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Primitive Points in Rational Polygons

Imre Barany, Greg Martin, Eric Naslund, and Sinai Robins

Abstract. Let A be a star-shaped polygon in the plane, with rational vertices, containing the origin.
The number of primitive lattice points in the dilate tA is asymptotically %Area(tﬂ) as t — oo.

We show that the error term is both Q. (t1/loglog ) and O(t(log t)?/? (loglog £)*/?). Both bounds
extend (to the above class of polygons) known results for the isosceles right triangle, which appear in
the literature as bounds for the error term in the summatory function for Euler’s ¢(n).

1 Introduction

One of the fundamental problems in discrete geometry is to estimate the number of
lattice points contained in a polygon. In this paper, we concern ourselves with the set
of primitive lattice points

(L1) P = {(m, n) e Z*: gcd(m, n) =1},

also known as lattice points visible from the origin. It is a classical result that the
number of primitive lattice points in a “reasonable” region in R? is approximately %
times the area of the region. We are interested in the family {#A} of dilates of a fixed
polygon A, for which we define the error term

(1.2) Eq(t) =#(tANP) - % Area(tA) =#(tAnP) - %tz Area(A).

The fact that #(tA N P) ~ 5> Area(A), or equivalently, that E4 () = o(t*), was
likely used as far back as Minkowski (see [16, p. 998] or [5, Theorem 459]). Stronger
upper bounds than E 4 (t) = o(#*) are relatively easy to obtain; we state the following
result, which will be justified in the next section, as a benchmark for comparison.

Proposition 1.1 If A c R* is a polygon, then
Eq(t) < tlogt

for t > 2, where the implicit constant may depend on A.
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The purpose of this paper is to improve this upper bound for any rational polygon (a
polygon all of whose vertices have both coordinates rational), and show that it cannot
be improved too much more by providing a strong Q.. result for the error term.

It is instructive to consider the specific example A = A, where A is the isosceles
right triangle with vertices (0,0), (1,0), and (1,1) and thus area 5. Then #(tANP) is
the number of primitive points in the dilate tA = {(x, y) e R*: 0 < y < x < t}; that is,

(1.3) #(tANP)= > > 1=1+ > ¢(m)

0<m<t 0<n<m 1<m<t
ged(m,n)=1

(where the extra 1 comes from the fact that gcd(0,1) = 1). It is well known that this
summatory function of the Euler ¢-function is asymptotic to % t2, so we define

(1.4) Ea(t)= 3 9(m) - £ +1=#(tANP) - £

1<m<t T T
Proposition 1.1 implies the estimate E(t) < tlogt, which (when phrased in terms
of the summatory function of the Euler ¢-function) is a classical result of Mertens
[9]. The best known unconditional upper bound for this error term Ex(¢) is due to
Walfisz [17, p. 144, eq. (3)]: using methods related to exponential sums, he showed
that

(15) Ea(t) « t(log t)*(loglog t)*/>.
As a consequence of our work, we can extend this bound from the isosceles right

triangle A to all rational polygons.

Theorem 1.2  Let A c R? be a rational polygon. Then
Ex(t) < t(logt)*? (loglogt)*/?,

where the implicit constant may depend on A.

Prior to Walfisz’s result, Chowla and Pillai [14] showed that these upper bounds
cannot be significantly improvedby establishing the lower bound

Ex(t
lim sup Bl
t—o0o tlogloglogt
that is, Ex(t) = Q(tlogloglogt). Later, ErdSs and Shapiro [4] obtained a slightly
weaker quantitative lower bound but showed that E, (t) oscillates in sign infinitely
often. Both results were improved by Montgomery [10].

Proposition 1.3 We have that Ex(t) = Q. (t\/loglogt); in other words,

>0 and liminf Ea(t)

t-oo  ty/loglogt t=oo 1, /loglog t

We use the term origin-star-shaped (star-shaped with respect to the origin) to refer
to any domain B for which AB c B forall A € [0, 1]; note that in particular, any origin-
star-shaped domain contains the origin. The main result of this paper generalizes this
lower bound of Montgomery to this class of polygons.

< 0.
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Theorem 1.4  Let A c R? be a rational origin-star-shaped polygon. Then

EA(t) = Q.(ty/loglogt),

where the implicit constant may depend on A.

In the process of applying an adaptation of Montgomery’s argument to the general
error term E 4 (t) for the primitive point counting function for the lattice polygon A,
we found that we needed to establish the following “error term independence” result
concerning the error term E, for the summatory function of ¢ (), which was defined
in equation (1.4); this result may be of independent interest.

Theorem 1.5  For any positive rational numbers cy, ...,k fir-- > fo

aEa(fix) +--+ ckEa(fix) = Q. (xy/loglogx),

where the implied constant may depend upon the c; and f;.

In other words, there can be no “magic cancellation” among the terms E, (fjx)
that makes the oscillation of the sum significantly smaller than that of an individ-
ual term. Indeed, Theorem 1.5 holds more generally, when E, is replaced E 4 for
any rational origin-star-shaped polygon A (see the remark following the statement of
Theorem 2.10).

Furthermore, we conjecture that oscillations of the same size exist even when the
c; are allowed to be negative (where we require the f; to be distinct in order to avoid
trivial cancellations).

Conjecture 1.6  Theorem 1.5 holds for any rational numbers ¢; and any distinct posi-
tive rational numbers f;.

This conjectural generalization of Theorem 1.5 would imply a stronger version of
Theorem 1.4 that holds for any rational polygon A, not necessarily star-shaped or
containing the origin.

Conjecture 1.7  Let A c R? be a rational polygon. Then

Eq(t) = Q.(ty/loglogt),

where the implicit constant may depend on A.

The rest of the paper is divided into two sections. In the next section, we show
(Theorem 2.10) that the error term E 4 (¢) can be rewritten as a linear combination
of dilates of the totient error function E,(t), thereby establishing Theorem 1.2 and

reducing Theorem 1.4 to Theorem 1.5. We then establish this latter theorem in the
final section.

2 Decomposing the Error Term

We begin by giving a proof of Proposition 1.1, not only for the sake of completeness,
but also because the structure of the argument foreshadows how we will approach the
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main result of this section, namely, Theorem 2.10. We use the term pointed triangle to
mean a triangle that has the origin as a vertex.

Proof of Proposition 1.1 We begin by quoting a reasonably precise estimate [7, spe-
cial case of Theorem 2.1] for the number of primitive points inside a domain B: if B
is convex and contains the origin, then

(2.1 #(BnP)- % Area(B) « max{l,wlogw},
m

where w is the diameter of B. In particular, if C is a convex polygon containing the
origin and B = tC is a dilate, then the diameter of B is a constant multiple of t, and
so

(2.2) Ee(t) « max{l, tlogt},

with the implicit constant depending on C.

However, any polygon A can be partitioned into sums and differences of finitely
many pointed triangles (by which we mean that the indicator function of the set A
can be written as sums and differences of indicator functions of pointed triangles,
up to inaccuracies on the edges of these triangles), simply by triangulating A and
noting that any triangle T can be written as a sum and difference of three pointed
triangles defined by the three edges of 7T. Let {‘J'j};’zl denote the set of these pointed
triangles, and let ¢; € {1, -1} indicate whether (the indicator function of) T; is added
or subtracted, so that Area(A) = Y.7_, € Area(7). Even though these triangles have
sides in common, the number of double-counted lattice points on the t-dilation of
each side is at most O(t). Therefore, the bound (2.2) is valid (since pointed triangles
are certainly convex polygons containing the origin), which implies

Ea(t) = #(tANP) - % Area(tA)

- (ST, A B) + 0(1)) - = Area(t4)
= m

ej(% Area(tT;) + B, (1)) + O(1) - % Area(tA)

M:

-
I
—

M:

€;E7,(t) + O(t) < tlogt

-
I
—

for t > 2, as desired. ]

Remark  In [7], the bound (2.1) is stated without the hypothesis that B contain the
origin; however, this hypothesis is actually necessary. One can easily construct, using
the Chinese remainder theorem, a square B of diameter w containing no primitive
lattice points whatsoever. The area of such a square is a constant times w?, and there-
fore

‘#(B nP) - % Area(B)‘ > w?,
m

which is incompatible with the claimed bound w log w.
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The error in the proof of [7, Theorem 2.1] comes when applying [7, Lemma 2.3],
which requires w > 1, to a term of the form Y5 /), f(kx); when k > w, the diameter
of A/k is less than 1, and so Lemma 2.3 cannot be applied. However, if A is a set con-
taining the origin, then these sets A/k are sets with diameter less than 1 that contain
the origin, and hence contain no primitive lattice points (indeed, no lattice points at
all other than the origin). Therefore, the sums over k in the proof of [7, Theorem 2.1]
can be truncated at k < w, and the rest of the argument goes through thereafter.

The remainder of this section is dedicated to proving Theorem 2.10, which asserts
that the error term E 4 (t) for any rational polygon A can be rewritten in terms of
the totient error function E, (t). We begin with a detailed investigation of this latter
function.

Definition 2.1 ~ Throughout this section, we employ the notation | x | for the greatest
integer not exceeding x and {x} = x — | x| for the fractional part of x. We also employ
the sawtooth function defined as

B(x) = {x} - 5

for all real numbers x. This function is equal to the first periodic Bernoulli polynomial
Bi(x) except when x is an integer; more precisely,

B(x) = By (x) - 31z(x),

where 17 is the indicator function of the integers.

Next we recall some well-known and useful estimates for sums involving the Mobius
p-function, which satisfies the key identity

1, ifn=1,

0, otherwise.

(2.3) Yu(d) = {
d|n

For any real numbers 2 < x < y, we have

(2.4) dz ”é‘j) - % + o(%);
(2.5) ijy(d)ﬁj Y
(2.6) ‘d; ”(dd)|<< 1.

The proofs of equations (2.4) and (2.6) are in [6], and the identity (2.5) can be found
in [1], for instance. We are now ready to give a more precise formula for the totient
error term Ex ().

Proposition 2.2  For any real numbers T > t > 2,

Ex(t)=—-t ), @B(

d<T d

5)+O(T).
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Proof Starting from equation (1.3) and the key identity (2.3), we have

#HANP) =1+ > > 1=y Y >, u(d)

1<m<t 1<n<m m<t n<m d|gcd(m,n)
ged(m,n)=1 ged(m,n)=1
=2 u(d) )0 2 1= u(d) 3 )1
ds<t m<t n<m ds<t k<t/d €<k
dim d|n
t
=S ud) Y k=Y ud); -
Su@ % k= Su@y (] [3)
1
fZ @) | +3
d<t

by equation (2.5). The last sum does not change if we extend its range from d < t to
d < T. Expanding | £ |* = (4 — {5})?, we obtain

#(IANP) = = Z”(d) dZ”(d){ b+ Z (d){}

d<T
2 d
5ol d;“;){d}wm

by equation (2.4) and a trivial bound. Therefore,

Ex(t) =#(tANP) - il‘2 Area(A)
3 2

==t-t)y ”(d){d} O(T)——

2
T i<r 4

s f*(d)( B(4)+ %)+O(T)

d<T

-3 M%) o(n)

da<T

by equation (2.6). [ ]

Counting lattice points in the simplest way (each with weight 1) is problematic in
our present context. First, we will be decomposing polygons into unions of triangles
that share sides, and so double-counting lattice points on these shared boundaries
would become an issue; second, any error term as large as the perimeter for counting
lattice points in a triangle would result in an unacceptably large error term in the
inclusion-exclusion method we use to detect primitive lattice points. Consquently,
we employ a more convenient weighting in our lattice-point counting, namely the
solid angle sum of a polygon.

Definition 2.3 For a point p € R?, let
D(pir) ={qeR%d(p-q) <r}

denote the disk of radius r centered at p. Let A denote Lebesgue measure on R?, and
define for any polygon A the solid angle at p:
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. AMD(psr)nA)
wa(p)=lim ——————=.
=0 A(D(psr))
It follows directly from the definition that

0, ifpé¢A,
() 1, if p is in the interior of A,
w =
AP 1/2, if p lies in the interior of an edge of A,

0,/2m, if pisavertex of A,

where 0, is the angle at the vertex p. Using this function, we define the solid angle
sum of the t-dilate of the rational polygon A to be

Aa(t) =) wa(p).
peZ?

Note that trivially A.4(#) = A4 (ct) for any constant ¢ > 0.
We also define the corresponding sum over primitive lattice points only:
Pa(t) = 3 wa(p).
pelP
The benefit of this solid angle weighting is that both of these functions are additive,
in the sense that A 45 () = Aa(t) + As(t) and Paus(t) = P4 () + P (¢) for any
polygons A and B with disjoint interiors.

Given positive rational numbers r; and r,, we let T(r1, r,) denote the right triangle
with vertices at (0, 0), (71,0), and (0, r,). An exact calculation of the solid angle sum
of dilates of T(ry, r,) is available for our use. Recall that 1y is the indicator function
of the integers.

Proposition 2.4  For any positive rational numbers r and r, and any positive real

number t,
nr o, 5 t EZ(qurzt) r%+r§
27) A t) = —t" - Bi(gqnirat)— +
( ) 7(1’1,72)( ) 5 l(q 172 )q 2q27'17’2 121’11’2
- s(qr1, qrsnt, 0) = s(qra, qrisr2t, 0)
. t
_arctan(n/r) - arctan(n/n), .
2 2n

where q is the unique positive rational number such that qry and qr, are coprime inte-
gers. Here, By and B, are the first and second periodic Bernoulli polynomials, respec-
tively, and

— + —f(r+
s(hk; y,x) = Z Bl(hrkx+y)Bl(rkx)

r (mod k)
is the Dedekind-Rademacher sum.

While its exact value is unimportant for us, we note thatif r; = { and r, = 7 inlow-

est terms, then the rational number g in the above statementis g = lem[b, d]/gcd(a, ¢),
so that gr; = a/ ged(a, ¢) - d/ ged(b,d) and qr, = ¢/ ged(a, ¢) - b/ ged(b, d).
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Proof Le Quang and the fourth author [8, Main Theorem] established this result for
the case of Ag (k) (¢) when h and k are positive coprime integers:

Ba(hkt) h*+k?

2hk 12hk
arctan(h/k) 15(ht) -
2

Agni(t) = %tz—ﬁl(hkt)t+ —s(h, k;ht,0)

— s(k, h; kt,0) -

arcta;ftk/h)lz(kt)'

Given positive rational numbers r; and r,, let g be the unique positive rational number
such that i = gr; and k = gr, are coprime integers. Then

Agirr) () = Axn/ak/a) (1) = Az q(t) = Az (t/q)

and therefore

2
r1qgr t — t\t
Ao (1) = T4 2() _Bl(qnqh)

2 \gq q/9

. Ba(qniqrat/q) N (qn)* + (qr2)?
2qriqra 12gr1qr,
= 5(qr1,9r239n1t/q, 0) = 5(qr2, 4ri3 qr2t/q, 0)
_ arctan(qri/qr2) 1o(qnt/q) - arctan(gra/qr)
27 2
which is equivalent to the statement of the proposition. [ ]

17(qr2t/q),

While we include this exact statement in the hopes that it will be useful in the
future, for our present purposes we can use the following approximation.

Corollary 2.5  For any positive rational numbers ry and r,, there exist constants ¢ =
c(r1,r2) and f = f(r1,12) such that

Ag(r,r,)(t) = Area(T(r1, 1)) t2 = 2¢B(ft)t + clz(ft)t + O, ., (1).

Proof Intheidentity(2.7), theleading coefficient 7, /2 is indeed the area of T(ry, 73).
Definition 2.1 implies that — B, (qr;7» t)é = -2¢B(ft)t+clz(ft)twithc = i. Finally,
B, is abounded function, and the two arctangent terms in equation (2.7) are bounded
in terms of r, and r,; and since |B;(z)| < 1 we have |s(h, k; y,x)| < £ uniformly in
h, y, and x, so that the two Dedekind-Rademacher sums in equation (2.7) are also
bounded in terms of 7y and r,. ]

Definition 2.6 A fitting angle is any angle of the form < POQ where O = (0,0),
and where P = (k,£) and Q = (m, n) are lattice points such that det (:1 ﬁ) = %],

or equivalently such that Area(APOQ) = 1. A fitting triangle is a rational pointed
triangle whose angle at the vertex O is a fitting angle.

Corollary 2.7  For any fitting triangle T, there exist positive rational numbers ¢ = c(7)
and f = f(7T) such that

Ag(t) = Area(T)t* — 2cB(ft)t + clz(ft)t + Og(1).
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Proof First, let I be any element of SL,(Z). Such elements act on the plane, acting
as a bijection on the lattice Z?, sending lines and triangles to lines and triangles, and
preserving whether lattice points lie on line segments or inside triangles. Therefore
the only disparity between the solid angle sums of T and ¢I'(7T) is that the solid angles
at the three vertices might be different. Consequently, we certanly have

Az (t) = A (1) + O(1)

uniformly for all triangles T, all T € SL,(Z), and all ¢ > 0.
Given a fitting triangle AR;OR,, we can find lattice points P = (k,¢) and Q =

(m, n), on the rays OR, and OR,, respectively, such that det (,]; ﬁ) = z1. It follows
that T = ( ke )_1 is an element of SL,(7Z) that sends P to (1,0) and Q to (0,1), and

mn
hence sends R; and R, to rational points (r1,0) and (0, r,), respectively. Therefore
Ag(t) = Aregy (1) + O(1) = Ag(y,,p,)(t) + O(1), and so this corollary follows directly

from Corollary 2.5 (since the areas of T and I'(T) = T(ry, 7,) are equal). ]

We say that a polygon A can be written as a sum, or written as a signed sum, of
finitely many other polygons B ; if the indicator function of A can be written as sums,
or sums and differences (respectively), of indicator functions of the indicator func-
tions of the B, up to inaccuracies on the edges of these polygons.

Lemma 2.8 Any rational polygon can be written as a signed sum of fitting triangles.
If the rational polygon is origin-star-shaped, then it can be written as a sum of fitting
triangles.

Proof First, any rational polygon P can be written as the signed sum of rational
pointed triangles: every edge of P defines a rational pointed triangle, which is taken
with sign +1 if the ray from the origin hits that edge from the interior of the polygon
and sign -1 if the ray from the origin hits that edge from the exterior of the polygon.
Note that if P is origin-star-shaped, then all the signs that occur in this decomposition
are +1. All that remains is to prove that every rational pointed triangle can be written
as a sum of fitting triangles.

Given a rational pointed triangle A AOB, consider the convex hull of all the lattice
points in the cone bounded by OA and OB other than the origin. The vertices of this
convex hull can be written in order as Vj, ..., Vi for some k > 1, where V; € 5’4
and V} € 53) Note that each AV;0Vj,; contains no lattice points other than its
three vertices, by the definition of convex hull. By Pick’s theorem, the area of this
triangle equals 1, and thus each angle 2 V;OV/,, is a fitting angle. Let W; be the
intersection of _O—V; and AB, so that Wy = A and W;, = B. Then AAOB is the sum
of the fitting triangles AW,OW,, ..., A Wi_;OWy. (We remark that V,..., Vi isa
“Hilbert basis” for the lattice points in the cone defined by « AOB; in that context it is
a standard fact that the triangles A V;OVj,, are “empty” and “unimodular” and thus,
in our terminology, have fitting angles « V;0V},,.) [ ]

Proposition 2.9  Let A be a rational polygon. There exist a positive integer k, rational
numbers ci, . .., ¢k, and positive rational numbers fi, ..., fi (all depending on A) such
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that
k k

(2.8) Ag(t) = Area(A)t* =2t > ¢;B(fit) + t . cjlz(fjt) + Oa(1).
j=1 j=1

Furthermore, when A is an origin-star-shaped polygon, the c; can be taken to all be
positive.

Proof The proposition follows immediately by using Lemma 2.8 to decompose A
as a signed sum of fitting triangles, and then applying Corollary 2.7 to each of those
fitting triangles T (taking c¢; = +¢(7T) from Corollary 2.7, depending on the sign at-
tached to 7 in the decomposition of A). [ ]

The following theorem results from a careful examination of P4 (¢), which can be
related to the solid angle sum A 4 (¢) using the Mébius function as in the proof of
Proposition 2.2.

Theorem 2.10 Let A be a rational polygon. There exist a positive integer k, rational

numbers 11, . .., 1, and positive rational numbers fi, ..., fi (all depending on A) such
that

k
(2.9) Ea(t) = Y riEa(fjt) + O(1),

j=1

where the implicit constant may depend upon A. Furthermore, if A is an origin-star-
shaped polygon, then the r; can all be taken to be positive as well.

Remark  Theorem 1.2 follows immediately from Theorem 2.10 in light of the known
upper bound (1.5). In addition, Theorem 1.4 follows immediately from the combi-
nation of Theorem 2.10 and Theorem 1.5; the latter theorem is proved in the next
section. Finally, we note that Theorem 2.10 automatically implies the generalization
of Theorem 1.5 where the isosceles right triangle A is replaced by any rational origin-
star-shaped polygon A.

Proof We commence by excluding the (non-primitive) origin and using the Mobius
identity (2.3) to write

Ba)= Y wu((mm) Y ud).

(m,n)eZ?~(0,0) d|gcd(m,n)

Interchanging the order of summation (valid since in reality there are only finitely
many nonzero terms) and rescaling (which preserves solid angles),

Pa(=Yud) Y wa((mn)

d=1 (m,n)eZ*~(0,0)
d|m,d|n

ud) Y wial((xy)

(x,y)€Z*~(0,0)

lmwwdiyw%«wm)

N

QU
L

M8

d

d
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by the definition of A 4. We can truncate the outer sum at any real number T >
t diam(A), since for larger values of d, the diameter of £ A isless than 1, and hence £.A
(which contains the origin) cannot contain any other lattice points. Proposition 2.9
now implies

Pﬂ(t)—Zy(d){Area(.A) ot Zc]( t)

da<T

+;]Z=;lez(fj;)+0/{(1)}
 Arca(A)£ z“fi‘j) 2y DI (fj )

d<T j=1 d<T

Yy ) ( )+oA( > I#(d)l)

j=1 d<T d<T
= Area(A)t (+O( )) ZthJZH(d) ( )
j=1  d<T d
Y Y ”( ) 0.(T).
A g

Aslongas T > fjt, the inner sum on the last line equals 0 if fj ¢ Z and ¢(fjt)/(fjt) <
Lif f;t € Z, and therefore this simplifies to

Pu(t) = —Area(./l)t ZthJ > y(d)
j=1  d<T d

(fJ )+OA(T)

when t < T. Using Proposition 2.2, we can rewrite the above in terms of Ex(t) to
obtain

(2.10) Pu(t) = Area(A)—t +Z f]EA(f]t)+OA(T)
j
for any T > t max{1, diam(A), fi,..., f}.

The number of integer points on the boundary of £A is O 4 (), since t.A has finitely
many sides each of which haslength O 4 (). Consequently, the difference between the
solid angle sum and the ordinary count of lattice points satisfies P4 (t)—#(tAnNP) <4
t, and therefore equation (2.10) implies

Ea(t) = #(tA N P) - Area(A) - 2
T

6 k 2¢;
:]P’A(t)+OA(t)—Area(.A);t2—Z f]EA(f]t)+O(T)
j=1J]
Upon setting T = t max{1,diam(A), fi,..., fg} and rj = 2¢;/fj for each 1 < j < k,
the theorem follows. [
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3 Linear Combinations of E,

In this section, we prove Theorem 1.5, showing that positive rational linear combina-
tions of scaled copies of the totient error function E» have oscillations as large as those
known for E, itself. We begin by recalling some of the components of Montgomery’s
argument [10] establishing the oscillations of E,, after which we describe the strategy
that leads to our modifications.

Definition 3.1  Define

6

- X
2

R (x) Z (p(l’l)

n<x

Montgomery [10, Theorem 1] showed that the totient error function is closely con-
nected to the above weighted error.

Lemma 3.2 (Montgomery) E,(x) = xRo(x) + O(x exp(—c\/logx)).

Definition 3.3  Define

)= -3 ) M(d) (d))

dlq

where the sawtooth function B(x) was defined in Definition 2.1, and

Clg.0) = K(g ) S ] (1- )

2
pla p

Lemma 3.4 If b is relatively prime to q, then

K(gb,ab)= 3 L(ddl)
didy=b 1

K(q, (Xdz).

Proof Since every divisor of gb can be written uniquely as a divisor of b times a
divisor of g,

y(d) ab u(a ab
K(gb,ab) = -
2P 2R SO
ﬂ(ﬂ)
-2 HOK( ),
alb
which is equivalent to the statement of the lemma. [ ]

The above quantities appear [10, Lemma 4] in a key part of Montgomery’s argu-
ment, which displays a bias in the values of Ry sampled on an arithmetic progression.

Lemma 3.5 (Montgomery) There exists a positive real number ¢ such that if « is a
non-integral real number with 0 < « < g, then
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N
> Ro(nq+a) = C(q,a)N + O(N exp(~cy/logN))
n=1

uniformly for q < e°V1°8N,

The proof of Lemma 3.5 is based on the following ancient identity due to Raabe [15]
for a sum of B(x) over an arithmetic progression of points: for all real numbers x,
! ]
B\x + =) =B(Jx).
- B(x + ) = BUx)

J

The relevance to the problem at hand is due to the fact [10, Lemma 1] that

Ry(x) ==Y @B(f) +0(1).

d<x d

To exploit Lemma 3.5, Montgomery chose & = g/4, so that for all divisors d of g
the quantity B(«/d) equals 1, with the sign depending only upon the residue class
of d modulo 4. On the other hand, he chose g to be the product of many primes
congruent to 3 modulo 4; for any divisor d of this g, the residue class of d (mod 4)
depends only on the number of prime factors of d. With these choices, the sign of
B(a/d) correlates exactly with the sign of y(d), making the quantity K(q, «) large
in absolute value. Choosing a = 3q/4 instead again makes K (g, a) large but with the
opposite sign.

One of our key observations is that we can work modulo a suitably chosen prime
P rather than working modulo 4. Instead of choosing g to be the product of many
primes congruent to 3 (mod 4), we instead choose g to be the product of many primes
that are quadratic nonresidues modulo P. The sign of B(«/d) will not be perfectly cor-
related with p(d), but there will be enough of a systematic bias in the signs of B(a/d)
(due to the imperfect distribution of quadratic residues and nonresidues modulo P)
that we can still force K(g, &) to be large in absolute value. If we choose the prime
P carefully, we can even force all of the different K(qb;, ab;) to be large in absolute
value and have the same sign.

We introduce the following function, whose oscillations we will want to establish.
For the rest of this section, we use boldface variables such as a to indicate the depen-
dence of various quantities on k-tuples (ay, ..., ax) of variables.

Definition 3.6 Given real numbers ay, ..., ax and by, .. ., by, define
Ga’b(x) = alRo(bl.X) + e+ akRo(ka).

The starting point of our modification of Montgomery’s method is the following
easy consequence of Lemma 3.5.

Lemma 3.7 Letay,...,apandby,..., by > 0 be real numbers. There exists a positive
real number c such that if « € (0,q) is a real number such that none of the ab; is an
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integet, then

N k
Z Gap(ng+a) = NZajC(qu,ocbj) + Oa,b(Nexp(—c\/logN))

n=1 j=1
uniformly for max{by,..., by} <q< ecVIogN.

We now state our oscillation result for G, p, after which we show how Theorem 1.5
is implied by it. Thereafter, our only remaining goal will be to establish this proposi-
tion.

Proposition 3.8 Letay,...,a; and by, ..., by be fixed positive integers. There exists
a constant K, p > 0, and sequences Qnp < eV logN 4nd 0 < ay, ay < Qn,p defined for
positive integers N, for which Q. p tends to infinity with N and

N

> Gap(nQuyp + @) = kapNv/loglog N + Oy (N),

1

z 3

Gab(nQnp + ay) = —KkapNy/loglog N + O, (N).
1

n

Proof of Theorem 1.5 assuming Proposition 3.8 By Lemma 3.2,

k k
S riEa(sjx) = x Y rjsiRo(sjx) + Oy (x exp(—cy/log x)).
j=1 =t

Let D be the least common denominator of the rational numbers sy, ..., sk, and set
aj = Dyrjsjand bj = Dss. Replacing x by Dsx, we obtain

k
3.1 Z 1iEx(sjDsx) = xGap(x) + O,,s(x exp(—c\/logx)).
=

Let 0 < € < Ka,p. If there were to exist a real number xq such that G, p(x) < (ka,p —

¢)y/loglog(Dsx) for all x > xg, then we would have

N
Z Gap(nQn + ay)
n=1

< (Kap — s)N\/loglog(Ds(NQN +a3)) + O(xo [nax Gap(1))
1
= (Kap — s)N(\/loglogN + 05(7)) + O¢ap(1)
\/logN
by the bounds 0 < af; < Qu p; for large N (and hence for large Qyp), this would con-

tradict Proposition 3.8. Therefore, no such xy can exist, in which case equation (3.1)
implies that there are arbitrarily large values of x for which

k
3 1iEa(5jDsx) > x(kap — €)\/loglog(Dsx) + Oy s(x exp(—cy/logx)).

Jj=1
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In other words,

rnEx(six) + -+ 1 Ea(six K
fmsup TEAGE) - REA() | Kan

x—>00 x+/loglog x Dy

and the analogous argument using the values G(nQy + ay;) gives

liminf nEas(s1x) + - + rpEa(sgx) < _ Kab ,
x—00 xy/loglogx Dy

completing the derivation of Theorem 1.5 from Proposition 3.8. [ ]

Before addressing Proposition 3.8 directly, we record some preliminary facts about
the distribution of primes in residue classes and the associated L-values.

Lemma 3.9 Let P = 3 (mod 4) be a prime exceeding 3, and let y;(-) = (3) denote
the quadratic character modulo P. Then the class number h(-P) of the field Q(~/-P)

equals
VP 15
h(-P) = 7L(1,X1) =5 > ax(a).
a=1

Proof These results are classical; see, for example, [3, Chapter 6, equations (15) and
(19)]. ]

Lemma 3.10 Let P = 3 (mod 4) be a prime exceeding 3. If y, denotes the principal
character (mod P), then

I1 (1+ XOI()P)) = cpy/logy + Op(1),

p<y
B

where

e? P-1 )
52 G L)

On the other hand, for any nonprincipal character y (mod P),
x(p)
| | 1+ =) <plL

p<y

()=

1/2

Proof Again,let y;(-) = (;) denote the quadratic character (mod P). For any char-
acter y (mod P), we can write

X(P) VY _
63 (11 (1+7)) =

p<y

(3=

H(l—@)_ll—[(l— X(P)Xl(P)) I (1_ XZ(P))'

2
p<y p Py P p<y P

(-1
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The last product is absolutely convergent uniformly in P; indeed,

[T -2 11 (1+4)

p>y P’ P>y p?
(B (=
1 147! 1
< 1+ =)< 1-—) =1+ —,
Hy( nz) Hy( nz) (7]

and so the last product equals gy (1-x*(p)p2)(1+O( % )) and, in particular, is
uniformly bounded. When y is nonprincipal, we know [11, Theorem 4.11(d)] that

1l (1_X<pp>)‘ 1000+ 0y=) =10 1+ 0r(-)).

since L(1, x) # 0 [11, Theorem 4.9]. (Better error terms are available but are not rele-
vant for us.) In particular, when neither y nor yy; is principal, the first two products

on the right-hand side of equation (3.3) are L(1, x) (1+ Op( lo;y ))and L(L, yy1) '(1+

(0] p(@)), respectively; in particular, both are <«<p 1. This estimate establishes the

lemma when y is neither principal nor equal to y;.

When y = yi, the first and third factors are still bounded, while the second fac-
tor now actually diverges to 0, and hence, in particular, is still bounded. Finally,
when y = yo is principal, the second factor converges to 1/L(1, y;) = /P/mh(-P)
by Lemma 3.9, while the first factor on the left-hand side of equation (3.3) is

m-22) -1(-)

Py p psy P
p=P
= P; ! (e logy)(l + O(lo;y))

by Mertens’s formula [11, Theorem 2.7(e)]. This asymptotic evaluation of the right-
hand side of equation (3.3) establishes the lemma when y is principal, indeed with

the stronger error term Op(———). ]

Vl1ogy

We can now define the modulus Qy 1, appearing in the statement of Proposition 3.8,
in terms of a companion prime Py,

Definition3.11 ~ Let Py, be the smallest prime in the residue class P, = —1 (mod 8b; ... by).
Note that P, = 7 (mod 8), and so -1 is a quadratic nonresidue (mod Py), while 2 is a
quadratic residue (mod Py). Furthermore, if p is any odd prime dividing one of the
b, then by quadratic reciprocity [12, Theorem 3.1], we have, since Py, = 3 (mod 4) and

Py = -1 (mod p),
(PLL) _ (_1)<p—1>/z(%) _ (_1)@—1)/2(‘;1) -1

Therefore each prime dividing every b; is a quadratic residue (mod Py).
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Now define, for any integer N > 1,

QN,b = H P,
p<cy/log N
(£)=-1

where c is the constant from Lemma 3.7. Since

logQnp = Y, > logp= Y 6(c\/logN;Py,a),

1<a<Py <, /logN 1<a<Py
(Pb) ’lp a (mod Pp) (ﬁ)=’1

where the sum on the right-hand side is over ¢(Py)/2 reduced residue classes mod-
ulo Py, the prime number theorem for arithmetic progressions to a fixed modulus
(see [11, Corollary 11.21]) implies that

log Qn,p ~ 7c\/logN

In particular, Qu,p tends to infinity with N, and Qnp < eVIogN ywhen N is large
enough.
Note also that Qy is squarefree and relatively prime to Py, and to each bj, since

every prime p | b; satisfies (P%) = 1. Finally, note that any divisor d of Qu,p has
the convenient (and, for us, crucial) property that (Pib) = u(d), since both quantities
equal (-1)*{rld},

Lemma 3.12 Forany1<b <P -1, we have

1 I

d=b (mod Py)

where cp was defined in equation (3.2).

Proof From the orthogonality of the characters modulo Py,

1 1

x(d)
> o= > i) Y
dae, 4 Pb‘lx(modm 4iQup
d=b (mod Py)
1 _ x(p)
=—— > i) [T (1++=
Py =1 (mod py) p|QN,h( p )
1

_ (p)

s (A2

Pb_lx(modPh) pgc\/@( p )
@)

1
=7 lch\/log(c\/logN) +0p,(1)
Y —

by Lemma 3.10. The statement of the lemma follows upon noting thatlog(cy/log N) =
3 loglog N + O(1). ]
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Lemma 3.13  For any integer m that is not a multiple of Py, and for any integer N > 3,

K{Qun, ) = (3) (S2) St gTog N+ (),

Remark  The exact value of the leading constant is not as important for us as the
fact that its dependence on m is only in the term ( B ) so that the sign of the leading
constant depends on whether m is a quadratic re51due or nonresidue modulo Py,.

Proof By Definition 3.3 and the coincidence between the Legendre symbol and the
Mobius function on divisors of Qyp (as noted at the end of Definition 3.11), we have

Q d Q
—K(QN,b’mP:b) d%: 14( ) (mdpjzb)

d\1 - mQy,
i d%;v,b (R)EB( mdPIZb)

- 2 PR )
(mQNb) bZ( ) (Pb) 5

a=1 d|Qn,p
mQNYhdflzu (mod Pp)

SHE

The last congruence is equivalent to d being in the reduced residue class mQy pa™! (mod Py),
and so Lemma 3.12 applies:

- K(QN,b, mng’b )

(mQNb) :Z:: (P.,) (gb)(\/‘(;b )VloglOgN+Ob( ))

mQn,p )
= : loglog N Op(1
("5) ey Viowtos 5 (5)s(2) - 0t
By the definition of the Bernoulli polynom1al B, this sum equals
Blg a 1 B3 osa 1%/ g
(R4 5 )
ast \Po/ AP Py o5 \Py/ 2 a5 \Bp

by Lemma 3.9, which completes the proof of the lemma. [ ]

We now have all the tools we need to establish Proposition 3.8 and hence our main
theorems.

Proof of Proposition 3.8 Given a sufficiently large integer N, define two numbers
m*Qn,p
Py

where the integers 1 < m* < Py —1satisfy m* = +Qy p (mod Pp); note that none of the
numbers aj;b; is an integer, since neither Q. nor any of the b; is a multiple of the

+ _
aN =

>
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prime Py. Since we confirmed in Definition 3.11 that Qn,p < eV logN e can invoke

Lemma 3.7:
N
> Gap(nQuyp + ay)
n=1
k
N> a;C(Qupbj,anb;) + O(Nexp(—c\/logN))
j=1

K(QNbb],och)ﬂ I (1-%) + O(N).

plQNbb;

=N

M»

-
Il
—

As noted in Definition 3.11, each b; is relatively prime to Q. Thus, by Lemma 3.4
with our choice of a};,

N _1 k

3 Gap (nQup + ) = MM+*NT107ﬂ >4

n=1 plQNb

N IRRY u(dr) m*d,Qn,b
1040 3 H@xfou, =40m)

2
lb; p did, Py

By Lemma 3.13,

N
Z Ga,b(”QN,b + ‘x]i\l)

n=1

-1

-0+ SN T (1- %) S o T (- )

2
PlQnb J=1 plb; p

y(dl)((mpjz)(QNb) cp,h(~ Pb)\/m+0b(1)

dreb;, V2(Py -1

As noted in Definition 3.11, every prime dividing b; is a quadratic residue modulo P,
which implies that (dz) = 1 always. Moreover, m* = Qu,p (mod Py), so the product

of Legendre symbols ( )(QN ®) equals 1; on the other hand, since -1 is a quadratic

nonresidue modulo Py, the product of Legendre symbols ( )(QP?) equals —1. Con-
sequently,

N

. Gap(nQup + ay)

n=1

Cp, k
:i; \/i](/l}() P) Ny/loglogN [] ( ) > a;

2lQn,b p j=1

XH(1-i)_ > ”(dl +O(N).
bj

2
lb; p dydy=

( ) _

The last sum equals 3 5, _' , which when multiplied by the preceding prod-

uct becomes [T, (1 + p) 1. In addition, by the same argument as in the proof of

https://doi.org/10.4153/50008439520000090 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439520000090

Primitive Points in Rational Polygons 869

Lemma 3.10,

147! 1,1 1
P\lQ—sz,b(l_?) :(}f;l)—!—l(l_pz) +O(ﬁ)‘

We therefore see that we have established the proposition with

6 Cpbh( Pb) -1
3.4 ab =
(3.4) Ka,b TIZ\/_(Pb—l)(H ( ) ]Z;W}l—h[( P)
~ e’23:/2 h(_pb)l/2 -1/2 k -1
R Pl/4m(#l)—£_ ( P2 ) JZI“]}E(1+I))
by the definition (3.2) of cp. ]

Remark  The condition that all of the a; are positive is used here only to ensure that
this last line is non-zero. In the case where the a; may be arbitrary, and thus where
the innermost sum in equation (3.4) may equal 0, it is possible that modifying Qn.
and the above argument could prove the totient independence for any coeflicients;
however, we succeeded in getting this to work only when k < 3.

It is interesting to note that the methods of [2], which handle primitive points in
planar convex regions that have nowhere-vanishing Gaussian curvature, involve the
analysis of zeta functions and thus are quite different from the present methods.
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