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Abstract

For spectrally negative Lévy risk processes we consider a general version of de Finetti’s
optimal dividend problem in which the ruin time is replaced with a general drawdown time
from the running maximum in its value function. We identify a condition under which
a barrier dividend strategy is optimal among all admissible strategies if the underlying
process does not belong to a small class of compound Poisson processes with drift,
for which the take-the-money-and-run dividend strategy is optimal. It generalizes the
previous results on dividend optimization from ruin time based to drawdown time based.
The associated drawdown functions are discussed in detail for examples of spectrally
negative Lévy processes.

Keywords: Spectrally negative Lévy process; drawdown time; de Finetti’s optimal
dividend problem; stochastic control; HIB inequality

2010 Mathematics Subject Classification: Primary 60G51
Secondary 93E20; 91B30

1. Introduction

De Finetti [15] first introduced a dividend model to risk theory. In the discrete-time model,
an insurance company has the option to pay out dividends from its surplus to its beneficiaries
up to the time of ruin. It was argued that this should be done in an optimal way so that the
expected total amount of discounted dividends paid until ruin is maximized. De Finetti [15]
proved that the optimal way of paying out dividends is by adopting a barrier strategy, i.e. there
exists a nonnegative constant such that at each time the excess of the net surplus is above the
constant level it is paid out as dividend to shareholders.

In recent years, there has been much progress in the study of dividend optimization when the
underlying surplus processes are spectrally one-sided Lévy processes, which we summarize in
the following.

For spectrally negative Lévy risk processes with the present value of dividends paid until
ruin as its value function, applying the fluctuation theory, Avram et al. [5] found an explicit
analytical description of the optimal barrier in the set of barrier strategies. The authors also
identified conditions under which the barrier dividend policy is optimal among all admissible
strategies. It was later pointed out by Loeffen [26] that the condition is satisfied if the Lévy
measure allows a completely monotone density. Loeffen [27] further considered a modified
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514 W. WANG AND X. ZHOU

version of the de Finetti optimal dividend problem by adding to the value function an extra term
which takes account of the ruin time. The author showed that, with the exception of a small
class of compound Poisson processes with drift, a barrier strategy is still optimal if the Lévy
measure has a completely monotone density. In addition, Loeffen [28] considered an optimal
dividend problem with transaction costs for the spectrally negative Lévy reserve processes,
where an optimal strategy is to pay a dividend in order to reduce the reserve to a certain level ¢
whenever it is above another level ¢, > ¢1. Loeffen and Renaud [29] further showed that either
the barrier strategy or the take-the-money-and-run strategy is optimal among all admissible
strategies if the dividend payments are subject to an affine penalty function of the ruin time. An
expression for the nth moment of the present value of dividends barrier strategy can be found
in [22] and [31].

Kyprianou et al. [23] also considered de Finetti’s control problem, but with a restriction that
the control strategies are absolutely continuous with respect to the Lebesgue measure. The
authors investigated the robustness of the condition that the Lévy measure has a completely
monotone density and established an explicit optimal strategy for this case that covers some
existing results. The explicit optimal strategy in question is the so-called refraction strategy.
Avram et al. [6] considered maximizing the sum of expected cumulative discounted dividend
payments received until the moment of ruin and a penalty payment that is a function of the deficit
at ruin, with or without the cost on dividend payments. The optimality of single-dividend-band
strategies and multi-dividend-band strategies were discussed.

For models based on spectrally positive Lévy processes, which are also referred to as the
dual models, Bayraktar et al. [10] demonstrated the optimality of a barrier dividend strategy
for such a dual model. Moreover, they characterized the optimal barrier using the functional
inverse of a scale function. In [2], [3], [11], [23], and [37]-[39], the optimal dividend problems
were also studied for a spectrally positive Lévy risk model.

In addition, business activities of the insurer have also been taken into consideration. To avoid
ruin, Bayraktar et al. [10] and Zhae et al. [39] considered rescuing the company by means of
capital injection in the dual model. Proportional and fixed transaction costs for dividend and
capital injection have been introduced to the optimal dividend problem; see, for example, [2],
[6], [11], [36], and [39].

Dividends optimization problems have also been studied for the Brownian motion setting
and the (dual) Cramér—Lundberg setting; see, for example, [8], [13], [16], [33], and [35].

Li et al. [25] recently proved results on exit problems involving a general drawdown time
from the running maximum for a spectrally negative Lévy process. Using an approximating
method, the Laplace transforms involving the drawdown time, the hitting time, and the creeping
time over a maximum related drawdown level, as well as an associated potential measure, were
all expressed in terms of the scale functions. The general drawdown times found interesting
applications in [9] in which they were used to solve the Skorokhod embedding problem. We refer
the reader to [4], [14], [32], and [34] for applications of drawdown times in finance. For more
results on a general drawdown time, see [7], [24], and [30].

Motivated by [5] and [25]-[27], in this paper we extend the previous de Finetti’s dividend
problem for the spectrally negative Lévy risk processes from a ruin time based to a drawdown
time based dividend optimization. In the classical de Finetti’s dividend problem, the optimal
dividend strategy is often the barrier strategy under which ruin occurs with probability 1.
However, for the drawdown time based dividend optimization, one can easily adjust the
drawdown function so that the ruin occurs with probability less than 1 at the drawdown time.
It thus provides an interesting alternative to de Finetti’s dividend problem in that it achieves a
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balance between dividend optimization and solvency.

The approach in this paper follows the standard treatment of the Hamilton—Jacobi-Bellman
(HJB) inequality in control theory that had been previously adopted in [5], [26], and [27].
However, our drawdown time related arguments are more involved. For example, the derivation
of the value function for the barrier dividend strategy is more demanding. We also adopt a new
martingale argument in verifying the HIB inequalities. When the drawdown time is reduced to
the ruin time, we are able to recover the main results of [26] and [27].

This paper is arranged as follows. Some preliminary results concerning the spectrally
negative Lévy processes and the mathematical setup of the dividend optimization problem
are presented in Section 2. In Section 3 we express the value function of a barrier dividend
strategy in terms of the scale functions for the spectrally negative Lévy processes. In Section 4
we then prove that a solution to the HIB inequities coincides with the optimal dividend value
function. We further identify a condition under which the solution to the HIB inequities can
be constructed and the optimal strategy is also found, which is either a barrier strategy or a
take-the-money-and-run strategy. In Section 5, for some well-known spectrally negative Lévy
processes, we identify those drawdown functions for which the corresponding barrier strategies
are optimal.

2. The optimization problem

To formulate the optimization problem, write X = {X (¢); ¢ > 0}, defined on a probability
space with probability laws {IP,; x € [—], 0o)} and natural filtration {¥;; ¢ > 0}, for a spectrally
negative Lévy process that is not a purely increasing linear drift or the negative of a subordinator.
Denote its running supremum as X(1) = SUPg<s<; X (s) for £ > 0. We assume that in the case
of no control (no dividend is deducted from the surplus process), the risk process evolves as
the process X.

A dividend or control strategy, denoted by D = {D(t); + > 0}, is a one-dimensional
nondecreasing, left-continuous, and {¥;; ¢+ > 0}-adapted process started at 0, i.e. D(0) = 0.
The random variable D(¢) represents the cumulative dividends that the company has paid out
until time #. Then the controlled aggregate surplus process for dividend strategy D is defined
as

UP@) = X@)— D@), t > 0.

The general drawdown time of the risk process (U (¢); t > 0} with respect to the drawdown
function £ is defined as

P =inf{r > 0| UP(1) <&@P ) —1). .1

Here, UP (1) = SUPg<s<; UP(s) is the running supremum of the process {UP(r); t > 0},
[ € [0, 00) is a predetermined constant, and £ is a drawdown function satisfying

E(y)=0 forally € (—oo0,—I] and —-I1<&(y)—Il<y forye (-l 00).

The parameter / is introduced to take into account the situation that the insurer could continue
with the business when the reserve is below 0 with a deficit not exceeding /. In particular, the
classical ruin time is recovered if we choose £ = 0 and/ = 0 in (2.1).

A dividend strategy D is called admissible if the drawdown time cannot be reached due to
a lump sum dividend payment, i.e.

D"y = D) < [WP(1) — EWP @) —DIvO forallr <.
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Let O be the set of all admissible dividend strategies. For a given admissible dividend strategy
D e D, we define the corresponding value function Vp by

D

T o —qu
Vp(x) =E, e 1"dD(t) + Se” 1% ), x € [, 00),
0

where g > 01is adiscount factor and S € R is the terminal value. For § > 0, S can be thought of
as the amount of salvage that is distributed to the beneficiaries or shareholders of the company
when bankruptcy takes place; while for § < 0, S is regarded as the amount of penalty imposed
on the shareholders. More specifically, this extra negative term added to the value function
penalizes early ruin and so this model is applicable when, besides the value of the dividend
payments, we are also concerned with the length of the lifetime of the risk process. We refer
the reader to [27] for a more detailed explanation of the extra term S.
Our goal is to find the optimal value function defined by

D

T,
V(x) = sup Vp(x) = sup E, (/ et dD(t) + Seqt¥D>, xe[=l,00), (22)
DeD DeD 0

and to find an optimal dividend strategy D* that satisfies V (x) = Vp«(x) for all x € [/, 00).
The Laplace exponent of X is given by

1
VU (0) = In(Ey(?X179)) = y0 + 50292 - fo (1 —e ™ —0x1(.1y(x)v(dx),
(0,00)

where v is the Lévy measure satisfying f (0.00) (1 AxH)v(dx) < oo and 1is the indicator function.
For 6 € [0, 00), the function v (0) is finite, strictly convex, and infinitely differentiable. The
process X can be represented as

t t
X(t):yt—i—oB(t)—/ / xN(ds, dx)—/ / xN(ds, dx), t>0,
0 J(@,1) 0 J[1,00)

where B(t) is the standard Brownian motion, N (ds, dx) is an independent Poisson random
measure on [0, co) x (0, co) with intensity measure dsv(dx), and N(ds, dx) = N(ds, dx) —
dsv(dx) denotes the compensated random measure.

The scale functions {W(q); q > 0} of X are defined as follows. For each ¢ > 0,

W@ [0, 00) — [0, 00)

is the unique strictly increasing and continuous function with Laplace transform

o 1
/ e WD (xydx = ———
0 V() —q
where W (q) is the largest solution of ¥ (0) = ¢; see [12]. Further, define W@ (x) = 0 for
x < 0, and write W for W© _ For g > 0and x € R, set

for 6 > W(q),

X
ZD@) =1+¢q / W (y)dy.
0

We refer to reader to [20] for discussions on the differentiability of the scale function W@,
For example, W@ e C 2(0, o0) if o2 > 0, ie. the Lévy process has a nontrivial Brownian
component.
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For any x € R and ¢ > 0, we can introduce a new probability measure IP;? by

g
Pr| _erxo-v-von s,
.

Under PV, process X remains a spectrally negative Lévy process and we denote by Wé.q) the
scale function for X under P?.
We also briefly recall concepts in excursion theory for the reflected process

{X(@)—X@®); t =0},
and we refer the reader to [12] for more details. For each x > —I/, the process
{L(t)=X()—x,1>0}

serves as a local time at O for the Markov process {X (r) — X (t); ¢ > 0} under P,.. The Poisson
point process of excursions indexed by this local time is denoted by {(¢, &;); ¢ > 0}, where,
for ¢t with L~1(#) = L~1(¢™) > 0,

&) =XL'0) = XLt + ), se O, L7 ') = L7 a)),

where
L™'(t) = inf{s > 0| L(s) >t} =sup{s > 0| L(s) <1}
and
L7'¢) = 11?1 L~ '(s) =inf{s >0 | L(s) >t} =sup{s > 0 | L(s) < 1}
STt
satisfy

s<L7'¢t7) < L(s)<t. (2.3)

Accordingly, we denote a generic excursion as £(-) (or, ¢ for short) belonging to the space & of
canonical excursions. The intensity measure of the process {(¢, &;); t > 0} is given by d¢ x dn,
where n is a measure on the space of excursions. In particular, ¢ = sup- £(s) is an example
of an n-measurable functional of the canonical excursion. It is known that

W'(x)
W(x)

nE>x)= 2.4)
(see [21]), providing that x is not a point of discontinuity for the derivative of W.

We do not impose the safety loading condition y/(07) > 0. Instead, ¥'(07) > —o0 is
assumed throughout the paper.

3. The barrier type dividend strategy and its value function

In the following we first express the value function of the barrier dividend strategy in terms
of the scale functions. Recall that a barrier dividend strategy with barrier level a € [—1, 00) is
defined as D, (1) = (X(¢t) — a) v 0. Denote by V,(x)(x € [—1, 00)) the value function of the
barrier dividend strategy with barrier level a € [—I, 00), i.e. V,(x) = Vp,(x),x € [, 00).
For notational convenience, write & (x) := x — &(x) + [, U := UP«, and

o= r;’ﬂ —inf{t > 0 | U%(t) < EQU°(1)) — L.}.
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Further, define the general drawdown time for the drawdown function & and the first up-crossing
time of the given process X, respectively, as

T; =inf{t > 0| X(1) <&(X@®) —{} and T, =inf{t >0 | X(1) > b}

with the convention that inf @ = oo.

Lemma 3.1. When S = 0, we have, for a € [—1, 00),

I L S A ()]
va(a)_Ea/O e 1" d(X (1) a)_W@’(é(a))' 3.1

Proof. By (2.3), we have, for b > a,
NN _ oS _
E, / e AR (1) — a) = K, / Ly peeje " AR — @)
0 0
o0
—qt
=]Ea/(; I{L(t)<L(Tb+Mg)}e T AL(t)
_r, [ 1 ooy 1L
“J {y<L(T;F At} y
o0
_gL~!
:/0 E,(e ¢ (y)l{y<L(Tb+):b—a,y<L(r§)})dy
b—a ey
:/O E,(e™? (})l{y<L(r§“)}) dy. 3.2)

<a—&(a)+forallt € [0, y]}, which, together with (3.2),

In addition, {y < L(z{)} = {&
implies that

leAfg B
E, f e 1dX(¢) —a)
0
b—a -1
=/ Ea(e ™5 Oz, <t ay+ for all refo.y)) dY
0

b—a .
_ / V@@L ) -a)
0

—1 —1
x By (¥ @XET D=L 0N e a1 forail rego.y1)) dY

b—a
_ w
/ e V@ygy@ (X5, <a—E(a)+ forall r€[0,y]}) dy
0

b—a y
/ ef‘l'(q)y CXP{_ / I’l\[}(q)(é >a — ?;‘(a) + l) dt} dy
0 0

/b—a e—\IJ(q)y exp{_ Y W‘/l/(‘]) (@—§@+D dl} y
0 0o Wugla—=E&@+1)

_ [T {_/y W@ (a — E(a) + 1) dt}d
o PU Lk wou—t@+n
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where ny () denotes the excursion measure under the new measure }P’;p(q), and (2.4) and
Wy (x) = e~V @*W@ (x) are used in the second to last equality. Letting b go to +00
in the above equation, we have

a

® 0 (R () — :/“’ {_/yw<q>’(a—s<a>+l) }
Ea/o e "d(X(t) —a) ) exp  W@a @ D ds ¢ dy

WD —&@+1D)
W@ (a—&@+D)
which is (3.1). O

In the following lemma we solve the drawdown-based two-sided exit problem.
Lemma 3.2. (Two-sided exit problem.) For a € [—[, 00) and x € [—I, a), we have
CWOEW) }
x W@DE®)

Proof. On the event {T" < T¢}, the process X up-crosses level a before the general
drawdown time Tg,i.e. X (t) > £(X(z)) — [ forall ¢ € [0, Tj]. Therefore,

EX(e_qT“+1{7}T<Ts}) = exp{— 3.3)

(T,F <Te)={s <x+t—Ex+1)+Iforalls € [0,a — x]}, (3.4)
where we use the equivalence of the fact that, for all s € [0, L, I L;_l 1,
X(Li +5) = XL +9) =1 =EX (L) —1
and the fact that, for all s € [0, L' — L'],
g($) =XUL )= XL +9) < XUH —EXELN +Tl=x+1—Ex+1)+1.
By (3.4), we have
]P’X(T;r <Tg)=Py(es <x+t—Ex+1)+Iforallt € [0,a — x])

= exp —/ ) n(é>x+t—é(x+t)+l)dt}
0

o _/H W (x+1—EGx+0)+1) t}
TNy Wati—tx+n+0)

a W’(E(S))d }
— — AS ¢.

x W(E®s))

=exp

On the one hand,

PYD(TH < Ty) = By eV @XTH—0—4T V@R =i 1 (

T,;"<TE})'
3.5)

I{Ta+<TS}) =¢c

On the other hand,

Wi =D +D }
e Wo O —EQ)+D)

_ CW@D (y—E(y)+1)
= exp{—/x WOG s 3 h P T Y@@ x)}, (3.6)

Py TS < Ty = exp{—

https://doi.org/10.1017/jpr.2018.33 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2018.33

520 W. WANG AND X. ZHOU

where the identity Wy (4)(x) = e~ Y@* W@ (x) is used in the above display. Combining (3.5)
and (3.6), we arrive at

WD (y—E(y) +1) }
WOy -+ )

which is (3.3). O

E, (e_qTa+1{Ta+<Ts}) = e V@@ IpY@ (7t 7, = exp{—

Proposition 3.1. Suppose that W'D is continuously differentiable on (0, 00). Then

a w@ (g
exp(— Wq—(§(t))dt>

W@ (1)) @) (E

i _ 1 —gSWD(&(a))
(9) (9)

X <SZ @)+ W (E(a))< W@ (& (a)) ))

a t w@ (g
Va(x) = + S/ exp(— Wq—@“”ds) 3.7)

S WOER)
WD ED) iz s B
X<—W(f1)(§(z))z EM) —qWDPEW) ) dr, x e[~ al,

i _ 1 —gSWD(E(a)
B @ @
x—a+SZ'PE@) + W (5(“))< W@ ((a))

Proof. Recall that_ré‘ = rSD “ and let U“(t) denote the risk process {UP(¢); t > 0} with
D(t) = D4(t) = (X(t) — a) Vv 0, i.e. with the barrier dividend strategy with barrier level
a € [—[, 00). Define the first up-crossing time of U?(¢) as rb+ = inf{t > 0| U%(t) > b} with
the convention that inf & = oco.

The value function for the barrier strategy at level a € [—I, 00) is expressed as

), x € [a, 00).

a

Vi (x) = B, (/IE e 4" dD, (1) + Seq’5’>
0
=E, (/ eat d((X(t) —a] v 0) + Se‘q’?>
0

ré’—rJr
=E, (IEX (e—qfa* /O e 1 d(X(t + 1)) - )l + <

=B 1B [ e a0 - 0) + sEe )
0

T _ o a
=E,(e74% 1{T+<T§})]E (/ e " d(X (1) —a)) + SEc(e” %), (3.8)
0

where the first and second expectations on the right-hand side of the last equality are given by
(3.3) and (3.1), respectively.
We now consider E,(e”?% ). By the strong Markov property, we have

Ex(e™™) = Ex(e ™ Lipg o)+ Ex (e g )
— —gtt —qgt
= Ea(e ™ g, pp) + Ee@ % L ) Ba(e™™)

_ T+ _ . -a
= Ec@ " L ) + Ee ™ g g Ea (™), (3.9)
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where we have used the fact that the process U? evolves in the same way as the process X
without dividend, before 7.

From Proposition 3.2 of [25], the first expectation on the right-hand side of the last line of
(3.9) can be expressed as
a t @) (E
B 1y, gz = / eXP(- woEw) dS)
§=ta x x W@D(E(s)
WD ED) ) 2 -
X |22 ZDE@) —gWDE )dt. 3.10
(W(q)@(r)) EW) —qWPED) (3.10)

The expression in the second expectation on the right-hand side of the last line of (3.9) is given
by (3.3). In order to deal with the third expectation on the right-hand side of the last line of (3.9),
we first note that

Eq(exp(—q 7)) = Ea—g(a+1(exp(—goy = @), (3.11)

where
ol O —inf{t > 0 | U O (1) = X (1) — Dygayi(t) < O}

From the proof of Proposition 2 of [27],

st @t _ @ i @ g WD E@)
Eq—£(a)+1(exp —qoy )=Z'P(E) —qgW (E(a))—W(Q)’(é(a))' (3.12)
Combining (3.1), (3.3), and (3.8)—(3.12) finally leads to (3.7). O

Remark 3.1. Given W@ continuously differentiable, for £(-) = 0 and/ = 0, we see that (3.7)
reduces to that of Proposition 2 of [27]. Indeed, we have, for all x € [—, a] = [0, a],

a W(q)’(,) ) WD (a)
. W@@) W@ (a)
a t W(’I)/(s) W(q),(t) @ @
+S/x CXp(— i WT)(s)ds><WT)(t)Zq (I)—qu ([))dl
W(q)(a) )

W@ @ @
+ Sexp(— ; WT)(Z‘)dt> <Zq (a) _qW q (Cl) W(q)/(a)

W@ (x) a @ @ W@ (1) t W(‘I)/(s)
T W) S/x <Z PO —qWH mW@’(t)) d(exp(— « W@(s) ds))

Va(x) = eXP(-

W@ ) @ @ W)
+ Sexp(— - Waw dt) <Z D(a) —qW (a)W(q—)'(a)>
W@ (x) @ @ () VD@
= Vo@ + S<Z D(x) —gW' (x) W<q>’(a)>’

which coincides with that of Proposition 2 of [27]. In addition, for £(-) = 0 and [/ = 0, V,(x)
in (3.7) also has the same expression as the function V,(x) in Proposition 2 of [27] for all
x € (0, 00).
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Proposition 3.2. Suppose that the drawdown function & (x) is continuously differentiable, and

WD (x) is twice differentiable on (0, 00). Given any q > 0 and b € [—I, 00), we have

VI(x) > 1forall x,a € [—I, b] with x < a if and only if

WD E@) WD E(2))
(W@ & ()]

forall z € [—1,b]. In particular, if (3.13) holds for all z € [—I, al, then V)(x) > 1 for all
x €[—1,al.

[(z) =1+ (1 - qsww’@(z))) [1 - ](1 —£'(2)) 20 (3.13)

Proof. From the expression of the function V, (x), we have ch (x) =1forx > a. Forx <a,

;o WD Ew)
Va0 = oG )
( ( / W@ (1)) >W<q>(§<a>>
x | exp| — = dr —
y WOE®D) ) W' )
WD E@) @ @ W@(é(a)))
+Sexp<_ . WOE®D) dt)<z E@) = aWTCED e Gy

a LW@ (E(s))
+S/x exp (‘ . WO E®)) ds)
W@ E@) @ g (@
X(mz &@) —qgWw (5(0))“)
WD EX) )z @ E >
- S(wm Gy 2V E@) —aW P E@)
W@ EW)
W@ (E®X))
‘We then have

W@’ ((x))

Val) = S( W@ E(x))

ZWD(Ex)) — qW“"(é(x))). (3.14)

Vi(x)>1 forallx,a€[-],b], x <a,
if and only if

W@ (& (x))
Valx) > Wé(x))
@) (&
+ S(Z@(é(x)) - qW(fI)(é(x))%) forall x,a € [-1,b], x < a,
if and only if
“WD'E@n) @ E @z (1= aSWPE @)
exp( / W@ E (1) dt) (SZ E@r+w w”( W@ E () ))
a FW Es)) WDED) ) = @E
* S/x eXp<_/x W@ Es)) ds) ( WaEm o TV (5(”)> &
_ WOEW)
T W@ Ex)
W@ ((x))

+ S<z<q>(§(x)) —gWD(E(x)) ) forall x,a € [-1,b], x <a,

W@’ (& (x))
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if and only if

d WD E@) @i @z (1= aSWPER)
d_z(exp< / W@ E) dt)(” G W (E(Z))< W@ E @) ))

: TW@ E(s)) WD ED) o = @/ ) )
”/x exp(_ . WOE®) ds)(W@(ém)Z (G0 = a W) Jdr

>0 forallx,z € [-1,b],

if and only if

ex (_ ZMdf)
PU L wogw)

x (_1 +(1 - qsvv(q)(é(z)))[l -
>0 forallx,z e [-1,b],

W@ E@YWD" (& (z))} , )
- 1—
wacop |0 TF@

if and only if
2 W@ (E(t
exp(— ﬂdr)r(z) >0 forallx,z e[, b],
« W@E@)
if and only if (3.13) holds for all z € [, b]. O

Remark 3.2. Given W(‘f)(x) continuously differentiable and a € [—[, 00), it follows from
(3.14) and Proposition 3.1 that lim, 4, V)(x) = 1fora > —I,and limy |, V,(x) = 1 is obvious
from (3.7). The function V,(x) is thus continuously differentiable in x and V/(a) = 1, and
the differentiability of the drawdown function £(x) is not required. In fact, we also have
V', (=1) = 1if V', (=I) is understood as the right derivative of V_;(x) at x = —/.

However, V,(x) is not twice continuously differentiable in x in general even if &£(x) is
continuously differentiable and W4 (x) is twice continuously differentiable on (0, 0o). Indeed,
limy 4 V! (x) = 0 is obvious from (3.7). But taking derivatives and then taking limits on both
sides of (3.14) yields, for a > —I,

o W' E@) . W@ E@)]
lim v/ (x) = anao + (Vala) — Sz<q><5(a>>)[m]
W9 E@)
- W@ (E()
1 —gSW@DE@)\ W' E@)WDE@) — (WD E@)]? ,
( — ) - (1—¢'()
W@ (€ (a)) W@ (€ (a))
A EO)
T W@(E(a)
_ W@ E @)W D" Ea)) ,
x [_1 +(1— qsw<q><§<a>)>[1 W@ G@)p ](1 — (a))}
W@’ (E(a))
= —Wr(a), (3.15)
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which is not equal to O unless either W@’ (E (a)) =0orI'(a) = 0. In addition, V,(x) is indeed
twice continuously differentiable in x when a = —I.

Remark 3.3. Suppose that the drawdown function £ is differentiable and W@ is twice differ-
entiable on (0, o0). Given a > —I, since for all x € [, a],

d 3 @ WD E@) @ WD E@) T
a0 =0 [ iy @) (1o -esworon [ )
3 “ W@ E@)
and, for all x € (a, 00),
Ly =r@. (3.17)
da

we know that (d/da)V,(x) has the same sign as the function I'(a) for all x € [—], c0) and
a e [—1, 00).

Proposition 3.2 is useful in the following definition.

Definition 3.1. Suppose that the drawdown function & is differentiable and W@ is twice
differentiable. Let

a* :=supfa € [—1,00) | T'(z) > Oforall z € [, a]} (3.18)

with the convention that sup @ = —I.

Remark 3.4. Suppose that £(x) is continuously differentiable and W@ e C%(0, 00), then
['(x) € C[—1, 00). If a* € (-1, 00), by the definition of a*, we have I'(¢*) = 0. It follows
from (3.7) that lim, 4+ V. (x) = 0. In addition, by (3.15), we have

W@ (& (a*))

“wagay T

lim V. =
xta* @ (X)

That is to say, if a* € (—I, o0) then V,+ € C?(—I, 00) and Vii(a*) =0.If a* = —I, we have
Var(x) = x + 1 + V_j(=1) for all x € [, 00). Thus, we also have V,+ € C2(—I, c0) and
V/i(a*) = 0 for a* = —I. Here, we take V" () as the right derivative of V,(x) at x = —I
after additionally defining V' ,(—1) as the right derivative of V_;(x) atx = —I.

In the following proposition, we provide a sufficient condition for a* < oo.

Proposition 3.3. Given the function § continuously differentiable with sup,c;_; ) 1§ )| <
00, we have a* < o< if the Lévy measure v of the process X has a completely monotone density.

Proof. Under the assumption of this lemma, the g-scale function can be written as

W@ e el 1w
= — — t s
(x) TV @) /0+ e T u(dr+¥(g))

where (1 is a measure on (0, 0o) satisfying foﬁ (t AD)u(dr) < oo and W is the inverse function
of vr; see Theorem 1 of [27].
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—xt

Since the functions r2e™*!, te =", and e ™' are all monotone with respect to x satisfying

lim e = lim te ™ = lim e * =0,
X— 400 X—>—+00 X—>+00

then p(df+W(q)) is a finite measure on (0, 0o). Hence, by the monotone convergence theorem,

we have
o0 o0
lim 2™ u(dt + W(g)) = lim re™* u(dt + W (q))
xX—> 400 0+ X—>—+00 0+
o0
= lim e u(dt + ¥ (q))
xX—>400 0+

=0.
It follows that
W(q)(x)W(q)” (x)
(W@ (x)]?

_ L Y @) e r i @) (V@)Y (@ D — [T e u(di+ U (g)
- [(W(@)/ ¥ (W (@))eP @5 1 [ 1= pu(di+ W (g) ]2

=0 Y@¥) asx > +o0. (3.19)

From (3.19) and the facts that
(1—gSWD) =0E" "),  [1-&@I<1+ sup [£'x)] < +o0,

xe[—1,00)
and from the assumption, we arrive at
WD E @)W (&)
[W@' (& (a))]?

Therefore, we can claim that there exists a large enough x¢ € (0, +00) such that I'(z) < 0 for
all z > xg. The proof is complete. (]

Jim (1 —qsw<q><§(a>)>[1 - ](1 —s’(a»’ =0.

4. Verification arguments and characterization of the optimal value functions and the
optimal dividend strategies

To find the optimal dividend strategy and the optimal value function, the following results
concerning properties of the optimal value function are useful.

Proposition 4.1. The function V(x) = suppcp Vp(x) is nondecreasing and continuous in
[—I, 00). In particular, V(y) — V(x) >y —xfory >x > —l.

Proof. The proof is left to the interested reader. |

Proposition 4.2. Suppose that the function & is continuously differentiable with

sup &'(x) <1,

x€[—1,00)

and W'D is twice differentiable. Then Vy+(—1) < S if and only if X is a compound Poisson
process with drift and

¥ + Jio.1y ¥v(dx)
<—— <8

q

0 4.1)

https://doi.org/10.1017/jpr.2018.33 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2018.33

526 W. WANG AND X. ZHOU

Proof. Define an auxiliary function

P (x) = Vi (=)
( / W@’ (& (1)) )w@(é(x))
=exp| — ——dt —
L WDOE®R) ) W@ (E(x)

x FWDE(s)) WDED) ) = @ /E
+S/—z exp<_ L WO EG)) ds)(WW)(é(r)) ZrEE) —aW mm) <

W E@) @/E @ W@(é(x)))
_ [TV E@) _ DG 4
+Sexp< / o dr)(z Ew) = qW G T ) @

Differentiating both sides of (4.2) with respect to x leads to
* W@ E
o' (x) = exp(— / & dt>1"(x).
1 W@(E(r))
Recalling the definition of a™* (see (3.18)) and Assumption 4.1, we have

1—qswwkm>
W@’ (0)

1 —gSW@(0)

S+W@m% VT

):STW®+W@m%

=SZDED) + W@(é(—l))(

=V_ (=)
=¢ (=D
< ¢(a”)
= V= (=1)
<3S,

1— qSW@(é(—l»)
W@’ (&(=1))

which happens only if S > 0, W@ (0)/ W@ ©® ¢ (0, 00), and 1 — gSW@(0) < 0. Then
W@ (©0) > 0 implies that X has sample paths of bounded variation, which together with
W(q)/(O) € (0,00) further implies that v(0,00) < oo; see, for example, [S] and [27].
Consequently, X is a compound Poisson process with drift and

qS v + Jio.1) ¥v(dx)

0>1—gSWP0)=1—-——" = 0<

<S. (43)
v + Jio.1) ¥v(dx) q

By the definition of the function I'(x) (see (3.13)), we have, for any x € [/, 00),

: WD E@) T
=_ —gSWD —-— 4.4
P =—1+(1-g8 (&(x)))[w(q), (g (x))} <0, (“4)
which requires a* = —I; see (3.18). Here we have used the facts that
- W@ ()
_ D(E(—])) = 1 — (q)
1 —gSWPED) =1—-gSW(0) <0 and I:V[’(‘i)’(é(a)):| >

since [W@ (x)/ W@ @) >0, Ex)=1—&(x) >0 by the assumption, and W@ (£ (x)) is
increasing for x € [—], 00).
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Conversely, if X is a compound Poisson process with drift and (4.1) holds (hence, the first
inequality in (4.3) holds), then by (3.7), we have

W@ (E(-1))

. - W@ (E(-1))
)= — > @ (E(_T)) — @Dy >~ /)
Voi(=1) W(q),(é(_l))+s<z E(=D) —gWD(E( l))W(q),(é(_l)))
_ W(‘”(O) (9) (9) W(")(O)
- g + 5200 - o)
< S. 4.5)

Here, W@ (0) / W@'©O ¢ (0, o0) since X (¢) is a compound Poisson process with positive drift.
Also, (1 — ¢S§ W@ (0)) < 0 due to the equivalence in (4.3). Hence, (4.4) also holds for any
x € [—1, 00), which implies that a* = —I. Therefore, V,«(—I) < S by (4.5). O

Proposition 4.3. For all x € [—], 00), we have V (x) = suppcp VD (x) > S.

Proof. We first suppose that X has paths of bounded variation or, equivalently,
f yv(dy) <oo and o =0.
((C8))

Then

t
X)) =x+ (V +/ yv(dy)>t —/ / yN(ds, dy)
(0,1 0 J(0,00)
with y + f(o,l) yv(dy) € (0, 00). Define an admissible dividend strategy D as

D{(0) =0, Di(t)=x—&Ex)+1+ct forallsr >0
withe >y + [ o.1) yv(dy) being a constant. It is not difficult to see that IED ' =0and

Dy

‘EE D
sup Vp(x) > Vp,(x) = E, (/ e 1"dDy(t) + Se 1% 1) =x—Ex)+I+S=S.
DeD 0

In addition, suppose that the process X has paths of unbounded variation, or

/ yv(dy) = oo.
©.1)

Define an admissible dividend strategy as D>(0) = 0 and Dy(¢) = x — &(x) + [ fort > O.
Note that for a Lévy process X with paths of unbounded variation, the point £ (x) — [ is regular
for the open set (—oo, £(x) — ). Then r%.DZ = 0and

Dy

TE D
sup Vp(x) > Vp,(x) = E, (/ e 9'dD;(t) + Se 1% 2) =x—Ex)+I+S5=S,
DeD 0

completing the proof. ]
Let A be an operator acting on the functions f € C?(R) and defined as

1
AP = v f 00 + 5020 + /

(0,00

)(f(x =) = f) + f)yLon(mMvdy).
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Lemma 4.1. (Verification lemma.) Suppose that D* is an admissible dividend strategy such
that Vp=(x) is twice continuously differentiable, i.e. Vp«(x) € Cz(—l, 00). Further, suppose
that, for all x € [—1, 00),

max{AVp=(x) —qVp(x), 1 — Vb* (x)} <0 and Vp«(x)=>S. 4.6)
Then D* is the optimal dividend strategy, i.e. Vp«(x) = suppcp Vp(x) for all x € [, 00).

Proof. Recall that rb+ is the first up-crossing time of level b by the process U . For a given
dividend strategy D € D, define TP (¢) == {s € [0,1) | D(s+) — D(s) # 0} as the set of
time s (equal to or less than #) when a jump occurs for the dividend process. Let the continuous
parts of the processes {UP(r); t > 0} and {D(¢); t > 0} be denoted by {UCD(t); t > 0} and
{D.(t); t > 0}, respectively. Suppose that f(x) is any sufficiently smooth function satisfying
condition (4.6) with Vp= replaced by f. From Theorem 4.57 (It6’s formula) of [19, p. 57], we
have

_ D
e 1 P UP @ A TP
tntP

AP
= () — / " e FUP(s) ds + / e f1UP(5)) dUP(s)
0—

D

INT
+%/0 T e 0 I UP () dUPL (), UP (),
+ Y e CfWUP )+ AUP () — fFWUP () — fFIWUP =) AU (5)]
sgtAqf
+ Y e PP — FUPE) + fUPED6H) — Ds))
selP(ntd)

tatl

tatP
= f(x)+ f e (A — q) F(UP(s)) ds + / oe™ 4 f/(UP (5)) dB,

tatl
- fo T e UL ADs) = Y e B (D(s+) — D(s))

sgmrf

t/\rED oo )
+ /0 /0 e PLfWUP(s—) = y) = FWUP(s—NIN (s, dy) — v(dy) ds)
+ Y CPUPEH) — FUPH) + (D) — D))

sel‘lD(t/\rsD)

+ (D(s+) — D(s)], 4.7
where AUP (s) = UP (s) — UP(s—) and x € (I, 00). Note that the second equation of (4.7)
is indeed an alternative form of It6’s formula; see Theorem 4.4.7 of [1].

Since f/(x) > 1, we have

FWPs+) = fWUP(s4) + (D(s+) — D(5))) + (D(s+) — D(s)) < 0. (4.8)
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Therefore, from (4.7) and (4.8), we have

INT,

D
e_‘I(tATS )f(UD ED)
D

IATE
< f(x)+ / e (A —q) f(UP(s)) ds
0

tArSD 00
+ fo /O e CLFWUP(s—) —y) — FWUP—NINs, dy) — v(dy)ds)

intP

tatP
+ / " e 0 f1(UP(s)) dB, — / " &0 f/(UP(5)) dDe(s)

— ) e (D(s+) — D(s))

sstmsl’

D

t/\TE
< f+ / B (A — q) f(UP(s)) ds
0

tArSD 00
+ /O fo LA (=) — y) — FUPs=NIN (s, dy) — v(dy) ds)

D 7

INT,
+/ oe 9 ' (UP (s)) dB, —/ e dD(s), x e (=1,00). (4.9)

In addition, it follows from [18, p. 62] that the compensated sum

t o0
s /0 fo AU (=) — y) — FUP(s=)IN (s, dy) — v(dy) ds)

is an (¥;)-local martingale.
Define a sequence of localization stopping times {7}, ,; m > 1,n > 1} such that

- 1
Topn = inf{t >0 | either UP (1) > nor UP (1) < £(UP () — 1 + —}.
m
Then, for all t < T, ,, we have
1 - 1
—l+— <&UP@) -1+ — <UP@) <n,
m m
which implies that the associated f(UP (1)), f(UP(t7)), and f'(UP(¢)) are all bounded since
£ and f” are both continuous functions and U P (+~) and U P (¢) are both restricted to the bounded

closed interval [—] 4+ 1/m, n]. Taking expectations on both sides of (4.9) after localizing, and
recalling that (A — q)f(UD(s)) < 0, we have, for x € (—[, 00),

ZATm,n/\TD
f(x) > Ex (e_q(MTm’"ATED)f(UD D)) +]Ex (\/0 § e—qs dD(S))

IATn AT

Finally, letting ¢, m, and n go to oo in the above inequality and noting that f(x) > § for all
x € [, 00), we have

f(x) > E, ([TE e_quD(s)> FSE (6% ) = Vp(x),  x € (=1, 00).
0
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Since the strategy D is arbitrary, it follows that

f(x) 2 Sup VD(X), X € (_l’ OO),
DeD

which, together with the continuity of f(x) and supp.q Vp(x) (see Proposition 4.1), implies

that
f(x) = sup Vp(x), x € [, 00),
DeD
which, in turn, implies that
Vp+(x) = sup Vp(x), x € [, 00), (4.10)
DeD
from the assumption. The reverse inequality of (4.10) is trivial. (]

Before presenting Theorem 4.1, the main result of this paper, a candidate of sufficient
condition under which the barrier type dividend strategy turns out to be the optimal dividend
strategy is given in the following assumption.

Assumption 4.1. The drawdown function & is continuously differentiable and W9 is twice
continuously differentiable. Given the a* in (3.18) and the function T in (3.13), for all x €
[a*, 00), we have

I'(x) <0. @.11)

Remark 4.1. For £(x) = 0 and / = 0, Assumption 4.1 degenerates to

W(q)(x)W(q)”(x)

— — (@) _
1+ —gSW (x))|:1 (W@ (x)]2

i| <0 forall x € [a*, 00) C [0, 00).

After some calculation, we arrive at

W@ x)W@ (x)
3 _ (@ T TTrwa
1+ —qgSW (x))[l [W@ (x)]? :|
W@’ (x) >

—w@ 40 (1 — (q) 7
=W (x)( g5 = (1= gSWO ) oy

1—gSWD(x)\
— W(q)(x)< ‘;I/(q)/(x)(X)> 7

from which we know that, for £(x) = 0 and [ = 0, Assumption 4.1 is equivalent to

1 —gSWD(x) 1= gSW@D (y)

- - for all x and y such that 0 < a* <y < x < +o0,
WOy — W@(y) Y =4 =Yr=

which coincides with Equation (9) of [27] and holds if the Lévy measure has a completely
monotone density.

Lemma 4.2. Under Assumption 4.1, we have V;(x) — V).(x) < 0forallb > a* and x > —I.
In addition, under Assumption 4.1, we have limy 4, V)/(x) = 0 forall a > a*.
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Proof. We consider the following cases separately.
Case 1. For — < x < a* < b. From (3.14), we have

W@ E @)
W@ ((x))
since, by Remark 3.3, the value of the function (d/da)V,(x)(x € [/, 00)) has the same sign

as I'(a), and the latter is nonpositive for all a € [a*, co) by Assumption 4.1.
Case 2. For a* < x < b. We have

Vi) = Vie(x) = (Vo(x) = Var (x)) <0 4.12)

@' (& @ (E
Vé(x) — Vé*(x) = wv (x) — S(W D (£(x))

ZD(E(x)) — qW@@(x))) —1

W@ (E(x)) W@ (E(x))
~ W9Ew)
= W(Vh(x) - Vi(x))
<0 4.13)

since, from (3.16), (3.17), and Assumption 4.1, V},(x) is a nonincreasing function with respect
to the variable b € [a™*, 00).
Case 3. For a* < b < x. We have

Vi(x) = Vi(x) =1—1=0. (4.14)

Case 4. For alla > a*. Combining (3.15) and Assumption 4.1, we have lim,4, V/(x) > 0.
The proof is complete. |

Remark 4.2. For the V,«(—I) < § case, however, from Proposition 4.3 we know that the
barrier dividend strategy with barrier level ¢* is not the optimal dividend strategy.

In the following theorem we characterize the optimal dividend strategy and the optimal value
function, where a similar proof argument as in [26] is adopted. We show that Assumption 4.1
is a sufficient condition under which the barrier type dividend strategy is the optimal dividend
strategy whenever the underlying process does not belong to a small class of compound Poisson
processes with drift, for which the take-the-money-and-run dividend strategy is optimal.

Theorem 4.1. Suppose that the drawdown function & is continuously differentiable and the
scale function W9 is twice differentiable. Given the a* from (3.18), the optimal dividend
strategies of the optimization problem (2.2) can be characterized in the following two cases.

(1) If Assumption 4.1 holds and V,«(—1) > S, then the value function V,«(x) satisfies the
HJB inequalities

max{A Vg (x) — ¢ Var (x), 1 = V2 (1)} <0,

(4.15)
Vac(x) > S forall x € [—1, +00).

Consequently, the barrier dividend strategy with barrier level a* is the optimal dividend
strategy among all admissible strategies.

(>i1) Ifsupxe[_l_m) &' (x) < land Vyx(=1) < S, then the function Viyn(x) =x +1+ S, x €
[—1, +00) satisfies the HIB inequalities (4.15) and the take-the-money-and-run strategy
is the optimal dividend strategy.
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Proof. (1) We need to prove max{AVy+(x) — g Vy=(x), 1 — Va’* (x)} <0and Vy«(x) = S for
allx € [—1, o0). By definition, VC:* (x) = 1forallx > a*. Inaddition, from the definition of a*,
the continuity of function I'(x), and Proposition 3.2, we obtain Va’* (x) > 1 forx € [, a*].
We then have 1 — V. (x) < 0 forx € [, 00).

By the strong Markov property of the process X, we have, for all x € [/, a),

a

e _ D
E, (/ e 9 d([X (1) — a] v 0) + Se %
0
rg—r/\r;r/\rg + o a
=E, (/ e—q(s+r/\ra ATE)
0

x d sup X(u) — a] % O) ‘ f‘rm+ma>
a
r/\r;'/\réa §u§s+r/\r;'/\rg §

%Arfmc?)

— + a i
+e 10N DR | (Se71%)

X(r/\rj/\rg

a

_ + \ga T - g1t
=e 10 “f)lExw:Mg)( /0 e d([X(s) —a] v 0) + Se ‘”s)
— e—LI(r/\ra*/\rg) V(U (r A T;_ A .L.gl)),

which implies that the right-hand side of the above display is a martingale. Here, we have used
the fact that no dividends are paid out during the time interval [0, ‘L';_ 12100,r A rj A rg ;
ie. Ut(r ATt A rg) =XrATIA rg) for all » > 0. The martingale property of the process

(e*Q(r/\r,f/\rg)Va(Ua(r A .L.a+ A Tga)))rz()
implies that

AV, (x) —qV,(x) =0 forx €[—[,a). (4.16)
For all x € (—/, a), an application of Itd’s formula yields

eI Y U AT AT = V(o)

rATIATE

FATS AT
= / e (A —q)Va(U(s)) ds + / oe” PV, (U“(s)) dBy
0—

+

rAT,
+ /
0—

Taking the expectation on both sides of the above display after localization, we have

E /0 e UVa(U(s—) — ) = Va(U*(s—)I(N (ds, dy) — v(dy)ds).

r/\r;'/\ré’/\Tm,,,
0=E, / e (A —q)V,(U%s)) ds, r >0, 4.17)

with {7, ,; m,n > 1} being the sequence of localizing stopping times defined in Lemma 4.1.
Dividing both sides of (4.17) by E,(r A r; A rg" A T ) and then letting r | 0, we obtain
(4.16) for x € (—I, a). For a more detailed proof of (4.16), we can also turn to Proposition 2.1
of [17]. Letting x | —I, we know that (4.16) holds also for x = —I since (A — q)V,(x) is
continuous over [—/, a) by the definition of V,(x).
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Equation (4.16) implies that if a* > —I then AV +(x) — qVy+(x) = 0 for x € [, a*).
Hence, we only need to prove that

AV (x) —qVax(x) <0 forx € [a*, 00). (4.18)
From (4.16), we have

li%n(,A,Vx () —qVi(y)) =0 forx > a”. (4.19)
yix

In addition, from the continuity of the function AV« (y) — gV «(y) due to V= (y) € C%(—1, 0)
(see Remark 3.4), we have

li?l(f\»Va* () — qVar () = AVyr(x) — qVar(x) forx > a*. (4.20)
yix

Combining (4.19) and (4.20), in order to prove (4.18) we need to prove

lvig(A[Va*(y) — Vel —q[Vax(y) = Ve()D) <0 forx > a™.

We can use the dominated convergence theorem and (4.14) to show that, for x > a*,

lyig(A[Va*(y) — Vi1 =gV (y) = Vx(MD

2
= ¥ (Vi () = VIGOD + T Vi) = lim V() | = g1V (0) = V)]
yrx

+ /(0 )([Va*(x =) = Ve =] = [Var(x) = Ve (0)]

+ [V (x) = Vi) Iylo, 1y (»))v(dy)

0_2
= —7 lim V;/()’) — q[Vax(x) — Vi (x)]
yix

+ /(0 )([Va*(x =) = Ve =] = [Var (x) = V() Dv(dy), (4.21)

where the last equality holds since V. (x) = V/(x) = 1 and V/\.(x) = 0 for all x > a* from
(3.7), (3.14), and Remark 3.2.

From Lemma 4.2, we know that limy4, V,"(y) > 0 for x > a*. From (3.16) and (3.17), we
have V,(x) — Vi (x) > 0 for x > a* since, for x € [—], 00), (d/da)V,(x) has the same sign
as ' (x) which is nonpositive for all a € [a*, c0) from Assumption 4.1.

For x > a*, define g(z) := Vg=(z) — Vi (z) for z € [—], 00). From (4.12), we have, for
z<a* <x,

g' @) =[Var(2) — Vi (@)] = Vju(2) — Vi(z) = 0.
From (4.13), we also have g’(z) > 0 for z € (a*, x]. It then follows that, for y € [0, 00),

Varx —y) = Vilx =] = [Var (x) = Vi(x)] = glx —y) —gx) < 0.

Combining these results, we conclude that the right-hand side of (4.21) is nonpositive, which
proves (4.18) for x € (a*, +00).
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Equation (4.18) for x = a* can be proved by letting x | «* and noting that V, «(x) €
C?(—I, 00); see Remark 3.4.

In order to complete the proof that V,«(x) satisfies the HIB inequalities (4.15), we need to
prove that V,«(x) > S for all x € [/, 00). Indeed, since V,=(x) is nondecreasing in x, we
have Vg« (x) > V= (—1) = S.

From Lemma 4.1, we conclude that the barrier strategy with barrier level a* is the optimal
dividend strategy for (i).

(ii) The following arguments are devoted to verifying that the function Vyy, (x) satisfies the HIB
inequalities

max{sA Vun(x) — ¢ Vun(x), 1 — Viy ()} <0 and  Vyyn(x) > S.

Actually, 1 =V, (x) < 0and Vyyn(x) > S are obvious from the definition of Vi (x). It remains
to prove that A Vin(x) — ¢V (x) < 0 for x € (—I, 00). After some calculation, for x €
(_l’ OO),

AViun(X) — ¢ Vin(x) =y +/

(=y +ylon)Hvdy) —gx +1+S)
(0,00)

<y +/ yv(dy) —gS
©,1)
<0,

where the last inequality follows from Proposition 4.2. Therefore, the take-the-money-and-run
strategy is the optimal dividend strategy. U

Remark 4.3. In the proof of Theorem 4.1(ii), we see that the corresponding result can be
generalized as follows. If (4.1) holds, i.e. (y + f(o, XV (dx))/q < S thenthe function Vi, (x) =
x+1+S, x € [-], +00), satisfies the HIB inequalities (4.15) and the take-the-money-and-run
strategy is the optimal dividend strategy where the differentiability of £ or W@ is not needed.

Remark 4.4. If £(x) = 0 and [ = 0, our dividend optimization model reduces to that of [27].
It was shown in [27] that I'(x)| £=0,—0 = O forallx € [, a*(S)] and I'(x)| £=0,1—0 < O for
all x € [a*(S), oo) with a*(S) defined right above Proposition 3 of [27]. Our a* is indeed
equal to a*(S) of [27], and Assumption 4.1 holds automatically for £(x) = 0 and [ = 0.
Consequently, the conclusions of Theorem 4.1 (combined with Proposition 4.2) coincide with
those of Theorem 1 of [27]. The results in this paper thus generalize those of [27].

Remark 4.5. The function W@ (x)/ W@ )'(@) jg nondecreasing with respect to x since

WOx) e’ DWy(x) 1
W@ (x)  [eV D Wy ()] W(g) +nygE > x)’

where ny ) is the excursion measure corresponding to the probability measure IP’;P @ Then

- W@ (x)W@D" (x) B |:W(q)(x) i|/ .
(W@ )2 [(w@x)| ~

In addition, since 1 — &’(x) > 0 by the assumption, it follows from (3.13) that

1
1—gSW@(x) <0 forallx €[0,00) <= S>>0, W(q)(O)z—S>O,
q
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which happens only if X has sample paths of bounded variation. If we assume that
@ !
S >0, Wi (0) > Py 0, (4.22)
q

then (4.11) holds for all x € [0, co). Therefore, (4.22) serves as a sufficient condition which
guarantees that Assumption 4.1 for Theorem 4.1 holds.

Remark 4.6. Giventhat$ > 0, the continuity and strictly increasing property of the functions £
and W@ imply that the function 1 — g SW %) (&(z)) is continuous and strictly decreasing with
respect to z. An alternative sufficient condition for Assumption 4.1 is

1 —gSW9E@a*) <0. (4.23)
Indeed, under (4.23), we must have 1 — gSW @ (&(z)) < 0 for all z € [a*, 00), and then, for
z € [a*, 00),
_ WDEWD @)
[W@'(&(2)]?

In particular, when a* = 0o, Assumption 4.1 needed in Theorem 4.1 is satisfied a priori, i.e. the
conclusions of Theorem 4.1 hold a priori.

) =-1+1- qSW@(é(z)))[l ](1 —£(z) <—-1<0.

Remark 4.7. Given that S < 0, Assumption 4.1 holds if and only if

_WOEYWD @)
[W@' (€ (2))?

—1
1—(1—qSW(")(§(Z)))_1[1 ] <§£'(z) forz e [a*, o)

or, equivalently,

W(q)(x)W(q)”(x)

-1
WP } <& (@) forx € (€@, )

1—(1—=gSW9x)™! [1
with the convention that (—1) = +00.

5. Examples

It is often not immediately evident that for general spectrally negative Lévy process X and
for general drawdown function &, the barrier dividend strategy is typically the optimal strategy.
In this section we consider several examples of processes X and show that Assumption 4.1
holds for certain choices of drawdown function &, and find the corresponding optimal dividend
level a* defined in (3.18).

For simplicity, we assume that/ = 0 and S = 0 in the following examples. Then

(q)
F@=—1+ < w

W) E@ —&@).

Example 5.1. In this example, X; = ut + B; for constant i and Brownian motion B.
We first consider the function & (x) = kx with k € [0, 1). The g-scale function of X is given
by

W@ (x) = ﬁ(ew«—u +u?+ 2q)x)

— exp(—(u + 4/ 2+ 2q>x>), x>0, 3.1
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which satisfies

WD (x) =2qWDP(x) — uWP'(x)),  x>0. (5.2)
For simplicity of notation, write
_ WP¢R) _ W9

From (5.2), we can verify that

@ (£(7))2
M) <0 = WYED?2-WPEWD E(@) < W (£ (2))

1—k
k
2 2
2 k w
VW@ — ) 4 5 E oy 5.3
= ( qWe (2) \/Z)-i_l_k 2 = (5:3)

with We(z) = 1/[¥(g) + nyg(E > £(z))] being an increasing nonnegative function of
z € [0, 00).

There are four cases to be considered.

Case 1. For u < 0. From the second equivalence of (5.3), we have I'(z) < 0 for any z > 0.
Hence, a* = 0 and the barrier strategy with barrier level 0 is the optimal dividend strategy.

Case 2. For p > 0 and k = 0. From the first equivalence of (5.2) and (5.3), we have
I'(z) < 0 if and only if

> W iy
ze{y>0| W2 Em) >0} = {y >0 We(y) > ;} = <Ws 1;,oo>,
where Wg ! denotes the inverse function of We. Here, Wg 1(,u/q) > O since We (z) isincreasing
in z. In addition, from (5.1), we have

_pt+Ver+2g K

1
i+ viii2 2 q

Then the barrier strategy with barrier level a* = We 1(;L/ (g) > 0 is the optimal dividend
strategy, which coincides with Example 6.1 of [5].

Case 3. For . > O and k/(1 — k) — u2/2q > 0,i.e. k € [u2/(u* + 2¢), 1). From (5.3),
we have I'(z) < 0 for all z > 0. Hence, a® = 0 and the barrier strategy with barrier level O is
the optimal dividend strategy.

Case 4. For u > 0 and k € (0, u?/(u? + 2g), i.e. k/(1 — k) — u*/2g < 0. We claim that
there is no a* > O such that I'(z) < Oforall z > a¢* and I'(z) > O for all z € [0, a*]. Indeed,
for x > 0, define a convex function

2 2
— K ko w
P(x) = (\/Zx «/Z) + ,

1—k 2g

. n .
lim W, =0< —, lim W, =
z40 g(Z) q 7100 S(Z)

and the left-hand side of (5.3) becomes P(Wg(z)). Some algebra yields the two roots of
P(x)=0as

— V2 = 2qk/(1 —k 2 _2gk/(1—k
n—/n?—2qk/(1 —k) x2(k)=u+\/u gk/(— k)

k) = ,
x1 (k) 2 2
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Since "
lim We(2) = 0 < x1(k) < x2(k) < — < lim We(2),
zJ0 q ztoo

we have, for u > 0, P(We(z)) > 0 for z satisfying We(z) € (0, x1(k)) U (x2(k), 00) and
P(We(z)) < 0 for z satisfying We(z) € (x1(k), x2(k)), which together with (5.3) imply our
claim. Therefore, Assumption 4.1 fails to hold.

In the following, instead of considering the particular function £(z) = kz, we proceed to
identify a class of functions & that satisfy Assumption 4.1 for the above mentioned process X
with u > 0, where the exact monotonicity of the scale function and its derivative play a key
role.

Note that, for 0) := —u + /2 +2g and 6 = —u — /u? + 2q,
6 — 92)2e(01+02)z
[91691Z _ 926922]2 ’

It follows that

016?12 + 6pet22

" _ . O1+62)z
Wo (2) = (62 = On)e T o — 0,e%2213 /(01 — 62)2

Wy(z) =

1 (%3
wy 0 In(—=) =a,
0 (2) > z<91_92 n( 91> a

which implies that the function W (z) is strictly increasing over [0, a], strictly decreasing over
[a, 00), and reaches its global maximum at a. In addition, W] 0 =1, W((z) > 1 for all
z € (0, al], and Wy(z) — 0 as z — oo. There is a unique b € (a, 0o) satisfying Wj(b) = 1.

We also need the observation that
W' E(2)* - WP ERYWD E(2))

W@ (§(2))2
= W@ -£@) <1
1
Wy (@)

Choose a nonnegative function & such that & < 1, and £ is thus a strictly increasing function
with inverse £ ~!. Further, choose £ to satisfy

(1-¢'@) <1

'z) <0 <«—

— §@=>1

(i) for z € [0, & 1 (a)], there exists 0 < &; < 1 such that £(z) > &z or, equivalently,
£(z) < (1 —enzand &'(z) < 1 —1/Wy(e12);

(ii) for z € (¢~ (a), E~1 (b)), £/ (z) is increasing;

(iii) for z € (§7'(b), 00), there exists 0 < &, < 1 such that £(z) > b + e2(z — £~ ' (b)) and
E'(@) = 1— 1/ Wib+ ez —ED))).

Observe that £/(07) = 0 is necessary for (i) to hold. In (iii) we used the fact that Wy (2) is
decreasing in [b, 00). Also note that W) (b+&2(z—& (b)) < W (b) = 1forz € (71 (b), 00)
by the strict monotonicity of Wy on [b, c0).

Combining these results, we have the following:

e I'(z) > 0forz € (0, £ (a);
° W(’)(é(z))(l — &/(2)) is strictly decreasing for z € (5_1 (a), 5_1 ®d)];
o W)@ —&'(2)) <1—¢&(z) < lforz e (E71(b), ).

Then there exists a unique z* € (8~ !(a), £~ 1(b)] suchthat I'(z*) = 0,T'(z) > Oforz € [0, z*),
and I'(z) < O for z € (z*, 00). Assumption 4.1 thus holds.
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In particular, we can simply choose a nonnegative, nondecreasing, and differentiable func-
tion & satisfying

(i) £&(x) =0forall x € [0, al;
(ii) &'(z) < 1 and £’(z) is increasing over (a, £~ (b)];

(iii) &’(z) remains constant over (5_1 (b), 00), 1.e.
E()=¢E 1) e 1) onE () o).

Then the barrier strategy at level z* € (€7 (a), E71(b)] = (a, E~1(b)] is optimal.

Example 5.2. Let X; = x + pt — vaz’le,-, where p > 0, {e;; i > 1} are independent and
identically distributed exponential random variables with mean 1/, and {N;, ¢+ > 0} is an
independent Poisson process with intensity A. We assume that £(x) = kx for k € [0, 1). The
g-scale function of X is

WD (x) = p~H(Apef+™ — A_eP), x>0,

where

0 A—up+ N up)l i 4
S e it V(g +x—pp)? +4pqu

T 0L —6_ 2p

with 64 > 0,0_ < 0. We can verify that I'(z) < 0 if and only if

- — "o o— W(l])/ £ 2
WO @) - WOEWY G = P (5.40)
if and only if
ALA_ (B4 — 6_)2eO+ 1030 < ﬁ(mew@@(z) — A_f_e"E@)y2, (5.4b)
if and only if
Or +0_¢ 045(2) 0-£(2)
VA —k)ALA_(04 —0_)exp 2 E@)) < A0,e"5W — A 0 5% (5.40¢)
if and only if
: 0, —06_ -
AL eC+0-050@ _ (1 — k)AL A_(O4 —6_) exp( hs 5 é(z)) —A_6_ >0, (54d)
if and only if
0, —0_ - 0, —0_\° (1 —k)A_(04 — 0_)>
JALO —JA—hA_ — A6 —
( + +eXP< > E(Z)> ( ) NG ) 10,
> 0. (5.4¢)

There are four cases to be considered.
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Casel. Ifci = —A_60_ — (1 —k)A_(04+ — 9,)2/4&r > 0thenI'(z) < O0forall z >0,
and the optimal dividend level is a* = 0.
Case 2. If c; < 0 and

VU =RAZ0: —6-) VA6 + (1 —k)A_(6; —6-)?/46,

cy

2VA 0 VA0,

<1

L VA=BA O —0) VAZO_ + (1 —k)A_(0+ — 6-)2 /40,
2VA 01 VA0,

=: 3.

By the definition of a* (see (3.18)),
a* =21 -k~ 'O; —6-) In(e3) > 0.

From (5.4a), we know that I'(z) > 0 for all z € [0,a*] and I'(z) < O for all z € (a*, 00).
Hence, the barrier dividend strategy with barrier level a* > 0 is the optimal dividend strategy.

Case 3. If c; < 0andc3 < 1 thena® =0and I'(z) < O for all z € (a*, 00) (I'(0) < 0),
and the barrier dividend strategy with barrier level O is the optimal dividend strategy.

Case 4. If c; < 0 and ¢z > 1 then Assumption 4.1 fails.

Ifk = Othenc; < Oandc3 < 1ifand onlyif pAp < (g +A)%. Therefore, the above results
coincide with those of Example 6.3 of [5]. In particular, c3 is reduced to

_ VA -6 VA_O_ ¥ A_(0, —0_)2/40,

c3 =
2/AL 64 Nz
A0, -6 N V(O +6-)?
TV AL\ 2604 20,
A -6
VAL 6y

and a* is reduced to

. . A —6_ 1 A_6% 1 02 1L+ 6_
a* =20, —6_)"'In( |—= = n(—==)= In( = ,
A+ 9+ 9+—9_ A+9+ 9+—9_ 9+M+9+

which recovers the ¢* in Example 6.3 of [5] for the pAu > (g + 1)? case.

Example 5.3. In this example we consider a spectrally negative Lévy process X whose Lévy
measure has a completely monotone density. From [26], w@" (z) = 0 for z > 0 and
consequently, W(q)”(z) increases in z. Let ay = inf{z > 0: W(q)"(z) > 0}. We want
to choose a drawdown function & that initially satisfies £(z) < 1 forz > 0 and §'(z) > 0
for z € (67 (az), 00). As aresult, £(z) is increasing in z and we always have I'(z) < O for
z € 1 (a), 00).
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Note that, for z € [0, 5_1 (az)] or, equivalently, é(z) € [0, a>], we have

_WOEW P E@) 1

W@ (€(z))? T1-¢0)
~WDE@)YWD (E(2))

W@ (€(2)2 — WD ERYWD"(E(2)

FrN)>0 < 1

= &<

Define a; := inf{z > 0: w@" (z) = 0}. We consider the following three cases and identify
further conditions on &(z) for z € [0, § “La, respectively.

Case 1. For a1 = 0, choose & satisfying £(z) = 0 for 0 = 5_1(a1) <z< é_'_l(az) = a.
Then the drawdown function defined in this way satisfies I'(z) = 0 for z € [0, az] and a* = a;
is the optimal dividend barrier level.

Case 2. For a; > 0 and X of bounded variation and for ¢ € (0, a;), choose the function &
such that

WD W@ (7)

inf 0 fi 0, (a1 — )1,
26[621—8] W(q)/(z)z — W(q) (Z)W(q)//(z) > orz e [ S (al 8)]

§'(z) <ko =

£ Na —e) < oo, and &'(z) < O forz € (€ '(a; — &), E '(az)]. Then I'(z) > O for
7€ [0, (ap)] and a* = €' (ay) > 0 is the optimal dividend barrier level.

Case 3. For a; > 0 and X of unbounded variation, given any ¢ € (0, %al) we choose &
satisfying £(z) = 0 for z € [0, £~ (¢)), £ 1(a; —¢) < o0,

—WD WD (2)

inf 0 forz e[ '(e), & Na — o)),
Ze[glgl_gl W(‘I)’(z)z—W(‘I)(z)W(’I)”(z)> orzelE (e),& (a1 — )]

§'(x) <k =

and &'(z) < Oforz € (€~ (a1 — &), " (a)]. ) )
Then, for such a function &, I'(z) > 0 for z € [0, £ "(az)] and a* = E~'(ax) > 0 is the
optimal dividend barrier level.
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