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Induction recursion offers the possibility of a clean, simple and yet powerful meta-language

for the type system of a dependently typed programming language. At its crux, induction

recursion allows us to define a universe, that is a set U of codes and a decoding function

T : U → D which assigns to every code u : U, a value T u of some type D, e.g. the large

type Set of small types or sets. The name induction recursion refers to the build-up of codes

in U using inductive clauses, simultaneously with the definition of the function T , by

structural recursion on codes.

Our contribution is to (i) bring out explicitly algebraic structure which is less visible in the

original type-theoretic presentation – in particular showing how containers and monads play

a pivotal role within induction recursion; and (ii) use these structures to present a clean and

high level definition of induction recursion suitable for use in functional programming.

1. Introduction

Recursion is one of the most fundamental concepts in computation. Its importance lies in

the ability it gives us to define computational agents in terms of themselves – these could

be recursive programs, recursive data types, recursive algorithms or any of a myriad of

other structures. The first formal analysis of recursion go back a century or more, to the

birth of the theory of general recursive functions, fixed points and induction. It is virtually

impossible to overestimate how recursion has contributed to our ability to compute, and

to understand the process of computation.

Is it possible that there is anything fundamental left to say about recursion? We believe

there is and so, in this article, we want to focus on just one strand, namely induction

recursion. When defining a function f : A → B recursively, A is usually fixed in advance.

But what if it is not? What if, as we build-up the function f recursively, we also build

-up ‘just-in-time’ the type A inductively? Induction recursion concerns itself with the

study of functions defined in this way. This name is due to Peter Dybjer, who together

with Anton Setzer wrote a number of papers developing the subject. The idea was first

introduced formally by Dybjer (2000) and then Dybjer and Setzer proposed a closed form

for induction recursion in Dybjer and Setzer (2003). However, the origin of induction

recursion can be traced back further to the notion of universe introduced by Martin-Löf

in the early 70’s (Martin-Löf 1973).

It is our opinion that dependently typed programmers have much to gain from an

understanding of induction recursion because induction recursion offers the possibility

of a clean, simple and yet powerful meta-language for the type system of a dependently
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typed programming language. To see this consider the evolution of the theory of data

types within programming languages.

• Inductive types: At the simplest level, inductive types arise as the least fixed points

of operators F : Sets → Sets.† Natural numbers, lists storing data of a given type,

binary trees etc. fit into this framework. For example, a data type Tree of binary trees

(storing no data at the leaves) is the least type satisfying

Tree = 1 + Tree × Tree

and hence arises as the least fixed point of the operator F : Sets → Sets defined by

FX = 1 + X × X.

Of course, not all operators F : Set → Set have least fixed points which behave

well and so grammars for generating operators with well behaved least fixed points

have been developed. Amongst these grammars are the polynomial operators, strictly

positive operators and containers (Abbott et al. 2005).

• Inductive families: At the next level of sophistication, one considers inductive families

which do not just define one type inductively, but rather a U-indexed family T : U →
Sets of types simultaneously. Inductive families arise as least fixed points of operators

F : (U → Sets) → U → Sets. Crucially, U here is a fixed set defined independently

and in advance of the inductive family. For example, the terms of the untyped λ-

calculus up to α-equivalence form a Nat-indexed set Lam : Nat → Sets which is the

least Nat-indexed set satisfying the equation

Lam n = Fin n + (Lam n)×(Lam n) + Lam (n + 1)

where Fin n is a type with n-elements. Thus Lam arises as the least fixed point of the

operator F : (Nat → Sets) → Nat → Sets defined by

F X n = Fin n + (X n)×(X n) + X (n + 1)

Forms of operator that give rise to well-behaved inductive families include Dybjer’s

inductive families (Dybjer 1994), indexed containers (Morris and Altenkirch 2009) and

dependent polynomials (Gambino and Hyland 2004).

• Induction recursion: We believe that the next step in this hierarchy of definitional

formats is induction recursion which generalizes inductive families by allowing a set

U to be defined simultaneously with a function T : U → D where D is usually a large

type such as Sets. This means that inductive recursive types arise as least fixed points

of operators F : Fam(D) → Fam(D) where the elements of Fam(D) are families (U,T )

where U is a set (called the indexing set of the family) and T : U → D is a function

(called the decoding function of the family).

† In this paper, we are attempting to address dependently typed programmers and hence have stayed away

from the categorical lexicon which some dependently typed programmers may be unfamiliar with. However,

for those who it may be helpful, we will reinterpret our constructions in the categorical lexicon at the end of

this paper.
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To give an example of an inductive recursive definition, first recall that a universe is a

pair (U,T ) where we think of the indexing set U as consisting of the names or codes

for types and the decoding function T : U → Sets assigning to each code u : U the

type Tu of elements of the type named by the code u. An example of an inductive

recursive definition is that of a universe containing a code for the natural numbers and

closed under Σ-types. Such a universe is the smallest family of sets (U,T ) satisfying

the equations.

U = 1 + Σu :U. Tu → U

T (inl ∗) = Nat

T (inr (u, f)) = Σx :Tu. T (fx).

To understand the above definition, note that a Σ-type ΣAB consists of a type A and

a function B mapping each element of A to a type. Thus the name of a Σ-type in a

universe (U,T ) will consist of a name in U for the type A, i.e. an element of u : U,

and a function assigning to every element of the type denoted by u, i.e. every element

of Tu, the name of a type, i.e. an element of U. An element of the type denoted by a

name (u, f) consists of an element of the type denoted by u, i.e. an element of Tu, and

an element of the type named by fu, i.e. an element of T (fu)).

The crucial point about the above example is that U depends upon T and so U

cannot be defined in advance of T . Thus, this universe is inductive recursive but not

an inductive family.

As with inductive types and inductive families, induction recursion contains: (i) a

representation of data types as least fixed points of operators between families; and (ii) a

grammar for defining such operators. Elements of the grammar are called IR-codes, while

the function assigning to each IR-code the operator it represents is called the decoding

function. Induction recursion covers all of the data types mentioned above but comes into

its own when we wish to defined universes closed under dependently typed operations

(as in the example above). This is because dependently typed operations use elements

of types within types and so universes closed under such operations must have their

codes U (i.e. the names of types in the universe) and their decoding functions T (i.e. the

elements of a type within the universe) defined simultaneously. Such examples cannot

be easily represented within any of the theories of data types mentioned above. Further

examples of inductive recursive definitions will be given in the body of the paper. Indexed

induction recursion (Dybjer and Setzer 2006) goes beyond induction recursion in that one

can define a set of codes and a decoding function with the possibility that different codes

can decode to elements of different types. Thus, within indexed induction recursion, we

can have some codes which decode to, say, types and some codes which decode to, say,

operators on types.

Despite the fundamental conceptual insight of Dybjer and Setzer’s type-theoretic

foundation, induction recursion has yet to become as widely used as its potential suggests

it should. We believe this is because both the theoretic foundations and pragmatic

aspects of induction recursion need further development. This paper proposes to address

both of these issues by (i) developing an algebraic foundation for induction recursion

to complement the type-theoretical foundation of Dybjer and Setzer; and (ii) following

https://doi.org/10.1017/S0960129514000127 Published online by Cambridge University Press

https://doi.org/10.1017/S0960129514000127


N. Ghani and P. Hancock 92

in the footsteps of the algebra of programming school and reflecting this algebraic

structure into an implementation. This methodology has proved to be very fruitful in the

past probably because both the algebra of programming and functional programming

are based upon understanding computational phenomena using high levels of abstraction,

and then reflect this understanding into structured programming idioms. More concretely:

(i) clean foundations lead to clean code which is therefore easier to both, understand and

experiment with; and (ii) implementing these foundations also guarantees their partial

correctness via type checking. We may summarize this methodology by paraphrasing a

famous quote ‘Theorists have so far only interpreted code in various ways — the point,

however, is to structure it!’.

In more detail, after recapping Dybjer and Setzer’s theory of induction recursion in

Section 2, our contributions are as follows:

• In Section 3, we introduce a number of algebraic ideas which we then use to

structure our implementation of induction recursion. In more detail, (i) we in-

vestigate families and the algebraic structure they support; (ii) separate positive

and negative uses of families within an IR-code; (iii) introduce large families as

the essential structure from which IR-codes are derived; and iv) introduce local-

ization as the key structure from which the decoding function for IR-codes are

derived.

• In Section 4, we show how induction recursion can be reformulated using containers.

That is, we replace the notion of large families and localization from Section 3 with

a different notion of large family based upon containers from which the codes of

induction recursion can be derived and a new notion of localization from which the

associated decoding function can be derived. This allows us to compactify the definition

of IR-codes so as to expose the connection between containers and induction recursion

in preparation for our treatment of indexed induction recursion.

• In Section 5, we show that the relationship between containers and induction recursion

developed in Section 4 can be replicated in the indexed world. That is, we use

indexed containers to explain, structure and implement indexed induction recursion.

Concretely, this means the definition of a new notion of large family based upon

indexed containers from which the codes of indexed induction recursion can be derived

and a new notion of localization from which the associated decoding function can be

derived.

• Despite the temptation to do otherwise, we have taken a resolutely non-categorical

approach in this paper so as to ensure our work is as accessible as possible. However,

this does lose something, and so in Section 6 we recast some our ideas in a more

categorical way. However, none of the rest of the paper depends upon this section and

the reader can safely skip it should they not have the prerequisites.

• We conclude in Section 7 and offer directions for future research.

The conceptual framework for our discussion of induction recursion is a version of

Martin-Löf type theory, strictly speaking a theory of constructive sets, expressed in a

logical framework. This framework can be thought of as a dependent type theory, with

one ‘large’ ground-type Set and small ground types A, where A has type Set. The type
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structure above the ground types is closed under operators for forming from a type A and

an A-indexed family of types B both (i) the type (x : A) → B x of functions with domain

A whose value at x : A has type B x; and (ii) the type Σx :A. B x of ordered pairs, (a, b),

where a : A and b : B a.

We allow ourselves to introduce certain ‘large’ data types, and define certain functions

by iteration over the structure of their elements. This raises some subtle conceptual

questions, since ‘officially’ all inductive definitions are at the level of sets. We do

not address these in this paper. However, it may be worth remarking that we do

not need the full strength of a dependent elimination principle, but only a finite

number of instances of so-called ‘large’ iteration: such large data types need not be

initial. The construction can be justified by the model constructions using classical

set theory with extra large cardinal axioms given for example in Dybjer and Setzer

(2001). (These models serve also as some assurance that inductive recursive functors

have initial algebras. The cardinals involved have been extensively investigated for

100 years.)

Our constructions do not need to make use of identity types (small types IDAa a : Set

where A : Set, and a, a′ are elements of A). However, the claims that we make about these

constructions, and their hypotheses, do (ultimately) make use of of identity types. We

wish to assume as little as possible about such identity types: at a minimum, at function

types and at pair types it should be extensional.

The notation we shall use is essentially that of the dependently typed programming

language Agda, or rather a basic fragment of it. Full information about Agda can be found

at Bove et al. (2009), but it should be possible to infer the meaning of the Agda code from

general functional programming culture. The only Agda2 specific notion is that of implicit

parameters to functions which are written ‘{x : A} → . . . ’ and which can be thought of as

the declaration of an input which can be inferred from its context when used and hence

need not be given. Our code can be found at http://www.cis.strath.ac.uk/∼ng. It is

a testament to progress in dependently typed programming that we now have a language

sufficiently abstract to closely mirror the conceptual foundations of induction recursion,

with relatively minor bureaucratic overhead.

It may be worth remarking that we make very little use of Agda’s system of universe

levels. We use Set = Set0 to represent the large ground type of the logical framework,

and an Agda type ascription A : Set1 to represent type judgement that A is a type of

the logical framework. The universes we produce using induction recursion are families

indexed by small types, or sets. We take various small liberties with notation; such as when

confusing a function e : 1 → E with its sole value e ∗, and eliding other isomorphisms

when they should be obvious.

2. Induction recursion in a nutshell

In this section, we set the scene for our work by giving the essence of Dybjer and Setzer’s

system of codes for induction recursion. The codes themselves have a very elegant and

compact definition as follows:
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Definition 1 (Dybjer and Setzer’s IR-codes). Let D be a type. The large type IR D of

IR-codes has the following constructors

d : D
ι d : IR D

A : Sets f : A → IR D

σAf : IR D

A : Sets F : (A → D) → IR D

δAF : IR D

Understanding IR codes, and thus each of the IR-constructors, is best done by under-

standing the semantics of each IR-code. Dybjer and Setzer gave this semantics in the

form of a decoding function which associates to each IR code a mapping of families to

families. We first define families before defining Dyber and Setzer’s decoding function.

Definition 2 (families). Let D be a type. Then Fam(D) is the large type whose elements

are pairs (U,T ) where U is a set and T : U → D. We call U the index of the family and

T the decoding function.

A degenerate case is worth pointing out as we shall use it later

Example 3 (Fam 1). A degenerate case occurs when D = 1, the unit type. In this case,

Fam 1 simply consists of sets, i.e. Fam 1 = Sets. This special case allows us to deal with

operators F : Sets → Sets within induction recursion. In fact, the IR1 codes represent

exactly those operators on sets which are containers.

Next, there is the decoding function which assigns to every type D and IR code c ∈ IR D

a mapping [[c]] : Fam D → Fam D of families to families. Dybjer and Setzer define this

mapping [[c]] in two parts: (i) a function [[c]]0 : Fam D → Sets with the intent that

[[c]]0(U,T ) is the index set of the family [[c]](U,T ); and (ii) a function [[c]]1 which assigns

to each family (U,T ) a function [[c]]0(U,T ) → D with the intent that [[c]]1(U,T ) is the

decoding function of [[c]](U,T ). These functions are defined as follows:

Definition 4 (Dybjer and Setzer’s decoding function). Let D be a type and c ∈ IR D. Define

the mapping [[c]] : Fam D → Fam D as follows:

• When c = ιd, the functor [[c]] denotes the constant functor which returns a family with

one index which decodes to the element d. Hence [[ιd]] is defined by

[[ι d]]0 (U,T ) = 1

[[ι d]]1 (U,T ) = d

• When c = σAf, for each element a of the set A, we have a code fa and hence an

operator [[fa]] : Fam(D) → Fam(D). The intended meaning of the code σAf is simply

the pointwise sum of all of the operators [[fa]] for a ∈ A. This intended meaning is

formalized by defining

[[σAf]]0 (U,T ) = Σa : A.[[fa]]0 (U,T )

[[σAf]]1 (U,T ) (a, i) = [[fa]]1 (U,T ) i.
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• When c = δAF , for each X : A → D, we have a code FX and hence an operator

[[FX]] : FamD → FamD. If we consider a function X : A → D as an A-tuple of elements

of D, then we can consider [[FX]] as a code parameterized by such a collection. The

intended meaning of δAF is similar to the pointwise sum of all the operators [[FX]].

However, rather than summing over the large collection of all functions A → D, the

action of [[δAF]] on a family (U,T ) restricts to only those elements of D which are in

the image of T , i.e. only those elements of D which are definable within the family

(U,T ). This intended meaning is formalized by defining

[[δAF]]0 (U,T ) = Σg :A → U. [[F(T ◦ g)]]0 (U,T )

[[δAF]]1 (U,T ) (g, i) = [[F(T ◦ g)]]1 (U,T ) i.

We note that in the definition of decoding, various Σ-types are used but they are all

indexed by sets and hence produce sets. For example, the definition of [[σAf]] uses a

Σ-type over elements of the set A, while the definition of [[δAf]](U,T ) uses a Σ-type

indexed by elements of A → U. Since A and U are sets, such elements also form a set.

In fact, Dybjer and Setzer proved that Fam(D) is a category and that if c is an IR code,

then [[c]] not only maps families to families, but also morphisms of FamD to morphisms

of FamD. That is, they showed that [[c]] : FamD → FamD is a functor. This functoriality

will become relevant only in Section 6.

The final step is now to state the principle of definition by induction recursion. For

every code c, the mapping [[c]] has a least fixed point. More precisely, a certain scheme of

structural recursion can be used to define functions. As a result, induction recursion is a

principle asserting the existence of set-indexed families of various types D.

Definition 5 (IR data types). A family T : U → D is inductive recursive iff there is an

IR-code c such that (U,T ) is the least fixed point of [[c]].

2.1. Examples of induction recursion

If D = 1, then Fam D is essentially the category Set of sets. Hence, functors on Set can

be discussed within the framework of induction recursion.

Example 6 (natural numbers). The functor mapping X to X + 1 is the decoding of the

IR-code

ι ∗ +δ1(λx. ι∗) : IR 1

We can embellish or transform this code to one that can be used not only to define the set

of natural numbers, but can also be used to define the set-valued function Fin : Nat → Set

that assigns to each natural number the enumerated type Fin(n) = {0, . . . , n− 1}. The code

for this is:

ι 0 + δ1 (λX. ι (X∗ + 1)) : IR Set

In the last example, we coded-up the inductively defined data type Nat with an IR-code,

and showed how to embellish it to define directly by recursion a useful set-valued function.

This is known as large elimination, or large-valued recursion, and was discussed in Smith
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(1989). One of the main reasons (stated in Martin-Löf (1973)) for the invention of universe

types in dependent type theory was to make it possible to define families of data types

defined by structural recursion on their indices, so obtaining the effect of large-valued

recursion.

A further use of induction recursion is to define closure operations over families of sets.

The following example shows how this can be done in a variety of different ways.

Example 7 (closure under Σ). Suppose (S, E) : Fam Set. We wish to define a universe

extending this given family of sets, that contains the singleton set 1 and is closed under

the quantifier Σ. This universe is the initial algebra for the following endofunctor on

Fam Set.

(U,T ) 	→ (S, E) + (1, λ − . 1) + ([[U,T ]]U , λ(u, f).Σ (T u)(T · f))

The code for this functor is:

σS (ι . E) + ι 1 + δ1 (λU. δU∗ (λT . ι(Σ (U∗)T )))

The following example shows how induction recursion can be used to define functions

whose values are themselves codes for inductive recursive functors, and so shows how

induction recursion can be used for its own metaprogramming.

Example 8 (church numerals). Consider the following operators

(U,T ) 	→ (1, 	→ 1)

(U,T ) 	→ (U,T )

(U,T ) 	→ (U,T ) ∗ (U,T )

(U,T ) 	→ (U,T ) ∗ (U,T ) ∗ (U,T )

· · ·

where ∗ is a binary operation on families sending (U,T ) and (U ′, T ′) to the family with

index set Σu :U. Tu → U ′ and with decoding function sending (u, f) to Σx :Tu. T (fx).

These operators have the following codes

ι 1

δ 1 (λX. )ι X∗
δ 1 (λX. δ X∗ (λY . ι (Σ X∗ Y )))

δ 1 (λX. δ X∗ (λY . δ (Σ X∗ Y ) (λZ. ι (Σ Σ X∗ Y Z))))

. . .

The nth term sequence can be obtained as n|1 where n| : Set → IR(Set) is the nth term of

the following sequence of polymorphic codes.

0|A = ι A

(n + 1)|A = δA (λX : A → Set. n|(ΣAX))
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We may then, as in the first example above, embellish the code : IR(1) that defines the

data type Nat so as to obtain

ι(λA. ι A)

+ δ1 (λF : Set → IR(Set).

ι(λA : Set. δA (λX. F (ΣAX))))

: IR (Set → IR Set)

by means of which the entire sequence of polymorphic codes can be defined in one go.

Note in this example one does not take D to be the usual choices of 1 or Set.

3. Families, large families, mixed variance and localization

3.1. Families and their structure

The presentation of the decoding function given above takes as input a code c and a

family (U,T ) and first computes the index set of the output family and then computes the

decoding function of the output family. This is essentially a two stage process which treats

a family as an index set together with a decoding function. There is an alternative - namely

to work directly at the level of families by treating families as atomic entities. Doing this

will raise the level of abstraction at which we understand induction recursion and, as

found within the algebra of programming school, creates greater conceptual simplicity

and thereby increases the tractability of the theory.

In this section, we develop the properties of families we need and then use them to

give an algebraic foundation and implementation of induction recursion based upon

this structure. As we shall do throughout the rest of the paper, we present all of our

constructions in Agda. Families were defined in Definition 2 and can be implemented in

Agda by using the Agda type Set to represent sets and the Agda type Set1 to represent

types. This may be done as follows:

Fam : Set1 → Set1
FamD = Σ Set (λA → (A → D))

Fam1 : {D D′ : Set1} → (D → D′) → FamD → FamD′

Fam1 g (A , f) = (A , g ◦ f)

π0 : {D : Set1} → FamD → Set

π0 (U,T ) = U

π1 : {D : Set1} → (P : FamD) → π0P → D

π1 (U , T ) = T .

The above implementation of families also defines the projections π0 and π1 that take

a family as input and extract the index set and the decoding function respectively. In

addition to implementing the large type FamD, we have also implemented a function

Fam1 which lifts functions between types to functions between families of types. Most of

the operators on types we use in this paper possess such liftings of functions and so this

pattern will reoccur on several occasions.
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One other concept we need is that of a monad which, thanks to the work of first

Eugenio Moggi and then Phillip Wadler, has become a standard apparatus used by

functional programmers to model effectful computation. We do not delve into categorical

aspects of monads – an interested reader can consult (Mac Lane 1998). Instead, we simply

implement the monadic structure of Fam that we shall need. To understand this structure,

notice that a family of Ds is like a subset of D or, more accurately, a multiset of Ds. Now,

just as subsets (and multisets) support a singleton operation and a union operation, so do

families. The first operation is called the unit of Fam while the second operation is called

the multiplication of Fam and they can be implemented as follows:

η : {D : Set1} → D → FamD

η d = (
 , const d)

μ : {D : Set1} → Fam(FamD) → FamD

μ {D} (A , B) = (Σ A (π0 ◦ B) , g)

where g : Σ A (π0 ◦ B) → D

g (a , k) = π1 (Ba) k.

The above code uses several predefined Agda primitives: 
 is the Agda unit type and

const is the Agda function that takes a value as input and returns the constant function

with that value†.

3.2. Large families

We have seen that families are important in induction recursion as IR-codes produce

functors mapping families to families. Further, the input to the σ-constructor is in fact a

family of IR-codes. That is σ actually has type Fam (IRD) → IRD. But what about the

δ-constructor? If we think about σ-constructor as taking as input, a code parameterized

over elements of a set A, then (when A = 1 and D = Set) the δ-constructor takes as

input a code parameterized over an arbitrary set. At this point the reader should think

about the difference between a function consisting of a value parameterized by elements

of a specific set, and a function consisting of a value parameterized by sets themselves.

Similarly, one can see σ as building codes from A-indexed codes, for a specific set A, while

δ-builds codes from Set-indexed codes (again when D = Set). To model this alternative

form of parameterization, we introduce the notion of a large family, so-called because

such a large family existentially quantifies over Set unlike the usual notion of family

which existentially quantifies over a specific set. In Agda, one may define large families

as follows:

LFam : Set1 → Set1 → Set1
LFam I O = Σ Set (λA → (A → I) → O)

Notice the similarity with families we have alluded to. While families are collections

indexed by elements of a type indexed by a set, the above definition of the large family

† To be precise, while η and μ are both natural transformations, in that the naturality squares hold with respect

to equality, the monad laws hold only up to isomorphism. This is not an issue in this paper since we never

use the monad laws.
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LFam I O is a collection of Os indexed by (when A = 1) elements of I where I is not of

type Set, but rather of type Set1. Of course there are other significant differences between

LFam and Fam and we turn to those differences now.

3.3. Mixed variant IR

After this discussion of families, we turn our attention to variance. The reader may have

wondered why Fam is a function of one input while LFam is a function of two inputs.

That is, why did we not define

BadLFam : Set1 → Set1
BadLFam D = Σ Set (λA → (A → D) → D)

The reason is simple — while the definition of Fam supports a lifting of functions to

families as given by the function Fam1, the definition of BadLFam does not. The problem

is that in BadLFam, the type D occurs in both a negative position, or contravariantly and

in a positive position, or covariantly. The definition of LFam separates these contravariant

and covariant positions of D into two separate arguments. As a result, functions between

types can be lifted to functions between large families over those types in the covariant

argument. This leads to the following definition of LFam1

LFam1 : {I D D′ : Set1} → (D → D′) → LFam I D → LFam I D′

LFam1 g (A , F) = (A , g ◦ F).

The natural next question is then to wonder about the variance within IR-codes themselves.

For example, the reader may have asked whether there is a function that lifts a

function D → D′ to a function IR D → IR D′. The answer is clearly no – since the

δ-constructor has covariant and contravariant parts, clearly IR D will be both covariant

and contravariant in D. However, just as with large families, we can tease out the

covariance and contravariance if we notice that all the covariance comes from the ι

constructor, while all the contravariance comes from the δ-constructor. The constructor

σ is variance neutral since I and O do not play a direct role in the constructor σ.

Putting together the above ideas concerning families, large families and variance, we

arrive at our first reformulation of IR codes as the following Agda definition

data IR(I O : Set1) : Set1 where

ι : O → IR I O

σ : Fam(IR I O) → IR I O

δ : LFam I (IR I O) → IR I O

The above presentation of IR codes makes it clear that the type IR I O can be thought

of as a simple data type, namely the least fixed point of the operator which maps a family

X to the family O + Fam X + LFam I X. Here, the action of + maps two families to

the family (i) whose index set is the disjoint union of the index sets of the input families;

and (ii) whose decoding function is given by cotupling. This is the most fundamental pay

off for mixed variant IR – by separating out the variance in IR I O’s constructors, we get

a presentation of IR-codes in terms of the standard theory of data types which opens the
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way to use the standard techniques from the algebra of programming to structure and

reason about implementations of induction recursion. We can put this observation to use

immediately by using it to give a structured implementation of the decoding for IR-codes.

3.4. Decoding and localization

What is left to do is give our implementation of the decoding function for our presentation

of IR-codes using Fam and LFam given above. As our mixed variant codes IR I O are

parameterized by a negatively occurring I and a positively occurring O, the reader will not

be surprised to discover that each mixed variant IR-code decodes to a mapping sending

families in Fam I to families in Fam O. That is, for our mixed variant IR-codes, we shall

define the decoding function to have type

[[−]] : {I O : Set1} → IR I O → Fam I → Fam O

Further, because we can now see IR I O through the prism of the algebra of programming,

we can structure the decoding function for IR-codes by using the associated fold operator

for IR I O. This operator is defined as follows:

fold : {I O X : Set1} →
(O → X) → (Fam X → X) → (LFam I X → X) → IR I O → X

fold i s d (ι o) = i o

fold i s d (σ f) = s (Fam1 (fold i s d) f)

fold i s d (δ F) = d (LFam1 (fold i s d) F)

This definition can be recovered as a particular form of the OP elimination rule of Dybjer

and Setzer (2003, Section 4.3). This elimination rule has a fully dependent form, in which

there is family of sets indexed over OP D. Moreover, then can be ‘side-arguments’ in

step functions. We do not need either of these features. Our fold operator is precisely

the ‘iterative’ non-dependent version of their elimination rule. In this version, when we

supply arguments to our operator in the form of closed terms, we do not need a recursion

principle to guarantee that the value is defined, but only substitution. Whatever ultimately

can be said on the question of a direct understanding of large inductive types, the

soundness of fold follows set-theoretic model presented in Dybjer and Setzer’s papers,

employing a Mahlo cardinal in the interpretation of sets.

Note, how the definition of fold requires both Fam and LFam to lift functions between

types to functions between the associated families. A naive way to use fold would be to

define [[c]] as a fold by taking the type X in the definition of fold given above to be

Fam I → Fam O. Indeed, that is what we did first! However, it is easier to fix a family

m : Fam I and then define [[−]]m as a fold as, in this case, X can be taken to be the

simpler type Fam O. To do this, we will have to supply the three parameters for fold, the

so-called replacement functions for the constructors ι, σ and δ. We do so as follows:

• The first parameter of the fold turns out simply to be the unit η of the families monad.

This is because [[ι −]]m takes a d :D as input and returns the family ηd, i.e. the family

with one index which decodes to d.
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• To understand the second parameter of the fold function which will compute [[c]]m,

note that if c is of the form σAf, then the fold will act in a structurally recursive

fashion. That is, for each a : A, it will compute [[fa]]m : Fam O. Thus, overall we

have an A-indexed family of elements of Fam O, i.e an element of Fam(Fam O).

At this point, the penny drops and we notice that hidden inside Dybjer and Setzer’s

definition of the decoding function for codes of the form σAf is the application the

multiplication μ of the families monad to obtain the desired result of type Fam O.

That is, the replacement function for σ is nothing other than μ!

• To understand the third parameter, notice that both [[σA f]](U,T ) and [[δA F]](U,T )

both are sums, the first indexed by A and the second indexed by A → U. Indeed,

calculations show that

[[δA F]](U,T ) = [[σA→U(λg : A → U. F(T ◦ g))]](U,T )

To formalize this observation, lets define the following Agda function which takes a

family T : U → I and a large family F : (A → I) → O as input and restricts the large

family so that it can only range over elements of type I which have codes in (U,T ).

ρ : {I O : Set1} → Fam I → LFam I O → Fam O

ρ (U , T ) (A , F) = (A → U , λg → F(T ◦ g))

We call such a function a localization for LFam since, given a fixed family (U,T ), the

function ρ(U,T ) turns a large family into a family by localizing the large family to

consider only those elements of I which have codes in U. Note how this formalizes

the intuition we gave for Dyber and Setzer’s decoding function for codes of the form

δAF . Using ρ, we have

[[δA F]](U,T ) = [[σ(ρ (U,T ) (A, F))]](U,T )

and so our third replacement function is simply μ ◦ ρm.

Thus, our implementation of the decoding function for our mixed variant IR-codes is

[[c]] m = fold η μ (μ ◦ ρm) c

Notice several things: as promised, working directly with the families monad has both

allowed us to define the decoding function of an IR-code uniformly over families rather

than by giving first the index set and then the decoding function of the output. Further, we

see the monadic structure of the families monad as playing a crucial role in the semantics

of each of the three IR-constructors. Thirdly, it was only because we separated out the

variance and defined IR I O rather than IR D, that we could implement the decoding

function via a fold.

Given an IR-code, we have seen how to generate a mapping between families. When

I = O, the least fixed point of this mapping is called an inductive recursive type. In Agda,
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we can implement the family (U,T ) arising from an IR-code c as follows:

mutual

data U {D : Set1} (c : IR D D) : Set where

C : (π0 ◦ [[c]]) (F c) → U c

T : {D : Set1} → (c : IR D D) → U c → D

T c (C a) = (π1 ◦ [[c]]) (F c) a

F : {D : Set1} → (c : IR D D) → FamD

F c = (U c , T c).

Of course, using mixed variant IR-codes has the advantage that we could define a more

general fixed point operator IR (I + O) O → Fam I → Fam O but this is standard and

so we do not do it here (Morris and Altenkirch 2009). Our final construction is to note

that the construction of IR codes is itself mixed variant, that is IR is contravariant in

its first argument and covariant in its second argument. This is implemented in Agda as

follows:

◦l : {I I ′ O : Set1} → IR I O → (I ′ → I) → IR I ′ O

ι d ◦l f = ι d

σ(A , g) ◦l f = σ(A , λa → ga ◦l f)

δ(A , F) ◦l f = δ(A , λk → F(f ◦ k) ◦l f)

◦r : {I O O′ : Set1} → (O → O′) → IR I O → IR I O′

f ◦r ι d = ι (fd)

f ◦r σ(A , g) = σ(A , λa → f ◦r (g a))

f ◦r δ(A , F) = δ(A , λk → f ◦r Fk)

4. Container based IR

Having three constructors is worrying. It may not seem so at first glance, but it wrankles as

there seems to be something non-canonical in the presentation of IR we have developed.

Further, when the semantics of σ and δ are presented using a localization for LFam,

these two constructors seem similar. Such potential unity between σ and δ is crying out

to be formalized and this led us to wonder if there is a common pattern underlying

these constructors . . . and then Altenkirch pointed it out. In more detail, Altenkirch

pointed out we do not need to have three constructors as the constructors σ and δ

can naturally be compressed into one constructor which leads to a containerification of

induction recursion. In this section, we develop container based IR because it both (i)

further simplifies our understanding of the essence of induction recursion by highlighting

even further the fundamental role played by localization; and (ii) provides an essential

stepping stone on the road to indexed induction recursion.

Definition 9 (container). A container (Abbott et al. 2005) (S, P ) is a pair where S is a set

P is a function P : S → Set.
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In Agda, we may define

Cont : Set1
Cont = Fam Set

In the ordinary theory of data types, one may think of S as containing operator symbols

and P assigns to each such operator, a set of positions where data is stored. This shapes-

and-positions metaphor is formalized by showing how containers define operations on sets

as the following Agda definition shows

[−]0 : ∀{a} → Cont → Set a → Set a

[(S, P )]0 X = Σ S (λs → Ps → X)

[−]1 : ∀{a b} → ∀{X : Set a} → ∀{Y : Set b}
→ (H : Cont) → (X → Y ) → [H]0X → [H]0Y

[(S, P )]1 f (s , g) = (s , f ◦ g).

Notice that an element of [(S, P )]0 X consists of a choice of a shape, i.e. an element of s : S,

and a function f : Ps → X which assigns to every position of the operator s, an element

of the type X to be stored there. We call [(S, P )]0 the extension of the container. Just like

with Fam and LFam, not only do containers operate on sets, but they also lift functions

between sets to functions between the resulting sets as shown by the definition of the

function [−]1 above. We take advantage of Agda’s universe system to ensure [(S, P )]0 acts

on both small sets, ie inhabitants of Set, and also inhabitants of the logical framework, ie

inhabitants of Set1. We make no use of any of Agda’s larger universes. Similar comments

apply to [(S, P )]1. Here are two examples of containers and their extensions:

Example 10. Fix a set A. The operator sending a set X to A is the extension of the

container KA defined in Agda as follows:

K : Set → Cont

K S = (S , const ⊥).

Example 11. Fix a set A. The operator sending a set X to A → X is the extension of the

container RA defined in Agda as follows:

R : Set → Cont

R A = (1 , const A).

Infact all container functors are examples of IR-codes when D = 1. This is demonstrated

by the following example.

Example 12 (containers and IR-codes). If (S, P ) is any container, then [S, P ]0 : Set → Set

is the decoding of the IR-code

σS (λs. δPs(λ . ι∗)) : IR 1

Indeed, it is an easy inductive proof to see that the class of IR-functors when D = 1

is exactly the class of containers. A simple embellishment of this code assigns, to each

element of the initial algebra of a container, the set of paths through it from the root to
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some subtree. The code here is

σS (λs. δPs(λX : Ps → Set. ι (1 + Σ (Ps)X))) : IR(Set).

We are almost ready to define the codes and decoding functions for container based IR.

But to do this, we need first to understand what happens in container based IR to the

σ and δ constructors. As mentioned earlier, they are amalgamated into one single type

constructor generalizing both Fam and LFam from the previous section. This gives us the

operator on types LCFam which in Agda may be defined by

LCFam : Set1 → Set1 → Set1
LCFam I O = Σ Cont (λH → [H]0 I → O).

Just like LFam, LCFam is contravariant in its first argument and covariant in its second

argument. We will need the covariant action here and so give its definition in Agda now

LCFam1 : {I D D′ : Set1} → (D → D′) → LCFam I D → LCFam I D′

LCFam1 g (A , F) = (A , g ◦ F).

Note that Fam and LFam are special cases where the chosen container is taken to be

firstly the container K A which represents the constantly A-valued operator, and secondly

the container R A which represents the operator A → −. Thus container based IR has

the same expressive power as Dybjer and Setzer’s induction recursion. While container

based IR simply presents induction recursion differently, this presentational difference

is fundamental to a smooth generalization of induction recursion to indexed induction

recursion. With these definitions in place, container based IR can be defined to have the

following codes:

data IR(I O : Set1) : Set1 where

ι : O → IR I O

σδ : LCFam I (IR I O) → IR I O.

As with the presentation of induction recursion in the previous section, the above data

type shows that IR I O is the least fixed point of an operator on types. This time the

operator sends a type X to the type O + LCFam I X. For those with some categorical

background, it is worth remarking that when put in this form, IR I O is also the free

monad over LCFam I at O. This seems a relatively clean description which shows that the

essence of IR-codes are captured by the operator LCFam. Returning to the characterization

of IR I O as a least fixed point, this gives us the following fold operator

fold : {I O X : Set1} → (O → X) → (LCFam I X → X) → IR I O → X

fold i k (ι o) = i o

fold i k (σδ F) = k (LCFam1 (fold i k) F).

Learning from the presentation of the previous section, we can use this fold operator

to write a decoding function for each code if we can define a localization operator for

LCFam. Indeed, this can be done as the following Agda code shows:

ρ : {I O : Set1} → LCFam I O → Fam I → Fam O

ρ (H , F) (B , f) = ([H]0B , F ◦ [H]1f).
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Notice how the localization operator for LCFam, is similar to that for LFam. Indeed,

when H is the container RA, the localization function we have just defined for LCFam

turns out to be exactly that for LFam. Given this localization operator, we can define the

decoding function for container IR codes as follows:

[[−]] : {I O : Set1} → IR I O → Fam I → Fam O

[[c]] m = fold η (μ ◦ ρm) c

Of course, the reader may want to know concretely what this decoding formula computes

and so we answer that question now:

Lemma 13. Let c = σδ(H , F) ∈ IR I O and (U,T ) ∈ Fam I . Then

[[c]](U , T ) = Σ(s, f) : [H]0U . [[F(s, T ◦ f)]](U , T )

Proof. Direct calculation

The fact that the decoding function remains very similar to that presented in the previous

section is very pleasing! Our understanding of IR is beginning to become sufficient that we

can make local changes to the definition of induction recursion, e.g. change the number of

constructors, without having to redevelop the whole of the theory of induction recursion.

In essence, we are beginning to see a modular understanding of IR develop where we

can change parts of the theory without affecting other parts. And, the key features of

induction recursion seems to be (i) a large constructor like Fam, LFam or LCFam from

which codes for IR can be derived; (ii) an operation which lifts functions between types

to functions between the large families defined over those types from which an associated

fold operator can be derived; and (iii) a localization operator for the said notion of large

family from which a decoding function for IR-codes can be derived. As we shall see,

this axiomatic framework will stand us in good stead when we come to tackle indexed

induction recursion.

As remarked above, the presence of separate σ and δ constructors, or a single

σδ constructor doesn’t change the expressive power of induction recursion as each

system can be defined in terms of the other. But the use of σδ, and more generally,

the containerification of induction recursion, allows us to import some sophisticated

mathematics concerning containers to help us understand induction recursion. We also

remark that one can go beyond Altenkirch’s remark in that there is nothing special about

containers. Let K be any class of operators on sets. We can define the inference rule

K ∈ K F : KI → IR I O

σδKKF ∈ IR I O

and give this constructor an associated semantics via a decoding function. The natural

questions to ask here regards the nature of the transformation of a class of operators

K into the class of operators definable using the form of induction recursion with σδK

as a constructor. Is it inflationary? What is its fixed point? Having asked such natural

questions, we will not pursue them in this paper.
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5. Indexed induction recursion

Dybjer and Setzer did more than simply define induction recursion – they also defined

indexed induction recursion Dybjer and Setzer (2006). To motivate indexed induction

recursion, recall that within induction recursion we can define universes T : U → D

where D can be, say, Set or Set → Set. As a result, every code u : U in a universe

T : U → D decodes to an element of the same type, namely D. But what if we want

to define a universe containing codes, some of which decode to Set and some of which

decode to operators on Set. Indexed induction recursion gives us exactly the technology

to do this, i.e. to define universe with codes that decode to inhabitants of different types.

As with induction recursion, the theory of indexed induction recursion is fairly delicate

and intricate type theory. In this section, we aim to do for indexed induction recursion

what we have already done for induction recursion, i.e. produce an algebraic foundation

of indexed induction recursion and use it to derive a clean and concise implementation

of indexed induction recursion. To do this, we will reuse the methodology developed

in the previous two sections; that is, we will use large families to build the codes

of indexed induction recursion, define an fold operator and then use localization to

model their decoding. The notion of large families we use is also interesting. To study

induction recursion we used large families built from containers and hence it is pleasing

that our study of indexed induction recursion uses large families built from indexed

containers (Morris and Altenkirch 2009). Indeed, it is pleasing that this move from

containers to indexed containers (and the associated notion of localization) is the only

change that is needed to generalize our treatment of induction recursion to indexed

induction recursion. As a technical point, we are actually treating Dybjer and Setzer’s

restricted form of indexed induction recursion.

5.1. Indexed containers

Containers are designed to model those operations on sets which conform to the shapes

and positions metaphor. In the introduction, we described operators on sets as forming the

simplest format of data type definition and suggested that the next level of sophistication

arises when one considers data types arising as least fixed points of operators on I-indexed

sets for a fixed set I . A natural question is: which operators on I-indexed sets conform

to the shapes and positions metaphor and indexed containers provide an answer to that

question. It transpires that it is easier to describe indexed containers in a two stage process

where in the first stage we index only the input and then, in the second stage, we index

both the input and output. So, we start with this half-way house which we call input

indexed containers.

Definition 14 (input indexed container and its extension). Let I be a set. An input I-indexed

container consists of a pair (S, P ) where S : Set and P : S → I → Set. The extension of

an input I-indexed container (S, P ) is the operation [S, P ]I : (I → Set) → Set defined by

[S, P ]I X = Σs :S. Πi :I. P s i → X i.
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Notice how, as with containers, an input indexed container has a set S of operators and

a function P which assigns to each operator s : S some positions that will store data.

However, with an input indexed container, these positions are I-sorted which leads to the

above type. The extension of an input indexed container therefore maps an I-indexed set

X to the set consisting of the choice of a shape s and, for each sort i and position for

s with sort i, an element of Xi. If we introduce the abbreviation X ⇒ X ′ for the type

Πi : I. Xi → X ′i, then the extension of an input indexed container looks just like that of

a container.

[S, P ]I X = Σs :S. P s ⇒ X

We can implement input indexed containers and their extension in Agda as follows:

ICont : Set → Set1
ICont I = Σ Set (λS → (S → I → Set))

⇒ : ∀{a b} → {I : Set} → (P : I → Set a) → (Q : I → Set b) → Set(a ∪ b)

P ⇒ Q = ∀{i} → P i → Q i

[−]I0 : ∀{a} → {I : Set} → ICont I → (I → Set a) → Set a

[(S, P )]I0 X = Σ S (λs → Ps ⇒ X).

As with containers, input indexed containers lift maps between their inputs to maps

between their outputs. We implement that in Agda as follows:

[−]I1 : ∀{a b} → {I : Set} → (H : ICont I) → {P : I → Set a} → {Q : I → Set b}
→ (f : P ⇒ Q) → [H]I0P → [H]I0Q

[(S, T )]I1 f (s , g) = (s , λx → f (g x)).

5.2. From indexed containers to indexed induction recursion

Recall that from the previous section, containers were used to define large container

families which in turn were used to define the syntax of IR-codes. Interestingly the same

process works here – now that we have defined input indexed containers, we define the

following notion of a large, input indexed container family as follows:

LICFam : (D : I → Set1) → Set1 → Set1
LICFam D E = Σ (ICont I) (λH → [H]I0 D → E).

Notice how the definition of a large input indexed container family is almost exactly the

same as for a large container family. The fact that D is no longer a type but an I-indexed

set of types is carefully abstracted within the notion of an input indexed container and

its extension. As with our previous notions of large families, LICFam is negative in

its first argument and positive in its second argument. This means we can define the

following lifting of functions between its second argument. As with our treatment of IR

and container based IR, this lifting will be used to define a fold operator for the associated
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set of codes.

LICFam1 : {I : Set} → {D : I → Set1} → {X Y : Set} →
(X → Y ) → LCFam D X → LCFam D Y

LICFam1 f (H , F) = (H , f ◦ F)

In the previous section, we defined IR-codes to be the least fixed point of large container

families and the same approach works here. That is, we define the codes of input indexed

induction recursion to be the following least fixed point.

data IIR {I : Set} (D : I → Set1) (E : Set1) : Set1 where

ιI : E → IIR D E

σδI : LICFam D (IIR D E) → IIR D E

Note how, just as input indexed containers allow the input to be I-indexed, so too does

the above definition of input indexed induction recursion. Continuing with our general

approach, we define a fold operator for IIR D E as follows:

foldI : {I : Set} → {D : I → Set1} → {E : Set1} → {X : Set1} →
(E → X) → (LICFam D X → X) → IIR D E → X

foldI i k (ιI e) = i e

foldI i k (σδI F) = k (LICFam1 (foldI i k) F)

Once we have a fold operator, all we need to do to define the decoding function for

codes of type IIR is to introduce a notion of localization for LICFam. The following is the

natural generalization of the localization function for large container families.

ρI : {I : Set} → {D : I → Set1} → {E : Set1} →
Π I (Fam ◦ D) → LICFam D E → Fam E

ρI {I} {D} {E} (λ′ Φ) (H , F) = ([H]I0V , F ◦ [H]I1W )

where V : I → Set

V = π0 ◦ Φ

W : V ⇒ D

W {i} = π1(Φ i).

Having a fold operation and a localization means of course we can define the decoding

function for these codes as follows:

[[−]]I : {I : Set} → {D : I → Set1} → {E : Set1} →
IIR D E → Π I (Fam ◦ D) → Fam E

[[c]]I m = foldI η (μ ◦ ρIm) c.

5.3. Fully indexed induction recursion

In the previous section, we indexed the input of a container to derive input indexed

containers and use them to derive a notion of input indexed induction recursion where

input families were indexed. We finish the paper by indexing both the input and output

of firstly indexed containers and then indexed induction recursion. There is not, however,
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any need to define a new large families functor etc. Instead, we simply define

DICont : Set → Set → Set1
DICont I J = J → ICont I

Thus indexing on the output doesn’t require the definition of any new types, but can be

built modularly from the input indexed containers of the last subsection. A fully indexed

container defines a map of indexed sets as follows:

〈−〉0 : ∀{a} {I J : Set} → DICont I J → (I → Set a) → J → Set a

〈Φ〉0 X j = 〈Φj〉0 X.

As ever, this extension of a fully indexed container has an action of maps between indexed

families.

〈−〉1 : ∀{a b} → {I J : Set} → (H : DICont I J) → {P : I → Set a} → {Q : I → Set b}
→ (f : P → Q) → 〈H〉0P ⇒ 〈H〉0Q

〈Φ〉1 f {j} = [[Φ j]]I1f.

This, then gives us fully indexed IR codes as follows:

DIIR : {I J : Set} → (D : I → Set1) → (E : J → Set1) → Set1
DIIR {I} {J} D E = (j : J) → IIR I D (E j).

These codes then have the following decoding function

〈−〉 : {I J : Set} → {D : I → Set1} → {E : J → Set1} →
DIIR D E → Π I (Fam ◦ D) → Π J(Fam ◦ E)

〈Φ〉 m = λ′ (λ j → [[Φ j]]Im).

6. A categorical perspecitve on these matters

This paper has taken a deliberately non-categorical approach to the foundations of

induction recursion so as to make the paper as accessible as possible to functional

programmers. While recognizing the merits of this approach – it is our opinion that

functional programmers would benefit from understanding induction recursion and hence,

one must write in a language which they are familiar with – we can not help but feel

that something is lost without the algebraic perspective of category theory. So, in this

section, we briefly recast our work in more categorical terms for those with a categorical

background. A full categorical treatment will be the subject of a different paper.

Firstly, of course, the theory of data types is best understood via initial algebra semantics

within which data types a specified by functors F : C → C on a category C. The hierarchy

of data types mentioned in the introduction can be seen as a choice of sophistication of

the category C: (i) for simple inductive types one may choose C to be Set or some other

basic category such as ω-cpo; (ii) for inductive families one considers C to typically be

a slice category, e.g. a category of the form B/I or a functor category of the form BI ;

and (iii) for induction recursion one takes C to be a category of the form Fam(D) where

morphisms are the Cartesian maps.
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That we require F to be a functor within initial algebra semantics formalizes the

requirement that the various operators we consider within this paper come with a lifting

of functions between types to functions between the action of the operator on those

types. The data type itself is modelled as the carrier of the initial algebra μF , while

the constructors form the actual initial algebra in : F(μF) → μF . Initiality ensures that

for any other F-algebra h : FA → A there is a unique F-algebra homomorphism fold h

from the initial algebra in : F(μF) → μF to that algebra. For each functor F , the map

fold : (FA → A) → μF → A is the fold operator for the data type μF . This construction

underlies the fold operators we derived for the various different data types presented

within this paper.

The next piece of light shed upon induction recursion by category theory has already

been alluded to briefly in this paper. Using container based induction recursion, we see that

IR I O is the free monad on LCFam I . This is reassuring as it means induction recursion

can be dealt with the usual mathematical tools for dealing with algebraic theories built

from operations with given arities. Indeed, one starts to see monads in many different

parts of the theory of induction recursion, e.g. not only is IR I O the free monad over

LCFam I , but also Fam is a monad and the unit and multiplication of this monad play

a key role in the decoding function for IR-codes. One may even wonder that what is so

special about the families monad and whether other monads could be used.

Indeed, when one looks at these questions categorically, a remarkably simple picture

emerges. Given a mixed variance functor F and a monad M, a localization is then a

family of maps ρ : F I O → MI → MO which are natural in O. As expected, in this

setting the IR codes are given once more by the free monad construction

data IR(I O : Set) : Set where

ι : O → IR I O

σδ : F I (IR I O) → IR I O.

To understand the decoding function in this abstract setting, recall that for a given set

X, the functor X → − is called the reader monad with state X and is written RX . The

monad transformer for RX takes a monad M as input and returns the monad X → M−.

Thus M I → M− is the reader monad transformer with state M I applied to M. Thus a

localization ρ : F I O → M I → M O is a natural transformation from the functor F I to

the monad M I → M− and as such induces a monad morphism from the free monad on

F I to this monad. This monad morphism is exactly the decoding function. Wow!

Returning to container-based IR, we may push our category theory further and notice

that the localization operator is natural in O and hence can be given the type

ρ : {I O : Set1} → Fam I → Nat (LCFam I) Fam

where Nat (LCFam I) Fam consists of the natural transformations from the functor

LCFam I to the functor Fam. As mentioned above the semantics of IR codes is just the

extension

[[−]] : {I O : Set1} → Fam I → Nat(LCFam I)∗ Fam
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Now, note that LCFam I is the extension of a large container whose shapes are small

containers and whose position function maps a small container H to the type [H] I .

Furthermore, the free monad generated by the extension of a container is also the

extension of a container. Hence (LCFam I)∗ is the extension of a container. Calculation

shows that the container whose extension is (LCFam I)∗ has as shapes the type IR I 1 while

the positions associated to a code c : IR I 1 are just elements of the type Arg c where Arg

is the (container-based IR variant of) the function defined in Dybjer and Setzer (2003,

Section 5) and Dybjer and Setzer (1999). That is

(LCFamI)∗ = [IR I 1,Arg]

Arg : IR I 1 → Set1
Arg (ι∗) = 1

Arg (σδH K) = ΣX : [H]I. Arg(KH)

One of the nicest results from the theory of containers is that natural transformations

from a container [S, P ] to any endofunctor F are in one-to-one correspondence with

elements of (s : S) → F(P s). The proof is essentially a variant of the Yoneda lemma. We

can apply this result to the semantic function [[−]] to obtain [[−]]′ of the following type

[[−]]′ : {I O : Set1} → Fam I → (c : IR I 1) → Fam(Arg c)

The correspondence between natural transformations and container morphisms explains

the correspondence between Dybjer and Setzer’s initial algebra semantics for induction

recursion and the reflective semantics described in Section 5 of Dybjer and Setzer (2003).

This reflective semantics associates to each code c : IR I 1 a function [[c]]rfl from Fam I

to Fam (Arg c). Given an operator Q : Arg c → I , its reflection is the initial algebra of

FamQ ◦ [[c]]rfl. We see that [[−]]rfl is just the container morphism corresponding to the

natural transformation [[−]]. Thus, reflection stands to localization as container morphisms

are related to natural transformations. Once more, applying the theory of containers to

induction recursion – here container morphisms – has allowed us to gain greater insight

into the theory of induction recursion.

7. Conclusion and further work

The pioneering work of Dybjer and Setzer on induction recursion opens a path to a

new generation of data type definitions, that can be applied to create universes closed

under dependently typed operations such as quantifiers and universe operators as well as

connectives and constants. We have sought to streamline this path:

• We have produced an analysis of induction recursion based upon the notions of (i)

large families from which IR-codes can be derived; (ii) liftings of functions between

types to functions between the large families built from those types from which fold

operators can be built; and (iii) localization from which the decoding function for

IR-codes can be defined.

• For robustness, we have expressed our analysis in the programming language Agda.

We have been able to treat induction recursion, container based induction recursion
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and indexed induction recursion in a uniform manner. This sheds light on the central

role of concepts such as localization.

7.1. Future work

There is certainly much more work required to fully understand induction recursion.

It is an enormously powerful definitional principle, arguable one that takes us to the

very limits of the realm of data structures and code whose semantics can be defined

predicatively† beyond which lies the bottomless voids of impredicativity. At the theoretical

level we wish to deepen the connection between containers and induction recursion by

finding a counterpart to the full and faithful representation embedding of the category

of containers into the category of endofunctors on Set. That is, we wish to define

morphisms between codes of inductive recursive definitions and show that they uniquely

represent natural transformations. This requires some sophisticated mathematics, centrally

the characterization of the semantics of the δ-constructor as a left Kan extension.

In another direction, we wish to render that mapping in a computationally relevant

form so that it can be exploited by functional programmers. Once we have a category

IR I O of IR codes and IR morphisms, we will wish to understand its properties better.

The category of containers is in fact cartesian closed (Altenkirch et al. 2010; Hasegawa

2002) and hence the question arises whether the same can be said of IR I O. A positive

answer here will allow the technology of higher-order functions familiar to functional

programmers to be deployed when dealing with IR codes. Further, once we start asking

about cartesian closure, we will inevitably need to focus on other categorical structures

possessed by IR-codes. When I is large, the structure of the category Fam I is much more

austere than that of the luxurious categories like Set, SetJ , Set → Set. For example, it

lacks a terminal object unless I is small.
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