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Abstract

We prove analogs of the Dirichlet theorem on arithmetic progressions and the Siegel-Walfisz theorem for the
digital reverses of primes in arbitrary bases, which we obtained only for large bases in a previous paper. The proof
is based on a generalization of the result of Martin—-Mauduit-Rivat (2014) on exponential sums over primes with
so-called “digital” functions.

1. Introduction

In this article, we continue our study [1] of the distribution of reversed primes, that is, the digital
reverses of prime numbers, in arithmetic progressions. In [1], the base g was restricted to g > 31, 699.
Recently, Chourasiya and Johnston [2] extended the admissible range of the base to g > 26, 000. In
the current article, as was announced in several places (see, e.g., [2, Section 1.2]), we shall remove the
constraint on the base to include all bases greater than or equal to 2.

We recall the formal definition of the digital reverse. Take g € Zs, as the base of the digital
representation and write the base- g representation of n € Zs( as

n= Zei(n)gi with g;(n) € {0,...,g— 1} foralli € Zs.
i>0
We define the length len(n) of n by
len(n) :=min{f € Zs¢ | &;(n) =0 forall i > ¢},

that is, len(n) is the number of digits of n with the convention len(0) = 0. For n € Zs(, we define

rev(n) = Z ei(n)glentm—i-1, (1.1)

0<i<len(n)

which is the integer obtained by reading the base- g representation of n backward.
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We now state the infinitude of reversed primes in a given arithmetic progression for all bases.

Theorem 1.1 (Telhcirid’s theorem on arithmetic progressions'). For g, a, q € Z with

22, gq=1, (a,q.8-1)=1, gf(ayq),
there are infinitely many primes p such that rev(p) = a (mod q).

Note that (a,q,g> — 1) = 1 and g 1 (a,q) are necessary conditions for the infinitude stated in
Theorem 1.1 (see, e.g., Section 1 of [1]).

As in [1], Theorem 1.1 follows from a quantitative version. In order to avoid irregular behavior of
the main term, we restrict the primes being reversed to have a fixed length L € N, that is, we study the
asymptotic behavior of

Tr(a,q) =#{g"" < p <gh|rev(p) = a (mod q)},

where, throughout this article, the letter p always denotes a prime number. Then the quantitative version
of Theorem 1.1 is the following.

Theorem 1.2 (Zsiflaw—Legeis theorem”). For g,a,q € Z and L € N with g > 2 and q > 1, we have

pgla,q) gt — gkt
q log g©

?L(a’ CI) =

1
(1 + O(Z)) +0(gt exp(—c\/z))
provided that
q < exp(cVL)
with some constant ¢ > 0, where pg4(a, q) is given by

g 1lgia(9.:8) (4.8 -1

o e —1) =1 and "
pgla.q) = g1 o((q,g2 - 1)) if(a,q.8"—1)=1land g t (a,q)

0 otherwise,

and c and the implicit constants depend only on g and are effectively computable.

Remark. During the final write-up of this article, we discovered that Dartyge et al. [4, Theorem 1.4]
have independently obtained the above results for all bases g > 2.

Our previous result [ 1] was proved by using the discrete circle method in the style of Maynard [10].
In order to improve the range of the base, we use a more direct method of Mauduit and Rivat [7] (see
also Maynard [9]), which was used to study the distribution in arithmetic progressions of the sum of
digits of primes. We shall reduce the problem to an estimate for an exponential sum of the form

> Amye(f(n) (1.2)

n<x

with a function f related to some digital property of integers. In Mauduit—Rivat [7], f is chosen to be the
sum-of-digits function up to multiplication by a real parameter, whereas, in our case, the corresponding
role will be played by the digital reverse with a certain modification. The method of Mauduit and Rivat
to bound the exponential sum (1.2) has been generalized by Martin—Mauduit-Rivat [6] by replacing

"Telheirid is Dirichlet read backward.
2 Again Zsiflaw—Legeis is Siegel-Walfisz read backward.
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the sum-of-digits function by a class of more general arithmetic functions called “digital functions.”
An arithmetic function f: Z>o — R defined withamap «: {0,...,g — 1} - Rby

fy = > alen) (1.3)

0<i<len(n)

is said to be “digital” by Martin-Mauduit-Rivat. However, our digital reverse rev (or its modification)
is not a digital function in the above sense since any arithmetic function f satisfying (1.3) admits the
bound

|f(n)] < (Omax la(m)|)len(n) < log(n+1)
<m<g

while rev does not. We thus generalize the notion of digital functions one step further by introducing
the following “weakly” digital functions.

Definition 1.1. Let g € Z>, and let &/, be the set of sequences of maps
@=(a;:{0,...,g -1} = R)Z,.

We call an element of &/, a seed. For @ € o,, we define the weakly digital function f, o generated by
the seed a as the sequence of functions (fi,0: Z>0 — R), given by

fra(n) = )" ailei(n).

0<i<A

Note that fy o has a period g*. We also write fy = fy.o for simplicity.

In other words, fi.(n) is defined by looking at the A least significant digits go(n), ..., e1-1(n),
regardless of whether A is larger or smaller than the length of n, and then assigning to each digit &;(n)
the value a;(g;(n)) and finally summing those values. The rules a; assigning values to digits now
depend on the position , unlike in (1.3). Also, in (1.3), the number of digits involved is fixed to be the
length of n, whereas here the number of digits is an additional parameter.

The resulting estimate for the exponential sum will be stated as Theorem 7.1 below (see also (4.3)
and (4.5) for some definitions). For the proof of Theorem 7.1, we follow the argument of Martin—
Mauduit-Rivat [6], but we need to keep track of the shifts of @ € &/, and to modify the auxiliary
function ¥ given by formula (19) of [6] as in (4.7) below. A related general estimate was obtained by
Mauduit and Rivat [8, Theorem 1] for functions satisfying the carry property and a uniform Fourier-
decay condition. However, the uniformity with respect to the seed in our exponential sum estimateis
required for the direct application to the digital reverse.

This article is organized as follows. We first prove some basic properties of weakly digital functions
in Section 3. We then introduce some lemmas on exponential sums with weakly digital functions in
Section 4, especially the L', L* and hybrid bounds. In Sections 5 and 6, we prepare estimates for the
Type I and Type II sums. In Section 7, we prove Theorem 7.1. Finally, we deduce Theorems 1.1, 1.2,
and 8.2 in Section 8. We expect to develop further results on the distribution of weakly digital functions
over primes in a later paper.

2. Notation

Besides those introduced elsewhere in the article, we use the following notation.

We use the convention N := {1,2,3,...} so 0 ¢ N. The letter p is reserved for prime numbers.
The letter ¢ is used for positive constants, not necessarily the same at each occurrence. The arithmetic
function ¢(n) is the Euler totient function, u(n) is the Mdbius function, 7(n) is the divisor function, that
is, the number of positive divisors of n, and A(n) is the von Mangoldt function. For integers ny, . . ., n,,
we write (ny, ..., n,) for the greatest common divisor of ny, ..., n,.
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For a real number x, we let e(x) := exp(2mix). We also write [x] for the integer part of x, that is,
the greatest integer < x, [x] denotes the least integer > x, and ||x|| := min, ¢z|x — n| is the distance of x
from the nearest integer.

For a logical formula P, we write 1p for the indicator function of P.

If a theorem or a lemma is stated with the phrase “where the implicit constant depends on a, b, c, . . .,
then every implicit constant in the corresponding proof may also depend on a, b, c, . .. without being
specifically mentioned.

’

3. Basic properties of weakly digital functions

As mentioned in the introduction, we need to keep track of the shifts of a seed @ € &,. Therefore, for
J € Zsp and @ € o4, we define the j-shift al/] = (a/i[]])lf’;’o € 9, of a by

[Jj1._
ozl. = Wy

[J] [j+k

Note that we then have @ = I fori, j, k € Zso. We also write

f,l[j] = f/l[{,] = fralil-

In this section, we first prove a certain “g-additivity” of weakly digital functions f /1[ a1,
As in Martin—-Mauduit-Rivat [6], we say that a function f: Z>¢ — C is g-additive if

f(&" m+n) = f(g"m) + f(n)
for all k,m,n € Zsq with 0 < n < gk. We also say that f: Z.o — C is strongly g-additive if
f(&m+n) = f(m)+f(n)

for all k,m,n € Zxo with 0 < n < g*. Our weakly digital functions are, in general, neither strongly
g-additive nor g-additive in the strict sense, but they satisfy the following similar identity.

Lemma3.1. For g € Zss, @ € g, and A, j, k,m,n € Z>owith0 < k < Aandn < gk, we have
. ok .

F g m e n) = 7 ) + £ ().

Proof. Since n < gk, we have
giman=>" e(mg™+ > sing =) siame’+ Y ein)g,
i>0 0<i<k i>k 0<i<k

and so
gi(n) for0<i<k,

ei(gkm +n) = {

gi_x(m) fori>k.
Using 0 < k < A, we thus have

f/l[j](gkm+n)= Z a'l-[j](b‘i—k(m))"' Z a’i[j](gi(”))

k<i<A 0<i<k

= > aflEm)y+ N m

0<i<A-k

= >0 o) + £ ) = £ m) + £ ().

0<i<A-k
This completes the proof. O
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Using the above variant of g-additivity, we prove the next lemma, which reduces exponential sums
with an arbitrary upper endpoint to those with upper endpoints given by powers of g.

Lemma 3.2. For g € Zyy, « € Ay, L,j € Z»0, x € Ry, and f € Rwith1 < x < gk, we have

Dot - <=1 D | D el - pn)|

0<n<x 0<A<TEU1 0<n<g?
=4=Togg

Proof. Let N := [x] > 1. We then have

Doetrlm=pmy= > el () - pn). (3.1)

0<n<x 0<n<N

Letk := []l(:)gg];] so that g& < N < g*!. Since x < g%, we have k < L. We then write

N=gly+z with ye[l,g)nZandze [0,g5)NZ. (3.2)

We prove the assertion by induction on k € {0, ..., L}.
Initial case k=0. In this case, we have N < g — 1, and so the trivial bound gives

<N<g-1

> el n) - pn)

0<n<x

> el n) - pn)

0<n<N

Hence, the assertion holds.
Induction step. Assume that the assertion holds for the case 0 < k < K with K € {1,...,L}. We
shall prove the case k = K. By (3.2), we have

D, et -pmy= ) > e m-pn

0<n<N 0<m<y gKm<n<gK (m+1)

+ > el - )

gKy<n<N

= >0 > elf N man) - pgFm ) (3.3)

0<m<y 0<n<gk

+ D el @Ry n) - BgKy +m)

0<n<z
Zl 2’ Y

For the sum }};, by using Lemma 3.1 and y € [1, g) N Z, we have

=] 2 et e —pgEmy Y e(r ) -y (3.4)
O<m<y 0<n<gk
<(g-D| Y el m) - pn)|.
0<n<gk

For the sum },, using Lemma 3.1, we obtain

‘Zz, -

<

eI D) - BeEy) D e(£ ) - pn)

0<n<z

> el m) - pn)

0<n<z
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When z > 1, we have 0 < [M] = [bﬂ] < K and so the induction hypothesis implies that

logg logg
Dlse-n Y | Y e -pm) (3.5)
0<A<K '0<n<g?t
This holds clearly if z = 0. On inserting (3.4) and (3.5) into (3.3) and using (3.1), we obtain
Doer I m-pm|<e-1 D | D e - pn)|,
0<n<x 0<A<K '"0<n<g?
that is, the assertion for the case k = K. O

4. Exponential sums for weakly digital functions
We study the distribution of weakly digital functions via discrete Fourier analysis. For a given @ € &/,

A,j € Zso, and B € R, we introduce a normalized exponential sum

= 3 e —pn) and Fap) = P, .1

0<n<gl

FB) =

Note that the function 8 — F/%j](ﬂ) has a period 1. For @ € o/,, i, j € Z>0o, and B8 € R, we also use

and  ¢;(8) = ¢l (B). (4.2)

eB)=| D et@Nm) - pn)

0<n<g

In this section, we prepare several results on the exponential sum F /%" I (B).

4.1. Product formula

A key tool for studying digital properties of integers is, as in the previous studies, the following product
formula for the exponential sum F /{J 1(B).

Lemma d.1. For g € Zyy, @ € Ay, A, j € Zyo, and p € R, we have

. 1 . )
@ == [ e b))

0<i<A

Proof. By considering the base-g representation of n in (4.1), we have

> e( PIRCOEDY ﬁnig")'

- 1
IFV ()| = p

0<ny,..., na-1<g 0<i<A 0<i<A
1 . .
=— Z e(ai["](n) - Bg'n)|.
8 0<i<A'0<n<g
By recalling the definition of gol.[j ] (B), we obtain the assertion. O
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We then deduce a recurrence formula which will be convenient in some arguments below.

Lemma4.2. For g € Zss, « € dg, A €N, j € Z5o, and B € R, we have

IFV ) = 1F M (Bl - —90,(/3)

Proof. By Lemma 4.1, we have
1
I3 ®l= 5 ]_[ e (Bg") - _% 1(B).

By shifting the variable i by 1 and using 9‘71[11] = gol.[j 1 and goéj = <p][.0] = ¢, we obtain

) (ﬁ)l—g— [] e Be-g)- —w,(ﬁ) 1P (o)l - —w,(ﬁ)

0<i<A-1

This completes the proof. O

4.2. The L*-bound

We next prepare a pointwise bound for F /{j I (B). We first extract a small cancellation from each of the
factors in the product formula (Lemma 4.1) by using the terms with indices m and n in the definition

(4.2) of o1 ().

Lemma 4.3. For g € Zyy, @ € Ay, i,j,m,n € Zxo with0 <m <n < gand B € R, we have

. 8 . .
e (B) < gexp| - guoz!”(m) — a7V (n) - B(m - n>||2).
Proof. Since m # n, we have

o1(B) < le(al (m) = Bm) + (a7 (n) - Bn)| +

Z e(a (k) —ﬁk))

0<k<g
k¢{m,n}

<1 +e(ai[j](m) —a/l.[j](n) -B(m—-n))|+g-2.
We now use the inequality
11+ e(x)] = 2|cos x| = 2 cos x||x|| < 2(1 — 4||x]]?).
which is valid for all x € R. This gives
el (B) <201 = 4lle [ (m) — aH(n) = Bm = m)|1?) + g -2

. g(l . gna}”(m) e (n) - B(m - n>||2)
< gexp ( . §||a ) = a9 (n) = B(m - n)||2)

since | —x < e for any x € R. This completes the proof. O

In order to obtain an L*-bound for F /{j ](ﬁ) that is uniform in 3, we combine the cancellations
obtained from Lemma 4.3 for pairs of consecutive factors in the product formula (Lemma 4.1), thereby
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eliminating the dependence on S. To this end, we introduce the following notation. For g € Zs,,
a € Ag,and i, j € Zso, define

) 2log?2 j /
yl.m(a') = m Osn;rKg ||(8a’,~m(m) - 0‘1+1 (m)) (g m(”) - “l+1 (”))” (4.3)

We also write y; (@) := y (a') Since ||x]|| < % for all x € R, we have

(] log2 1
€0, ———=1|c |0, 4.4
v 4g3(logg)2] [ 20 44
since
; log?2 log2 1 1
Y @) < = R L <
' 2(g - g*(logg)? 4g3(logg)? ~ 32log2 20

0<m<n<g

Note that we defined yl.[j I (@) to be smaller than what is strictly necessary for the proof of the next
lemma. This is only to simplify the subsequent arguments.

Lemma 4.4. For g € Zyy, @ € Ay, i, j € Zxo, and § € R, we have

(¢} (Bl ) (B ™)) ? < g @,
Proof. For0 <m < n < g, we have
g(aj”!(m) - a}”(n) - g'(m=n) - (@ }:ﬂ(m) a} (m) = pg'™ (m = m))
= (ga}’ (m) = &l (m)) - (gal? V() - al{] (m)).

By using [lx + y[| < [lx[| + |lyll and [|gx[| < g[x[|, we thus get

g?"(gaf”<m>— afhlm) = (et~ a2} )|

——|le(@ m) = @l (n) = Bgt (m = n)) = (@) (m) = &l (n) - Bg™ (m —n))|
g+1

<—(g||a (m) =l (n) = g (m = )| + [}t (m) = @l () = g™ (m = )]
< max (llo?1(m) = a7 () = g (m = | Nl (m) = L] ) = g1 (m = m).

Thus, by Lemma 4.3, we have

ol (g (Bg™h)

<g exp(—é—,(ua N(m) =l (n) - Bg'(m - m) |2 + /) (m) — @7} (n) — Bg™! (m ~ n)||2))

ngexp(—gmaxﬂm}”(m)— Uy - Bgt (m = m)ll, ] (m) = alZ) (n) - ﬂg’”(m—n)ll))

8

2
werlten

<g exp(— Nmy - alZlom)) = (g2l () = 2 () |F).
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By using the inequality

g(g%nz omax_ (s om) — el om) = (ga ) — i )
> T 2 Meal?om —aiion) - (sallm - g2l )l
and
16 S 4log?2
(g-1g*(g+1)* ~ (g—g*logg’
we obtain the result. ]

We can now prove an L*-bound for F/gj] (B).Forg € Zsy, @ € g, A, j € Z5o, we now introduce

a-,gj](a) = Z Yi[‘i]((l) and oy(@) = Cr,go](")‘ )
0<i<a
Note that (4.4) gives
1] log2 ! 1
elo,—== Al c|0,——a| c |0, = 4.6
oy (@) [ 4g3(10gg)2] [ 4g310gg] [ 20 (0

and we trivially have O'O[j | (@) = 0. Further, o-/gj ! (@) is nondecreasing with respect to A € Zy.
Lemma 4.5 (L*-bound). For g € Zzj, a € dg, A, j € Zxo, and § € R, we have
; _ Ll
FN )] < g7 @,
where the implicit constant depends only on g.
Proof. We may assume A > 1. By Lemma 4.1 and the trivial bound <pl.[j ] (B) < g, we have
) 1 . . : . 1 . . 1
FB <= [] et [] el et == ] (el seheldl e™h)?.
8" " 0si<a-1 1<i<a 8" " 0si<a-1
Then, by Lemma 4.4, we obtain the assertion since
(o — /] /] /] !
2, w@= ) v -vh@>a@-5
0<i<A-1 0<i<A

by (4.4). O

4.3. The L'-bound

We next bound the discrete L'-moment with a congruence condition

2 ( h)
A 31
0<h<gt g/l
<h<g
h=a (mod kg?%)
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where kg5 | g/l and g 1 k. To this end, fori € Z>o, R | g, S | g, and t € R, we introduce
1 g(t+r) t+r s
¥Y;(t,R,S) = — il | —— i|— += 4.7
i( ) = > 90+1( RS Do s TS (4.7)
0<r<R 0<s<S

and prepare an estimate for ¥; (¢, R, S).
We first prove some basic lemmas on the moments of ¢;.

Lemma 4.6. For g € Zyy, @ € Ay, i € Zro, REN, anda € Zwith R | g and (R,a) = 1, we have

2
ar 2
§ \B+—| <g°.
%l&i‘ ‘0’(ﬂ R) =8

0<r<R

Proof. By expanding the square and using the orthogonality with (R, a) = 1, we have

2
> alpr ) = X elartn ot -pon-n) Y e - Gon-n)

0<r<R 0<m,n<g 0<r<R
<R Z 1= gz.
0<m,n<g
m=n (mod R)
This completes the proof. m]

Lemma 4.7. For g € Zyy, @« € g, i € Z»o, U € N, and B € RwithU > 2g — 1, we have

> ¢i(ﬁ+§)4=U >

0<u<U lh|<g

2
Do elai(n+h) - ai(n)] .

0<n,n+h<g

Proof. By expanding the square, we have
u\’ u
¢i(/3+ 5) - e(ai(m i) - (/3+ 5)(m —n)).
0<m,n<g
By writing h = m — n, we can rewrite the right-hand side as

2
¢i(ﬁ+%) = Zc(h)e(—(ﬁ+%)h) with c(h):= > e(ei(m) - ai(n)).

|hl<g 0<m,n<g
h=m-n

By the orthogonality property, we thus have

4
2 ¢i(ﬁ+§) = ), elhe(h)e(=plh ~h) ) e(—%(hl—hz))

0<u<U |hy|,|ha|<g 0<u<U
(4.8)
=U Y clhe(he(=B(h = h)).
[hillh2|<g
hi=hy (mod U)

By the assumption U > 2g — 1, we have

|h1|, |h2| <g and /’l] = hz (mod U) - /’l] = /’12.
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By using this fact in (4.8) and noting that

c(hy= Y elai(n+h)—a;(n),

0<n,n+h<g
we obtain the assertion. ]

We bound ¥;(t, R, S) by considering the two cases S # g and S = g separately.

Lemma 4.8. For g € Zyy, @ € 9y, i € Zzo, t €R,and R,S e NwithR | g, S| gand (R,g/S) = 1,
we have

2o 1|8
Y;(t,R,S)” < /S{RS} RS

In particular, if R > 2 and S # g, we have
2 2
Y (t,R,S)” < §RS

Proof. By the Cauchy—Schwarz inequality, we have
2 2
2 . (g/S)r+(g/S)r t+r s
W (1, R, S) < Z (T X el s)]
0<r<R 0<r<R ‘0<s<S
By Lemma 4.6 with the assumption (R, g/S) = 1, we have
1 t+r s\
Y:(t,R,S) < 3 Z ( Z (,ol( RS + S)) .
0<r<R ‘0<s<S
By applying the Cauchy—Schwarz inequality once more, we get
t+r s\
‘I‘(tRS)2<— Z Z ¢,( ) (4.9)
0<r<R0<s<S

By expanding the square and using the orthogonality, we have

2
> ol G es) = X o -t -Tmen] 3 o - 5]

0<s<S 0<m,n<g 0<s<S
t+r
=5 Y efostm) - ast - e m ).
0<m,n<g
m=n (mod S)

By (4.9), we thus have

~P<zRS>2<— > e(ai(m)—ai(n) t;—rw—n))

0<r<R 0<m,n<g
m=n (mod S)
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By swapping the summation, we obtain

S2
§ 0<m,n<g
m=n (mod S)

5 o)

0<r<R

By writingm = a + uS and n = a + vS, we get

‘I’(tRS)2<— Z Z

> e - mltarus) - @)

0<a<S o<y, 1/<7 0<r<R
53 r RS?
I D SR EL
0<p,v<$ '0<r<R 0<p,v<%¥

pu=v (mod R)

In the last sum, we can write {R = u — v by the condition u = v (mod R) to obtain

X o= 3 Y osE v (-4

g
0<u,v<¥ [€]< & 0<p,v<$ |{’|< £ R
pu=v (mod R) H—V= fR
We thus have
RS? ¢
¥, (t,R,5)* < — Z (1 - |g| ) (4.10)
8 1= (%s)

By noting that [ 5c] > % > 0 and so [5] > 1, we can estimate the last sum as

w;% - (g)) - +21<€<%1_1 - (Ré))
AN
T

On inserting this estimate into (4.10), we obtain the first assertion.
For the latter assertion, by the assumption S | g, we have

1
BRI - RN F S |
g/S| RS g/S\RS R
By assuming R > 2 and S # g, we have R, g/S > 2 since S | g. Also, since (R, g/S) = 1, we do not
have R =g/S=2.1f R > 3 and g/S > 2, then we have

1 [g 11 1y 1 1 1 11 2
— |- —=[1-=| < =+z(l-=|==+2<Z.
¢/SIRS|" R g/S\' R)"R" 20 "R 27273

Otherwise, we have R =2 and g/S > 3 and so

1| g 1 1 1 1 1 1 2 1 2
—| =< s +—=<|l-5|<5+3(l-5]|=735+5=3.
g/S| RS R g/S R R 3 R 3R 3 3
On inserting these estimates into the first assertion, we obtain the lemma. O
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Lemma4.9. For g € Zss, @ € 9g, i € Zso, t €R, and R e Nwith R | g and R > 2, we have
¥i(1.R.8)” < Rg(1 - ©i(a)),

where
24
D, elain+h) —ai(n) ) }

0<n,n+h<g

1 2
Oile) = (1 - §){1 - (1 S gg-1) 2

I<h<g

Also, for ©;(a@), we have

1 2 2 1
R R I e A

lEZ>o

Proof. By putting S = g in the definition (4.7), we have

1 t+r t+r s
‘Pi(t,R,g)=? Z ‘Pi+1(T) Z gol(gR +§)

0<r<R 0<s<g

By using the Cauchy—Schwarz inequality and Lemma 4.6, we obtain

2
‘Pi(t,R,g)zﬁiz > ( > <p,~(?—£+§)) . @.11)

0<r<R ‘0<s<g
Since the function
t+r s
Z—>R;sr—>gp,~(—+—)
gR g

has a period g, the sum over s can be thought of as a sum over residues s (mod g). Thus, by (4.11),

nr<y 3, T ol

0<r<R0<k<g0<l<g

1 k k+¢t
2,2, 2 e el )

0<r<R0<k<g0<f<g

1 t+r k 2
= —_— +_
2 2. SOl(gR g)

8 O<r<R0<k<g
t+r k t+r k+¢
e
0<r<R0<k<gl<t<g 8 8 8 8
We can estimate the first sum by Lemma 4.6 to get
1 t+r k t+r k+¢
mongsred 395 g[Sl )
8 0<r<Ro0<k<gi<t<g 8 8 8 8

By applying the Cauchy—Schwarz inequality, this gives

1 1
¥;(t,R, g)* < R+?(Rg(g— DY;(1,R,8))7, (4.12)
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where

t+r k\* [(t+r k+C\?
Y;(t,R,g) = i[— + =1 o; — .
(LRg = > Y sol(gR+g) so,(gR+ ; )

0<r<RO0<k<g l<t<g
We can rewrite Y;(t, R, g) as

2 2

t+r k t+r k+¢

Y;(t,R, g) = E E E ; +—| il —+—
16 R.2) (p'(gR g) "Ol(gR g)

0<r<R0<k<g0<t<g

22

0<r<R 0<k<g

(4.13)

For the first sum in (4.13), we use Lemma 4.6 to get
t+r k\*
Yi(t,Rg) <Rg* = > > gl ——+=]. (4.14)
§R g
0<r<R0<k<g
The last sum can be rewritten as
4 4 4
t+r k t+r+Rk t+¢
22l ) = 22w ) = 2 el
0<r<R0<k<g 8 8 0<r<R0<k<g 8 0<f<gR 8
By the assumption R > 2, we have gR > 2g — | and so Lemma 4.7 implies

5,2 o) w2

2

>0 elai(n+h) - ai(n)

0<r<R0<k<g |h|<g ' 0<n,n+h<g
2
=Rg3 +2Rg Z Z e(a;(n+h) —a;(n))| .
1<h<g'0<n,n+h<g

On inserting this formula into (4.14), we get

2
Yi(,Rg) <R (g-1)-2Rg > | . elai(n+h)—ai(m)| .
1<h<g'0<n,n+h<g
On inserting this estimate into (4.12), we have
2\ i
2 2 :
Yi(t, R, g) SR+R(g—1)(1—2—1 Z Z e(ai(n+h) —a;(n)) ) .
g (g-1) 1<h<g | O<m,nth<g

By rewriting the right-hand side, we obtain the first result.
For the estimate of ®; (), it suffices to pick up the contribution of the term with 2 = g — 1, which

implies n = 0. The subsequent bound follows by (1 — x)% <1- %x valid for |x| < 1. O

We then combine the above two bounds for ¥;(z, R, S). Let us introduce

1 log 3 L, log(1 —©g)
2 4logg—2log2’2 4logg |

g = max
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Since
1 log(1-0© C)
1, g( g)Sl_ e 11
2 4logg 2 4logg 2 4gilogg
and
1 logs 1 log 3 1 1 1 1
02075187 < = — —oL < — &2 _1_ DL S
2 2log2 = 2 4logg-2log2 2 l6logg 2 4gilogg
we have
0.2075187 < ng < ! ! (4.15)
' Te <27 agdlogg’ '

Lemma 4.10. For g € Zyy, @ € Ay, i €Z3o, t €R, and R,Se NwithR | g, S| g (R,g/S) =1, and
R > 2, we have

¥, (t,R,S) < (RS)"=.

Proof. Let us first consider the case S # g. Then, since R > 2, Lemma 4.8 gives

log 3

W,(1, R, S) < (RS)? ™ 7oeks
Since S | g and S # g implies § < g/2, we have
log RS < log(g?/2) =2logg — log2

and so

log 3

W,(1,R, S) < (RS)? eeter < (RS)".

Thus, the assertion holds if S # g.
When S = g, since R > 2, Lemma 4.9 gives

log(1-0g log(1-Og

1, g(1-0g) Ly g ( )
Wi (1,R,S) < (Rg)?" 7MeRs” < (Rg)?" #lez~ < (RS)"=.
Thus, the assertion also holds when § = g. O

We can now prove the following bound for an L'-moment with a congruence condition.

Lemma 4.11. For g € Zz), @ € Ay, 1,6,] € Zxo, k €N, a € Z, and 8 € R satisfying

0<6<A, kg°lgh, gtk

(8"
<g kg®

we have

F(ijl—é] (M)'
g6
0<h<gt
h=a (mod kg?%)

In particular, for k =1, § = 0, we have

2

0<h<g?

< glettl, (4.16)

1 /’l+ﬁ
)
8
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Proof. When 1 = &, then the condition kg® | g* implies k = 1. Then, using the periodicity of
F /g, ](hg%ﬁ), the left-hand side of the assertion is |F£J ](‘;Lf)l, whereas the right-hand side of the

assertion is g|F§j ] (aglf)L so that the inequality holds trivially. We may thus assume A > 6.
For integers 8 with 6 < 6 < A, we write

¢
do = (g% kg®) and ug:=2—.
dg

For§ < @ < A,since dg_; = (g7, kg®) | (g% kg®) = dgy, we also write

d
Po - 0 e N.

T do
Note that we then have
do-1(po,8) = (do,gdg-1) = (8%, kg®, 8 kg®*") = (§°,kg®) = do = padi-i
so that
polsg. (4.17)
Also, we have
po=g = 8" g g°(8"7°7\ k) = gdo-1 = podo-1 = dg = g°(g"°. k)
and so g | (g79, k) | k, which contradicts the assumption g 1 k. Thus, we have
po < g. (4.18)
Also, we have

do-1(pg,ug-1) = (do, g% ") = (g%, kg%, g% ") = (%", kg®) = dp

and so
(po,up-1) = 1. (4.19)
We first prove a reduction formula for
i 1(h+pB
ngl(a’dg) - Z Fé[)]]( . )‘
0<h<g? §
h=a (mod dy)

Assume ¢ < 6 < A. By the periodicity, we can write

Gl a,dg)= )

0<u<ug

[71 a+udg+p

Note that

0 g
Po -8 Tl 8N (4.20)
ug_1 g de  pe
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since pg | g as in (4.17). We can thus change variables via u = sug_; + v to obtain

G[]J(a de)_ Z Z

0<v<ug-; 0<s<g/p9

a+vd9+su9 1d9+ﬂ
gH

Since ug_1dg = g% ' pg, we get

Gl ado)= > >

0<v<ug-1 0<s<g/peo

(4.21)

F[] a+vdy +sg9_1p9 +5
g '

By using Lemma 4.2, periodicity, and the trivial bound ¢;(x) < g for x € R, we have

Jan a+vdg+ sgg_lpg +0
0

g
_ gl a+vdyg+sg?pg+p l _ a+vdg+sg?pg+p
= [To-1 o-1 bi 0
8 8
< qu(w)‘,
6-1 g0l

In particular, we have the bound

ng](a,dg) < ,C;i Z

e 0<v<ug-;

[]+1] a+vdg+p g
Fy ( g0 P Z

pe 0<v<ug_i

plisiat vpgedg-1+
- 201 :

Since (pg,ug-1) = 1 and the function

Z—->R;vi>

F[]+1](a+vdg 1+ﬁ)’
g9 1

has a period uy-1, we can change variables to obtain

G[Qj](a,dg) < pi Z

4 0<v<ug-;

F[j+1 (a+vdg 1+ﬁ)'

= ] L6 a,dgy). (4.22)

This is a trivial one-step reduction.
We next establish a two-step reduction assuming 6 + 1 < 6 < A. We change variables via

V=rugo+u

in (4.21). This gives

0-1
[7] _ [j1fa+udeg+rugode+sg° pg+p
wan= Y 3| : .
0<u<ug_r 0<r<g/po-1 0<s<g/peo 8
Since ug_2dg = g2 pg_1pe, by writing
Rg = i,
Peo
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we get

ZACRTEED D VD)

0<u<ug_ 0<r<g/po-1 0<s<g/po

= )

0<u<ug-y 0<r<Rg-; 0<s<Ry

FL (a +udg+rg?*pgpo-1+358° ' pe +,3)‘
0 0
8
+udg +
J](a uge B, _r +i),
Ro-1Rg Ry

By applying Lemma 4.2 twice and using periodicity together with Ry | g and Rg_; | g, we have

F}}j](a+ud:+,8+ r +i)
8 RG IRH Rg
+ + 1 + +
_ F[j+1j(a Mjal B _ 8 +gs) —goj(a Ma;e B, _r +i)
g Ro-1Ro Ro| g 8 Ro-1Ro R
(et o )| L farton s )
8 Rg-1Ro ]| ¢ 8 Rg-1Rg Ry
|l (atude+ B gr
= Foa -2 +
g Ro-1Rg
1 a+udyg+p gr a+udg+p r N
T 2%l o1 T ®j 0 + te
8 8 Rg-1Rg g Ryo_1Ry Ry
_ F[,+2](a+udg+ﬂ)
N 0-2
8
1 a+udg+p gr a+udyg+p r s
TSP+l -1 + ®j 77 + L b
8 g Rg-1Rg g Ro_1Ro Ry
We thus have
G (a.dp)
[j+2](a+udg+ B
< Z Fo2s ( 202
0<u<ug-
1 a+udg+p gr
) Z 90j+1( -1 +
8" 0<r<Ry., 0<s<Ry 8 Rg-1R¢ (4.23)
a+udg+p r s
@i 2 + + —
g Ro-1Rg Rg

-

0<u<ug_n

F[]+2] a+udy +ﬂ
6-2 g6’2

Y;(te, Ro-1,Ro)

with

_(a+udg+PB)Rg-1Rg
= o )

We then use Lemma 4.10 with i := j, f :=tg9, R := Rg_1, and S := Ry. We then have R | g and S | g.
By (4.18) and 6 + 1 < 6 < 4, we know that R > 2. Also, since

(gdo-2,dg) = (97" kg, g% kg®) = (g7, kg®) = dg_1,
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we have

(R,g/S) = (Ro-1,8/Rq) = (g/po-1,p0) = (gdo-2,dg)/dg-1 = 1.

Thus, by using Lemma 4.10 in (4.23), we have

GLj](a,de) < (Rg-1Rg)"s Z

0<u<ug-p

:( 'S )’7g Z
Po-1P0

0<u<ug_n

F[j+2] a+udg+p
-2 g9—2

plie(at udg 209-1p6 + 8
-2 gg_z .

Since (4.19) and (4.20) imply (pgpe-1,ug—2) = 1 and the function

Z—->R;um

plialfat udg_ +
6-2 g672

has a period ug_,, we can change variables to get
plit2] (a +udg 2 +,3)‘

] g \™
o = (LEC)T 3 (s
Po-1P0 0<u<ug-_n 8 (4 24)

2 g

j+2

= (_g ) ngfz Na,dg-).
Po-1P6

This is a two-step reduction.
Finally, by using (4.24) [(2 — §)/2] times and by using (4.22) if A — § is odd, we obtain

2

0<h<g?
h=a (mod kg?®)

A(h+ : . . .
FA[J]( glﬁ)' =GN a,dp) < < (pa--psn) Mgl ORI G (g 4).

5

Here, we used 0 < 17, < 1, which follows from (4.15). Since pa - -+ pss1 = Z—; = ki(; =k and
+A-6 [+A-6 ira-61(h+ B i+a-s1(a+ B
O D M e e B e
0<h<g?® 8 g
h=a (mod g9%)
we obtain the assertion. ]

4.4. A hybrid bound

We finally prove a hybrid bound by combining the L and L' bounds. We first deduce continuous
analogs of the discrete bounds obtained above.

Lemma 4.12. For g € Zyo, @ € g, and A, j € Zxo, we have

1
[ @lap < g 1m0,
0
where the implicit constant depends only on g.
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Proof. By decomposing the integral, we have

h+

/ W @las= Y /, E gy

0<h<g? g7

1
h+ z 1(h+ g
A s
0<h<g’ 0 0<h<g? 8
Then, Lemma 4.11 gives the result. O

Lemma 4.13. For g € Zy), @ € A, and A, j € Zxo, we have

/

where the implicit constant depends only on g.

g ﬁFj’ (ﬁ)’dﬁ < g,

Proof. By (4.1), we have

. T LS nee(f () - ).

0<n<g

8[3”

By partial summation and Lemma 3.2, we get

Y rl
‘aﬁF; ®)

< sup
0<x<g?

> e(fim) - pn)

0<n<x

< Y & IFE Pl

0<t<a

Thus, by Lemma 4.12, we get

1 a .
/0 ‘%Fj”(ﬂ)‘dﬁ <

where, in the last step, we used n, > 0, which follows from (4.15). O

/ FBlas < Y g < g,

0<€</l 0<l<a

Lemma 4.14 (Gallagher—Sobolev inequality). Let f: [0,1] — C be a function of class C' with a
period 1, let 6 € (0, 1], and let (ai)l.lil be a sequence of real numbers which is 6-spaced (mod 1), that
is,

llo; — ;|| =6 foranyi,je{l,...,R}withi # j.
J

We then have

R 1 1
s < g [ @ides 3 [ @ide

Proof. See Lemma 1.2 of [11, p. 2]. O

The next lemma gives a hybrid bound combining the L* and L' bounds. For the L' part, we use the
Gallagher—Sobolev inequality as in Gallagher’s proof [5, Section 2] of the large sieve inequality.
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log M

Lemma 4.15. Let g € Zyy, @ € Ay, A, j € Lo, M € Ry, and u = [ Tog g

1 k
)

where the implicit constant depends only on g.

|. Then we have

Mg~ (3120 a5 @) if2u <2,
M?g~ =194 if2u > A,

22

M <m<2M 0<k<m
(K,m)=1

<

Proof. Take a parameter A; € [0, 1] N Z to be chosen later. By Lemma 4.1, we have

Ui k) _ 1 Gifk ) 1 1k i
=g TT e (0e) i T e (e

0<i< A1 <i<A
! m(k i) ! el (K 4 i
:7 l_[ 90 _g . A-1 l_[ (p g g
8 : 0<i<A l m 8 : 0<i<A-44 : m
vl (K 2
F/l—/lll (n—1g l)-

_elil k
-4 ()

By using Lemma 4.5, we thus have

. k _ j+/11 . k

se 3 (et 5 s (k|

M <m<2M 0<k<m m M <m<2M 0<k<m m
(k,m)=1 (k,m)=1

Since the reduced fractions

k
— fork,meZwithM <m <2M,0<k <m, (k,m) =1
m

are (2M)~2-spaced, the Gallagher—Sobolev inequality (Lemma 4.14) gives

A1
S < g 0'1 11 (0)(M2/ |F j](ﬁ)|dﬁ+/ ‘aﬁF[J (ﬁ)‘dﬁ)
By using Lemmas 4.12 and 4.13, we further have
S < g™ o (a)(Mz “hg).
When 2u < A, by taking 4, :=2u € [0, 4] N Z in (4.25), so that
g/ll = M? and gllg/ll — g%/ll .g*(%ﬂ]g)/ll - Mg*(%ﬂ]gﬂ/l’
we obtain
S < Mg (2 7lg)2l1 0' (‘Y)
When A < 2u, we have M?g™" > 1 and so, by taking A; := 1 in (4.25), we obtain
S <« M?g~U-m)d,

By combining (4.26) and (4.27), we obtain the result.
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5. The Type I sum estimate

As usual, we need to estimate bilinear sums called the Type I and Type II sums. In this section, we
prepare the Type I sum estimate for weakly digital functions.

We start with a small lemma on 0' (a')
Lemma 5.1. Let g € Z»), @ € .

(i) For A €N, j € Zxo, we have

log2

oz = 1 @ =@

o @) -

(1) ForA,j € Zsopand A > 11252, the function

1
f:00,A]NZ - R; l"_)A(E_ng)ﬂ"'O'AJW](a)

is increasing.

(i) For j € Zsoand A > %, the function

f1Zs0 > R; 4> AL - o' (a')

is nondecreasing.

Proof.
. . []
(1). By the definition (4.5) of o-/l] (@), we have

M= > W= > yilw=> v =cle-r\ ).

0<i<a-1 0<i<A-1 1<i<a

By using (4.4), we obtain (i).
(ii). By (i), proven above, for u € [0,1 — 1] N Z, we have

1 +u+ +
flu+1) = f(p) A(2 ng) oyt @ = o M (@)

, log2 log2 log2 S
“logg\2 ") T ag3(loge)?

by (4.15). This proves (ii).
(iii). By (4.4) and (4.5), we have

FA+D - f = A=yl @ =0,
and so (iii) follows. O

Lemma 5.2. For g € Zsy, @ € Ay, L €N, and x, M € Ry with2 < x < gk, we have

< xg M (logx)?

D7 e(fr(mn))

1<n<t

St = Z sup
I<m<M I1<t<x/m
. 1
provided M < x2. Here,

log x
logg

ki i=o0g(a) with & :=

and the implicit constant depends only on g.
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Proof. By rewriting mn as n, mt as t, and taking care of the terms with n = 0 and n = ¢, we have

S < Z sup Z e(fr(n)|+ M.
l<m<M MSISXL 0oy
n=0 (mod m)

By the orthogonality, we have

kn
S1 < sup |— €(fL(”) - —) +M
l<;M mstsx O;moglﬂt mn
< — sup (fL(n) - —) + M. 6D
1S;M mn oskz;m’”f’ﬁx Z

0<n<t

We may replace x by [x] in (5.1), and then, by applying Lemma 3.2, we can bound (5.1) as

s< Y Y Yy (ﬁ(n)——)

0</l<logx 1<m<M 0<k<m 0Sn<g
4 k
= > 33 )
0</1S}2% l<m<M mn 0<k<m mn
By classifying the terms according to the values of (k,m) = d, we have

s % Y ¥ L3 |n(Y

m
0</l<logx 1<d<M 1<m<M 0<k<m
k
Fal—
m

dlm (k,m)=d
where, in the last equality, we made the change of variables k ~» dk and m ~» dm.

1 g"
=2 2d 2w X
OS/IS{Z% 1<d<M =~ 1<m=<M/d 0<k<m
In order to bound the inner sum of (5.2), we bound the sum
k
i)
m

(k,m)=1
for1 <U < M/dwith1 <d < M by using Lemma 4.15. Write

+M

+M.

+M

(5.2)

T::Zg—

v<m=au ™ 0<k<m
(k,m)=1

logU]

Hu = [ .
logg

(i)

When 2y < A, Lemma 4.15 gives

T < g'Uu™! Z

U<m<2U 0<k<m
(k,m)=1

< g/l (2 1g)2pu - 0—/1 ZHU( )

By (ii) and (iii) of Lemma 5.1, we have

T < gilgit=oa(@) < g3dg3éi-0q(a)  o1dyiok (5.3)

https://doi.org/10.1017/nmj.2026.10123 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2026.10123

24 Gautami Bhowmik and Yuta Suzuki

When 0 < A < 2uy, Lemma 4.15 gives

k M
T < g'U™! Z Fﬂ(—) < Ugt < Eg’h"l. (5.4)
U<m=2U 0<k<m m
(k,m)=1
By (5.3) and (5.4), in any case, we have
M
T<g 24 %g_'(I + gg"g’l. (5.5)

Inserting (5.5) into (5.2) and using 7, > 0 as seen in (4.15), we get

S; < (logx)? Z (g2x2g™ + Mgy + M < (xg™ + Mx"<)(logx)>. (5.6)

log x
0<a< fog g

By using (4.6) and (4.15), we have

< & < log x l"]g .
4g3logg ~ logg\2

. 1.
Thus, the assumption M < x2 gives

n. 14 1-(L-n¢) —K

Mx"s < x28 = x!7\27M8) < xg™M

On inserting this estimate into (5.6), we obtain the result. O

6. The Type II sum estimate

For the Type II sum estimate, we first recall some known lemmas.

) . N
Lemma 6.1 (Van der Corput’s inequality). For a sequence of complex numbers (z,),_, and R € N,

N 2
N+R-1 || _
Zzn Z (1 - E) Z Zn+rin-
n=1 |r|<R 1<n,n+r <N
Proof. See, for example, Montgomery—Vaughan [12, Lemma 16.8, p. 10]. O

Lemma 6.2. Let g € Zyy, @ € g, LEN, r € Z3o, and M,N,R € Ry with0 < r < R. Let A be the
unique positive integer satisfying

gt < MR? < gt (6.1)
Assume that
R<N? and A<L. (6.2)
Consider the set
={(mn)€N2 M <m<2M,N<n<2N }
’ fr(m(n+r)) = fr(mn) # fa(m(n+r)) = fa(mn) |
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Then we have the bound

MN
HE < —,
R
where the implicit constant depends only on g.
Proof. For (m,n) € N2, if there is no k € N with
mn < kgt <m(n+r), (6.3)

that is, if [%] = [%], then we have
gimn+r))=¢g;(mn) fori>A

since

D eilmn+r)g™ =

i>A

[m(n +r)
g1

= [%] = Ze,-(mn)gi_’l.

i>2
Therefore, if there is no & € N with (6.3), then since 4 < L, we have

fulmu+r) = frimn) = > (i(ei(m(n+7)) - ai(z;(mn)))

0<i<L

= Z (@i(ei(m(n+1))) = ai(ei(mn)) = fa(m(n+7r)) = fa(mn).

0<i<A

Thus, if (m,n) € &, there exists k € N satisfying (6.3). Since such k must satisfy
mN < kg* <m(2N +r),
we have

we< > > 1

M<m<2M M<k<m(21\/+7) N<n<2N
g1 T gl mn<kg1 <m(n+r)

< 2 )y 2, ! (6.4)

M<m<2M ’;7,,;]<k5m(ng/1+r) %—r§n<%
m(N +7r) M(N +R)
<r —/l+l < MR —/l+1'
M<m<2M 8 8

By (6.1) and (6.2), we have g* < MR> < MN. Thus, we can bound (6.4) further as

M2NR  MN

#E < <
gt R

as desired. This completes the proof. O

Lemma 6.3. Leta€Z meN, b € R, and d := (a,m). For M € Ry, we have

. 1 . 1 d 2m 2m
Z min | M, ————| < dmin (M, ——— +———+ —log —.
|sin(r <52)] sin(ryllglh/  sin(3) 7 T d

0<n<m m m

Proof. See Lemma 6 of [7, p. 1609]. O
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We can now prove the following Type II sum estimate.

Lemma 6.4. For g € Zss, @ € Ay, L € N, and x, M,N,0 € Rwith M,N 21,0 >0,2 <x < gk and
complex coefficients () men, (bn)nen With |am|, |by| < 1 for any m and n, we have

Sp = Z ambpe( fp(mn)) < xg™"logx,

M<m<2M
N<n<2N
mn<x
provided
M,N > x9, (6.5)
where
1 ) log x
K = 1_00'611((]() with & = [6~ ogg

and the implicit constant depends only on g.

Proof. We may assume MN < x since otherwise Sy is an empty sum and the assertion is trivial. By
symmetry, we may assume M < N. Since MN < x, we then have M < x7. Take u € N with

gl <M < gt (6.6)

By (6.5)and M < x%, we have

1 11
ng< < ng+1

- — 6.7
logg 'u_2logg ©.7

By the Cauchy—Schwarz inequality, we have

2
|Sul* < M Do bue(frlmm)| . (6.8)
M<m<2M ' N<n<2N
mn<x
Take a real parameter

Re[1,N2]. (6.9)

By applying Lemma 6.1 to (6.8) with R replaced by [R] + 1, we have

2, _ M(N+[R]) ||
ISul* < [R] + 1 MmslerSR( B [R]+1)
D, buwbae(fulmn+r)) = fr(mn))
N <n,n+r <2N
mn,m(n+r)<x
<MY ST e(flmln+r) — fu(mm).

[r|[<R N<n,n+r<2N' M<m<2M

mn,m(n+r)<x

Note that the contribution from the terms with r < 0 is the same as that from the terms with » > 0. This
can be seen by changing variables via n ~» n — r and taking the complex conjugate inside the absolute

https://doi.org/10.1017/nmj.2026.10123 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2026.10123

Nagoya Mathematical Journal 27

value sign. Thus, separating off the contribution of » = 0 and enlarging the range of n by dropping the
condition n + r < 2N, we have

ISul* < @ Z Z

1<r<R N<n<2N

272
S elfulmnrr)) = fulmm) |+ 2
() 4

We now use Lemma 6.2 to truncate f7.. By (6.9), the condition R < N 3 is satisfied. Take A € N by
g < MR? < gt (6.10)
as in Lemma 6.2. Since we are assuming MN < x, by using x < g and R < N2 , we have
gt < MR* < MN <x < gt

and so the condition A < L is also satisfied. Thus, we can use Lemma 6.2 to truncate f; as

NTERS @ Z Z

2 A72
S e(falmn+r) = falmm)|+ 2

1<r<R N<n<2N 'M<m<2M
m(n+r)<x (611)
M?N?
< MN sup Sp(r)+ R

1<r<R

where the sum Sy(r) is defined by

Su(r) = D, ITem| with T(rm):= > e(filmn+r) = fa(mn)).  (6.12)
N<n<2N %(i:—frs)zgl\){

Since f; has a period g*, by using the exponential sum (4.1), we can write

T(rm)= Y. e(fiw) Y e-H() > 1

O<u<g? 0<v<g? M<m<2M
m(n+r)<x

m(n+r)=u (mod g?)
mn=v (mod g?)

= > e(h) Y e(=f()

0<u<g? 0<v<g?

2/1 Z Z Z (h(m(n;r) —u) N k(m;— v))

0<h<gt0<k<gt! M<m<2M
m(n+r)<x

k (h+k)n+ hr
- 22 Alall-), 2 )
0<h<gl0<k<g? 8 M<m<2M 8
8 8 m(n+r)<x

Since the inner sum over m is a sum of geometric sequence, we have
k
Troml< > Fal o2 -2

0<h<gt0<k<g?
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By taking the sum over n and recalling (6.12), we have

Su(r) < Z Z Fﬂ( ) ( gkﬂ) Z min(M !

(h+ln+hr (6.13)
0<h<gl 0<k<g? N<n<2N |Sm(7f‘g—)|

Since the term

) 1 )
min|{M, ——FM
( |sin(7r—“’+’;)f+h’)|

depends only on n (mod g*), we can bound (6.13) as

o= (g 22 el -

0<h<gl0<k
<hgt0sk<g! | (6.14)
S min (M—)
. h+k h
0<nzgt B ]

by adding extra terms if necessary. By using Lemma 6.3 in (6.14), we have

N h k
Su(r) < (— + 1) d F,,( ) F,l( )
g/l dzg'l OSh,Zk<g g g/l
(—+1)g (logx) Z Z F/l( )

(h+k,g%)=d
0<h<gt0<k<g?

= (gﬁ/l + 1)(511,1 (r) + Su2(r)).

min (M ;)
sin(rr <& || 22|

(-4

(6.15)

We first estimate the sum Sy 1 (r). Since d | g" in the sum Sy (), we can bound Sy ; () as

h k 1
Smi(r) < Z d Z F,I( ) F,l( /1) min (M —hr)
dlgt  0<h,k<g! g 8 sin(r < || &)
by weakening the condition (4 + k, g') = d to h = —k (mod d). Since the function

h=—k (mod d)
k
)
g/l

has a period g, we can change variables via k ~» —k to get
h k
S (r) < Z d Z F/l(_/l) F/l(_/l)
d|gt Osh k<g 8 8
By classifying the values of & = k (mod d), we obtain

k (mod d)
S]]](F)<Z Z mln( ! )( Z

S5 Lty sin( &4 )

Z—->R; k>

min (M ;)
sin(rr - || 27 )

Al

0<h<g?t
h=a (mod d)
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Let v4(d) be the largest integer satisfying g"s (@) | d. By Lemma 4.11, we then have

_ . 1 L-vg(d)][ @
SILI(r) < dl 2'7”’5'277’*'/] min (M, —) F N
t%; Os;d Sm(”;%”%”) el g

2

By using Lemma 4.5, we have
_vg(@)] 1
SII,](r) < Z d1—277gg277g/l Tyg(d) (@) Z min (M, : — ) (6.16)
d|g? 0<a<d sin(zr 3 {17 11)

Since x — sinzx is concave for x € [0, %], we have

d . _d . ar
Zg—/lsm T _g_’l sin ﬂ? s

and so we can apply Lemma 6.3 to the inner sum of (6.16) to obtain

ar

d

ar

d

. d
sin ﬂg—/l

Z min (M ! ) < g/l min(dM ! )
1 sy T | = — T TN
0<a<d Sm(”gd_i“%”) d 0<a<d gt Isin(x )l
1 M
< %((r, d)dT +d10gd) < MR +g'logd < g'logx
8

since g < MR? by (6.10). On inserting this estimate into (6.16), we get

[A-vg (d)] (

(1+2r7g)/l—(rvg(d)

Si,1(r) < (logx) Z 412 g )
dlg/l

We now write d = kg® with 0 < § < A and g { k so that ve(d) = 6. This gives

S (r) < (logx) Z g2 45 (1=2m0) -5 (@) Z k12 (6.17)
0<o<A k|g?°
8tk

For k | g*~¢ with g 1 k, we have (k, g) < g/2, and so

k=(k,g"% < (k,g)"° < (g/2)"°.

This gives
Z k12me < (g/z)(1*277;;)(/1*6).,.(8/1*6) < g(lfzﬂg)(/lfé)*wg(/lfé)
klg/lfé
gtk
with

by using the bound 7(n) <. n®. On inserting this estimate into (6.17), we get

—wg(/l—d)—(r([sﬁ

-] (6]
S < g*'(logx)* ma @ = o2 (Jog x)? max g~ “s% Tas(®)
1,1(r) < g7 (logx) Jmex. g g~ (logx) max g (6.18)
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where we changed variables via § ~» A — ¢ in the last equality. By (6.6) and (6.10), we have
g ' <M<MR*<g', andso ue[0,A]NZ. (6.19)
Thus, by (ii) of Lemma 5.1 and (6.7), we have
wWg6 + o-/gfgs(a) > oa(a@) 2 oy (@) > 10y
in (6.18) and so
Si1(r) < g2t 1% (log x)2. (6.20)

For the sum Sy, (r), we can simply use (4.16) of Lemma 4.11 to get

{3

By (4.6), (4.15), (6.7), and (6.19), we have

2
) < g2 o x = g2 (1721 A o0 .

Sua(r) = gﬂ(logx)( D

0<h<g?

én

—— > 10«qq,
4g3log g ki

(1-2ng) > (% - Ug)fn >
we have
S (r) < g?t 1% og x. (6.21)
On inserting (6.20) and (6.21) into (6.15) and recalling (6.10), we obtain
Siu(r) < (Ng* +g*Hg 1%iu(logx)? < (MNR? + M?R*) g~ 1% (log x)2.
Since we are assuming M < N, this can be bounded as
Si(r) < MNR*g™ 1% (log x)>.
On inserting this estimate into (6.11), we obtain
Sy < MNR*g™1 logx + MNR2. (6.22)
We now choose R = g2, By (4.6), we have

én < 6 logx

2 < = 3 )
i 2g3logg ~ 2logg

and so, by (6.5), we have

9
2

R=g"" <x? < N2

as required in (6.9). On inserting R = g2 and MN < x into (6.22), we obtain the assertion. O
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7. Exponential sum over primes with weakly digital functions
We now prove an estimate for exponential sums over primes involving a weakly digital function.

Lemma 7.1 (Vaughan’s identity). For z > 0 and n € N, we have

A(n) = ay(n) + ax(n) + az(n) + asg(n)

with
ai(n):= Y u(d)logm.  axn):=  pld)es(m).
rizs s
az(n) = — Z c3(d), as(n) = A(n)l,<,,
dm=n
d<z?
ean) = ) A(d), es(n) = 3 u(d)A(m).
dm=n dm=n
d>z d,m<z
Proof. See formula (17.5) and the argument on pp. 55-56 of [12]. O

Theorem 7.1. For g € Zss, @ € oy, L €N, and 2 < x < g&, we have

Si= ) A(me(fi(n) < xg™(logx)*,

n<x
where
1 . | 1logx
K= 100};(0) with & := [410gg]

and the implicit constant depends only on g.

Proof. Letz = X3, By Lemma 7.1, we can decompose the sum as
S=81+85+S53+ 84, (7.1)
where

Si= Y p(m)(ogme(f(mn)).,  Spi= Y p(m)ea(me(fr(mn)),

Syi=— 3 es(me(f(mn)), Sai= Y Ame(f(m).

We estimate these sums separately.
. 1 . .
For the sum S}, since z < x2, we can use partial summation and Lemma 5.2 to get

< xg *(logx)?, (7.2)

D e(fr(mn))

n<t

S1 < (logx) Z sup

m<z 1<t<x/m

where we used x| > «.
For the sum S,, we can use Lemma 6.4. Note that

le2(n)l, les(n)] < Z A(d) =logn. (7.3)

din

https://doi.org/10.1017/nmj.2026.10123 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2026.10123

32 Gautami Bhowmik and Yuta Suzuki

We can take 6 = }1 in Lemma 6.4 so k1 = k. Thus, by decomposing the sum dyadically, we get

S, < (logx)? sup ' E a(m)b(n)e(fr(mn))| < xg~*(logx)*. (7.4)
1
M,N >x% mnsx
la(m)|.|b(n)|<1 M=m=2M

2

For the sum S3, since z° < x%, Lemma 5.2 together with (7.3) gives

< xg *(logx)>.

S3 <« (logx) Z

m<z?

D el filmm)

n<x/m

Finally, the sum Sy is bounded trivially as

Sa < zlogx < x'"7 logx < xg ™ logx, (7.5)
where we used the bound
. < £ < Llogx < élogx,
20 ~ 80logg 4logg
which follows by (4.6).
On inserting (7.2) and (7.4)—(7.5) into (7.1), we obtain the assertion. O

8. Application to the digital reverse

We finally apply Theorem 7.1 to digital reverse to obtain Theorems 1.1 and 1.2. In order to make the
digital reverse fit into the setting of Theorem 7.1, we introduce a slightly modified digital reverse. For
L,n € Zs, we define the relative digital reverse revy (n) of order L by

revy (n) == Z ei(n)gt".

0<i<L
Note that then the “absolute” digital reverse defined by (1.1) can be expressed as
W= [€Vien(n) (1)
for n € Zs(. Note that the relative and absolute digital reverses coincide on [gZ~!, g¥) N Z, that is,
T =revi(n) for negt !, ¢Hnz.
To fit into the picture of weakly digital function, consider @, = (@ :);2, € o, given by
ari(n) = angh!
for @ € R. This seed a, gives
Sr.a, (n) =arevy(n).
Since @, depends on a parameter L, the uniformity over @ € &, in Theorem 7.1 is necessary.

Lemma 8.1. For g € Zs; and a € R\ Z, we have

‘

&
10g Teriyar ]

g all > 1
0g8

with iy := [

—_—

g+
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Proof. This is Lemma 2.7 of [3]. For completeness, we give a proof. We have

golall > g F gy 2 L8 L
g (g+Dlell g+1
and
gl < g~ g < — & jap=1-
(& + Dlal ¥
The result now follows since ||g”a|| = ||g%]|a]|||.

Lemma 8.2. Let g € Zs>, L € Zs, and a € R satisfy

: i .2
= -1 > 0.
0 i= min llg' (g al|

Define ay = (ap ;) € dg by ap i(n) = ang™ =1 For A € Zsq with 0 < A < L, we have

A
O'A((IL) > 1 +0(1),
log —

o
where the implicit constants depend only on g.

Proof. By considering the contribution of (m, n) = (0, 1) to (4.3), for 0 < i < A, we have

yilar) > (gL (0) — ari+1(0) — (gari(1) — ar w1 (1)
=(g"" = g~ D a2 = Ig- 2 (g2 - Dell* > lIg" " (g% - Dall?,

where we used the inequality g||x/g|| > ||x|| in the last step. We thus have
caer)= ) yiler) > D gt @ - DalP = ) llgi(g” - Dall.
0<i<Aa 0<i<Aa L-A<i<L

Let

log 7575 Pl

J=1+ = (&tho >1, K:=|=| and oy =gl * DI (g2~ 1)a.
logg J

We then have

> @ - gl > lg'(¢* = Deall?

L-A<i<L <K L-A+(k—1)J <i<L-A+kJ

<Z D llg el

<K 0<i<J

33

(8.1)

(8.2)

(8.3)

By the assumption (8.1) and 0 < A < L, we have ay ¢ Z forall k € {1,...,K} and so Lemma 8.1 is

applicable to the inner sum with @ := ay. Also, (8.1) implies ||ak|| = 0. For 1 < k < K, let

- log —<z,+1>||ak ]
0,k - logg

We then have

10g (g+gl)0'] <J

0<ipx < [
log g
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Therefore, we can pick up the contribution of i = iy x and use Lemma 8.1 in (8.3) to get

; . K
>, I =ngalP= 3 llg™arl’ > > K

2
L-A<i<L 1<k<K (g + l)

By using the estimate

K=§+O(1)2%+0(1) >>l /ll +0(1)

Og o O
1+ log?2 & o

in (8.4), we get

: A
DTl -Dglel? > ——+0(D).
log —

L-A<i<L o

On inserting this estimate into (8.2), we obtain the result.

Forg € Zs>, L € Zsp,and a,q € Zwith g > 1 and x € R, let us write

— —
Yr(x,a,q) = Z A(n), Yy r(x,a,q) = Z
n<x n<x
revy (n)=a (mod q) revy (n)=a (mod (q.g"(g%-1)))
— —
I (x,a,q) = Z log p, Py p(x,a,q) = Z
pP=x p<x
revy (p)=a (mod q) revy (p)=a (mod (q,g" (g2-1)))
Tr(x,a,q) = Z 1, <731,14(16, a,q) = Z 1.
P=<x pP=<x
revy (p)=a (mod q) revy, (p)=a (mod (gq,g (g?-1)))

Theorem 8.1. For g € Zs), L,a,q € Z, and x € Rwith L,q > 1 and 4 < x < g&, we have

o (q.8%(g* - 1)) « log x

,a,q) = ——— ,a, 0 —c-———||.
I q) S Uulr.a.q)+ Ofxexp | — e 2
< (q.8%(g* - 1) < log x
19 s Uy = 19 s Uy 0 - ° s

r(x,a,q) p #,0(x,a,q) +O(xexp c og(g+ D)
L(,2

o (¢.8"(g" - 1) logx

s Uy = — ,a, 0 —_ - —_—
nr(x,a,q) p my (x,a,q) +Ofxexp c og(g + 1)

provided
< exp [ log x
4= cxp loglogx

with some constant ¢ > 0, where ¢ and the implicit constant depend only on g.

Proof. We may assume that x is large and g > 2 since otherwise the assertions are trivial.
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We first prove (8.5). By the orthogonality of additive characters, we have

T =1 D e <) 3 Ae L)
0

<h<q n<x

8.9

= >+ > =Ssm+Se (89)
0<h<gq 0<h<gq

qlg™(g*-Dh gqtg=(g>-Dh
For the sum Sgy, by using

q
|

Lg-Dh —
alg7le - Dh = T re )

by rewriting & to h and using the orthogonality, we have

q
(g.8%(g2-1))

1 hrevy (n) )
Sop = —
"oy Z e( (g, 8" (g? —1))),;1 (me ((q gh(g?-1))

0<h<(q,g"(g>-1))

(8.10)
(¢,8"(g* - 1)
= B8 N L a,g),
q
For the sum Sy,,, we have
h
Sul < max. ’ZA( )e ( reVL(”))‘ (8.11)
I HERALES
We then use Theorem 7.1 with @y, = (ar ;) € o, given by
ar,i(n) = angt™ ! with @ = -
This @, gives
h _i-1  hrevp(n)
frag()y== > &gt ™ = —=—
0<i<L 4
Also, since ¢ 1 g% (g? — 1)h in Sy, we have
; h 1
: 0,2
1= > -
[min g'g -1 (s
for the quantity o defined by (8.1). Thus, by Lemma 8.2, x in Theorem 7.1 satisfies
1 ¢ logx 1 logx
o(1 o(1 h =-—.
K= 1Oo-f(a/L)>>log + ()>> + (1), where ¢ [4logg
Applying Theorem 7.1 to (8.11), we obtain
1
Sm < x(logx)* exp ( ~ s ng). (8.12)
logg
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Under the condition (8.8), we have

1
(logx)* = exp(4 loglogx) < exp (4c . ng). (8.13)
logg
On inserting this estimate into (8.12), we obtain
log x
S —c-—. 8.14
"‘<<”"p( ‘ log<q+1>) (819

On inserting (8.10) and (8.14) into (8.9), we obtain (8.5).
We next deduce (8.6) from (8.5). In (8.5), we may assume ¢ € (0, 10%2) to assure

X €X -cC loi > X
P loglg+ )] ="

NI—

We can then use

Z logp < x?

pYV<x
v>2
in (8.5) to get (8.6).
We finally deduce (8.7) from (8.6). We first change the value of ¢ to replace it in (8.6) and the
associated (8.8) by 4c. (We however use the same ¢ for (8.8) associated with (8.7).) We may also

log?2 1
assume that ¢ € (0, %). Then, forx2 < u < x, we have 1 <u < gl and

logx logu
< . < 4c - )
4= xp (C loglogx) _exp( ¢ 1oglogu)
Thus, we can apply (8.6) with x replaced by u to get

Li,2 _
G q) = Mgmu,a,q) +0(xexp ( e k’i))
q

log(g+1)
for 1 < u < x since this is trivial if u < x?. We can then use partial summation to deduce (8.7). O
Define
T(x,a,q) = Z 1 and (Fﬁ(x, a,q) = Z 1,
P=<x P<Xx
rev(p)=a (mod q) rev(p)=a (mod (q,g%(g>-1)))
where L = [%gg;] 1
Theorem 8.2. For g,a,q € Z and x € Rsq with g > 2 and q > 1, there is a constant ¢ € (0, 1) such
that
2 L
,(g7—-1 1
<F(_)C’ a, q) = M?ﬁ(x’ a’ q) + O(xexp ( —-C- &))
q log(g +1)
provided
1
g<explc —2r ) (8.15)
loglog x
where L := [igi;] + 1 and ¢ and the implicit constant depend only on g.
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Proof. We may assume that x is large in terms of g and g > 2 since otherwise the assertion is trivial.
Let ¢ be the constant ¢ of Theorem 8.1 and let ¢ := £. Since

¢ <n<gt = reve(n) =rev(n) (8.16)
for any ¢ € N, we have
T(u,a,q) - T —1,a,9) = Te(u,a,9) - T (g ~1,a,9) (8.17)

1
for g1 < u < gf. Forxz < gf~! < u < g%, we have

<explc _logx <explc _logu
4=xp loglogx | ~ P loglogu )

Thus, we can apply (8.7) of Theorem 8.1 to (8.17) and use (8.16) again to get

<F(u’a’ Q) - ?(gé)—l - l’a’ Q)

_ (cz,g‘)(i2 - 1)) D 1+0(xexp(_g. :Z:Z)) (8.18)

g‘)’l <p<u
rev(p)=a (mod (¢,8°(g*-1)))

for g/~ < u < g¢ withx2 < g’! and g¢ < gx. By (8.15) and £ > logx, we indeed have
(¢8> = 1) = (¢.8" (&> - 1))
for all £ with x2 < g“~ " and g’ < gx. Thus, we can rewrite (2.18) by replacing £ by L to get

?(M,(l, q) - <F(gf_l - 1,(,1, q)

_ (q.8"(g* 1) 1+0(xexp(_g. logx)) (8.19)

q ¢l<p<u log g

<
rev(p)=a (mod (q,g%(g*-1)))

for g~! < u < min(g’, x) for any £ € N since this is trivial if ¥ < x2. Thus, by summing up (8.19)
over ¢ and using the bound similar to (8.13), we obtain the theorem. m

Finally, Theorems 1.1 and 1.2 follow from Theorem 8.2 by the argument of Section 11 of [1].
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