI(M)(R(M))-submodule

E =
(I(M)M,y)

I(M)M
GI(M)(R(M)) =

⊕
n>1

(I(M)M,y)Mn−1

I(M)Mn
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of GI(M)(R(M)). By [2, Theorem 4.1.3], for n large, we have

deg

[
`R

(
(I(M)M,y)Mn−1

I(M)In

)]
= dim(E)− 1 = dim

(
F (I)

AnnR(E)

)
− 1.

As y ∈ M ∩ (I(M)Mn0+1 : x1, . . . , xk), we obtain that x′iy
′ = 0 in GI(M)(R(M)),

where y′ = y + I(M)M , for each i ∈ {1, . . . , k}. Since E = y′GI(M)(R(M)), it fol-
lows that x′1, . . . , x

′
k ∈ AnnR(E) = A. Then dim(E) = dim(GI(M)(R(M))/A) ≤

dim(GI(M)(R(M))/(x′1, . . . , x
′
k)) = s − k, as x′1, . . . , x

′
s is a system of parameters of

GI(M)(R(M)). Therefore we get that deg[`R((I(M)M,y)Mn−1/I(M)Mn)] ≤ s−(k+1).
From this, by maximality of M[k], we get (I(M)M,y) ⊆ M[k] which proves that
M ∩ (I(M)Mn0+1 : x1, . . . , xk) ⊆M[k]. �

Theorem 4.6 Let (R,m) be a formally equidimensional Noetherian and d-dimensional
local ring with infinite residue field and d > 1. Let M be a finitely generated R-submodule
of F such that `R(F/M) < ∞ and assume that s(M) = d+ p− 1. Then GI(M)(R(M))
is equidimensional.

Proof. We have dim(GI(M)(R(M))) = dim(R(M)/I(M)R(M)) = s(M) = d+ p− 1.
Let Q + I(M)R(M) be a minimal prime ideal of R(M)/I(M)R(M) = GI(M)(R(M)).
We need to prove that dim(R(M)/Q) = dim(GI(M)(R(M))) = d + p − 1. Assuming
R is a domain by [12, Lemma 16.2.2 (2)(4)], and since R is formally equidimensional,
it follows that R is universally catenary, and thus R(M) is catenary. Consequently, we
have ht(I(M)R(M))+dim(R(M)/I(M)R(M)) = dim(R(M)) = d+ p (see [12, Lemma
16.2.2 (4)]).
Since dim(GI(M)(R(M))) = d + p − 1, we obtain ht(I(M)R(M)) = 1. Let Q ʹ be a

minimal prime over I(M)R(M) such that ht(I(M)R(M)) = ht(Q′). For an arbitrary
prime ideal Q + I(M)R(M) of R(M)/I(M)R(M), we have ht(Q + I(M)R(M)) >
ht(Q/Q′) = ht(Q)−ht(Q′). Thus, ht(Q+ I(M)R(M)) = ht(Q)− 1. In particular, if Q+
I(M)R(M) is minimal, then ht(Q) = 1. Since ht(Q) + dim(R(M)/Q) = dim(R(M)) =
d+ p, we conclude that dim(R(M)/Q) = d+ p− 1, as desired. �

5. Applications

The purpose of this section is to provide some applications or properties of the coefficient
modules, obtained in Sections 3 and 4, in relation to the Ratliff-Rush module and the
relative Buchsbaum-Rim coefficient. Furthermore, we also present a generalization of a
result obtained by Shah in [27, Theorem 4].

5.1. Applications of coefficient modules between M and M

We recall the definition of Ratliff-Rush closure modules given in [15, Definition 2.2] or
[6, Definition 1.1].

Definition 5.1. [6, Definition 1.1] Let R be a Noetherian ring, M a finitely gen-

erated R-submodule of F. We define the Ratliff-Rush Closure Module M̃ of M as the

https://doi.org/10.1017/S0013091525100758 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091525100758


On coefficient modules of arbitrary modules 17

following R-submodule of F

M̃ :=
⋃
n>0

(
Mn+1 :F M

n
)
.

The next result relates the coefficient module Ms of M with its Ratliff-Rush closure
M̃, extending to arbitrary ideals a similar result proved by Shah in [27, Corollary 1(E)]
for m-primary ideals.

Here, we consider the Ratliff-Rush closure module of M to be the module M̃ such that

(M̃)n =Mn for all large n, maximal in F with this property.

Proposition 5.2. Let (R,m) be a formally equidimensional Noetherian and d-
dimensional local ring with infinite residue field. Let M be a finitely generated
R-submodule of F and with analytic spread s := s(M) > 1. Then

MF
s = M̃ ∩Msat.

Proof. Set N = M̃ ∩Msat. Since M ⊆ N ⊆ M̃ and (M̃)n = Mn for all large n, we
have Nn = Mn, for all large n. Clearly N ⊆ q(M) and, since `R(N

n/Mn) = 0 for all
large n, we get N ⊆MF

s .
Conversely, since deg(PMF

s /M
(n)) < 0 we have that `R((M

F
s )n/Mn) = 0 for all large

n. Thus, MF
s ⊆ M̃ and therefore MF

s ⊆ M̃ ∩Msat. �

Corollary 5.3. Let (R,m) be a formally equidimensional and d-dimensional local
domain with infinite residue field. Let M be a finitely generated R-submodule of F with
analytic spread s := s(M). Then

(MF
s )n =Mn ∩Msat,

for all large n and MF
s is maximal in F with respect to this property.

Proof. Since M ⊆MF
s , we have Mn ⊆

(
MF
s

)n
. Since MF

s = M̃ ∩Msat, observe that

(
MF
s

)n
=
(
M̃ ∩Msat

)n
⊆
(
M̃
)n
∩
(
Msat

)n ⊆ (M̃)n ∩Msat =Mn ∩Msat.

Now maximality follows from Theorem 3.1. �

For 0 ≤ k ≤ s, we set

Vk(M) =

{
L ⊂ F | M ⊆ L, `R

(
L

M

)
<∞, deg

(
P L

M
(n)
)
< s− k

}
.

By Theorem 3.1, we establish the existence of a unique maximal element Mk in each
Vk(M), which is referred to as the kth coefficient module of M. In the following, we

give a result that generalizes [6, Proposition 3.16]. Endo shows that M̃ is the largest
R-submodule L that satisfies the properties `R(L/M) <∞ and deg(PL/M (n)) < 0. Note
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that if `R(F/M) < ∞ then there exists k such that mkF ⊆ M , so that Msat = F and

M̃ ∩Msat = M̃ .

Proposition 5.4. Suppose that M is a faithful R-module. Then M̃ ∩Msat ∈ Vs(M)

and L ⊆ M̃ ∩Msat for every L ∈ Vs(M).

Proof. Set N = M̃ ∩Msat. By [6, Proposition 3.13 (1)], we have (M̃)n = Mn for

every n� 0. Since M ⊆ N ⊆ M̃ we get Nn = Mn for all large n. Note that M̃ 6= F by
[6, Lemma 3.15], so N ≠F. Because `R(M

sat/M) <∞, also one has `R(N/M) <∞.
In conclusion, if L ∈ Vs(M) then `R(L/N) ≤ `R(L/M) < ∞ and deg(P

L/M̃
(n)) =

deg(PL/M (n)) < 0. �

Let L and M be two R-submodules of F such that L ⊂M , Set

W (L) :=
R(L)

R(M)
=
⊕
n>0

Ln

Mn
.

Next, we give a result that provides an estimation of the Krull dimension of the R-
algebra W (L)

Proposition 5.5. Let (R,m) be a d-dimensional Noetherian local ring. Let M and L
be two R-submodules of F such that M is a reduction of L and `R(L/M) < ∞. Then
dim(W (L)) ≤ d+ p− 1.

Proof. Set W = W (L). Since L ⊆ M , one concludes that R(L) and W are finitely
generated R(M)-module ([12, Theorem 16.2.3]). Furthermore, Wn has finite length for
all n. Then, by [24, Theorem 2.1.5] or [12, Theorem 16.5.6(3)], for sufficiently large n,
`R(Wn) is a polynomial function of degree at most d+p−2., so that dim(W ) ≤ d+p−1,
by [10, Proposition 4.6]. �

Next, we provide a result similar to Proposition 5.5 but in the case where M has finite
colength and a maximal analytic spread of d+ p− 1. For 0 ≤ k ≤ d+ p− 1, we define

Bk(M) :=
{
L ⊆ F | M ⊆ L, eFi (M) = eFi (L), 0 ≤ i ≤ k

}
.

It is worth recalling that in [13], it was showed that each Bk(M) contains a unique
maximal element MF

{k}, which is also called the kth Coefficient Module of M.

Proposition 5.6. Let (R,m) be a d-dimensional Noetherian local ring. Let k ∈
{0, . . . , d+ p− 1} and L ∈ Vk(M). Then dim(W (L)) ≤ d+ p− 1− k.

Proof. Set W =W (L). From the short exact sequence

0 −→W (+1) −→
⊕
n>0

Fn+1

Mn+1
−→

⊕
n>0

Fn+1

Ln+1
−→ 0,
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for n� 0 we get

`R(Wn+1) = `R

(
Fn+1

Mn+1

)
− `R

(
Fn+1

Ln+1

)

=
d+p−1∑
i=0

(−1)ieFi (M)

(
n+ d+ p− i− 2

d+ p− i− 1

)

−
d+p−1∑
i=0

(−1)ieFi (L)

(
n+ d+ p− i− 2

d+ p− i− 1

)

=
d+p−1∑
i=0

(−1)i
[
eFi (M)− eFi (L)

]( n+ d+ p− i− 2

d+ p− i− 1

)
.

As eFi (M) = eFi (L), for all 0 ≤ i ≤ k, we obtain, for n � 0, that `R(Wn+1) is a
polynomial of degree at most d + p − 2 − k. Hence, [10, Proposition 4.6], dim(W (L)) ≤
d+ p− 1− k. �

Before presenting the next corollary, let’s review the following facts: Let N ⊆M ⊆ F
be two R-modules such that `R(M/N) < ∞. According to [12, Theorem 16.5.6], for
sufficiently large n ∈ N, the numerical function `R(M

n/Nn) is a polynomial function
denoted as PM/N (n) of degree at most s − 1, where s := d+max{rank(M ⊗R k(p)) : p ∈
Min(R)}. This polynomial PM/N (n) can be expressed in the form:

PM/N (n) =
s−1∑
i=0

(−1)ieFi (M,N)

(
n+ s− i− 2

s− i− 1

)
,

where eFi (M,N) is referred to as the ith relative Buchsbaum-Rim coefficient of (M,N ).
Assuming (R,m) is a formally equidimensional ring and N ⊆ M ⊆ F are two R-

modules with `R(M/N) <∞, such that ht(AnnR(F/M)) > 0, the equivalence established
by [12, Theorem 16.5.6(3), Corollary 16.5.7] states the following: N is a reduction of M
if and only if deg(PM/N (n)) < d+ p− 1 if and only if eF0 (M,N) = 0. Therefore, utilizing
this equivalence, we can readily deduce that deg(PM/N (n)) < d+ p− 1− k if and only if

eFi (M,N) = 0 for i = 0, 1, . . . , k, for all k = 0, 1, . . . , d+ p− 1.
Now, in particular, we have eFi (M

F
{k},M) = 0 for i = 0, . . . , k if and only if

deg(PMF
{k}/M

(n)) < d+p−1−k. Thus, we obtain the following corollary of Theorem 4.5.

Corollary 5.7. Let (R,m) be a formally equidimensional d-dimensional local ring with
infinite residue field. Let M be a finitely generated R-submodule of F with `R(F/M) <∞.
Then, for each k = 0, . . . , d+ p− 1, there exists a unique maximal R-submodule MF

{k} of
F containing M such that

(1) eFi (M) = eFi (M
F
{k}) for i = 0, . . . , k;

(2) M ⊆MF
{d+p−1} ⊆ · · · ⊆M

F
{1} ⊆M

F
{0} =M .
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5.2. The generalized associated graded ring

As an application of Section 4, we give a new result that shows a way to control the
height of the associated prime ideals of GI(M)(R(M)), similar to the control established
in [27, Theorem 4].

Theorem 5.8 Let (R,m) be a formally equidimensional d-dimensional local ring
with infinite residue field. Let M be a finitely generated R-submodule of F such that
`R(F/M) < ∞ and assume that s(M) = d + p − 1. Let k ∈ {1, . . . , d + p − 1}.
Then I(M)Mn = (Mn)[k] for every n > 1 if and only if ht(P ) < k for every
P ∈ Ass(GI(M)(R(M))).

Proof. Assume that I(M)Mn = (Mn)[k] for every n > 1 and take P ∈
Ass(GI(M)(R(M))). Because P is a graded ideal, we may write P = (0′ : b′) with
b ∈ Mn\I(M)Mn. Now suppose that ht(P ) > k; then dim(GI(M)(R(M))/P ) ≤
(d + p − 1) − k. By [27, Lemma 2(E)] there exist z′1, . . . , z

′
d+p−1 ∈ GI(M)(R(M)), with

z′i := zi + I(M)Mn0 for some n0 > 1 and every i ∈ {1, . . . , d+ p− 1}, such that

`R

 GI(M)(R(M))(
z′1, . . . , z

′
d+p−1

)
 <∞and z′1, . . . , z

′
k ∈ P.

Define xi = zni for each i. So

`R

 GI(M)(R(M))(
x′1, . . . , x

′
d+p−1

)
 <∞and x′1, . . . , x

′
k ∈ P,

where x′i := xi + I(M)Mnn0 . One concludes that b(x1, . . . , xk) ⊂ I(M)Mn+nn0 =
I(M)(Mn)n0+1. By Theorem 4.5 we obtain

b ∈Mn ∩ (I(M)(Mn)n0+1 : x1, . . . , xk) ⊆ (Mn)[k],

which is a contradiction.
Now, assume that ht(P ) < k for every P ∈ Ass(GI(M)(R(M))) and fix k ∈ {1, . . . , d+

p− 1}. Let n, n0 be positive integers and let x1, . . . , xd+p−1 be any minimal reduction of
M n0 . We must show that I(M)Mn = (Mn)[k]. To do so, by Theorem 4.5, it suffices to
show that

I(M)Mn =Mn ∩ (I(M)(Mn)n0+1 : x1, . . . , xk). (5.1)

In fact, letting x′i := xi + I(M)Mnn0 , note that ht(x′1, . . . , x
′
k) = k since GI(M)(R(M))

is equidimensional (by Theorem 4.6). In this way, the ideal (x′1, . . . , x
′
k) must contain a

nonzero divisor. Take y ∈ Mn ∩ (I(M)(Mn)n0+1 : x1, . . . , xk); then y′x′i = 0′ for each
i ∈ {1, . . . , k}, where y′ := y + I(M)Mn and x′i := xi + I(M)Mnn0 . From this we
derive 5.1, as wished. �
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Next corollary improves [27, Theorem 4].

Corollary 5.9. Let (R,m) be a formally equidimensional d-dimensional local ring with
infinite residue field and d > 1, let I be an m-primary ideal of R and let k ∈ {1, . . . , d}.
Then the following are equivalents:

(1) In+1 = (In)[k] for every n > 1;
(2) In = (In)k for every n > 1;
(3) ht(P ) < k for every P ∈ Ass(GI(R)).

Proof. It follows from Theorem 5.8 and [27, Theorem 4]. �
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