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Abstract

We consider the Marguerre—von Karman equations that model the deformation of a thin,
nonlinearly elastic, shallow shell, subjected to a specific class of boundary conditions of
von Karmén’s type. Next, we reduce these equations to a single equation with a cubic
operator following Berger’s classical method, whose second member depends on the
function defining the middle surface of the shallow shell and the resultant of the vertical
forces acting on the shallow shell. We also prove the existence and uniqueness of a
weak solution to the reduced equation. Then, we prove the existence theorem for the
optimal control problem governed by Marguerre—von Karman equations, with a control
variable on the resultant of the vertical forces. Using the Fréchet differentiability of
the state function with respect to the control variable, we prove the uniqueness of the
optimal control and derive the necessary optimality condition. As a result, this work
addresses the more general geometry of Marguerre—von Karman shallow shells to study
the quadratic cost optimal control problems governed by these equations.

2020 Mathematics subject classification: primary 35Q93; secondary 74B20, 49J20,
49K20, 74K25.

Keywords and phrases: Marguerre—von Kdrmdan equations, optimal control, necessary
optimality condition, nonlinear elasticity, Fréchet differentiability.

1. Introduction

The Marguerre—von Karman equations are a fourth-order system of nonlinear partial
differential equations, constituting a mathematical model for a thin Marguerre—von
Karman shallow shell. These equations have their origin in mechanics, dating back to
the first half of the 20th century with the works of Marguerre [31] and von Kdrmén
and Tsien [38]. The Marguerre—von Karman equations for a nonlinearly elastic shallow
shell represented an extension of von Karman equations for a nonlinearly elastic plate
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due to von Kédrmdn [37]. The von Kdrmdn and Marguerre—von Kédrmdn theories play
an important role in applied mathematics, and have attracted a great deal of interest
in engineering and materials science. Detailed and mathematical modelling related
to these equations can be found in the works of Ciarlet [14], Ciarlet and Gratie [16],
and the historical references therein. For both models, the stationary and evolutionary
von Kérman equations, we refer to the book of Chueshov and Lasiecka [12] and
the references quoted therein for more details. In addition, we refer to the works of
the second author and the others, for example, [1, 19] for stationary Marguerre—von
Karman equations, [10, 20] for dynamical Marguerre—von Karman equations, and [33]
for linear shallow shells.

The control theory is a basic mathematical strategy that is crucial in applied
mathematics and solving problems in different disciplines. The importance of this
theory appeared after the Second World War in response to practical guidance
needs, particularly in aeronautics and flight mechanics. The control problem of
multi-structures is of great practical interest to modern engineering, particularly in
aerospace engineering, where the stabilisation of large multi-structures is a crucial
problem. Many results have been obtained in the context of partial differential
equations (PDEs; see, for example, the books of Lasiecka and Triggiani [27, 28],
Lions [29], and Troltzsch [36]). Especially, we refer to the book of Lasiecka [26] for
the control theory of coupled PDEs.

Historically, there are some results for von Kdrman equations in the context of
control theory. In particular, we refer to the works of Bock et al. [6—8] for analytical
studies focusing on existence, uniqueness and optimality conditions. More specifically,
the authors addressed different boundary conditions, ranging from homogeneous
Dirichlet to mixed types in the works [6, 7]. In [8], they discussed the case of arbitrarily
large perpendicular loads. We also refer to Chowdhury et al. [11], Hou and Turner [23],
and Mallik et al. [30] for numerical work. For evolutionary systems, we refer to
Bock [5], Hwang [24, 25] and Park et al. [34]. Recently, the control problems governed
by Marguerre—von Karman evolution equations with long-range memory term were
studied by Mechaouf et al. [32].

Thin shells are extensively used across various industries due to their advantageous
structural properties, including adaptability to complex geometries. These structures
are common in aerospace engineering (for example, aircraft fuselages, rocket
interstage sections and piezoelectric sensor patches), civil engineering (for example,
dome roofs and curved bridge components) and microsystems (for example,
micro-electromechanical systems actuators).

The mathematical modelling frameworks for thin shells provide powerful tools
for analysing their behaviour. These models are particularly suitable for studying
thin-structure applications in advanced technological areas. There is significant poten-
tial in the actuation and control of thin structures to perform network cycles. By
applying optimal control theory, particularly in the context of models such as the
von Kéarman equations for nonlinear thin shells, one can design control strategies
that precisely manipulate these structures through cyclic deformations. This enables
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the structures to perform net mechanical work. The mathematical framework provides
the tools to optimise these cycles for efficiency and stability, which is valuable in
applications like energy harvesting, adaptive morphing surfaces and soft robotics.

To the best of the author’s knowledge, no existing results in the literature
address optimal control problems governed by the stationary Marguerre—von Karmén
equations. This work therefore aims to study such problems, generalising the
approach of Bock et al. [6] for von Karman plates to the more general geometry
of Marguerre—von Karman shallow shells.

After this introduction, in Section 2, problem formulation and contributions are
given. Section 3 describes some preliminary results. Section 4 is devoted to the reduced
Marguerre—von Kdrman equations, including the existence and uniqueness of a weak
solution. Section 5 presents an existence result for the optimal control problem. Section
6 is concerned with the characterization of the optimal controls. Conclusions and
commentary are found in Section 7.

2. Problem formulation and contributions

As shown by Gratie [21] and Rao [35], the classical Marguerre—von Kéarman
equations for a thin nonlinearly elastic shallow shell with boundary conditions of von
Karman’s type (known as the Marguerre—von Karman equations) is a nonlinear system
of fourth-order partial differential equations and written as

AN =[¢,l+0]+v inw,
AN =—[0,0+20]  inw,
(=0,0=0 onvy,
¢=¢pand 9,0 = ¢; onvy,

2.1)

where w is a bounded and simply connected open subset of R?> with a Lipschitz-
continuous boundary y. The unit outer normal vector along vy is denoted by v
and the outer normal derivative operator Zgﬁ Vo0, along vy is denoted by d,. The
nonlinear symmetric von Karméan bracket [., .] (also called the Monge—Ampere form)
is defined by

(7, @] = 87,105, + D301, — 281,001, p.

The known function 6 plays a key role in Marguerre’s model, as it measures the
deviation of the middle surface of the reference shell configuration from a plane. The
known function v is the resultant of the vertical forces acting on the shell. The traces
¢o and ¢; are known functions to be calculated through the von Kdrman forces acting
on the lateral face of the shell. The unknown ¢ : @ — R is the vertical component of
the displacement field of the middle surface of the shell and the unknown ¢ : @ — R
is the Airy-stress function.
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First, we consider here the problem of buckling of a thin nonlinearly elastic shallow
shell subjected to von Kdrman forces of magnitude A acting on the lateral face, A is
also called the bifurcation parameter. Accordingly (see, for example, [3, page 177] and
[2, 4] for further details), the Airy function in the (possibly deflected) shallow shell is
given by

¢ =D+ 0, 2.2)

where the stress function 6 in the undeflected shallow shell (under the action of ¢¢
and ¢) is a solution to the boundary value problem:

Ap=0 in w,
n inw (2.3)
n=d¢oandd,n=¢; ony.
To write (2.1) in the canonical form, we denote
[=E-06. 24

Inserting the change of unknowns (2.2) and (2.4) into (2.1) gives the canonical
Marguerre—von Karman equations:

A2 = [D, €] + A6, €1 +v + A20 in w,
A® = [0,0] - [£.£] in w, 2.5)
§=0=0=0,0=0 ony.

When restricting our consideration to the important case that the shallow shell
becomes a plate, that is,

6=0 ind, (2.6)

we recover the canonical von Kdrman equations as a special case.

For justification of classical and generalized models of von Kdirmdn and
Marguerre—von Karman equations, we refer to the literature [13, 15, 17, 22]. In
particular, see the work of Chueshov and Lasiecka [12] for stationary von Karmén
equations with a variety of boundary conditions.

One of the important physical cases corresponding to a uniform lateral loading
along the shallow shell boundary (which is most relevant in buckling analysis) is
obtained by the choice of von Kdrman forces (h,) as

hy =—-Av, onvy, a=1,2.
Accordingly (see, for example, [4] and [14, Section 5.9] for more details), we obtain

[60.£1 = —A&. 2.7)
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If we restrict our analysis to cases (2.6) and (2.7), then (2.5) reduces to the simplest
form of canonical von Karmén equations:

NE=[D,E] - ANE+y  inw,
A*D = —[£,£] in w, (2.8)
£E=0£=0=0,06=0 ony.

Consequently, (2.8) are not exactly the classical Fopl-von Kirmdn equations, but
rather constitute a modified formulation incorporating an additional linear term
(—=AA€). Such extensions are standard in shell and plate theories when considering
pre-stressed or loaded cases. The optimal control problems governed by (2.8) were
studied by Bock et al. [6].

Our first contribution is to study the existence and uniqueness of a weak solution of
(2.5). To do this, we reduce the Marguerre—von Kdrman equations to a single equation
with a cubic operator; its second member depends on the functions 6 and v. This
approach was first introduced by Berger [2] and has been widely used in the literature
for both models: for von Karman equations (see, for example, [3, 6-8, 14, 16, 18, 21,
35, 39]) and for Marguerre—von Karmdn equations (see, [1, 19]). We prove a general
existence theorem for the reduced equation by using the theory of pseudomonotone
operators due to Zeidler [40]. Then, we extend the uniqueness result for weak solutions
of the von Karman equations, as given by Ciarlet and Rabier [18], to the more general
case of Marguerre—von Kdrmdn equations.

Second, we consider the control problem governed by Marguerre—von Karmén
equations, with the resultant of the vertical forces acting on the shell v as a control
variable defined by

A2§(v) = [DW),EW)] + A6y, EW)] +v + A0 inw,
A2D(v) = [6,0] — [£(v), £0)] in w, (2.9)
E) = 0,E(v) = O(v) = 0,D(v) =0 onvy,

where the known functions 6, and 6 do not depend on v.

The second and main contribution of this work lies in studying the quadratic cost
optimal control problems for (2.9). To this end, by adapting the ideas presented
by Bock et al. [6], we prove the existence of the optimal control and the Fréchet
differentiability of the state function with respect to the control variable. Next, we
prove the uniqueness of the optimal control and derive the necessary condition of the
optimality.

3. Preliminary results

In this section, we present notation, definitions and some properties which are used
throughout this work.
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The standard notation for Lebesgue and Sobolev spaces are employed. To simplify
notation, the following abbreviations are used: L?> = L*(w), H" = H™(w) (m = 2,4),
Hj = H}(w), H* = H'(y) (s = 1/2,3/2).

The scalar products on L? and H(z) are denoted respectively by

(7, )0 = f}]gp dx foralln,¢el?

(1, @)a = (A, Ap)y  forall n,¢ € H2,
with respective norms
Inllo = [(2,m)0]"*  forall y e L?,
lInlla = llAnllo for all n € H}.

There exists a constant u > 0 such that
lInllo < plinlls ~ for all n € H;. (3.1

The dual spaces of L* and H} are denoted by (L*)* and H™?, respectively. The norm
of H™* and the duality pairing between H~2 and Hj are denoted by ||.||2 and (., .)_22,
respectively. Also, the duality pairing between (L?)* and L? is denoted by (., .).

Let G = (A%*)~! denote the Green operator of the Dirichlet problem for the bihar-
monic operator A” in w. We note that the operator

A H'NH; — H™ fors>2, (3.2)
is an isomorphism. Thus (see, for example, [12, Remark 1.3.7]),
Ge LIH; HY NH}) fors>-2. (3.3)

In the following, we denote strong convergence by — and weak convergence by —.
We assume that

(¢o, ¢1) € H'* x H'. (3.4)

Then, by the classical elliptic theory [14, page 395], there exists a unique function
6y € H? which satisfies (2.3).
We also assume that

0 H; (3.5)
and
vel? (3.6)

The regularity condition 6 € HS imposed in Sections 3 and 4 is appropriate for the
well-posedness of the problem. In Sections 5 and 6, additional regularity is required to
derive further properties.
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We define the bilinear operator B : H> x H> — Hj as follows: for each pair
(n,¢) € H* x H?, the function B(n, ) € H} is the unique solution to the problem:

A’B(1,¢) = [n.¢] inw.
Next, we define the cubic nonlinear operator C : H§ — HS by
C(n) = BB, m), 1.
Then, we define the linear operators L, L, € L(H}; Hj) by
Li(n) = B(B(6,6),n) and L (1) = B(6o, ).

In the following lemmas, we gather the properties of the operators G, B, C, L,
and L,.

LEMMA 3.1. The Green operator G satisfies the following estimate:

IGHlla < linllo  for all n € L2, (3.7)
where K is defined in (3.1).
PROOF. For any 5 € L? and ¢ € H?,

(Gn, @)a = (AGn, Ap)o
= (1, ¥)o. (3.8)
Then, by (3.1),
IGnllx = (Gn, Gia
=, Gn)o

< linllolIGnllo
< plinllol|Gnlla.

This proves (3.7). O

LEMMA 3.2. If one of the arguments 1, ¢, belongs to H?, then

B, @), ¥)a = (BW, @), ma-
PROOF. See the paper by Bendob and Ghezal [1, Section 3.2]. ]

Here, this property requires weaker assumptions imposed on three arguments than
those imposed by Bock et al. [6, Proof of Lemma 4.1] (that all arguments are in Hé).
In particular, this is needed to show (4.4), due to the presence of the function 6, € H?,
which solves (2.3).
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LEMMA 3.3.

(i) Let n € H?, then
(Cp.m)a = (B(.m), Bar.))a = 1B, I3 = 0
and
(C(m),ma =0 ifand only ifn = 0.

(1) The operators B and C are sequentially compact (also called strongly continuous
by Zeidler [40]) and hence, a fortiori, continuous.

PROOF. See the paper by Ciarlet [ 14, Theorem 5.8-2]. ]

LEMMA 3.4. Let (n,¢) € Hg X Hg, then

(C(p) = C(p), ¢ — m)a < IBIF max{lnllx, llellx Hin - @Iz,

where
1Bl = sup 1B(7, @I
n.peH? |Inll=li¢ll=1
PROOF. See Ciarlet and Rabier [18, Lemma 2.2-5]. O

LEMMA 3.5. The linear operators Ly and L, are continuous, compact and symmetric
with respect to the inner product (., .).

PROOF. The continuity and compactness of operators L; and L, are immediately

deduced from the properties of the operator B. The fact that L, is symmetric with

respect to the inner product (.,.), was proved by Ciarlet [14, Theorem 5.8-2(d)].
Letn, ¢ € Hg. According to Lemma 3.2, we deduce that

(Li(m), ¥)a = (B(B(,0).1), p)a
= (B(B(6,0). ), ma
= (L1(@). Ma-

Thus, L, is symmetric with respect to the inner product (., .)a. O

4. Reduced Marguerre-von Karman equation

4.1. Cubic operator equation First, on the one hand, the definition of the bilinear
operator B implies that the equations

AN’D =[0,0] - [£,€]  inw,
O®=9,0=0 on vy,
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which are part of the canonical Marguerre—von Karméan equations (2.5), are equivalent
to the operator equation in H(2):

O = B(6,0) — B, ). 4.1

On the other hand, the definition of the bilinear operator B and that of the operator G
imply that the remaining equations in the canonical Marguerre—von Kadrman equations
(2.5), namely

A?E = [, + A0, €] +v + A%0 inw,
§=0,=0 onvy,
are equivalent to the operator equation in H(z):
&—Gv—0=B(®D,¢) + AB(6, &). 4.2)

Next, substituting (4.1) into (4.2) and using the bilinearity of the operator B, we
derive the following single operator equation in Hg:

&= Gv—0=B(B(0.0).£) - B(B(£.£), ) + AB(6p, £).

From the definition of the operators C, L; and L,, we infer that the pair (¢, ®)
satisfies the canonical Marguerre-von Kdrmdn equations (2.5) if and only if the
unknown & € Hé satisfies the reduced Marguerre—von Kdrman equation:

&= ALy (&) + C(¢) - Li(§) = Gv +6, (4.3)

and the Airy function @ € Hg satisfies (4.1).
Therefore, we conclude that finding the solution ¢ to the operator equation (4.3) is
equivalent to solving the following variational problem (see [1]).

Find £ € H} such that
(€ = An(@) + CE) — L&) - Gv = 0,m)a =0 forall € H2.

4.2. General existence result We consider the operator A : Hé - Hé defined by
A =idy — ALy + C = L.
LEMMA 4.1. The operator A is coercive.

PROOF. From the definition of the operators L, L,, C,

(A), O)a = lIElI3 = AB(00, £), E)a + (BB, £), ), E)a — (BB(6,6),£), E)a.

According to Lemma 3.2,

(A(€), ) = lIEl; = ABE,€),60) + IBE I} — (BE,€),BO,))a.  (4.4)
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By Cauchy—Schwarz inequality and Young’s inequality, we obtain

AB(£,£), 60)a = (B(&, ), A6p)a

1 , A,
< EIIB(éif)IIA + ?HHO“A
and

(B(,£), B(6,0))a < 3IBE I3 + 5B, 03

Consequently,
1 A2 1 1
(A),O)a = liEll - S IBE Il - 7|I90IIZ +IBE O3 — S IBE. Ol - 5 1BC®. 0z

2 v » 1 2
> IElly — ?HHOHA - EIIB(H, Il
Hence,

(AE). O 2o .
e 2 il = GRS — 1B O el

Since [|A(§)lla = ((A(€), &)a/llé]la), we infer that
lim JJA(&)lla = oo

lElla— 00
for fixed A. This is the coerciveness of A. For details about these questions for von
Karman equation, see, for example, the paper by Berger [3]. ]

LEMMA 4.2. The operator A is pseudomonotone and bounded.

PROOF. Since operators L, L, and C are strongly continuous, thus operator A is a
strongly continuous perturbation of the identity. According to Zeidler [40, Proposition
27.6(b)], A is pseudomonotone and bounded. O

We give a general existence result for the reduced Marguerre—von Karman equation.

THEOREM 4.3. Under assumptions (3.4)—(3.6), the operator equation (4.3) has a
solution for every fixed A.

PROOF. From Lemmas 4.1 and 4.2, the operator A is coercive, pseudomonotone and
bounded. Hence, the main theorem on pseudomonotone operators given by Zeidler
[40, Theorem 27.A] (due to Brezis [9]) shows that the operator equation A(£) = Gv + 6
has a solution. O

Similar results were obtained for operator equation (4.3): for the case 4 > 0, we
refer to the work of Bendob and Ghezal [1, Theorem 3.3]; for the case A =1, we
refer to Rao [35, Theorem 2.3], Gratie [21, Theorem 8] and Chueshov and Lasiecka
[12, Theorem 1.5.7], with different approaches. For the operator equation of
von Kdrmédn equations, see, for example, Berger [3, page 106] and Zeidler [39,
Theorem 65.A].
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4.3. Uniqueness result We assume that the linear operators
Ly, L, are positive definite, 4.5)

(in the particular case (2.7), L, is positive definite [ 14, Theorem 5.9-1]). We conclude
that L; and L, have an infinite number of distinct eigenvalues S8; > 0 and w4 > 0 (each
of finite multiplicity), respectively, such that

<P <o <Br<pPB; with B > 0 ask — oo,

e < g << pp<pp with g = 0 ask — oo,

where

L Py L ’
(L1, ma - w (Lan n)A.

]

2 2
r]EHS,?]iO ”T]”A neHé,niO ||77||A

B =

The smallest characteristic values of the operator of L; and L, are given
respectively by

| 2

ay=—= inf el : (4.6)
Bi neriazo (Lin,ma
1 2

A . [Imll5 @7

= — = m D r——
M1 neHlaz0 (Lam, m)a

To give the uniqueness of solutions to reduced Marguerre—von Kdrman equations,
we need the following additional assumptions:

IGv +6lla < 1B, (4.8)
@ > a*, (4.9)
A< ar, (4.10)

where
_ 1
o =1 = BIPPIGy + 017", a* = al(l - IBIPIGy + eni“).

THEOREM 4.4. Under assumptions (3.4)—(3.6), (4.5) and (4.8)—(4.10), there exists a
unique solution & € Hg to operator equation (4.3). Moreover, ¢ satisfies the estimate

I€lla < K TIGY + 6|, (4.11)
where
1 1
K(ﬂ):min{l——,l———i}w. (4.12)
(07] [07] /1]
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PROOF.

(@)
(ii)

(iii)

M. E. Riahi and A. Ghezal [12]

First, the existence of solutions & € Hé to operator equation (4.3) is verified in
Theorem 4.3.
Let & € Hj be a solution to (4.3). Then,

(- A+ CE) - Li(§) —Gv—06,6a =0,
and hence,

€13 = ALa(€), E)a + (CE), E)a = (L1(£), E)a = (GV + 6, ).

According to Lemma 3.3, we deduce that

IE1R = ALa(€), E)a = (L1(€), ) < (GV + 6, ). (4.13)

If 41> 0, then from the positivity of operators L; and L,, and relations
(4.6)—(4.7),

A 1
‘(7 . _)”gng < —ALo(€). ) — (L1(€). E)a-
1

We infer that

1 2
1————) 1 <IGv+8 .
( o llglx < [IGv + Ollall€llA

For A < 41(1 — 1/ay), we get

1 A1
lélla < (1 - —) IGv + . (4.14)
(07] /l]

Let £ and & be two solutions of (4.3). Then,
(idyp = ALy = L1)(é1 = &) = C(&) = C(&).
Hence,
((idp = ALy = L1)(&1 = €2),61 = E2)a = (C(&2) = C(61), &1 = &)
Applying Lemma 3.4,

1 A
(1 -—- —)||§1 — &3 < IBIF max{[I&]13, &3 1€ — &113. (4.15)
(07 /11

For A < 4;(1 — 1/a)) and by (4.14),

1 A\3
I - &2 < (1 - Z) IBIRIIGY + 61 ¢, — &I

By assumptions (4.9) and (4.10), we have that this inequality can be true only
ifé = &.
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@iv) If A <0, then from (4.13) and the positivity of operator L,,

)

€13 — (L1 (&), E)a < (G + 6,6
From the positivity of operators L; and relation (4.6),
L
——llgllx < —(L1(£), O)a-
@)
We infer that
1
(1= = 1étha < G + 61,
a

Fora; > 1,

1 -1
llElla < (1 - a—l) |GV + 8)|a. (4.16)

Let &) and &, be two solutions of (4.3). Taking into account (4.15), we conclude
that

1
(1 - a)ll& - &3 < IBIP max{ll& 3. €031 — &5
For a; > 1 and by (4.16),
2 172 o 2 2
I = &l < (1= o) IBIPIGY + 0B - &l
By assumptions (4.8) and (4.9), we have that this inequality can be true only if
&1 =&
From assumptions (4.8)—(4.10),

1
@ >a*>1 and /l</l*</11(1——).

aj
Hence,
1—i>0 and l—i—i>0.
o a4
We infer that K(4) > 0. Finally, using estimates (4.14) and (4.16) yields the
desired result (4.11). O

5. Existence of an optimal control for Marguerre-von Karman equations

We follow a similar approach to (4.1) and (4.3). By replacing (&, @) by (£(v), ©(v)),
we deduce that the pair (£(v), ©(v)) satisfies the control problem (2.9) if and only if
&) e Hé satisfies the reduced equation:

EW) = AL (E(V)) + C(E(v)) — Li(E(v)) = Gv + 6. (G.1)
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The Airy function ®(v) € H is then given by
O(v) = B(6,6) — B(£(v),£(v)).
Here, 0 € Hé and v belongs to the set of admissible controls V,,, defined as
Vg ={vel? equation (5.1) has a unique solution &(v)}.

We adopt the same general framework of the cost functional as presented by
Bock et al. [6] (also see [7]). Therefore, the cost functional corresponding to state
equation (5.1) is given by

J) =JEW) +j@),  veEVa, (5.2)

where the functionals, J : L> — R is a state-dependent cost and j: L> — R is a
control-dependent cost, are certain functionals.
Let v* € V,; be an optimal control for cost functional (5.2), that is,

Jo) = vgql}; JW).

According to Theorem 4.4, there exists a unique solution &(v) EH(% to state
equation (5.1) for A < A*. This solution satisfies

lEW)Ila < K™ IGY + 6lla-

We need the following additional assumption on 6:

6eH* nH;, (5.3)
and hence by (3.2), we have A%0 € L2
We let
Vas = {ve 12| Iv + A6l < EIIBII'K(/DM},
where
O<p<l1 (5.4)

is an arbitrary parameter, with 4 < 4;(1 — 1/a;) and a; > 1.
However, by using Lemma 3.1, if v € V,;, we infer that

IGv + 6lla = IG( + A%0)Ia < HIBIT'K ()2, (5.5)

and thus assumptions (4.8)—(4.10) are valid. Hence, for every v € V,,, there exists a
unique solution &(v) € Hg to state equation (5.1).
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Now, we prove the existence theorem for the following optimal control problem.

Find v* € V4 such that
I = inf JO) (5.6)
EOVY) = AL (EWV)) + CEWY) — Li(E(v)) = Gv* + 6.

THEOREM 5.1. Under the assumptions (3.4)—(3.5), (4.5) and (5.3), let J and j be
weakly lower semicontinuous. Then, there exists at least one optimal control v € V
for problem (5.6).

PROOF. Using the same idea as in [6, the proof of Theorem 3.1], we deduce the
existence of a minimizing sequence {v,} C V4, that is,

lim J(v,) = inf J().
n—+co VeV q

It is clear that V,,; is bounded in L? and that V,, (closed and convex) is weakly
sequentially closed in L2. Therefore, there exists a subsequence, still denoted by {v,},
which converges weakly in L?:

v, =V inL? asn— oo, V' e V.
From (4.11), (5.5), we obtain the following estimate of all states:
€Ila < FIBIT'KD)'? forall v € V. (5.7)

This implies that {£(v,)} is bounded in Hg. We can find a subsequence, still denoted by
{v,}, such that

& =& inHy asn— oo, & =£Eby),
and

&n = ALp(&y) + C(&p) — L1(&n) = Gvy + 6. (5.8)

According to Lemmas 3.3 and 3.5, we see that the nonlinear operator C is
sequentially compact and the linear operators L; and L, are compact. Thus, we obtain
the following strong convergences:

C&) — CE)inH; asn— oo,
Li&) = Li(€) in Hy asn — o,
Ly(&) — L&) inHy  asn — co.
Using (3.3) gives
Gv, — Gv* inH4ﬂH§ as n — oo,
Passing to a weak limit in (5.8),

£ = ALE) + CE) - Li(€) = GV + 6.
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From the uniqueness of the solution to state equation (5.1),
& —EWV)inHy asn— oo, & =)
The weak lower semicontinuity of J and j gives
JO) =JEV) +j0v)
< li}rqr_{ glf J(EWy)) + linl’l’_l) glf Jn)

< liminf J(v,)

= inf ).

veV

This concludes the proof. ]

6. Characterization of the optimal control

Our goal in this section is to prove the uniqueness of the optimal control and derive
the necessary optimality condition, by using the Fréchet differentiability.

6.1. Differentiability of the state function Later on (see Theorem 6.2), we show
that the mapping

&) Vaa — Hp,

defined by state equation (5.1), is Fréchet differentiable.
We also show that the derivative

£W): 1> — Hj
is determined by the solution of the equation:
lidy: — ALy + C' (W) — L1 (Wh = Gh, hel?, (6.1)

where

C'(ém = 2B(BE,n),&) + BB, &),m), &1 € Hp. (6.2)

Here, C'(¢) € L(H?; Hé) is the Gateaux derivative of the operator C at the point &€ € Hé
(see, for example, [18, page 90]).
We consider the operator A(E(v)) : H; — Hj defined by

AEW) = idz — ALy + C'(EW) — L. (6.3)

LEMMA 6.1. The operator A(£(v)) is linear, positive definite and symmetric with
respect to the inner product (., .)a.

PROOF. Itis easy to see from the properties of operators B, L; and L, described in the
statement of Lemmas 3.2 and 3.5 and relation (6.2) that the operator A(¢(v)) is linear
and symmetric.
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For all n € H?,
(AEW)N M = Inll} — ALan, Ma + 2BBEW), 7). €V)), M)a
+ (B(B(E(W), £E()), ), ma — (L1, m)a-
Using Lemma 3.2,
(AEW)N. M = Inll} = AL, Ma + 2BEW), n), BEWV), n)a
+ (BEW), EMV)), B(m,m)a — (Lin, na

= Il = ALan, ma + 21IBEW), I3
+(B(&(v), £(v)), B7, m)a = (L17, 1)a-

Therefore, as in the proof of Theorem 4.4,
(AEW)R M = KWl = IBIPIEWIZINIZ-
Then, using (5.7) gives
AEMMMa = (1 = BHKDln;-
Finally, we set
K() = (1 - K Q).

Moreover, one can easily see from (4.12) and (5.4) that

K() > 0.
Hence,
(AEVITMa = KQInlly. 6.4)
This proves the positive definiteness of A(£(v)). O

THEOREM 6.2. The mapping &) determined by state equation (5.1) is Fréchet
differentiable with respect to v € (Vad ((Vad denotes the interior of V,q) and & (v)
satisfies equation (6.1) for all h € L?.

PROOF. As aresult of Lemma 6.1, there exists a unique solution ¢(h) of the equation
AEW)p(h) = [idH(z) — ALy + C'(é(v)) = L1)e(h) = Gh forall h € L2 (6.5)
Let
v = y(h) = &~ h),
where

E=EW+h) —EW); v, v+he V. (6.6)
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To establish that ¢(h) = & (v)h is the differential of ¢ in the sense of Fréchet, it is
sufficient to verify that

l/1la = o(h). (6.7)
By using state equation (5.1) and (6.5),
AEWN = lidyz — ALy + C'(E0) - Lily
= lidyz — ALy = LIl + h) = £0) + C'EWNEW + h) = £(v))
~ lid;p = ALs + C'(€(v)) = Lilg(h)
=GO +h) = CEW +h) = Gv) + CEWV)
+ C'EMNEW + h) — £) — Gh
= C'EWEW +h) = EW) = [CEW + h) = CEW))I

] —
_ fo [C/(0) - C'(E) + sDIE ds. 6.8)

Moreover, because of the positive definiteness of A(£(v)), there exists C(4) > 0
such that

Wlla < CCDIEI. (6.9)
From (6.5) and (6.8),
AE@(h) = lidyy = ALy + C'(E0)) = LilEW +h) =€) = ¥)
= lidy; = ALy = L1 + ) = £0) + C/EWNEV + ) = )
= lidyz = ALy + C'(€W) = Lily
= lidy; = ALy = L1 + ) = £0) + C/EWNEY + ) =€)
= CEMEW + h) = £0)) + [CEW + ) = CEW))]
= lidy; = ALy = LyJE + CEW + 1) = CEW)).

Then, the function E satisfies
E= L&) ~ Li© + CEW + h) = CEW)) = Gh.
By virtue of Lemmas 3.1 and 3.4,
K(DIIEIR — I1BI> max{llEWIIZ, I + WIZHIENR < ulihllolié]la.
Taking into account estimate (5.7),
IElla < KAl (6.10)
where

K() = uK()™".
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Using (6.6), (6.9) and (6.10),
e = i€ + h) = E) = @(M)lla = o(h),
and hence (6.7) is verified. O

6.2. Uniqueness of the optimal control Let us assume that the functional J
and j are Fréchet differentiable. Because we have shown in Theorem 6.2 that the
mapping &(.) determined by state equation (5.1) is Fréchet differentiable at the optimal
control v*, we infer that the functional J is also Fréchet differentiable at v* such that

(T v = (T EV,E W2 + (V) v forallv e V.

Similar to the case of optimal control problems governed by von Karman equations
presented by Bock et al. [6] (also see [7]), assume that the derivatives J’ and j” satisfy
the following conditions:

J'(E) =T (&), 61— E)nn 2 alle) — &I forall é,6 € HY, (6.11)
G'v1) = ), vi = vado 2 plivi = vallg  for all vy, vy € L2, (6.12)

where o and p are positive constants.
Also, the derivative J’ satisfies the following condition:

I ll-2 < x1ll€lla + &2, (6.13)

where «; > 0 and «, are some constants.

The technical conditions (6.11)—(6.13) assert that the derivatives J’ and j’ are
strongly monotone and J’ grows at most linearly with &. The conditions (6.11) and
(6.12) are common in monotone operator theory [40], and (6.13) is standard in control
theory for PDEs [29, 36]. These conditions play a critical role in the following
uniqueness result.

THEOREM 6.3. Let the assumptions of Theorem 5.1 and (6.11)—(6.13) be valid. If
p > {—o + 6aK() " K2 |IBll(i 7Bl K()'? + k) K (),
then there exists a unique solution v* of problem (5.6).
PROOF. If v* € V,,; is a solution to problem (5.6) (v* is the optimal control), then
(J' V), v=v) >0 forallve V.
Let v, v; € V,4a be two solutions to problem (5.6), then

(J'OD,v=vo = T EVD),E DO =v)22 + GOy =)o 20, (6.14)

(T'03),v =v3)o = (€0, DIV =v))ap + (1), v =300 20 (6.15)

forallv e V.
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Taking v = v} in (6.14), v = v} in (6.15) and adding,
(J(EOD) =T (€(13)), £0v3) = EOVD)-22 + G (v]) =7 (v3), V5 = VDo
= (J(EOD),EVy) = €0V = E (VD = V)22
— (€M), EOVY) = E(vy) = E (v)(v] = Vv5))-22 2 0.

We set
Y = E(y) — (V) = E (VD =), (6.16)
Yo = E(v)) — E(v) — E () (V] —v3), (6.17)
£ = E0y) — ). (6.18)
By assumptions (6.11)~(6.12) and relations (6.16)~(6.18),
—allEl3 = plvi = Villa = ' EOD), )20 — (T (EVD) Y2) 22 > 0. (6.19)

To estimate |, with similar computations for estimate (6.9), readily

lidyz — ALy + C'(§07))) = Lilyn = C'(EGDIEWS) = £07) + CEWY) — CE(v3))

1
_ fo [CEWD) - CEw) + sDIEds
=¥, (6.20)

The mean value theorem implies

1
91 = sup |( [ e e - e + @idsn) |
lIlla=1 0 A
1 —_— — o~
= s [( [ creon + voBEDsdsn) |
lIAlla=1 0 A

where 7(s) € (0, s) and the second derivative C”" has the form
C"(€)E &) = 2B(BE.6),6) + 4B(B(.6),€) forall £.€ € Hy.
Using estimate (5.7),
Pl < 3EK (D' IBIIET. (6.21)
From the positive definiteness of A(£(v)) in (6.4), and relations (6.20) and (6.21),
i1l < 3K K IBIER, (6.22)

and similarly for ;.
By assumption (6.13), relations (5.7), (6.19) and (6.22),

(=0 + 6EK() ™ K PIBImlIBIT KD + k) HIENR - pllv; = vallg 2 0. (6.23)
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We set h = vi — v} in (6.10), then,

IElla < KQIV; = vllo.
Combining this estimate with (6.23),
[{~0 + 6aK ()™ K IBIl(ki @l BII T K ()2 + k2)}K () = pllv; = w33 = 0.

It is easy to infer the following sufficient condition for the uniqueness of the optimal
control:

p > (=0 + 6EK() ™ K Bl @B K (D' + 1)} K ()
= {—o + 6a(1 - )" K™ Bt @Bl K + i) (1 - ) PK ). o

6.3. Necessary optimality condition If v* € V,; is the optimal control, then we
have the following system:

{<J'<§<v*)>,§'(v*)<v —VN22+ GOy 20 forallve Ve, o0

AEV)E (VR = Gh  forall h € L2

We recall that the linear operator (A defined in (6.3) is symmetric due to Lemma 6.1.
Then, the system (6.24) can be rewritten as

@+ Ryj (), v=v) =0 forallveV,,
AEV)p = RI'(EV)),

where Ry : (L*)* — L? and R : H* — H; are Riesz-representative operators, and
p is the adjoint state.
Taking into account (3.8),

(JEW,EWHV =V )22 = (RIEWV)),E GV =v))a
= (AW )P, &)V =v)a
= (P, A )NE V)V —v)a
= (P, GO =v)a
=(p,v—v)p.

From this, we infer that p + Ry’ (v*) represents J”'(v).
Finally, we conclude that the optimal control v* for problem (5.6) is characterized by

P+ Ry, v=v) =0 forallveVy,
AEWV))p = RI'(E(0vY)),
EOVY) = A (V) + CEWY) — Li(E(v) = Gv* + 6.
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7. Conclusions and commentary

In this work, our interest was focused on studying the optimal control of
Marguerre—von Kdrman equations for a thin nonlinearly elastic shallow shell. More
precisely, we developed the ideas originally presented by Bock et al. [6] for plates
to a more general geometry of shallow shells. In particular, we obtained the desired
characterization for the optimal control under specific regularity assumptions on the
function 6 that defined the middle surface of the shell and the traces ¢, ¢; that were
calculated through the von Kdrmdn forces.

Several interesting questions remain to be answered. While this work is devoted
to the classical Marguerre—von Karmdn equations, we are interested in extending
our methods to the generalized Marguerre—von Karman equations. We also intend to
study the numerical approximation of the optimal control of Marguerre—von Karman
equations.
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