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Abstract

The Erd6s-Simonovits stability theorem is one of the most widely used theorems in extremal graph theory.
We obtain an Erdés-Simonovits type stability theorem in multi-partite graphs. Different from the Erd6s-
Simonovits stability theorem, our stability theorem in multi-partite graphs says that if the number of edges
of an H-free graph G is close to the extremal graphs for H, then G has a well-defined structure but may
be far away from the extremal graphs for H. As applications, we strengthen a theorem of Bollobés, Erdds,
and Straus and solve a conjecture in a stronger form posed by Han and Zhao concerning the maximum
number of edges in multi-partite graphs which does not contain vertex-disjoint copies of a clique.
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1. Introduction

Given graphs G and F, if G does not contain a copy of F, then we say that G is F-free. We call an »-
vertex F-free graph with maximum number of edges an extremal graph for F. Turan [22] showed
that the n-vertex complete (t — 1)-partite graph with part sizes as equal as possible, denoted by
T(n,t — 1), is the unique extremal graph for K;, where K; is the complete graph on ¢ vertices.
Over the following decades, determining the extremal graphs for a given graph (possibly under
additional constraints) has developed into one of the central topics in extremal combinatorics.

In this paper we study a multi-partite version of Turan’s problem: we consider F-free subgraphs
of Ky, n,» the complete r-partite graph with parts of sizes ny, ..., n, and n; > - - - > n,. Denote
by ex(ny, . . ., #y, F) the maximum number of edges in an F-free subgraph of K, .. Throughout
the paper, we write V = (V7, ..., V;) for the vertex partition of K, _,,, where | V;| = n; for each i.

Research on extremal problems in multi-partite graphs can be traced back to the work of
Zarankiewicz [23] on ex(n, n, Ky). Later, Kovari, S6s, and Turan [15] gave an upper bound
of ex(n, n, Ks¢). The above two results are strongly connected to the Turan numbers of bipar-
tite graphs. Very recently, based a quantitative variant of the random algebraic method, Conlon
[5] gave good lower bounds for ex(n, m, K;;) when #n, m satisfy some additional conditions. For
related topics of the Zarankiewicz problems, we refer the interested readers to [5] and references
therein.

Beyond bipartite settings, extremal problems in multi-partite graphs have been extensively
studied from both edge and degree perspectives. Bollobas, Erdés, and Szemerédi [2] showed that
if the minimum degree in a 3-partite graph with sizes #, n, n is at least n + 1, then it contains
at least min{4, n} triangles. This problem has since been thoroughly explored, often through its
equivalent formulation in terms of independent transversals; see [12-14, 21].
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We now turn to edge extremal problems for non-bipartite graphs. Bollobds, Erdés, and Straus
[1] determined ex(n;,. .., #n,; K¢) for r > t. A natural candidate for extremal graphs is to take
a partition of the r parts into (¢ — 1) groups and consider the induced complete (t — 1)-partite
subgraph. This motivates the following definition.

Let G be a graph with a vertex partition P = (P, . . ., Ps_1). We define G[P] to be the spanning
subgraph obtained by removing all edges within the parts of P; that is,

t—1 P
E(GIP])=EG\ | (2)
i=1

Equivalently, G[P] is the intersection of G with the complete (t — 1)-partite graph on V(G) with
parts P.

Now fix integers r >t > 3, and let V= (Vy,..., V,) be the partition of the vertex set of the
complete r-partite graph Ky, n,, with |Vi|=n; and n; > ... >n,. Given a (¢ — 1)-partition
Q=(,...,Ii—1) of the index set [r] :={1,. .., 7}, we write Pg = (V1,,..., V],_,), where Vj:=
Uicr Vi- Then K, n, [Po] denotes the complete (t—1)-partite spanning subgraph formed this
way.

We define

.....

f(nl) IR nr; 1) t) = mQaX e(Knl ..... ny [PQ]))

where the maximum is taken over all partitions Q of [r] into (—1) parts. For example, f(n +
1,n,n,1,3) = (n+ 1) x 2n. This is achieved by the partition Q = ({1}, {2, 3}), where the subgraph
Kit1,n+n has (n 4 1) x 2n edges.

Bollobas, Erdés, and Straus [1] showed that these constructions are optimal for avoiding K; in
the multi-partite setting.

Theorem 1.1 (Bollobas, Exrdds, and Straus [1]). Let r > t > 3. Then
ex(ny,...,n, K)=f(ni,...,n, L t).

Any partition P of V(Ky,,.  »,) (it is possible that P # Pg for any (¢t — 1)-partition Q of [r],
see Theorem 1.12) achieving the maximum in Theorem 1.1 is called an extremal (t—1)-partition.
Our first theorem shows that the extremal graphs in Theorem 1.1 are all (t — 1)-partite.

Theorem 1.2. Let r >t and ny, . . ., ns—1 be sufficiently large. Each extremal graph in Theorem 1.1
is of form Ky, .. », [P, where P is an extremal (t — 1)-partition for K, n,.

,,,,

In Section 1.1, we will provide a precise structural characterization of the extremal graphs in the
Bollobas-Erdés—Straus theorem (see Theorem 1.12).

We will also consider the extremal problem for kK}, the disjoint union of k copies of K;. Chen,
Li, and Tu [4] determined the value of ex(n1, n3, kK>). Later, De Silva, Heysse, and Young [20]
extended this to the general problem of determining ex(n;, ..., n,, kK;) for r > t. To prove a
lower bound on ex(n, ..., n,, kK;) for r > t, Han and Zhao [11] constructed a kK;-free graph
by starting from K, . [Pg] and adding all possible edges incident to k — 1 fixed vertices in
some part V;, where Q is a (t — 1)-partition of [r]. They showed that this construction is optimal
for ex(ny, ny, n3, ng, kK3) when ny is sufficiently large.

For any I C[r], define m;=minjern;,ni=>y
maxjeg (ny — my). Define

iy Ni- For a partition Q of [r], let ng =

f(ny, ..., 0k t):=max { (k— 1)ng + Z ninyp ¢
Q I£I'eQ
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where the maximum is over all partitions Q of [r] into ¢ — 1 parts.

Conjecture 1.3. Let r >t > 3 and k > 2, and suppose ny, . . ., n, are sufficiently large. Then
ex(ny,...,n, kKy) =f(ny, ..., 0.,k t).

Note that if n; < k — 1 for some i € [r], then it is possible that there is no graph corresponding
to f(ny,...,n., k, t). Hence, we introduce the following family of graphs. Let H be the set of all

.....

by adding all edges incident to k — 1 fixed vertices. Define
glny,...,n., k t):=max{e(F):F e ’Hk_l}.
We will prove Han and Zhao’s conjecture in the following stronger! form.
Theorem 1.4. Letr >t >3 and k> 2, and ny, . . ., ny_ are sufficiently large. Then
ex(ny,...,n, kKy) =g(ny, ..., 0.k t).

Moreover, every extremal graph is obtained from Ky, ., [P] by adding all edges incident to k — 1
fixed vertices for some (t—1)-partition P.

Theorems 1.2 and 1.4 follow from our stability theorem (see Theorem 1.17 later).

Remark 1.5. In Theorem 1.4, some extremal graphs for kK; are not obtained by adding edges
to an extremal (t—1)-partition. For example, let K =K, ., with parts Vi,..., Vs, where n; =
np=m+1and n3 = - - = ng = m for large m. One extremal graph for 3K3 is obtained using the
partition P = (V1 U V, U V3, V4 U V5 U Vi), which is not an extremal 2-partition.

1.1 Near-extremal configurations

To state Theorem 1.17, we first describe the structure of graphs that are close to extremal.

We begin by presenting an instructive phenomenon: in a multi-partite graph K,
free subgraph G that is nearly extremal in terms of edge count may still differ significantly from
any extremal graph for H. Such a graph G may closely resemble a structured form like Ky, ».[P],
where P is a partition with a certain recognisable pattern - but the structure of P may not close
any extremal configuration.

To illustrate this phenomenon, we consider the case H = K3 and use the multi-partite host
graph K11, as an example; see Example 1.6 and Figure 1.

Example 1.6. Let n be a positive integer. Consider the host graph Ky, 1,5, with parts (V1, V2, V3). By
Theorem 1.12, the subgraph Ky1,nn[(V1, V2 U V3)] is the unique edge-maximum Ks-free subgraph
of Kn1,n,n. However, for any partition V3 =V} U V3, the graph Kyi1n4[ (V1 U V3, Vo, U VZ)] is
also Kz-free, and its number of edges is close to that of Ky41,4,x[(V1, V2 U V3)].

In the near-extremal? partition P = (V; U V3, V2 U V3) from Example 1.6, the set Vj is split
across both parts of P, whereas V; and V3 lie entirely within one part. To describe such behaviour
in general, we now introduce the notions of partial and integral sets with respect to a partition.

We say that a vertex partition of a graph is proper if there are no edges within any partite set.
Let V=(Vy,..., V,) be a fixed proper vertex partition of a graph G, and let P = (P, ..., P;_1)
be a vertex partition of a subset of V(G). Given a pair (V, P),” we make the tollowing definitions:

Definition 1.7 (partial and integral). We say that a part V; is integral in P; (or simply integral) if
Vi C P}, and partial in P; (or simply partial) if V; N\ Pj # () but V; Z P;.

'We only require n,_ to be large, and we also characterise all extremal graphs.
2In the sense of the number of edges of Ky,11,1,,[P].
3Throughout the paper, we always assume that V is a proper partition.
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Extremal Near-extremal

Kn+l n,n {Vvl ‘/2 U ‘/3} n+l n,n {Vl U ‘/5 ‘/2 U V32}]

Figure 1. Illustration of Example 1.6.

Figure 2. A hypothetical configuration with multiple partial sets.

Definition 1.8 (partial and integral part). For each P; € P, define the integral part of P;, denoted
Iy (P)), to be the union of all V; such that V; C P;. Deﬁne the partial part, denoted PV(P) to be the
union of all non-empty intersections V; N P; for whzch Vi Z P;.

When the reference partition V is clear from context, we omit the subscript. We say that P; is
integral with respect to V' (or simply integral) if I(P;) = Pj, and partial if P(P}) # (.

For the pair (V, P) = ((V1, V2, V3), (V1 U V31, VU Vf)) in Example 1.6, the sets V; and V; are
integral in their respective parts of the partition, while V3 is partial in both.

This example suggests a typical near-extremal configuration, where most partite sets are
entirely contained in one part (integral), and only a small portion (e.g., V3) is split (partial). A nat-
ural question is whether all near-extremal configurations follow this structure, or whether more
complex patterns with many partial sets can also occur - such as the one illustrated in Figure 2,
where V; = Vi1 U Vi2 for each i € [3].

While Figure 2 illustrates a hypothetical configuration with many partial parts, such complexity
is rarely seen in actual near-extremal graphs. In practice, even though several partial sets may
appear globally, the structure tends to be more controlled: each part typically contains at most
one partial V;. This observation motivates the following definition, which captures the structured
nature of near-extremal configurations.

Definition 1.9 (1-partial). A partition P =(Py,...,Pi_1) is said to be 1-partial to V=
(V1, ..., Vy) (or simply 1-partial) if each part P;j contains at most one set V; that is partial in P;.

Beyond this structural simplicity, we also observe a balance in sizes: integral parts tend to be of
similar size, and partial sets are generally no larger. In other words, near-extremal partitions are
not only simple in structure but also well balanced in size.
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do):

Figure 3. Apartition ? = (P, ..., Ps) thatisstableto V = (4, ..., Vi3).
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We formalise this idea with the following definition of M-stable partitions.
Definition 1.10 (M-stable). Let r > t > 3 be integers. Given a (t — 1)-partition P = (Py, ..., Pi_1)
and an r-partition V = (Vi,....V,;). Let m = mine[s—1] [I(P;)|. We say P is M-stable to V, if the
followings hold,
o Pis1-partialto V,
o |I(P;)] <m+ M if P;is partial,
o |Vij| <m+ M if V;is partial,
o |Pj\ Vil <m+ M if V;is integral in P;.
In particular, if M =0, then we simply say that P is stable to V.
Figure 3 below provides a concrete example of a stable partition.

Remark 1.11. In Figure 3, the partition P is stable to V. Specifically:

o Vi,..., Vyp are integral;
o V11 and Vj, are partial;

o« [Vil=|Val=m, |V3]=07m, |V4=|Vs|=|Vs|=04m, |V;|=|Vs|=]|Vo|=m/3,
[Viol = | V11l = | V12| = 0.3m.

We now apply the stable structure defined above to describe the extremal configurations in
Theorem 1.1. To make this precise, we introduce the notion of normalisation: given a partition
P, its normalisation, denoted N'(P), is the set of partitions obtained by moving all vertices of
each partial V; into a single part P; that already intersects V;. The extremal graph structure in
Theorem 1.1 is fully characterised by Theorem 1.12.

Theorem 1.12. Let r >t > 3 and V be a proper r-partition of Ky,
extremal (t — 1)-partition for K, . . if and only if

n,- A (t — 1)-partition P is an

.....

o Pisstableto)V and
o each partition in N'(P) is still an extremal (t — 1)-partition for V.

1.2 Stability results

Stability is a central concept in extremal graph theory. A classical theorem of Erdés and
Simonovits [6, 7, 19] shows that any graph with nearly extremal edge count and forbidden sub-
graph F must resemble an extremal configuration. These stability results have been widely applied
in various areas, such as determining extremal graphs and addressing supersaturation problems.
For example, Erdés and Simonovits [8] applied their stability theorem to determine the
extremal graphs for Kj,,, while Mubayi [16], Pikhurko and Yilma [18] used it to investigate
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supersaturation problems, specifically determining the minimum number of copies of a forbid-
den graph F in an n-vertex graph H with ex(n, F) 4+ q edges, where ex(n, F) represents the extremal
number of edges for F. These theorems are particularly useful when considering extremal prob-
lems for non-bipartite graphs, extending far beyond Turan-type problems. While we do not aim
to list all applications of these results, it is clear that such stability results are essential tools in
extremal graph theory.

As a starting point, we recall the classical result by Erdds and Simonovits to motivate our multi-
partite version of stability (see Theorems 1.15 and 1.17).

Let Kj = T(st, t). Erdés and Stone [9] showed that the extremal graphs for K} have e(T(n, t —
1)) + o(n?) edges. In 1968, Erdds and Simonovits [6, 7, 19] proved the following well-known
stability theorem.

Theorem 1.13 (Erd6s-Simonovits Weak Stability Theorem [6, 7, 19]). Let F be a graph with
chromatic number t > 3. Then every F-free graph on n vertices with e(T(n,t — 1)) — o(n?) edges
contains a (t — 1)-partite subgraph with e(T(n, t — 1)) — o(n?) edges and can be obtained from an
extremal F-free graph by changing only o(n*) edges.

Building on the classical weak stability result, we now consider a similar concept for multi-
partite graphs. The following definitions will be crucial in establishing weak stability results in the
multi-partite setting.

For a vertex set X € V(G) and a partition P of V(G), we define:

Pxiz (Pl \X, e nPt—l \X)

Given a, b € (0, 1), we use a < b to denote that a < bV for some sufficient large constant N. Let
A A B stand for the symmetric difference of the sets A and B. Given two graphs H and F on the
same vertex set, we say F is M-close to H for some M, if every vertex v satisfies [Ny (v) A Nr(v)| <
M.

Definition 1.14 ((X, €)-stable). Given integers t,r,ny,...,n, withr>t>3,n,>--->n,. Fora
given spanning subgraph G of Ky, n,,let P=(Pi,...,Pi_1) be a (t — 1)-partition of V(G) and
V= (Vy,...,V,) be the proper r-partition of Ky,, . We say P is an (X, €)-stable partition for
some constant 0 < € < 1, if there exists a vertex set X C V(G) with |X| < eny_; such that

o G—Xisens_y-close to Ky,
o Px is stable to Vx.

n, [Pl — X and

.....

We now establish a stability result for near-extremal subgraphs of multi-partite graphs.
Theorem 1.15 shows that any such graph G admits a well-structured partition P.

Theorem 1.15 (Weak Multi-partite Stability Theorem). Let F be a graph with chromatic number
t > 3, and let G be an F-free subgraph of K, ., wheren; > --->n, andr > t. If

e(G)=f(ny,...,n,1,t) — o(n?_l),

then, after removing o(nf_l) edges, G admits a (t — 1)-partition P = (P, . . ., Py_1) that is (X, o(1))-
stable with |I(P; \ X)| = (1 — o(1))n;—1 for alli € [t — 1].

Remark. Different from Theorem 1.13, our Theorem 1.15 shows that there exist graphs H with
x(H) =tsuch thatife(G) > f(ny,...,n,1,t) — 5”?—1’ then G may be far away from the extremal
graph for H, see the Example 1.6.
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Erdés and Simonovits essentially got a more detailed version of Theorem 1.13 when H is an
extremal graph for F.

Theorem 1.16 (Erdés-Simonovits Strong Stability Theorem [6, 7, 19]). Let F be a graph with
chromatic number t > 3. For every 0 < € < 1 there exists a constant 8§ > 0 such that every extremal
F-free graph H with n > 1/8 vertices can be partitioned into t — 1 classes each containing n/(t —
1) + o(n) vertices, and, with the exception of at most c. vertices, each vertex of H is joined to at
most en vertices in its own class and to all but en vertices in the other classes. Moreover, we have
S(H)=((t—2)/(t = 1))n+ o(n).

Following this pattern, we present a stronger structural result for multi-partite graphs, which
is particularly useful in the analysis of extremal configurations. Theorem 1.17 shows that all
the exceptional vertices in an extremal graph can be confined to a constant-sized set Y, while
the remainder of the graph admits a nearly optimal (¢ — 1)-partite structure (see (a) and (c) in
Theorem 1.17). Moreover, each vertex in Y is highly connected across all partition classes, col-
lectively forming a nearly complete (¢—1)-partite graph (see (d) in Theorem 1.17). This makes Y
not a source of irregularity, but a structured and useful component for embedding the forbidden
subgraph F.

Theorem 1.17 (Strong Multi-partite Stability Theorem). Let F be a graph with chromatic num-
ber t > 3 and Ky, ., be a complete r-partite graph with a partition V1 U . ..U V,, where |V;| = n,
nm>...>npand r>t. If G C Ky, is an extremal graph for F, then for any € > 0 there exist
constants §1 K 8, K 83 K € and ¢, p depending on 1, € and F such that if n,_; > 1/8, then

(a) there exists an (X, 8;)-stable (t — 1)-partition P = (Py,...,Pi_1) such that |I(P; \ X)| >
(1 —362)ni— foranyie [t —1],

(b) for each vertex v in Vj, dg(v) > max {Zi# [P\ Vj|:1<t<t— 1} — €ns_1,

n [Py], and

(d) every vertex of Y is adjacent to at least 1/83 vertices of each class of P such that they induce
a complete (t — 1)-partite graph.

(c) there exists a set Y with |Y| < ¢, ¢ r such that G — Y is eny_; -close to K,

.....

The organisation of this paper is as follows. In Section 2, we introduce some lemmas. In
Section 3, we present the properties of extremal graphs for Ki and prove Theorem 1.12. In
Sections 4 and 5, we give the proofs of Theorems 1.15, 1.17, 1.2, and 1.4.

2. Preliminaries
2.1 Definition and notation
Recall that we mostly consider r-partite graphs with a proper partition V= (V1,...,V,). Let V=
(Ji_; V. For given integer a, let V<, be some V; with i < a. Similarly, we define Vitas Viza- Let x
be any vertex of a given graph G and A be a subset of V(G). The neighbourhood of x in G is denoted
by Ng(x) ={y € V(G) : (x, ) € E(G)}. The degree of x in G, denoted by dg(x), is the size of Ng(x).
Let N4(x) be set of neighbours of x in A and d(x) = [Na(x)|. Let Ng[A] = (,cs No(x). Given
two disjoint sets A, B of G, let G4—. g be the graph obtained from G by deleting edges incident
with A and adding each edge between A and B. For an independent set A of G, let G4 = Ga— N (w)
where u is a vertex with maximum degree in A.

Given a partition P = (Py, ..., P;_1) of V, we define P A V as a refinement of V:

PAV=(PiNVj:ie[t—1],j€[r]).

Graph Removal Lemma is widely used in extremal graph theory and related topics. We will
apply the following simple form of Graph Removal Lemma.
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Lemma 2.1 (A simple form of Graph Removal Lemma [10]). For every o > 0, s and t > 3, there
is a 8 such that if n > 1/8 and G is an n-vertex K;-free graph then it contains a K;-free subgraph H
with e(H) > e(G) — an?.

The following lemma can be found in the classic book of Bollobas [3].

Lemma 2.2 (Selectionlemma [3]). Let €y, . . ., € be positive numbers, 0 < o < 1 and t be a natural
number. There exists a natural number N =N(ey, . . ., €; a; t) with the following property. For
Vis..o, Vi with |Vi| = n; andAij cV; Withj € [N], lf

1 N )
N j:1|Aij|Z€,’ni for i=1,... .k

then there is a subset T C [N] with |T| =t, such that if S C T then

}mjes Aj

The following proposition will be used when the size differences of V;’s are large.

> (ae;)In; for i=1,...,k

Proposition 2.3. Let 0 <u; <...<u, beintegers and N < Z:il u. If e < (l/m)lom, then there
exists an 1 € e, '"/€] such that either u; < nN or u; > YnN for each i € [m].

Proof. Let O=up <uy <...<uy. If u; < I%N and u;yq > witl/EN for some i€{0,1,...,
m — 1}, then let n = '{/e. Otherwise, we have Y ", u; <m %/eN <N, a contradiction. The
proof of Proposition 2.3 is complete. U

Given a graph G with two partitions V= (Vy,...,V,) and P=(Py,...,P;_1). If P is stable
to V, then P AV has some good properties. We need the following propositions concerning the
properties when P is M-stable to V.

Proposition 2.4. Let P = (Py,...,P;_1) bestabletoV = (V1,..., V;) withr >t > 3, where | V;| =
niand ny > ny > ... > n,. Then |I(P;)| > ns—; for eachi e [t — 1].

Proof. Let m = min;e;—1){|I(P;)|}. Suppose that m = |I(P;)| < n;—1 for some i € [t —1]. If V; is
partial, then by P is stable to V, we have | V;| <m < n;_1,i.e,j > t. Thus Vjisintegral forj <t — 1.
If there are no two of integral V;s in one part of P;, then [I(P;)| > n¢—1 > m, a contradiction. Thus
without loss of generality, we may assume that V; and V; are integral in P;, whence |P; \ V;| >
| V3| > m, a contradiction to that P is stable to V.

Proposition 2.5. Let r > t > 3. Let G be an r-partite graph with a proper partition V = (V1,..., V;)
with |Vi| =njandn, > ... > n,,andlet P = (Py, . .., Pi_1)* be en;_1-stable to V, where 0 < € < 1
is a small constant and n;_ is sufficiently large. Suppose that each class of P AV is of size at least
Jen_y. If a vertex v € Py, N Vg is adjacent to at least dKnl,...,nr (P](v) — eny_y vertices of V\ Vg,
then there exists a j € [r] such that dyp,)(v) > (\/E/4)nt,1for each i #j.

Proof. Let v € P, N Vg be adjacent to at least dKVll,mJlr p](v) — eny_q vertices of V\ Vg, ie, v is

adjacent to at least | U, (Pi\ Vg) | — eny_, vertices of V \ V5.

Similar to the proof of Proposition 2.4, by P is en;_;-stable to V, |I(P;)| > (1 — €)ns_;. Suppose
that v € P, N Vg has less than (ﬁ/ﬁl) ns—1 neighbours in both I(P;;) and I(P;,) with i; # i and
{i1,i2} C [t — 1]. We divide our proof into the following cases.

41t is possible that P is not proper.
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Case 1. Vg is partial in both of P;; and P;,.

Then [I(P;;)| > |Py \ Vg| — ens—1 and |I(P;,)| > |Py \ Vg| — €ny—1 due to P is en;_;-stable to
V. Therefore, v is adjacent to less than

Ui#h,iz (Pi \ Vﬂ)‘ + (ﬁ/z) ne1

= U,-;,éa (P\ Vg)| — 11 (Pi) | = 1T (Pi,) | + [P \ Vgl + (V€/2) ne—y

< Ui#a (Pi\ V)| +ene—1 — I (Py,) | + (Ve/2) ne—s

< Ui#a (Pi\ Vg)| — enes

vertices of V' \ Vg, where the last strict inequality holds by |I(P;,)| > (1 — €)n;_1, a contradiction.
We finish the proof for this case.

If P(P;,) =, then |P(P;,)| < [I(P;,)| — (/€ — €)ne—1 by |I(P;))| > (1 — €)n¢_y1. Suppose that
P(P;,)=P;, NV, #0. Since each class of P AV is of size at least /en;_1, |P(Py,)| < |V, | —
Jen—y < |I(Py)| + ens—y — Jeni—y < |I(P;,)| — (/€ — €)ni—1, where the second inequality
holds by P is en;_;-stable to V. From the above two cases, we have |P(P;)| + |P(P;,)| <
|I(P11)| + |P(Pl1)| - (\/E - E)”t—l = |Pi1| - (\/E - E)”t—l- SImllar1Y3 |P(P11)| + |P(P12)| < |Pi2| -
(€ — €)ns_1. Therefore, we have

IP(P,)| + [P(PL)] + (Ve/2)m—1 < min {|Py], 1P|} — (Ve/&)m_1. )

We continue our proof by the following two remainder cases.
Case 2. Vy is integral in one of P;,, P;,.
Let Vg be integral in P;;. Then @ = i1 and |P;,| = |P;, \ Vgl|. By (1), v is adjacent to less than
U, (B Va) |+ 1P(P)1 + IP(R)1 + (Ve 2y

= U, P\ Ve)| + 1Pal = e/t

=|U, B\ Va)| 10\ Val = (Ve

< U#a (Pi\ V,g)‘ —en_y

vertices of V' \ Vj, a contradiction. We finish the proof of this case.
Case 3. Vg is not partial in one of P;, and P;,, and Vj is not integral in P; and P;,.

Without loss of generality, suppose Vg N P;; =%, i.e., |P;;| = |P;; \ Vgl|, and Vp is not integral
in P;,. Since P is en;_1-stable to V, we have
|Po \ Vgl < |I(Pi,)| + €np—1 = [Py, \ Vg| + €n—y.

By (1), v is adjacent to at most
U, (B VE) + 1P+ 1P(P) 1+ (VE/2) i

= ‘Ul?bil,iz (Pl \ Vﬂ)’ + |Pi1| - (\/5/4) ny—1
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- U: (Pi\ Vﬂ)‘ — Py \ Vgl — (Ve/4) n—

IA

U:;ll (Pi\ Vﬂ)‘ —|Po \ Vgl — (Ve/4—€) ni—y

< U#a (Pi\ V,g)‘ —€ny_y

vertices of V'\ Vg, a contradiction. Therefore, there exists a j such that dyp,(v) > (V€/4)n;—
holds for each i # j. We finish the proof of Proposition 2.5. O

Lemma 2.6. Let r > t > 3. If the partition P = (Py, ..., P;_1) is M-stable to V = (V1, ..., V;) and
each class of P AV is of size at least 4trM, then there exists a set Z with |Z| < 3trM such that Py is
stable to Vy.

Proof. Let P1, P,, . .., Ps be the partial classes and Py 1, Psy2, . . ., P1—1 be the integral classes of
P.Let m = min{|I(P;)| : i € [t — 1]}. Since P is M-stable to V, we have (a). P is 1-partial to V, (b).
[I(P;)] <m+ M for i € [s], (¢). if V; is partial, then |V;| <m + M and (d). if V; is integral in P;,
then |P;\ Vil <m+ M.

We will find the partition P =(P},...,P;_;) such that P} CP; and min{|I(P})|:i€ [t —
1]} = m.> We first consider partial classes of . By (b), we can take X CI(P;) with | Xf|=m
such that |I(P;) \ Xj'| <M for each i € [s]. Let V; be partial in P; for each i €] C [s]. Then by
(c) we can take Vj* C Vj with |V]-*| = min{m, |Vj|} such that [(V;\ Vj*) NPg|=|Vj| —m <M for
some £ € J. Since each class of P AV is of size at least 4trM, for each i € ] by (d) we can take
Y/ C ijk N P; C P(P;) with [P(P;) \ Y]| < 2M such that |[(X] U Y}") \ V¢| < m for each integral V,
in P;. Let P} = X7 U Y/ for each i € [s].

Now we consider the integral classes of P. Let i > s+ 1 and I(P;)) =P;=V;, U...UV;,. For
o € [£],if |P;| > 4trM + m, then let V;i C V;, such that |V;, \ VZ | = 2M; otherwise, let V;; =V,.
Let Py =V} U... V}. Since each class of P AV is of size at least 4trM, by (d) it is easy to check
that |P;.*\V;Z| <mforanyl <o </.

Let Z= Uf;ll P; \ P}. Then |Z| < 3trM. By (a), P is 1-partial to V. From above all, we see
that Py is stable to Vz. We complete the proof of Lemma 2.6. U

3. Properties of extremal graphs in multi-partite graphs

First we present some properties of the extremal graphs for K; in multi-partite graphs.
Proposition 3.1. Given integers n;>...>n, with r>t. Then f(n,...,n,1,1)>
f(ny,...,n, Lt —1)+ nf_l.

Proof. Let P=(Py,...,P:_3) be a (t — 2)-partition of [r] which attains f(n,...,n,1,t—1).
Thus, by the Pigeonhole Principle, one part of P, say P, contains at least two integers i, €
[t —1].Hence P* = (Py, ..., {i}, Ps\ {i}, ..., Pr—p) isa (¢t — 1)-partition of [r]. Note that n; > n,_;

and nj > ng1. Therefore, we have f(n,...,n,,1,t —1) + nf_l <f(n,...,n, L, t—1)+ ninj <
f(ni,...,n,1,t), where the last inequality holds by P* is a (t — 1)-partition of [r] and the
definition of f(n;, . . ., 1, 1, t). The proof of this proposition is complete. U

Now we present some properties of the extremal graphs for K.

Proposition 3.2. Given an integer t with t > 3. Let G be an r-partite graph with parts V =
(V1,..., V). Suppose that G is Ki-free with two disjoint sets A, B. If G[B] is (t — 2)-partite, then
Ga—>p is also Ki-free.

2I(PY) is Iy« (PF), where V¥ = Vx and X = U,¢(,_ Pi \ P}
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Proof. Suppose for a contradiction that G4_, p contains a copy of K;. Clearly, V(K;) N A is not
empty, as otherwise G contains a copy of Ky, a contradiction. Since A is independent in G4_, , we
have |V(K;) N A| = 1. However, every vertex of A is adjacent to a (f — 2)-partite graph in G4, p.
Thus there is no copy of K; in G4, p. The result follows. U

Proposition 3.3. Given a graph F with x(F)>3. Let G be an r-partite graph with parts
V=(Vi,...,V,). Suppose that G is F-free with two vertex-disjoint independent sets A, B with
|B| > |V(F)|. Let X = Ng[B] \ A. Then Ga—,x is also F-free. In particulat, if G is K;-free for some
t > 3, then Gy, is still K;-free.

Proof. Suppose for a contradiction that G4, x contains a copy of F. Clearly, V(F)N A is not
empty, as otherwise G contains a copy of F, a contradiction. We can see that G[X] contains a copy
of F — A, implying G[X U B] contains a copy of F (note that A is an independent set in G4, x), a
contradiction (G is F-free). The proof of the moreover part is similar and is omitted. We finish the
proof of this proposition. O

Now we are ready to prove Theorem 1.12.
Proof of Theorem 1.12. Let G=K,,, [P] and P=(Py,...,P;—1) be an extremal (t — 1)-
partition of V(G). We denote X;; = V; N P; fori € [r],j € [t — 1]. We only prove the “only if” part
of Theorem 1.12 since the “if” part is trivial.

First, if V; N P; # ¢, then in any Py with j # j' we have

[P\ Vil < [Py \ Vil. )

Otherwise, let F be the graph obtained from G by deleting edges between X;; and Py \ V; and
adding each edge between X;; and P;\ V;. Since F is (¢t — 1)-partite, F is K;-free and has more
edges than G, a contradiction to the maximality of G. Thus if V; is partial in P}, Py with j# /',

then
[P\ Vil = [Py \ Vil, ©)
and if V; is integral in P; then for every distinct Py, we have
|Pj\ Vil < |Py|. (4)

Assume that there exists a part Pj; such that two sets Vj;, Vj, with ij # i, are both partial
in it. Let V;; be partial in P;, with j, #j; and Vi, be partial in P;; with j3 #ji (it is possible
that j, =j3). From (3), we have |Pj \ V;,|=|P;, \ Vj,| and |P;, \ V},| =P}, \ V},|. Hence G' =
Gx;, j,—NolXijy) = Kooy [P’] has the same number of edges as G, where P’ =(Py,...,P; U
Xl'bjp . ,sz \XflJz’ . aPt—l)- Let

P*Z(Pl,...,(le UXi1,jz)\Xi2,j1>~~~>Pj2 \Xil,jza---’Pjs UXiz,jl)---’Pt—l)-

.....

contradiction. Therefore, P is 1-partial.
Let
m= min |I(P;)|.
ie[t—1]

Let ip, be an integer such that |I(P;, )| =m. We will show that |I(P;)| = m for any partial P;.
Without loss of generality, we consider the partial P; with V; partial in it. By 1-partial we
have I(P1) =P \ V1, and by definition of m we have |I(P;)| > m. Thus we only need to show
[P1\ V1| <m.If P;  isintegral, then by (2) we have |P; \ V1| <|P;, \ V1| =m, and we are done.
Thus P;, is partial. If V; is partial in P; , then by (3) we have |I(P;)| =I(P;,)| =m. So we
suppose some set V; is partial in P; . Let P, be the other part in which V; is partial. Thus
[I(P2)| = |I(P;,,)| = m. By Proposition 3.3, H= Gx,, —+Ng[x,,] i the K;-free with same number
of edges. Using (2) to the partition (Py, P, UXy; ..., P, \ X2,i.-.,Ps—1) of graph H, we have
|[P1\ V1| <|P;, \ V2| = |I(P;,,)| = m. Therefore, |I(P;)| = m for any partial P;.
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Let V; be partial in P; and Py. Thus P;\ V; and Py \ V; are integral part with |P; \ V| =|P; \
Vil =m. In G, we join each vertex of V; to all other vertices and delete all the edges between
P;\ Vi and Py \ V; and denote the new graph by H'. Note that H' is still a (f — 1)-partite graph.
Thus e(H) = e(G) — |P; \ Vil[Py \ Vil + m|Vi| < e(G), implying |Vi| < m.

Let V; be integral in Py. If there exists a set V; which is partial in Ps and Py, then let H=
GXj,s»NG[X]-,S/]- Since |Py \ Vj| = |Ps \ Vj|, by Proposition 3.3 we can easily see that H is still an
extremal K;-free graph. Consider the partition (Py, ..., Ps\ Xjs, ..., Py UXjs, ..., Pr—1), by (4)
we have |Pg \ Vi| < |Ps\ Vj| = m. It remains to consider the simplest case: there is no partial class
in P. Then |P; \ Vi| < |Pjx¢| by (4). Above all, we confirm that P is stable to V.

Since the integral part of partial class equals to each other, it is easy to check that each partition
in N'(P) is still an extremal partition. We finish the proof.

Given integers n; > - - - > n,, when the part sizes are highly unbalanced - in the sense that a few
of the largest parts are much bigger than the rest - we can often decompose the extremal number
ex(ny, . .., ny, F) into two parts: one corresponding to the large parts, and the other to a residual
subproblem on the smaller parts. To formalize this idea, we divide the sequence ny, ..., n, into
consecutive segments By, By, . . ., where the numbers within each segment are of similar size, and
there is a noticeable drop between segments. This canonical segmentation enables us to define the
parameter t(#n1, ..., ny, t, L), which identifies the threshold between dominant and subordinate
parts in the extremal analysis. This leads to the following definition.

We say a non-increasing sequence of positive numbers a; > ay > - - - > a; is L-balance if it

satisfies a; > a;_1/L* for eachi € {2,3,...,s}.
Given a sequence #j > - - - > n,, we partition it into consecutive maximal L-balance families
Bi, By, ..., By, such that each B; is L-balance, and every element of B; is strictly less than every

element of B;_; for i > 2. This partition is uniquely determined by scanning the sequence from
left to right and extracting maximal L-balance segments in order.
We define

X X

t(ny,...,n,t, L) ;== max Z |Bil : x € Z>0, Z |Bi| <t—2¢.
i=1 i=1

Clearly, (ny, ..., 1y t, L) <t — 2.In particular, 7(ny, ..., 1y, t,L) =0 when |B;| >t — L.
The following proposition helps us to get the extremal (t — 1)-partition of a multi-partite
complete graph when the difference of its part sizes is large.

Proposition 3.4. Let K=K, . with parts Vi,...,V, of sizes ny>...>n, and n;_y be
sufficiently large. Let t = t(ny, ..., ny, t,1). If T #0, then for each 0 < s < 7, we have

S r
ex(ny,...,n, Ky) =ex(n ey Ky +1_[ n‘n-—i-g n-Z n;.
( 1> > Prs t) ( s+1» > B> It s) 1<i<j<s ity i1 imst1

Moreover, each extremal (t — 1)-partition of K contains Vs foreach 1 <s <rt.

Proof. The proposition holds trivially for s = 0. Let 1 < s < t. Take an extremal (t — 1)-partition
P=(P1,...,Pi—1) of Kwith |P1| >...> |P;_1|. By Theorem 1.12, P is stable to V. It is sufficient
to show that P;=V; fori=1,..., 7. Theorem 1.1 implies that H =K, ., [P] is an extremal
graph for K;. By the definition of 7, we have }"/_. | n; <rn;/r* <n;/r. We can conclude that
each V<. isintegral in P. Otherwise, there is a partial class with size at least #; in V, and hence the
integral part of each class (t — 1 classes) of P is of size at least n; (since P is stable to V), which is
impossible since t <t —2and ) ;_, | ni <n¢/r. Thus [P,_y| <Y [_. . n; < n/r. Moreover, if
Pj contains V; and some other vertices, then the integral Vi has a size larger than |P;_1| > [I(P;—1)],
which is a contradiction (since P is stable to V). Therefore, we must have P; =V, fori=1,...,1.
The proof of Proposition 3.4 is complete. U

https://doi.org/10.1017/5S0963548325100138 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548325100138

Combinatorics, Probability and Computing 833

4. Proof of Theorems 1.15 and 1.17

Proof outline of Theorem 1.15. All the graphs G appearing in this outline are r-partite
F-free graphs with parts V= (Vi,...,V;) of sizes n; >...>n,. Also, we require e(G)>
f(ny,...,n,1,t) — Snf_l.

Base case: F = K;. In order to prove Theorem 1.15, we first prove the stability result for K;-free
graphs in Theorem 4.1. The main tool used to prove Theorem 4.1 is the Zykov’s symmetrisation
method [24]. By applying Proposition 3.3 recursively to the sets V7, ..., V;, we obtain K;-free
graphs G', . .., G". By symmetrisation operations, G” has a good structure. Thus it is quite easy to
show that G" has an (X;, €,)-stable (f — 1)-partition P, (See Claim 4.2).

Next, we use mathematical induction to G". We can show for k € [r], if GX has an (X, €,)-
stable (f — 1)-partition Py, then GF1 also has an (Xk—_1, €x—1)-stable (t — 1)-partition Px_; (by
Claim 4.4,...,Claim 4.8). Thus by induction, we obtain G'~1,..., G! all have required stable
partitions. Eventually, we show G have an (X, €)-stable (t — 1)-partition.

All cases: Theorem 1.15. We only need to use Graph Removal Lemma to remove en? edges
in G to obtain a K;-free graph G with e(G) > e(G) — en®. However, we cannot use Theorem 4.1
directly to G to obtain the required partition P, because it is possible that n>> n;_;. Thus
we consider the cases of n,—1 =0(n) and n;—; = o(n). If ny_; =6(n) (see Case 1 in the proof
of Theorem 1.15), then we immediately prove it. If n;_; = o(n) (see Case 2 in the proof of
Theorem 1.15), we can use Proposition 3.4 to remove all the big V; of G. The resulting graph
G[S] has the vertices number close to 7n;_;. Thus we can use the Theorem 4.1 to G[S] and obtain a
partition P5. Then we extend PS5 to the desired partition of G.

We begin our proofs with the following theorem.

Theorem 4.1. Let G be a Ky-free r-partite graph with the proper partition V = (V1, . .., V) of sizes
ny > ...>n,. Forany 0 <€ < 1, there exists § > 0 depending on t, r and € such that if n;_1 > 1/
and e(G) > f(n1,...,n., 1, 1) — (Sn%fl, then G has an (X, €)-stable (t — 1)-partition P. Moreover,
the integral part of each class of Px has size larger than (1 — €)n;_;.

Proof. Let
LK 1K...<Ke1Ke=¢€¢ and mn_1>1/6.

Let G be a K;-free spanning subgraph of K, . with e(G)>f(ni,...,n,1,t) — (Snf_l. Let

=G and define G' = G’ ! recursively. Clearly, by Proposition 3.3 all of G%, G', ..., G" are
Kt—free and

(G >...>e(G)=e(G) > f(ny,...,n, 1,t) —8nl_|. (5)

Claim 4.2. G" has an (X, €,)-stable (t — 1)-partition P’.

Proof. The hierarchy of constants in the proof satisfies 6 < & < €,. Since § is sufficiently small,
by Proposition 2.3 for § there exists a & € [5, '3/5], such that every class of V is of size either less
than £n;_1 or at least /En; 1. Let b be the minimum integer such that n, <&n;_;. Let X be the
union of sets in V with size less than £n;_; and let |X| my =i, ni.Let Hy=G" —

We next construct the partition P". Define H;1; to be the subgraph of H; induced by the neigh-
bours of a vertex with maximum degree in H; recursively. Suppose that the above progress stops
when e(H;—1) =0 and let V(H;) = . Let A; = V(H;—1) \ V(H;) for i € [s]. Let

Pr:(Al,...,As—l’ASUS(I)'

Thus ’P)L( =(Aq,...,A).

We first show s =t — 1. Clearly, A; is an independent set in G”. Since G” is K;-free, we have s <
t — 1. Otherwise, any vertex in A can form a copy of K; with those vertices picked with maximum
degree in H;’s.
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Note that every set of V is integral in 7% (each vertex in V; has common neighbours in G” by
the construction of G). In fact, let x be the vertex with maximum degree in Hy. Then V; which
contains x belongs to A; and if x is not adjacent to Vj, then V; belongs to A;. Continue this

arguments for Ay, . .., Ay, we can show that every set of V is integral in P%.
Thus
[ 5 44O
eH) <) | D= +du | < Y0 JAllA<fn,. . ompy, Ls+1). (©)
i=1 VvEA; 1<i<j<s
We will show that
t—2
flny, ... n, 1,8 > f(ny, .., np_y, L, 1) +m, Z n;. 7)
i=1

Let @=(Qq,...,Q¢—1) be a maximal (¢t — 1)-partition of {n;,ny,...,np_;}. Without loss of
generality, we may assume that Q;—; does not contain any element in {ny, ny,...,n;—2}. Then
Q*=(Q1,..., Q1 U{np, npy1,...,n.}) isa (t—1) partition of {ny,ny, ..., n,}. Thus (7) follows

by the definition of the function f and | |J'Z; Qi| = Y12} ni.
If s <t — 1, then by (6), (7), b > t and Proposmon 3.1, we have

(6) b—1
(G = fOr,om LstDAmitm Y

b—1
< f(ny,....,np_1, 1, t—l)+m —l—m,Zl M
b—1

2 2 )
< f(n,...,np_1, L) —ni_| +m; +m, E oy M
(7) b—1
< f(ny,...,n,1,t)+my E e ni —n_| +m?

IA

f(ny,...,n5 1,18 — (1 — e,)nf_1
contradicting (5). Therefore, we have s = — 1. _

We next show G" — X is 0-close to K, . [P"] — X, i.e., every vertex in V(H;) forie [s — 1] is
incident with all the vertices of A; in graph H;_;. Otherwise, suppose that v;, € V(H;) N Vj; is not
incident with some vertex vj, € A; N Vj,. Then there is no edge between V;, and V}, in G" by our
construction. Therefore, we have

d 2
2 Az()+dH,(v)<|A||V(H,)| MﬂAllV(Hﬂ" Ve’

vEA;

It follows from (6) that e(Hp) <f(ny,...,np_1,1,1) {’/_nf 1~ Since £ is sufﬁciently small
similar as the proof of s=t—1, by (7), we have e(G") <e(Hp)+ m?+m, Z 1 n; <
f(ny,...,n,1,8) — {‘/gnil, a contradiction to (5). Note that every vertex in A; has at most
|V(H;)| neighbours in H;_;. Thus A; is an independent set in H;_;. Therefore, 77}1( induces a
complete (¢ — 1)-partite subgraph in Hy,

Note that each V; either belongs to X or is integral in 73)1(. Given A; and distinct Ay, let V; be
an integral set in A;. Let $:= |, ., A.. Since each vertex in Ay is adjacent to each vertex in S and
Ay is an independent set with size at least £n;_, it follows from Proposition 3.3 that G?,j_) g is
K;-free and hence e(Gvﬁs) <f(ni,...,ny 1,t). Combining with (5), we have [A; \ V| — |Ay| <
Snt_1/| Vil <énp—1/6 < €2n,_;. Thus P)L( is efnt_l—stable to V. Applying Lemma 2.6, we obtain
the required X, such that P)r(r is stable to Vx,. By above, P" is the (X, €,)-stable (t — 1)-partitio&1
of G".
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Note in the proof of Claim 4.2 we showed that V; \ X, for i € [k] is integral in ’P)r(r and G" — X,
is (t — 1)-partite. That is, we have proved the case k = r of the following mathematical induction.

Induction hypothesis.

Suppose that G¥ has an (X, €;)-stable (t — 1)-partition Pk; each Vi<k \ X is integral in P)k(k
and Gk — Xp is (t — 1)-partite.

We will show that

(a) GF!hasan (Xg—1, €x—1)-stable (t — 1)-partition pk-1,

(b) each Vix 1\ Xi_ is integral in PXk s

() GF1—X;_yis(t— 1)-partite.

We first do some pre-processes. For i € [t — 1], let Pf-‘ denote the set of i part of PX. By induction
hypothesis, Pkis (X, €;)-stable and Vi \ Xj € Pf»‘k. Then by | Xi| < exny—; each v € Vi \ X satisfies

)=} IPINXel —€una =)0 IPf] = 26k (8)
Let
Zy={veVirdg () <Y PF - Jen
i iy
By (5), (8) and our construction, we have

Sn_y > e(G*) — e(GF)

> |Z1] ((Zi#ik |P| —2€k71t—1) - (Zi#l IPK| — fexn- 1))
> | Z1|(V€x — 2€k—1) -1,
implying |Z1| < ,/€xni—1. Thus every vertex v of Vi \ Z satisfies
k
dger (=) Pl = eni. (9)

Now we try to construct the desired (t — 1)-partition of G*~! by partition vertices in V=
Vi \ (Xx U Z;) into B; U. ..U B;_; such that if x € B;, then x has minimum number of neighbours

in Pk \ (Xx U Zyp). Let Pk 1 (Pk \ V’) U B; for j € [t — 1]. We construct the (t — 1)-partition
k—1 k—1 k—1
Pl = (PP,

By Proposition 2.3, for (/€ there exists a & € [ /e, 4“0([’1%] such that every set of (PF1 A
V)x,uz, is of size either less than £n; 1 or more than Y&n;_1. Let Z, be the union of sets in
(P*=Y AV)x,uz, with size less than £ne_. Let X = X U Z; U Z,. Thus |X| < 4trén,_;.

Forie[r],je [t —1],let

Vi=V\X, ;=P \Xand X;; =V, nP;.
By Z, C X, every non-empty X;; satisfies
1Xijl = Veni. (10)
We first show that such P¥~1 and X satisfy item (c).

Claim 4.3. G¥~! — X is (t — 1)-partite.
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Proof. Let P; = P; \ (X U V). By induction hypothesis, G¥ — X is edgeless in each part of P)k(k.

By our construction, G* — Vi = G¥"! — V. Thus, we only need to show that G¥~! is edgeless
between P; and Xgiforie[t—1].
Clearly, we may suppose that |P;| > '¥Zn,_,. Otherwise, by the definition of Z,, we have P; =

#. We immediately finish the proof. Let a € X} ;. By |X| < 4trén;_; and PXk is stable to Vy, (Pk
is (X, € )-stable), 73)5( is «/En;_1-stable to V. Since Vi \ Xj C Pﬁ{, by (10) each part of (Pk A V)x
has size at least /&n;_;. By (9) we have

dgi-1(a) > Ze#k |P§| — Jexni1
>, 1P = VEn
=D sy POVl = XT = Ve
=D sy PV = VEn.

Thus applying Proposition 2.5 (here we consider the edges in G~! and the partition (PX A V)y),
there exists an m(a) such that a has more than ( ¥/£/4)n,_; neighbours in the integral part of

every Pf.‘ m(a) \ X. If there is an edge between a and P;, then by the definition of X ; = B;, there
is an edge ab with b € ﬁm(a). Since P)k(k is (X, €x)-stable, we can construct a copy of Ky in Gk-1

with vertices a, b and their common neighbours in the integral parts of ﬁ,-#m(a)’s, a contradiction.
Hence we finish the proof of Claim 4.3. U

To prove item (a), we will first show that P%‘l is &/En;_;-stable to V5. The proofs of the
following claims are quite similar to the proof in Theorem 1.12.
Claim 4.4. IfVl is partial in distinct P,, P, then ||P \ Vil = |Pe \ V; || JEn 1.
Proof. Without loss of generality, suppose for a contradiction that V; (we do not consider the size
of each V) is partial in parts P;,, P;, with |P;, \ V1| — |P;; \ V1| > V/Eny—1. Let S= Ui#l (P; \
V1). Note that |X1,,| > ¥/En,—1 by (10). By Claim 4.3, GF1[8] is (r — 2)-partite. Hence by (5)
and Proposition 3.2, H = Gﬁ}:} _ g is a K;-free graph with

e(H) 2 e(G* ) + (Ve — X1) 11,
> f(ny,...,np, 1,8) — Sntzfl + (\/gnt,l - 4tr§nt,1> %nt,l

>f(n1)"-)nr) l)t))
a contradiction. We finish the proof of Claim 4.4. U
Now we start to show the correctness of item (a). From Claims 4.5-4.8, we verify that P§71 is
JEn;_-stable to Vy.
Claim 4.5. P§_1 is 1-partial to V.

Proof. Without loss of generality, suppose for a contradiction that both V1, V are partial in P,
(as in Claim 3, we do not consider the size of each V). Let V| be partial in Ps and V, be partial in
Py (it is possible that s = £). Since V, is partial in Py, Py, it follows from Claim 4.4 that [P; \ V| —
|Pe\ Va| > —/Eng_y. Let S = U,-# P;\ V>). By Claim 4.3, GE1[8] s (t — 2)-partite. Thus by

Proposition 3.2, H! G;((

21—>S1

e(H') > e(GF™1) + (IP1 \ V2| — [Pe \ Va| — [XDIXa,1] = e(G*Y) — 2(/En,1 X511

is a K;-free graph with
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Let S, = Uf;g (P;\V1)UXz1. Then by Claim 4.3, H![S,] is (t— 2)-partite. Hence by
Proposition 3.2, H> = H)I(1 s, is a K¢-free graph. Since V7 is partial in Py, P, Claim 4.3 implies
IPy\ X111 — |Ps \ X1,6] < +/Eng—1. By (10), we have |Xp,1, 1Xi1,5] > /En;—1. Thus we have

e(H?

~

> e(H") + (1| = VEni—y — IX1) 1Xu.
- 1
> o(GF) =2V Xl + S X |10

1
> (G + S VN
>f(n1)"'JnT71)t))

a contradiction. Thus P%fl is 1-partial to V. O
By Claim 4.5 we know that if V;is partial in I_Jj, then I (T)j) = 1_31- \ V.. Let
m= rFin] |I(}_9,~)| and iy, be an integer such that |I(I_’,~m)| =m.
ie[t—1
Claim 4.6. If1_3i is partial, then |I(1_3i)| <m+ JEni_1.
Proof. Suppose that V7 is partial in P; and |I(P;,)| > m + /En;—y. If P;,, is integral, then let
S= Ui#im (P; \ V1). By Claim 4.3, GF1[8]is (t — 2)-partite. Thus by Proposition 3.2, Gﬁ:}l _gisa
K;-free graph with e(Gk_l) + (%nt_l — )_() VEni_1 > f(ni,...,n 1, t) edges, a contradiction.

Thus P;,, must be partial. By Claims 4.4 and 4, V' cannot be partial in P;, . Let V; be the set that is

partialin P;,. Leta€ V, bea vertex with maximum number of neighbours in G*~1. Without loss
of generality, let a € Py, and V, N Py, # ¥, where £; # £, (it is possible that £1 =iy, or £ =iy).

k-1 — . k—1
Clearly, H = GV2—> Nt @) is K;-free by Proposition 3.3 and has more number of edges than G*™".

By Claim 4.4, |I(Py,)| < [I(P;,,)| + VEni—1 =m+ Eni—1. Let S = (Ui, Pi) U V2. Then H[S']
is (t — 2)-partite by Claim 4.3. By Proposition 3.2, H X, 8 182 K;-free graph with more than
i)+ (15'1= ., P\ V| = K1) - X0
> e(H) + (II(Py)| — [I(Pe,)] — X]) - VEni—1
>e(GF Y+ En2 | > f(ny, ... 0, 1,1)
edges, a contradiction. The proof of Claim 4.6 is complete. U
Claim 4.7. IfVi is partial, then Vil <m+ JEn_.

Proof. Without out loss of generality, suppose that V| is partial in P; , P;,. Suppose otherwise that
|V1| > m+ J/Ens_y. By Claims 4.5 and 4.6, we have

|P;, \ V1| =1(P;)) < mA4 JEn_y <|Vi| — VEn—1 + JEn_y < [Vi| — Jen_y.

In G*~1, we delete the edges incident with V; first and then join every vertex of V; to each vertex
of th;ll (P;\ V1) and delete the edges between P;, \ V and P;, \ V. Denote the resulting graph
by J. Since the common neighbours of each added edge induces a (¢ — 3)-partite subgraph graph
inJ, J is a K;-free graph. By Claim 4.6, we have

[P\ Vil — [P;, \ Vi| = —J/&n;_; forany j# iy (11)
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and by Claim 4.4 we have

Py \ Vil — [Py \ V1| = —En,1. (12)

Seta=|Vi| —|P;, \ Vi|. Then a > &/En;_1. Thus
t—1 , — — —_ — J —

e(J) = e(G*1) + ijl (1P \ Vil1X1,1) — [V111X] = [Py, \ V1I[P;, \ Vi
(11) _ _ _ o
= e(G*) + (1P \ Vil = ey — dtrény ) [Vl = [Py \ Vil [Py \ Vi
> e(GF) + [Py \ V1| (IV1] = Py, \ V1) — 27/En1| V|
(12) _ — _
> e(G* ) + 1Py \ Vil (a— VEni1) —2Emy (1P \ Vil +a)
> e(GF 1) + [P, \ V) (a - 3\5/§m_1) —2JEn1a
> e(Gk_l) + %nt_l . g - 2\5/§nt_1a > f(n1,...,n, 1,1), (13)

a contradiction, where the last inequality holds since & is sufficiently small and [P;, \ V| >
/€n;_1. The proof of Claim 4.7 is complete. U

Claim 4.8. If V; is integral in I_Dj, then |1_3]' \ Vil <m+ JEn;_1.
Proof. For convenience of notations, let i = 1. Suppose |Pj \ V| > m + J/En;_. If P; , is integral,
then in #j. Let S =, P;\ V1. Then GF~1[S] is (t — 2)-partite by Claim 4.3. By (10), we have
|V1| > Y&n,_1. By Proposition 3.2, GkV_1_> gisa K;-free graph with more than

1

_ - == - _ ®)
e(GENY + Vil - (IP\ Vi —m— |X]) = e(G*) + VEnk, = f(m,. .. onp, 1,0)

edges, a contradiction. Thus P;, must be partial. Without loss of generality, assume that V is
partialin P;,. _

Suppose that V) is partial in P;. Note that it is possible that j = i,. Then we may assume that
V) is partial in P; and Py , where j # i/,. By Claim 4.6, we have |I(P; )| <m+ /&n;_1. Let S=
Ui#;n P\ V. By Claim 4.3, GF=18]is (t — 2)-partite. By Proposition 3.2, H = Gkvjl_)s is a K;-free
graph. By definition,

e(H) =e(GF™) + (|Pj\ V1| — |P;, | — IX]) [V
>e(G* ) + (1P \ Vil = 1Py )| — |Xa | — IX]) [V
=G + (VEn-1 — 1%, 1) T

the last inequality holds by the assumption |P; \ V1| > m + J/En;—1 and |X| < /Ene_y.

Let M, = Ui#,i;ﬂ P;\ Vyand M = (131‘;” \\_/2) U V1 U M. By Claim 4.3, H[M] is (t — 2)-partite.
By Proposition 3.2, F=H, X,y =M is a Ki-free graph. Observe that the degree of every vertex of
Xo, in H is less than |X| + [Mi| 4 |P; \ (V1 U V3)|. By the 1-partialness of P%‘l and Claim 4.6,
we have |1_3j \ V| = |I(1_3j)| <m+ JEni_1. By V, is integral in 1_3]', we have |1_3j \(ViUVy)| <
m + /En;—1 — |V1]. Thus the degree of every vertex of Xp 7 in H is less than | M| +m — V1| +
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JEns_1 + /Ens_1. Thus
e(F) ze(H) + (1M — [Mi] = m+ V1] = JEmi_1 ) [Xa,
>e(H) + (| (Py \V2) UVi| —m + V] — \6/§nt_1> X |
>e(H) + (2AV1| = VEni1) 1o,

(10) _ (5)
>'e(GF Y+ Jen? | = f(n, ... nn 11),

a contradiction. Thus V is not partial in P;.

Let a be a vertex in V, with maximum number of neighbours in G¥~!. Let a € Py, and
V, be partial in Py, with i,, € {£1, £2}. By Proposition 3.3, H= GkV:LNGk,I(a) keeps K;-freeness
with e(H) > e(G¥~1). From Claim 4.6, we have |I(Py,)| < m + /En;_1. Let 8’ = (/=] P)\ (V1 U
I(Py,)). Note that H[S'] is (t — 2)-partite by Claim 4.3. By Proposition 3.3, H' = Hy; _, ¢ is K;-free
with more than

e(GF1Y + (II(P))| — I(Pe,)| — XI) - [V
2e(GF) + (V& — & — 4tr8 ) me- [V

5
(>)_f(nl) ] nr: 17 t)

edges, a contradiction. We finish the proof of this claim. U
Next we show the correctness of item (a).
Claim 4.9. P*=1is an (Xy_1, €_;)-stable partition oka_l.

Proof. We only need to find the required Xj_. Fori € [r],j € [t — 1], let

Z;’J =3V EX,"]'Z de—l(V) = Z |F€ \Vz| - \/antfl
LH#j

Let S= Ue# P\ V. By Claim 4.3 and Proposition 3.2, GZZJI s is K¢-free. By (5),
3 e
Sni oy zf(m, ..o 1,0) —e(GF) Z oGl ) = oG 2121 eamni,
3

implying |Z;’j| < J€kni—1. Let

z= |J 2z

ie[r],je[t—1]

. k—1 . k—1 .
Thus |Z3| < rt/ékn—1. By Claims 4.4-4.8, P is &/&n;_y-stable to V. Thus PXU% is 2.5/En;_1-
stable to Vx, 75
7 . k—1 .
By Lemma 2.6, we can remove at most 4trﬁ ny—1 vertices, say Z4, to ensure that Pfuzguz4 s
stable to V. 7, Let

X1 =XUZ3UZ,.

Thus |Xi_1| < &/Ens—1 < €x_1n—1. By the choice of X;_;, we know that P)’?k_}l is stable to

Vx,_,- Since Z3 C Xj_1, G- Xy—1 is /€xn—1-close to Ky, .. n, [Ph-1] — Xy_1. Thus Pk-1 s
an (Xy_1, €x_1)-stable partition of G. O
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By the operations of symmetrisation, every V;<x_; \ Xx_; keeps integral in P)@k_}l ,and we prove
the item (b).

Thus recursively, we obtain an (X, €)-stable partition P of G. By Py is stable to Vy, it follows
from Proposition 2.4 that the size of integral part of each class of Py is at least (1 — €)n;—;. We
finish the proof of Theorem 4.1.

Now we start to prove Theorem 1.15.

Proof of Theorem 1.15. Note that each graph with chromatic number ¢ is a subgraph of a t-partite
graph. We only need to prove that the theorem holds for K}, where s is an integer depending
onF.

Let G be a K;-free r-partite graph with parts V= (Vi,..., V;). Let 0 < § < §; < € < 1, where
8 and é; will be determined later by €, Lemma 2.1 and Theorem 4.1. Let n > 1/8. Suppose that

e(G) > f(ny,....np,1,1) — 8np_y. (14)
We shall show that G has an (X, €)-stable (¢ — 1)-partition P after removing enf_l edges. Let

t=1(ny,...,n,L4tr).

Case 1. 7 =0.Since T = 0, by the definition of 7, we have n;_; > (1/tr)4t Uy > /tr)*n. Fora =
(1/tr)8t51, by Lemma 2.1, G contains a K;-free graph G with e(G) > e(G ) — (1/tr)8t81n > e(G) —
81nt 1 edges. Hence by (19), the resultlng graph G is K;-free with e(G) >f(ny,....n, 1, t) —
2681 nt_l. Therefore, by Theorem 4.1, G has an (X, €)-stable (t — 1)- -partition P and each class of P
has size larger than (1 — €)n;_;. Thus we finish the proof of the theorem in this case.

Case2. > 1.Let U, =V, U...UV;and Us = V(K) — Vr. Clearly, we have T <t — 2 (recall the
definition of 7). Hence,

f(nla BN ) 1) t) > e(Knl)-”,nf) - |US|2 = e(Kﬂl,...,nr) - (rn‘[-‘rl)z- (15)

Let Zi1 be the vertices of large V; with degree less than n — |Vi| —2rnyy;. Thus e(G) <
e(Kny,..n,) — 2rn,+1|Zi1|. Hence by (19) and (20), we have 2rn,+1|Zi1| <2(rny41)? and thus
|Zi1| <rneqp1 < r(1/tr)*n, < (1/tr)>n,. Note that every vertex of V; except Zl-1 is adjacent to all
but at most 2rn, 1 < 2rn, /(tr)* vertices in other classes of Kh,,...n,- Therefore, we can easily
find a copy of K; in the subgraph of G induced by V1,. .., V;. In fact, for any si vertices from
(Vi\Z})U...U(V;\ Z}), their common neighbours in Vi \ Z}, | is at least s. Thus we can find
a copy of K3 from V; \Z%, s Ve \Z% recursively.

Now we will prove that G[Us] can be made K;_,-free by removing at most §;n? 41 edges.
Suppose G[Us] contains a copy of K;__. Then there is at least one vertex of K]__ having neigh-
bours less than |Up| — 2trn; 41 in UL, as otherwise all vertices of K;_, will have more than
n; — 2(tr)*>n; 4, common neighbours in each set of Vi,. .., V;. Thus we can extend K;_, to K}
with some s vertices from each V; as in the end of last paragraph, a contradiction to that G is Kj-
free. Therefore, at least one vertex v; of K;__ has degree at most |Ur| — 2trn; 4 in U, implying
dg(v1) < |UL| — trng1.

Let H! = Gy3—»u;- Thus e(H") > e(G) + |Ur| — dg(v1) = e(G) + trny41. Since G is Ki-free
and v; is not adjacent to any copy of K;—_; in H!, H! is still K}-free.

If there is a copy of Ki__ in H!'[Us], then let H? = H{lvz}_)UL, where v; is a vertex in Ki__ with

du, (v2) < |UL| — trug41. We repeat this process recursively and obtain graph H ¢ such that H[Ug]
is Ki_,-free. By Lemma 2.1, HY[Us] contains a K;_; -free subgraph Hg with e(Hs) > e(H'[Us)) —

(l/tr)gtc‘)‘lnTJrl Thus by Theorem 1.1, we have

e(H [Us]) < f(negt, ooy Lt — )+ (1/tr)¥ 8102 . (16)
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It follows from Proposition 3.4 and (19) that

T r
e(H"[Us]) >e(H") — Zl<i<j<r mi =Y miy

T r
> t - nj — ; ; 17
>e(G) + Ltrne Zl§i<j51 nin; Zi:l nj Zi:r+1 n; (17)
>f(ni,....np 1, 1) — (Snf_l + Ltrng 4
T r
B lekjsr iy = Zi:l i Zi=r+l i
>f(Mrg1s -5 Lt —T) + Ltrng —811%_1. 17)

Therefore, by (21) and (23) we have £trn; 1 < (l/tr)gtémgJrl +8n? | < (l/tr)gttr81n%+1. By the
definition of 7, we have 1,41 < (tr)""1n;_;. Thus we only need to remove in total

Us| <€ rneqq < (1/tn)¥tr8in? | =

edges to make G[Us] K;_ -free.
We denote the new graph by G after removing these §; n? | edgesin G. Thus

e(G[Us]) = e(G[Us]) — 8117,

T r
2
>eG—E n~n>—§ nE ni—on
= ¢(G) 1<i<j<t '/ i=1 ' Limgyr 1L
T r
2
> n,...,n,l,t—g n-n-—g n'E n; —261n
_f( 1 r ) 1<i<j<t irlj i—1 i =41 i 1744

> f(nes1s .. iy, Lt — 1) — 251nf_1.

Hence by Theorem 4.1 there exists an (X, €/2)-stable (t — T — 1)-partition P of é[Us] and each
integral class of Px, has size larger than (1 — €/2)n;_;.

Let Z? be the vertices of large V; with degree less than n—|V;| — 2+/8n,_;. Recall that
G[Us] is Ki_,-free. By Theorem 1.1, we have e(é[Us]) <f(hr41,...,0p1,t— 7). From (19) and
Proposition 3.4, we have

e(G) — e(GlUs)) = f(n1, . . .1 1, 8) — 812 — F(Hggs oo i 1, E— T)

T r
> Z ninj—Zni Z ni—Snf_l.

I<i<j<t i=1  i=t+1

By definition of Z?, we have

e(G)—e(G[Us Z ninj — Zn, Z n; — |Z| Zx/—nt 1.

1§1<J§t i=1 i=t+1

Thus we have |Zi2| <2/8n_1. Let X =Xg U Z% U...UZ2. Therefore, P is an (X, €)-stable (t —
1)-partition of G after removing enf_l edges with |[X| < ry/s + €/2)n;—1 < eny—) and the size of
each integral class of P is larger than (1 — €)n;—;. We finish the proof of Theorem 1.15.

Proof of Theorem 1.17. Let F be a graph with chromatic number ¢ >3 and GC Ky, ,, be an
extremal graph for F. Let € 3> 83 > 8, > &; > 0 and n;—1 > 1/6.

By Theorem 1.1, there is an extremal graph for K; which is (t — 1)-partite, implying e(G) >
f(ni,...,n.,1,1) (since every (t — 1)-partite graph is F-free). Since 8, > 61, by Theorem 1.15,
after removing at most 8,n” | edges, the resulting graph G has an (X, 8,)-stable (t — 1)-partition

=(Py,...,Pi_1). Moreover, |I(P;\ X)| > (1 — 82)ns—; for any i€ [t — 1]. Thus we finish the
proof of Theorem 1.17(a). Moreover, we may edit P such that X; C P; and each vertex of X has the
smallest number of neighbours in its own class of P.
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By Proposition 2.3 there exists an 1 € [8,, “0/55] such that every set of (P A V)x with size
either less than nn;_; or more than /7n;_;. Let Z' be the union of sets in (P A V)x with size less
than nn;_; and Z =2 UX. Thus |Z| < trnn;_y + 8211 < 2trnn;_1 and Py is \/nn;—1-stable to
V7 . Let

‘~/z= Vi\ Z, ’IB'ZP‘\Z X,-j=\~/,»r‘|l~3- 7’52(’131,. . .,ﬁtfl) and ]72(\71,. ..,Vr).

Let v € Vi and P;, be a set with Zl#lk |Pi \ Vk| max{)_; |Pi \ '\N/ki: 1 < ¢ <t — 1}. Note that
it is possible that Vk = (. For any integral Vin P,k, we can choose B C V; with size |F| §~%ft_1'
Since P is an (X, 8;)-stable (t — 1)-partition of G and X C Z, we have |[Ngz[B]| > Zi#ik [P\ V| —
82| F|n¢—1. By Proposition 3.3, Gy} Nx[B] is also F-free. Since G is an extremal graph, we have

de() = INg(BI = Y [P\ Vil = &I Flne,

as otherwise Gy} Nz[p] is F-free with more edges, a contradiction. Thus, if v € Vj, then we have

do)zmax {3 IPAVil:1=est—1]—eny, (1s)
where € = /7. We finish the proof of Theorem 1. 17(b)
For any veViNZ, let P= (Pl,.. {v}...,IN’t_l) and V:(’Vl,...,XN/ikU

..., XN/},l), where T/}k is integral in P,k. Let G* = G[7/5]. Since Px is stable to Vx, P is
/nni—1-stable to V. Moreover, the size of each part of P AV is at least 1Ynn,_1. Note that
VN <K .M. By (24), we can apply Proposition 2.5 to G* to get that there exists an integer
m(v) € [t — 1] such that v is adjacent to 1Y/nn;_1/4 vertices from the integral part of each
E;,gm(v). Thus we can partition Z intoNZl, ...»Zs—1 such that v € Z; is adjacent to Y/nn;—1/4
vertices from the integral part of each Pj;. Moreover, by P = (Py, ..., P;_1) is an (X, &,)-stable
(t — 1)-partition and 8, < 1Y/, we can edit P; = P;UZ forie[t—1].

Let Y; be the vertices of P; with more than /nn;_1 neighbours in their own part in G, and let
Y= Uf;ll Y;. We will show that Y satisfies (c) and (d). For v € Y;, let Qji(v) be the neighbours of
vin the integral part of 1~3j and Q; be the neighbours of v in P;. From the last paragraph, we see that
|Qi(v)| > /nn;—1 for each i € [t — 1]. Since P is an (X, 8,)-stable partition of G, we can choose
1/683 vertices from Q, and recursively pick up 1/83 vertices from Q;j(v) for each j # i such that they
induce a copy of K (51m11ar as the proof in the first paragraph of Case 2 in Theorem 1.15). Thus
Theorem 1.17(d) holds

Let Q(v) = (Q1 (), ..., Qi—1(¥)). For a set of vertices R, let

M,0e Q0= (), @0 o[, U1 ) -

Lett=1(ny,..., 05417, = (yﬁ/r‘” and
CV,G,F = tN(a, e O 1/2; |F|))
where the N function is defined by Lemma 2.2.

Case 1. If 7=0, then ns;>(1/r)¥n. Recall that for ic[t—1], every vEY satis-
fies |Qi(v)] = ¥/nni—1. Thus |Qi(W)| = ¢/mn—1 = Yn(1/n)*n= Yn/r* - [Pl =alP. If |Y1| >
N(w,...,a;1/2;|F|), then by Lemma 2.2 there exist |F| vertices, say Cr, of Y7 such that every
part of (),c¢, Q(v) has size larger than (/7/2r*)¥In;_,. By the definition of (., Q(v), at least
(t — 2) parts of ﬂvECF Q(v) belong to the integral parts of Py. As in the previous proofs, we can
choose |F| vertices from ﬂvECF Qi1(v) and pick up to |F| from ﬂvECF Qi(v) fori=2,...,t—1
recursively such that they induce a copy of Ktuill. Together with Cp, there is a copy of KtlF‘, implying
F C G, a contradiction. Hence 25;11 |Yi| <tN(a,...,0;51/2;|F]) < crep
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Case 2. Suppose 7 > 1. Then 1 <7 <t — 2. We will show that large sets V1, ..., V7 are parts of
P. We first show V7, . .., V; are parts of P. Let tjelr] be the minimum 1nteger such that V] is
not a part of Pz. Wlthout loss of generahty, let V N P1 #0. If V is partial in P1, then since Py
is /nn;_1-stable to V7 we have \I(B))| = |P; \ V| > |V| /nn—1 and each part of Pz has size
larger than |VJ -2 /1. 1f VJ is integral in Py, then since Py is /nn;—1-stable to Vz, each part

of Py has size larger than |P1 \ Vi, | — /mm— 1 > |V| — an, 1, where V ﬂPl # (. In either
case, from the definition of 7, we have | U P,| > | U’I 1 v |+ (t— (IVJ —2/Mn—1) >n,a
contradiction. Thus we have P, = V7, .. Pr = V By (24) and n, > (tr) nr4+1, we obtain P; =
Vi,...,Pr =V,

Since each vertex in every P;<; has no neighbour in its own part, we only need to consider
the sets Y;-;’s. Note that 7,1 > (1/r)*n. 41 (by the definition of 7). Thus |P;| < rn; 11 < r*'n;_;
for i > t. For each vertex a € Y; with i > v 4 1, each part of Q(a) in P;., has size larger than
ey > a| Py If|Y;] > N, . . ., or—r—131/2;|F]), as the proof in Case 1, there 1sacopyofK|F‘
in P;.;’s. Note that each vertex of Ktljr has at least | V;| — 81,1 neighbours in each V; for each
i < 7. As in the previous proofs, we can extend this copy of Ktlll to a copy of Kt‘F| ,implying F C G,
a contradiction. Thus we have |Y;| < N(«, ..., 2r—c—1; 1/2; |F|), implying | Y| < ¢, F.

For vertex v € Vi \ Y with k € [r], since the size of the neighbours of a in its own part is less
than ¢/nn;_1, by (24) we have |Ngp,1(v) A Ng_y(v)| < €ny—1. Thus Theorem 1.17(c) holds and
we finish the proof the strong stability theorem.

5. Applications

Proofs of Theorems 1.2 and 1.4. Given r>t>3 and k>2, let n;>...>n, and n,_; be
sufficiently large. Let G C Ky, ., be an extremal graph for kK;. We w1ll show that e(G) =
gny, ..., n.,k, t). Moreover, the extremal graphs are obtained from (¢t — 1)-partite graphs by
joining all possible edges incident with k — 1 fixed vertices.

Since the graphs are obtained from (¢ — 1)-partite graphs by joining all possible edges incident
with k — 1 fixed vertices are kK;-free, we have

e(G) Eg(”b e ,f’lr, k) t) Zf(nla e ,nr, 1) t)) (19)

where the second inequality follows by the definition of g(n,...,n,, 1,t). Let € > 0 be a small
constant. By Theorem 1.17 there exist constants §; < §, < §3 < € and ¢, r depending on and r,
€ and F such that if n,_; > 1/§;, then

(a) there exists an (X, §,)-stable (t — 1)-partition P,
(b) dg(v) > max{zi# [P\ Vi|:1<€<t—1}—en;_y foreachve V,

(c) there exists a set Y with |Y| < ¢, ¢ r such that every vertex v of G — Y satisfies [Ng(v) A
NK"I’---)V‘r [PY](V)| < €ny_1 and

(d) every vertex of Y is adjacent to at lest 1/83 vertices of each class of P such that they induce
a complete (t — 1)-partite graph.

For an edge xy inside P; \ Y, we say xy good if x and y are adjacent to each vertex of a copy of Kl‘fz
consisting of edges between different P;’s and say xy bad otherwise (see Figure 4). Let E be the set
of good edges.

Claim 1. |E| < 2ken;_;.

Proof. Clearly, there is no matching on k edges in E, as otherwise we can easily find a copy of
kK;. Since each vertex is adjacent to at most en,_; vertices in their own class of P, we have |E| <
Zkén[_l. O
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Claim 2. If Y =, then e(G) — |E| < g(n1, . . ., ny, 1, t). Moreover, if the equality holds, then G — E
is a (t — 1)-partite graph.

Proof. Let V, Vi\ X, P P\ X, X;j= V, N P and X; = X N P;. Let m be the minimum size of
the integral part of all classes of Px.Letxybea bad edge in P; withx € V;, and y € V;, (itis possible
that x € X or y € X). We will show that there exists a unique £ = £(iy, i) # s such that

| Xi el = m~+ Oeny—y), |Xip el = m~+ Oeny—1) and Py \ (V;, U V3,) =0 (20)

First, we will show that there exists an £ # s such that m — 6en;—; < |X;, ¢|. Suppose |Xj j| <
m — 6en;_1 for each j € [t — 1] distinct from s. Since Y =, by (c) x is adjacent to at least |P; \

X~/,-1 | — ens_1 vertices ofﬁj for any j # s. Hence, by (a) x is adjacent to at least m — |X;, j| — €ns—1 >
5ens—; vertices of each integral part of fﬁj for any j #s. We divide the proof into the following
cases.

Case 2.1.

Vi, S X or ’17,-2 is integral in ’135. By (c), y is adjacent to all but at most en;_; vertices of ’13#5 \'Vi,
and hence x and y are adjacent to a copy of Kl‘iz consisting of edges between different Pj.’s, a
contradiction to that xy is a bad edge.

Case 2.2.

V,, is partial in Py. By (c), y is adjacent to all but at most en,_; vertices of each integral part of

INJ#S. Again, x and y are adjacent to a copy of Kkt * , consisting of edges between different integral
parts of Pj.’s, a contradiction to that xy is a bad edge.

Case 2.3.

V,2 is 1ntegra1 in Pq with g # s. It follows from (b), (c) and Y = § that Z#q |P \ Viy| —ens—1 <
dg(y) < Zl#s |P \ Vi,| + |X| + eny—;. Thus we have |P | < |P \ V,2| + 3en;_1. Note that |P | >
m and |Pq \ V,2| <m (by (a), Px is stable to Vx). Therefore, m < |Ps| <m+ 3ent 1 and m —
3eni_1 < |P \V,2| = |P | = [Xiy,q| <m. Recall that |X; 4| <m —6€en;—1. Then |P | — Xy gl —
|Xi) gl = 3€ns—1. By (c), we can easily see that x and y have at least kit common nelghbours in
1~3q \ (Xi,,q UXi 4). Hence x and y are adjacent to each vertex of a copy of Kkt2 consisting of
edges between different Pj«’s (at least ¢t — 3 parts of Kﬁ , are from integral parts in Pjxs4’s), a
contradiction to that xy is a bad edge.

Therefore, there exist £1, £, # s such that

m—6en_1 <|Xi e, | and m—6eni_; <|Xi, |- (21)

Moreover, for n = 1, 2 if there is an « ¢ {{,, s} such that |X;, 4| > m — 6€n;_;, then V,-,} is partial
with size at least 2m — 12en;_1, a contradiction to (a).
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Now we will show that £; ={, =¢ and |Xj, ¢| =m+ O(eny—1) and |Xj, (| = m + O(ens—y).
Consider vertices x € V;, and z € Xj, ¢, . Applying (c), we have dg(x) = Z#S Iﬁi \ Vi, | + O(ens—1)
and d(2) = Y2y, IP; \ Viy| + ©(€n;_1). Combining with (b) we have

max 4 > [P\ Vi l:jelt—1] ¢ =Y 1P\ Vil +O(ens—1) =Y |P;\ Vi, + O(ens_y),
i#j i£s i)

implying
Pe,| — |Xiy,e0 | = [Ps| — |Xiy 5| + Olem_y). (22)

Note tha£|l~35| >m, |1~351| — |Xip e, | £ mand |X;, 5| < 6€eni—; (by (a), P is stable to Vx). Thus (28)
implies |Ps| =m + O(en;—1) and | Py, | — |Xi, ¢, | = m + O(en;—1). By symmetry, we have |P,| —
| Xiy 0, | = m+ O(ens—1). If €1 = £, = £, then combining with (27), we have | Xj, ¢| = m + ©O(ens—;)
and |Xj, ¢| =m + ©O(en;—1) and we are done. Assume that £; # £5. Then |Xj, iz, | = O(en;_1)
and [Xj, i2¢,| = O(en;—1) for each i € [t — 1] by Py is stable to Vx and (27). Recall that the size of
each partial sets V, in Py is at most m. It follows from (c) and |P(g | —1Xi,.e,| = m+ O(en—y) for

n =1, 2 that x and y are adjacent to each vertex of a copy of Kkt * 5> a contradiction.

Finally, we show that Py \ (V;, U V;,) = . Suppose that there existsa vertexz € Py \ (V;; U Vy,)
and let z € Vj;. Thus by (¢) and Y = @, we have dg(z) = Zi# |Pi\ Vi;| + O(ens—1) <n—2m+
®(en;—1). Since |I~’S| =m + O(en;_1), it follows from (b) that dg(z) > Zi# |ﬁi| + O(eni_1) =
n — m+ O(ens—1), a contradiction. Thus P, \ (V;, U V;,) =0, proving (26).

We call such Py, ;,) a bad class of the bad edge xy and call such (i1, iy) bad pair. We conclude
that

there is no i € [r] which appears in two bad pairs. (23)

Otherwise, we have bad pairs (i1, i2), (i2, i3), and hence £(i1, i2) # £(i2, i3) by (26). Therefore,
Xi, 0(i1,i) and Xi, ¢, .i5) are partial classes with size m + ©@(en;—1) in Py, implying |V}, | =2m +
®(en;_1) a contradiction to (a).

Let G’ = G — E. Suppose that there is a bad edge in G'. Let K, be any maximal clique in G'. By
(29), Ky contains at most one bad edge in P; for any i € [t — 1], and by (26) if K, contains 8 bad
edges in different P;’s, then it cannot contain vertices in 8 corresponding bad classes of those
edges. Therefore, 0 <28+ (1 —1— B) — B <t — 1, whence G is K;-free.

Suppose that there is a bad edge v;v; in Py with v; € V; and v; € V}, and let £ =£(i, j). By
(29), there is no bad edge between P; \ (V; U V;) and P; N (V; U Vj). Moreover, there is no bad
edge between V; and Vj in Py, as otherwise by (26) there exists an «a ;é ¢ such that |Xj o| =
m + ©O(en;_1), a contradiction to (a) since | Xj, ¢| = m + O(ens—1) and V, | is partial in Px.

If [P\ (V;UV))|>|ViNP|, then let H;= GViﬁP1—>S w1th S U[#P \Vi. By
Proposition 3.3, Hj is K;-free with e(G')=e(H;)+ |V;NP1|(|P1\ (V; U Vi)l — [V N Pgl).
Hence, by Theorem 1.1, e(G')<e(H;) <g(ny,...,n,1,t). Thus we may assume that
[P\ (V; U Vi)l < min{|V; 0 Pyl, |Vj O Pyl).

Let H; be the graph obtained from G’ by deleting all edges between P1 \ (V; U V;) and V; N Py,
then adding all possible edges between V; N P; and V; N Py and all possible edges between V; N Py
and P\ (ViNV;)). Let A= (P UP;)NV;and B=(P; UP;)\ Vj. Then H[A U B] is a bipartite
graph since no bad edge between P; \ (V; U V;) and Py N (V; U V). Similar as the proof for that G
is K¢-free, H[V(G'\ (A U B)] is K;—;-free, implying H, is K;-free. Let | V; N Py| = a, [ViN Py =b,
|PyNVj|=cand Py \ (V;UV))| =d. Then e(Hz) > e(G') + ab + cd — ad > e(G'), where the last
strict inequality holds by b > d and ¢d > 1. By Theorem 1.1, e(G') < e(H,) <g(ny, ..., 1, 1, 1),
a contradiction. Therefore, there is no bad edge. Then e(G') <g(n,...,n,,1,t) and G—Eis a
(t — 1)-partite graph. We finish the proof of Claim 2. O
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We first prove Theorem 1.2. Clearly, (d) implies that Y is empty. Moreover, by Claim 2 and (25)
we have |E| =0 and G[P;] is an independent set for each i € [t — 1], and hence the result follows
by Theorem 1.1.

We prove Theorem 1.4 by induction on k. Suppose that the theorem holds for k — 1. If there is

avertexa € Y, i.e,, Y is not empty, then by (d), a is adjacent to a copy ofoil. Thus G — {a} must
be (k — 1)K;-free. Let a € V. By induction hypothesis, we have

e(G)<e(G—{a)+n—nyg<gny,....,ng—1,...,0,k—1,t)+n—ny, <g(ny,...,n.kt),

where the last inequality holds by the definition of g(n,. .., n,, k, t). Moreover, the inequal-
ity holds only if dg(a) =n — ny (o depends on ny,...,n,,k, t) and G — {a} is obtained from
Ka,....ny—1....n, [Pa] by joining all possible edges incident with k — 2 fixed vertices, where P, is
a (t — 1)-partition for Ky, . n,—1,..n, (by induction hypothesis). Thus, the extremal graphs are
obtained from Kj,,, ., [P] by joining all possible edges incident with k — 1 fixed vertices, where P
isa (t — 1)-partition for Ky, »,.

Therefore, we may assume that Y is empty. Combining with Claims 1 and 2, we have
e(G) <g(ny,...,n, 1,t) +kens_y < g(ny,...,n,k, t),acontradiction, hence we finish the proof
of Theorem 1.4.
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