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Abstract. We study the Hausdorff dimension and the pointwise dimension of measures that
are not necessarily ergodic. In particular, for conformal expanding maps and hyperbolic
diffeomorphisms on surfaces we establish explicit formulas for the pointwise dimension of
an arbitrary invariant measure in terms of the local entropy and of the Lyapunov exponents.
These formulas are obtained with a direct approach, pertaining to the fundamentals of
ergodic theory, which in particular does not require Pesin theory. This allows us to show,
for those systems, that the Hausdorff dimension of a (non-ergodic) invariant measure
is equal to the essential supremum of the Hausdorff dimensions of the measures in
an ergodic decomposition. We also establish corresponding results for non-uniformly
hyperbolic diffeomorphisms on surfaces, now using Pesin theory. To the best of our
knowledge, the formula for the Hausdorff dimension of an invariant measure along an
ergodic decomposition is new even in the case of uniformly hyperbolic dynamics.

1. Introduction
In the theory of dynamical systems we are often interested in studying the complexity of a
given dynamics. This is particularly relevant in the study of the chaotic behavior associated
to the strange attractors that frequently occur in natural phenomena. The complexity of the
evolution of a dynamical system in its phase space and of the associated invariant sets
can be measured from many points of view. These include the topological, ergodic, and
dimensional points of view. To each of these approaches correspond important invariants,
often with deep relations between them. For example, when the dynamics preserves a given
measure we can obtain important information about the dynamics from the Kolmogorov—
Sinai entropy and from the Hausdorff dimension of the measure.

On the other hand it is often the case that a given global invariant has behind it or in a
certain sense can even be built with the help of a local quantity. For example, in the case of
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the Kolmogorov-Sinai entropy and of the Hausdorff dimension, which are quantities of
global nature, these can be built (in a rigorous mathematical sense) respectively with the
local entropy and with the pointwise dimension. In the case of the entropy this goes back
to the classical Shannon—-McMillan—-Breiman theorem: the Kolmogorov—Sinai entropy is
obtained by integrating the local entropy. In this paper we are mostly interested in the
second invariant: the Hausdorff dimension of an invariant measure.

We first introduce some notation. Let dimyZ be the Hausdorff dimension of the set Z.
Given a measure p on A C R the Hausdorff dimension of u is defined by

dimpgu = inf{dimyZ : Z C A and u(A \ Z) = 0}. )

This quantity can indeed be defined in terms of a local quantity. Namely

1 B(x,
dimgp = ess sup{liminfM 1x € A},
r—0 logr

)

where B(x, r) denotes the ball of radius » centered at x, with the essential supremum taken
with respect to i (see Proposition 3). In particular, if there exists a number d such that

o logu(BGr. ) _
m —, =

d 3
r—0 logr )

for p-almost every x € A then dimyp = d. This criterion was established by Young
in [10]. The limit in (3), when it exists, is called the pointwise dimension of u at x.

Now, let i be a compactly supported finite measure invariant under a C'*¢ diffeo-
morphism f. It follows from the work of Ledrappier and Young in [8] and the work of
Barreira et al in [2] that if the measure u is hyperbolic then the pointwise dimension exists
almost everywhere. In the two-dimensional case this statement was established in [10] by
Young, who also showed that if i is an ergodic invariant measure of saddle type then

1 1

dimag = () <Au RN ) @
where h, (f) is the Kolmogorov—Sinai entropy of f with respect to w, and A, () and
s () are respectively the p-averages of the positive and negative values of the Lyapunov
exponent (note that since p is ergodic these values are constant p-almost everywhere).
We recall that a finite measure u is ergodic if all f-invariant sets A (i.e. such that
f~1A = A) have either zero of full u-measure.

Our main objective is to discuss the pointwise dimension and the Hausdorff dimension
of measures that are not necessarily ergodic. We emphasize that when u is not ergodic in
general (4) does not hold (again on a two-dimensional manifold). Examples can be readily
obtained from the fact that given invariant probability measures w1, (2 and constants cy,
¢y > 0 with ¢; + ¢ = 1, the measure u = c1 1 + cp 7 satisfies

dimgu = max{dimgp |, dimgu,} (5)

and
hyu(f) = crhy, (f) + c2hyu, (). (6)
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We now present our results in the case of diffeomorphisms on surfaces. Let f: M — M
be a C! surface diffeomorphism with a compact f-invariant locally maximal hyperbolic
set A C M. For each x € M and v € T, M we consider the Lyapunov exponent

A(x, v) = lim sup 1 log |ldx f™v].
n—+oo N
For each x € A the function A(x, -) takes exactly two real values A, (x) > 0 and A;(x) < O,
the positive and negative values of the Lyapunov exponent at x (see [1] for details).
Now, let u be an f-invariant probability measure on A. By the work of Brin and Katok
in [4], for u-almost every x € A there exists the limit

-1
(£ B ). e)).

1 n
hy(x) = lim lim ——1
u(x) = lim lim —- 0gu<k20

e—>0n—
The number £, (x) is called the local entropy of u at the point x.

Our first result considers measures that are not necessarily ergodic and establishes
an explicit formula for the pointwise dimension at a given point x in terms of the
positive and negative values A, (x) and A;(x) of the Lyapunov exponent, and of the local
entropy i, (x).

THEOREM 1. Let f be a C'*¢ surface diffeomorphism with a compact f-invariant locally
maximal hyperbolic set A, and let u be an f-invariant probability measure on A. Then for
n-almost every x € A we have

 logu(B(x.r) I I
i = oar _h“(x)<xu(x)_xs(x)>' @

We refer to the main text for details and generalizations. We emphasize that for
non-ergodic measures in general the Hausdorff dimension dimgu (not to mention the
pointwise dimension in a set of positive measure) is not given by the right-hand side of (4).
Nevertheless, Theorem 1 indicates that at the local level we do have an identity that imitates
the one in (4) for an arbitrary measure. Namely, the new identity in (7) can be formally
obtained by replacing each global quantity in (4) by the corresponding local quantity.

We note that Theorem 1 can also be obtained from the work of Ledrappier and Young [8]
and Barreira ef al [2], in the more general context of non-uniformly hyperbolic dynamics.
However, while the approach in these papers requires the machinery of Pesin theory,
we provide a direct and arguably short proof, clearly pertaining to the fundamentals of
ergodic theory, although only in the case of uniformly hyperbolic dynamics.

Theorem 1 provides crucial information of local nature that in its turn can be used to
describe how the Hausdorff dimension dimgu of an invariant measure on a hyperbolic
set A behaves under an ergodic decomposition. We recall that each ergodic decomposition
of the measure u can be identified with a probability measure v on the metrizable
space of f-invariant probability measures on A such that the subspace Mg of ergodic
measures on A has full T-measure (see §2).

THEOREM 2. Let f be a C'*¢ surface diffeomorphism with a compact f-invariant locally
maximal hyperbolic set A, and let n be an f-invariant probability measure on A.
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For any ergodic decomposition t of i we have
dimgu = esssup{dimygv : v € Mg}, (8)
with the essential supremum taken with respect to T.

This is a particular case of our results which also include a generalization to non-
uniformly hyperbolic dynamics. We emphasize that without the presence of hyperbolicity
the identity in (8) may not hold, and in fact it is possible to give very simple examples
where it fails (we refer to §2 for examples and for a related discussion).

In the case of the entropy it is well known that (see for example [5])

h(f) = / ho(f) de (). ©
MEg

The formulas (8) and (9) are generalizations respectively of (5) and (6) for an arbitrary
number (possibly uncountable) of ergodic invariant probability measures.

Our approach to these problems can be described as pertaining to the fundamentals of
ergodic theory, although with several technical complications. A rough description of the
proof of Theorem 2 is the following.

(1)  We first reduce our problem to f-invariant sets I' where the Lyapunov exponents and
the local entropy change little, that is,

A (Y) =20 <&, |As(y) —As)] <& |hu(y) —hu(0)] <€

foreach y € I" and some fixed x € A. In view of Theorem 1 the pointwise dimension
also changes little almost everywhere in I" and thus we are able to use (2) in order to
obtain sharp estimates for the Hausdorff dimension of the invariant measure induced
by @ on I' in terms of the pointwise dimension at the given point x.

(2) Furthermore, we can use the Birkhoff ergodic theorem and the Shannon-McMillan—
Breiman theorem to relate local quantities (respectively the Lyapunov exponents and
the local entropy) and global quantities (respectively the averages of the Lyapunov
exponents and of the Kolmogorov—Sinai entropy) up to some small error terms on
each set I'. In particular, this allows us to obtain sharp lower and upper bounds for
the Hausdorff dimension of u in terms of each ergodic invariant measure supported
onT.

(3) Finally, since in the case of ergodic invariant measures we can use (4) to compute
their Hausdorff dimension, the outcome of this approach is that the pointwise
dimension at the given point x, and thus at almost every point of I, can be arbitrarily
approximated by the Hausdorff dimension of ergodic measures (and in fact by the
Hausdorff dimension of ergodic measures on a positive measure set with respect to
some ergodic decomposition).

We now briefly describe the contents of the paper. In §2 we discuss basic relations
between the pointwise dimension and the Hausdorff dimension of an invariant measure.
We also discuss what happens in the context of Pesin theory. In the remaining sections we
consider several classes of dynamical systems, and in particular we establish appropriate
versions of Theorems 1 and 2. We first formulate our results in the case of repellers (in §3)
since the approach is a bit simpler, instead of the need to deal simultaneously with the stable
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and unstable directions as in the case of hyperbolic sets. In §4 we establish the statements in
Theorems 1 and 2 in the more general context of conformal diffeomorphisms on manifolds
of arbitrary dimension. This allows us to reduce the study of invariant measures of maximal
dimension to that of ergodic invariant measures of maximal dimension. Section 5 is
dedicated to the study of non-uniformly hyperbolic diffeomorphisms. Even though the
results are more general than those in §4, the main point is that the approaches in the two
sections are different. While in §4 the approach is direct and pertains to the fundamentals
of ergodic theory, in §5 we use several non-trivial results from the theory of non-uniformly
hyperbolic dynamics.

2. Pointwise dimension and dimension of measures
Let 1 be a Borel measure on a metric space A C R™. The lower and upper pointwise
dimensions of p at the point x € A are defined by

d,,(x) = lim inf CELBEN) 4 T ) = limup 2EHBED).
r—0 logr 0 logr

We first recall two basic properties relating these quantities with the Hausdorff dimension
of subsets of R” (see, for example, [9, Theorems 7.1 and 7.2]):
@G if iu (x) > « for p-almost every x € A then dimgu > «;
(i) ifgu(x) <aforeveryx € Z C A thendimpgZ < o.
Here dimy Z and dimygu denote respectively the Hausdorff dimensions of the set Z and of
the measure p (see equation (1) for the definition). By Whitney’s embedding theorem, the
above statements also hold on subsets of smooth manifolds.

The following statement should be considered well known, although it is difficult to find
a straightforward presentation in the literature. For completeness we include a very simple
argument.

PROPOSITION 3. If  is a finite Borel measure on a set A C R™ then dimgu =
ess sup{iﬂ(x) 1x € A}

Proof. Let
o= esssup{gﬂ(x) :x€A} and Z={xeA: Qﬂ(x) < a}.
Then ;(Z) = 1 and dimgp < dimgZ < « (using property (ii)). Now, for ¢ > 0, let
Ze ={x EA:QM(x)z(x—s}.

By the definition of essential supremum we have u(Z,) > 0 for every ¢ > 0. Hence,
dimgpu > dimg(p|Z;) > a — ¢ (using property (i)), and the arbitrariness of ¢ implies that
dimgu > «. O

We also want to discuss how the Hausdorff dimension of an invariant measure relates
with its ergodic decompositions. Let f: A — A be a Borel measurable transformation.
We denote by M the set of f-invariant probability measures on A, and by Mg C M
the subset of ergodic measures. Recall that a measure w is ergodic if for every f-
invariant set A C A (i.e. such that f~'A = A) we have u(A) = 0 or u(A \ A) = 0.
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We say that a probability Borel measure T on M (with the weaks topology) is an ergodic
decomposition of a measure u € M if 1(Mg) = 1 and

= [ ([ )

for every w-integrable measurable function ¢: A — R.

PROPOSITION 4. Let f: A — A be a Borel measurable transformation preserving a
probability measure pu on A C R™. For any ergodic decomposition T of |t we have

dimgp > esssup{dimyv : v € Mg}, (10)
with the essential supremum taken with respect to t.

Proof. If w(A \ Z) = 0 then v(A \ Z) = 0 for r-almost every v € M. Hence,
dimygZ > dimgv for r-almost every v € M, and thus

dimyZ > esssup{dimyv : v € Mg}.
Taking the infimum over all the sets Z with (A \ Z) = 0 we obtain the desired result. O

We remark that the inequality in (10) may be strict. A simple example is given by
a rational rotation of the circle: in this case each measure supported on a periodic orbit
has zero Hausdorff dimension and thus when p is the Lebesgue measure we have a strict
inequality in (10). Another example was mentioned to one of us by Manfred Denker:
it is a translation on the 2-torus given by the product of an irrational rotation and the
identity; in this case the ergodic components are the ‘horizontal’ circles and when w is the
Lebesgue measure we have a strict inequality in (10).

It should be noted that when the number of ergodic components is finite or even infinite
countable it is straightforward to verify that (10) is an identity, i.e.

dimgp = esssup{dimygv : v € Mg}. (11)

More precisely, assume that one can write A = UneNu{O} A, with pairwise disjoint
f-invariant sets A, for n € N U {0} such that f|A, is ergodic with respect to u for each
n € Nand u(Ap) = 0 (that is, up to a zero measure set the number of ergodic components
is countable). Then it is simple to show that

dimgpu = sup{dimg(u|A,) : n € N}.

In particular, it follows from work of Pesin that (11) holds in the context of smooth
ergodic theory. Namely, let i be a hyperbolic finite Borel measure invariant under a C !¢
diffeomorphism of a compact manifold (see §5 for the definition of hyperbolic measure).
Pesin showed that if w is absolutely continuous with respect to the volume, then up to a
zero measure set the number of ergodic components is countable, and thus (11) holds. See,
for example, [1] for details (see also §5).
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3. Expanding maps
3.1. Basic notions. Let f: M — M be a differentiable map of a smooth manifold M.
Consider a compact f-invariant set J/ C M. We say that f is expanding on J, and that J
is a repeller of f if there exist constants ¢ > 0 and 8 > 1 such that ||d, f"v| > c8"||v]|
forall x € J,v € TyM, and n € N. Furthermore, we say that f is conformal on J if d, f
is a multiple of an isometry for every x € J. From now on we assume that J is a repeller
of f and that f is conformal on J.

Let i be an f-invariant probability measure on J. By Birkhoff’s ergodic theorem, for
u-almost every x € J there exists the limit

1 1 n—1
Mx) = lim —loglld, /"Il = lim > "¢ (f*(x)), (12)
n—oon n—-oon =0

where ¢ (y) = log|ldy f ||, and x — A(x) is f-invariant jt-almost everywhere.
Moreover, by work of Brin and Katok in [4], for p-almost every x € J there exists the

limit
1
hu(x) = lim lim ——log u(B(x, n, €)), (13)
e—>0n—o00 n
where
B(x,n,&)={yeM:d(f*(), ffx)) <efork=0,...,n—1}, (14)

and d denotes the distance on M. The number &, (x) is called the local entropy of 1 at x.
Furthermore, the function x — h,(x) is u-integrable, f-invariant j-almost everywhere,
and the Kolmogorov—Sinai entropy 4, (f) of f with respect to i can be computed by

hu(f)=/Jhu(X)du(X)- 15)

For the purpose of the proofs we require the relation of the local entropy with
the corresponding version in terms of partitions instead of the sets B(x,n, &) in (14).

Let R = {Ry,..., R¢} be a partition of the repeller J. Given integers ig,...,i, €
{1, ..., k} we define the rectangle
Rigiy ={x € J : f/(x) € R, for j =0,....n}. (16)

By the Shannon—-McMillan—Breiman theorem, for w-almost every x € J we have

hu(x) = lim —%log n(Ry (x)), A7)

where R, (x) = Rj,...;, is any rectangle such that x € R,(x). For definiteness, we always
assume that for each x a particular choice of rectangles R, (x) is made from the beginning
for all n € N. We denote by X a fixed full u-measure f-invariant set of points x € J such
that:

(1)  the number A(x) in (12) is well defined;

(2) the number &, (x) in (13) is well defined and satisfies (17).
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3.2. Formula for the pointwise dimension. We are now ready to establish a local
formula for the pointwise dimension of invariant measures that are not necessarily ergodic.

THEOREM 5. Let J be a repeller of a C'*¢ map f such that f is conformal on J, and
let w be an f-invariant probability measure on J. Then, for p-almost every x € J we have
By (x)
Ax)
Proof. Fix ¢ > 0 such that ¢ < min¢/2. We define ‘Pesin sets’ Q, related to the

functions #, and A. For each x in the full measure set X there exists p(x) € N such
thatif n > p(x), then

iﬂ(x) = gu(x) =

AMx)—e < l loglldx "Il < A(x) + &, (18)
n

1
—hu(x) —¢e < - log (R, (x)) < —hy,(x) +e. (19)

For each ¢ € N we define the set Oy = {x € X : p(x) < £}. Note that  J,.y Q¢ = X.
For each x € X there exists r(x) > 0 such that for every r € (0, r(x)) we can choose
n =n(x,r) > p(x) such that

Ide fU17 =7 and  |def"THT <1 (20)

We write R(x, 1) = Ry(x,r)(x) foreachx € X and r € (0, r(x)).

We first establish an upper bound for the pointwise dimension. The conformality
of f on J guarantees that there exists k > 0 (independent of x and r) such that
B(x,«xr) D R(x,r) foreachx € X and r € (0, r(x)), and hence

w(B(x,kr)) = w(R(x,r)) > exp[(—h,(x) — &)n].

Applying (18) and (20) we obtain

logr
u(B(x,kr)) = eXP[(hu(x) * S)W}’

and thus
hy(x)+e

dy(x) < ) — 5

The arbitrariness of & implies that Eu (x) < hu(x)/A(x) for every x € X and hence for
p-almost every x € J.
We now establish a lower bound for the pointwise dimension. Given x € X we define

Fx)={yeX:|hu(y) —hu(x)| < eand|A(y) — 2(x)] < &}. 21

The sets I'(x) form a cover of X and we can choose points y; € X fori = 1,2, ... such
that I'; = I'(y;) satisfies u(I";) > O for each i, and ;. I'; has full u-measure.

Fix i, £ € N. We now proceed in a similar way to that in [9, §22] to construct an
appropriate cover of I'; N Q¢ by sets of the form R(x,r) NI[; N Q. Foreachx € I'; N Qy
and r > 0, we denote by R’(x, r) the largest rectangle containing x (among those in (16))
with the property that R'(x,r) = R(y,r) for some y € R'(x,r) N T; N Q¢ and that
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R(z,r) C R'(x,r) forany z € R'(x,r) NT; N Q¢. Two sets R'(x, r) and R'(y, r) either
coincide or intersect at most along their boundaries.

The Borel density lemma (see, for example, [6, Theorem 2.9.11]) tells us that for
n-almost every x € I'; N Oy we have

I w(Bx,r)NTiNQy)
m =

1.
r—0 [,L(B(x,}"))

This implies that for w-almost every x € I'; N Qg there exists a constant r(x) > 0 such
that for each r € (0, r(x)) we have

pn(B(x,r)) < 2u(B(x,r) NTi N Qy). (22)

By the conformality of f on J, there exist a constant K > 0 (independent of x and r) and
points x1, ..., xx € ['; N Q¢ with k < K such that

k
B(x,r)NTiN Q¢ C | J R (x),r).
j=1
Applying (19) and (22) we obtain
k
w(B(x,r)) <2u(B(x,r) NI N Q) < ZZM(R'(X,;, r))
j=I

k
<2 Z expl(—hy(x;) +&)n(xj, r)l.
=

By the definition of I'; and (20) we conclude that

k
W(B(x.r) <2 ZeXp[(hM(y,.) . 28)logr+7max¢}

= A.(.xj) + &
logr + max ¢
<2K h —3g)——— |,
< eXP[( p(x) —3¢) A 1 26 }
and thus
hy,(x) —3e
d > A=
4,x) = Ax) +2¢
The arbitrariness of ¢ implies that
d,(0) = hu(0)/A(x) (23)

for w-almost every x € I'; N Q. Letting £ — oo we conclude that (23) holds for p-almost
every x € I';. Since UeeN I'; has full w-measure, (23) holds for p-almost every x € J. O

Combining Theorem 5 with Proposition 3 and using the p-almost everywhere
f-invariance of the functions /,, and A, we obtain the following formulas for the Hausdorff
dimension of an invariant measure (that is not necessarily ergodic).
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COROLLARY 6. If f is a C'*¢ map with a repeller J on which f is conformal, and . is
an f-invariant probability measure on J, then

h
dimpgp = ess sup{ ;((x)) 1X € J}.
X

If, in addition, | is ergodic then

hu(f)

S, — 24
[y loglldflldu @4

iﬂ(x) = Eu,(x) = dll’nH[,L =

for w-almost every x € J.

The identity (24) was established by Pesin in [9].

3.3. Hausdorff dimension of measures and ergodic decompositions. The following
statement provides a formula for the Hausdorff dimension of a measure in terms of an
ergodic decomposition. We recall that Mg is the set of ergodic f-invariant probability
measures on J.

THEOREM 7. Let J be a repeller of a C'*¢ map f such that f is conformal on J, and
let  be an f-invariant probability measure on J. For any ergodic decomposition T of |
we have

dimgu = ess sup{dimygv : v € Mg},

with the essential supremum taken with respect to T.
Proof. By Proposition 4 we have
dimygpu > esssup{dimygv : v € MEg}.

We now establish the opposite inequality. By Corollary 6 we have

. hy(x)
dimpgp = ess sup txeXy. (25)
A(x)

Fix ¢ > 0 such that ¢ < min¢/2. As in the proof of Theorem 5, for each x in the full
u-measure set X we consider the set I'(x) defined by (21). Again we choose points y; € X
fori = 1, 2, ... such that the f-invariant set I'; = I'(y;) satisfies u(I';) > 0 for each i,
and ;¢ I'i has full u-measure. Fix i and consider the normalized restriction j1; of 1
to I';. It follows from (15) and (21) that

1
hy (fIT:) = ) /r,- hu(x)du(x) = hy(yi) — e. (26)

Let M; = {v e M :v(J \T;) = 0}, where M denotes the set of f-invariant probability
measures on J. Since I'; is f-invariant, there is a one-to-one correspondence between the
ergodic f-invariant probability measures on I'; and the measures in M; N Mg. It is thus
straightforward to verify that t(M; N Mg) > 0 and that the normalization 7; of t|M;
provides an ergodic decomposition of p;. Since

(1T = f () dri(v)
M,

https://doi.org/10.1017/50143385705000672 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385705000672

Pointwise dimension and ergodic decompositions 663

(see for example [5]), there exists a set A; C M;NME of positive t;-measure and thus also
with positive T-measure such that 2, (f) > hy, (f|T';) — ¢ for every v € A;. Using (26),
foreach v € A; and x € I'; we have

hy(f) > hy (fIT) — & = hy(yi) — 28 > hy(x) — 3¢
and

A(v) = / ddv < A(y;) +& < A(x) + 2e.
Iy

Therefore, for all v € A; we have

B _ ho(f) +3e
Ax) T A(v) —2¢

< dimygv + C(g),

where ¢ — C(¢) is a function (independent of i and v) that tends to zero as ¢ — 0.
Since t(A;) > 0, it follows from (25) and Corollary 6 that

dimgp < esssup{dimpv : v € Mg} + C(e).
Letting ¢ — 0 we obtain the desired result. o

All the statements in §3 can also be established when the conformality is replaced
by the following more general situation: assume that there exist a continuous function
Y¥:J — RT and a constant ¥ > 1 such that for every x € J we have

n—1 n—1
kM ollexp Y Y (A () < llde fMll < kllvllexp D ¥ (fF )
k=0 k=0
foreveryv € TyM and n € N.

4. Hyperbolic diffeomorphisms

We now consider hyperbolic diffeomorphisms and derive formulas for the pointwise
dimension and the Hausdorff dimension of an invariant measure that is not necessarily
ergodic. These formulas are versions of those in the case of expanding maps (see §3).
Our approach is similar to that in §3 although it is now necessary to deal simultaneously
with the stable and unstable directions.

4.1. Basic notions. Let M be a smooth manifold and f: M — M a diffeomorphism.
Let also A C M be a compact f-invariant locally maximal hyperbolic set for f.
This means that there exist a continuous splitting of the tangent bundle Ty M = E* & E,
and constants ¢ > 0 and A € (0, 1) such that for each x € A:

() def(E)) = Y, and d f(EY) = EY ;.

(2)  |ldx f"v]l < cA"|lv|| wheneverv € E3 andn > 0;

3)  ldx f7"v]l < cA™|lv|| whenever v € E¥ andn > 0.

Furthermore, there exists an open neighborhood U of A such that A = (1,7 f"U.
We assume that f is conformal on A, i.e. that the maps

defIEy: Ey — E%(y and dyfIEY: EY — E%
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are multiples of isometries for each x € A. For example, this is the case when dim E =
dim E¥ = 1 for every x € A. A situation more general than conformality is considered at
the end of §4.2.

Now, let i be an f-invariant probability measure on A. Since f is conformal on A,
it follows from Birkhoff’s ergodic theorem that for p-almost every x € A there exist the

limits
: 1 ny s : 1 = k
ds(@) = lim —log|lds f"|EY]| = lim — " s (f*(x)), (27)
n—-oon n—-oon pr
and
. 1 ny i . 1 = k
ha(x) = lim —log|ld, f"|EX| = lim =" ¢, (f*(x)), (28)
n—-oon n—-oon =
where

¢s(y) =loglldy fIEY|l and ¢y (y) = logldy fIET].

The numbers A;(x) and A, (x) are, respectively, the negative and positive values of the
Lyapunov exponent at x.

We define again the local entropy of w at x by (13). As in the case of expanding maps,
the Kolmogorov—Sinai entropy 4, (f) of f with respect to p satisfies (15).

Let R = {Ry,..., R} be a Markov partition of A (see, for example, [9] for the
definition). Given integers i, ..., i, € {1, ..., k} we define the rectangle

R ={xeA: fl(x)eRforj=—-m, ... ,n}

I_m ip

The Shannon—McMillan—Breiman theorem shows that for p-almost every x € A we have

hﬂ(x) - nrggoo _n +m

log i (Ry,m(x)), (29)
for any choice of rectangles Ry, ,,(x) = R;_,,...;, such that x € R, ,,(x). For definiteness,
we always assume that for each x a particular choice of rectangles R, ,, (x) is made from
the beginning for all n, m € N. Let X be a fixed full ;-measure f-invariant set of points
x € A such that:

(1) the numbers Ay (x) and A, (x) in (27)—(28) are well defined;

(2) the number £, (x) in (13) is well defined and satisfies (29).

We shall restrict ourselves to the set X whenever appropriate.

4.2. Formula for the pointwise dimension. We now present the main result of this
section: a local version of Young’s formula in (4) for measures which are not necessarily
ergodic. More precisely, we show that the pointwise dimension at a given point can be
expressed in terms of the local entropy and of the positive and negative values of the
Lyapunov exponent at that point.

THEOREM 8. Let f be a C'*° diffeomorphism with a compact f-invariant locally
maximal hyperbolic set A on which f is conformal, and let i be an f -invariant probability
measure on A. Then for w-almost every x € A we have

— 1 1
d,(x)=du(x) = th)(T(x) - As(x))' (30)
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Proof. The proof is an elaboration of the proof of Theorem 5. We only describe the

arguments that require modifications. Fix ¢ > 0 such that
¢ < 3 min{min ¢,, —max ¢,}. 31

For each x in the full u-measure set X (as defined in §4.1) there exists p(x) € N such that
if n, m > p(x) then

1
As(x) —& < ;10g lde f"IEY] < As(x) + &, (32)

1
hu(x) —& < - log [ldx f*IEXN < Au(x) + &, (33)

1
—hu(x) —¢e < " log W(Ry,m(x)) < —hu(x) +e. (34)

+m
Now, fix £ € N and consider the set Q¢ = {x € X : p(x) < ¢}. Clearly |,y Q¢ = X.
For each x € X there exists 7(x) > 0 such that for every r € (0, r(x)) one can choose
integersn = n(x,r) > p(x) and m = m(x, r) > p(x) such that
Ide f™ESI > r and |ldy fM"THES| <1, (35)
lde fHIESI™" =7 and |ldyf"HEYT < (36)
We use the notation R(x, 7) = Ry, (x,r).m(x,r)(x) (we recall that the rectangles R, ,, (x) are
fixed from the beginning). Combining (32) with (35), and (33) with (36) (also using (31))
we obtain
m(is(x) —e) <logr —min¢gs; and logr < m(As(x) + €), (37)
—logr —max¢, <n(ry(x)4+¢) and n(r,(x) —e) < —logr. (38)
We first establish an upper bound for the pointwise dimension. It follows from the

conformality of f on A that there exists x > 0 (independent of x and r) such that
B(x,kr) D R(x,r) and hence

pu(B(x,kr)) = u(R(x,r)) = exp[(=h,(x) —&)(n +m)].

Therefore

logr logr
w(B(x. k1)) = exp[%(x) +8)(x =& () +s)]

Taking logarithms and letting » — 0 we obtain

du(x) < (hﬂ(x)+8)<k ) —e A +8>.

The arbitrariness of ¢ implies that

_ 1 1
o) = h"“”(m,(x) - As(x)>

for every x € X and hence for p-almost every x € A.
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We now establish a lower bound for the pointwise dimension. We continue to consider
a fixed ¢ > 0 satisfying (31). Given x in the full -measure set X we define

Fx)={y e X :[A0Q) — A <& [A(¥) — 2y (X)| <&,
and |h,(y) — hu(x)] < €}.

Note that each set I'(x) is f-invariant. The sets I'(x) cover X and we can choose points
yi € X fori =1,2,... such that I'; = I'(y;) satisfies u(I';) > 0 for each i, and | J; . T
has full u-measure.

We can now proceed in a similar way to that in the proof of Theorem 5 to construct an
appropriate cover of I'; N Qg by sets R'(x, r) of the form R(x,r) NT; N Qg. Also as in
the proof of Theorem 5 it follows from the Borel density lemma that for pu-almost every
x € I'; N Qy there exists a constant r(x) > 0 such that for each » € (0, r(x)) we have

w(B(x,r)) <2u(Bx,r) NIy N Q).

By the conformality and the uniform transversality of the stable and unstable manifolds,
we conclude that there exist a constant K > 0 (independent of x and r) and points x1, .. .,
xx € I'i N Qg with k < K such that

k
Bx.r)nTin Q¢ C | JR (x).7).
j=I
We obtain

k

u(B(x,r)) < 2u(B(x,r)NTiN Q) <2 (R (xj,r)
Jj=1

k
<2 expl(—hyu(x)) + &)(nlxj, r) + m(xj, )],
j=1
using (34). By (37)-(38) and the definition of I'; we conclude that

k .
w(B(x,r)) < ZZGXP[(hu(yi) _ 28)<logr + max¢, logr — m1n¢s):|

= )\u(xj)‘i‘g As(xj) — €
logr + max ¢, logr — min¢

= 2K e"p[(h“(x) B 38)( f 12 Ag (x) — 26 )]

u S
Taking logarithms and letting » — 0 yields

1 1

d > (h -3 — .

4, () Z () 8)(ku(x)+2£ )\S(x)—zs>

The arbitrariness of ¢ implies that

1 1
d,(x) = hM(X)<m - As(x)> (39)

for p-almost every x € I'; N Qy. Letting £ — oo we conclude that (39) holds for
u-almost every x € T;. Since |J;oy i has full p-measure the inequality (39) holds
for p-almost every x € A. a
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We note that the coincidence of the lower and upper pointwise dimensions is known in
much greater generality. Namely, for any hyperbolic measure y invariant under a C'*#
diffeomorphism (see §5), it was shown by Barreira et al in [2] that d LX) = Eu (x) for
p-almost every x.

Combining Theorem 8 with Proposition 3 yields the following formula for the
Hausdorff dimension of an invariant measure.

COROLLARY 9. If f is a C'*¢ diffeomorphism with a compact f-invariant locally
maximal hyperbolic set A on which f is conformal, and w is an f-invariant probability
measure on A, then

dimpgu = esssup{hu(x)()L 1(x) 3 ix)) X € A}. (40)

We emphasize that the essential supremum in (40) is to be understood in the sense that
for any full p-measure subset of A in which the quantities i, (x), A;(x), and A, (x) are
well defined (and in particular for the set X defined in §4.1), the number dimyu coincides
with the essential supremum over that set.

When M is a surface and u is an ergodic measure, Theorem 8 (or Corollary 9)
can be used to recover Young’s formula in (4) (in the uniformly hyperbolic case; see
also §5). Theorem 8 can also be used to recover the corresponding result for conformal
diffeomorphisms on higher-dimensional manifolds (see [9, Theorem 24.2]). These are
immediate consequences of the p-almost everywhere f-invariance of the functions 4, A,
and A, in the right-hand sides of (30) and (40).

Theorem 8 and Corollary 9 have been obtained assuming that f is conformal on
the hyperbolic set A. The same statements can also be established in the following
more general situation: assume that there exist continuous functions ¢;: A — R~ and
Yy A — R* and a constant ¥ > 1 such that for every x € A we have

n—1 n—1
kM ollexp Y Y (F5 () < llde fM ol < kllvllexp Y ¥s (FF(x)
k=0 k=0

and
n—1 n—1
cMwlexp Y v (fA@)) < llde f"wll < kllwllexp Y u (£ )
k=0 k=0

foreveryv € E}, w € E¥,andn e N.

4.3. Hausdorff dimension of measures and ergodic decompositions. Using Theorem 8
we can now describe how the dimension of measures behaves under ergodic
decompositions on hyperbolic sets.

THEOREM 10. Let f be a C'*¢ diffeomorphism with a compact f-invariant locally
maximal hyperbolic set A on which f is conformal, and let u be an f -invariant probability
measure on A. For any ergodic decomposition T of u we have

dimgu = esssup{dimgv : v € Mg},

with the essential supremum taken with respect to t.
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Proof. The proof is a direct elaboration of the proof of Theorem 7 and thus we only give a
brief sketch. By Corollary 9 we can write

dimgu = esssup{hu(x)(%(x) 5 l(x)) 1X € X}. 1)

Fix ¢ > 0 satisfying (31). As in the proof of Theorem 8, we consider the sets I'; = I'(y;).
Fix i and consider the normalized restriction w; of u to I';. Proceeding as in the proof
of Theorem 7 we show that there exists a set A; C M; N Mg of positive t;-measure
(where 7; is the normalization of t|M;) such that for each v € A; and x € I'; we have

ho(f) > hy, (fIT;) —e > h,(yi) —2e > hy(x) — 3e.

Furthermore

As(V) = | dsdv > A (3i) — & = Ag(x) — 2e,
T

Au(v) =/ Gudv < dy(yi) +& < hu(x) + 2.
W

We conclude that

1 1 1 1
hM(X)()»u(X) - )»s(X)) = ((h) +38)<ku(v) —2 A (v) +28>

for every v € A;. Since t(A;) > 0, it follows from (41) that

dimgu < esssup{dimpgv : v € Mg} + C(¢e),

where ¢ — C(¢) is a function (independent of i and v) that tends to zero as ¢ — 0.
By Proposition 4, the arbitrariness of ¢ implies the desired result. a

The following is now an immediate application of Theorem 10.

COROLLARY 11. If f is a C'*¢ diffeomorphism with a compact f-invariant locally
maximal hyperbolic set A on which f is conformal, then

sup{dimyv : v € M} = sup{dimygv : v € Mg}.

Corollary 11 allows one to reduce the study of invariant measures of maximal dimension
to that of ergodic invariant measures of maximal dimension (see [3] for a detailed
discussion). Recall that an invariant probability measure @ on A is said to be a measure of
maximal dimension if dimgu = sup{dimgv : v € M}.

We note that in Theorem 10 and Corollary 11 the hypothesis on the conformality of f
on A can be replaced by the weaker assumption at the end of §4.2.

5. Non-uniformly hyperbolic diffeomorphisms

We can also establish related results in the more general case of non-uniformly hyperbolic
dynamics. We stress that the emphasis in §4 is that the results are obtained with a
direct approach that in particular does not require Pesin theory. In the present section
the emphasis is different. Namely, we want to show to what extent the results in the
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former section have corresponding versions in the non-uniformly hyperbolic setting, now
necessarily resorting to the appropriate results from smooth ergodic theory.

We briefly review some notions from the theory of non-uniformly hyperbolic dynamical
systems (see [2, 1] for details). Consider a C'*¢ diffeomorphism f: M — M. We recall
that a finite measure p on M is said to be hyperbolic if for each x in a full y-measure set
and each v € Ty M we have

A(x, v) = limsup 1 log ||dy f™v| # 0.
n—+oo 1
We assume from now on that u is a compactly supported f-invariant hyperbolic probability
measure on M. There exist stable and unstable local manifolds V*(x) and V*(x) at x,
of size r(x) > 0 depending measurably on x. For each r € (0, r(x)) we consider the
balls B(x,r) C V*(x) and B¥(x,r) C V"(x) centered at x with respect to the induced
distances on V*(x) and V*(x) respectively.

We also need the families of conditional measures . and p% generated by certain
measurable partitions constructed by Ledrappier and Young [8], based on the former work
of Ledrappier and Strelcyn [7]. As shown by Rohklin, any measurable partition £ of M has
associated a family of conditional measures: for p-almost every point x € M there exists
a probability measure w, defined on the element £(x) of & containing x. Furthermore,
the conditional measures are characterized completely by the following property: if B is
a o-subalgebra of the Borel o-algebra generated by the unions of elements of £ then for
each Borel set A C M, the function x = 1y (A N&(x)) is Be-measurable and

u(A) = /A ux(ANEx))du.

It is established in [8] that there exist two measurable partitions £* and £ of M such that
for p-almost every point x € M we have:
(1) &5(x)cC VS(x)and&¥(x) C VH¥(x);
2) Ex)DVS(x)NB(x,y)and &“(x) D V*(x) N B(x, y) for some y = y(x) > 0.
We denote by 3 and p¥ the conditional measures associated respectively to the partitions
£% and &%,
In [8], Ledrappier and Young established the existence of the limits
4}, (x) = lim w and d"(x) = lim w
r—0 logr " r—0 logr

for p-almost every x € M. We call these quantities respectively stable and unstable
pointwise dimensions of pu at x. The following is a combination of results in [8] with
results of Barreira et al in [2].

THEOREM 12. Let f be a C'*¢ diffeomorphism and i a compactly supported f -invariant
hyperbolic probability measure. For -almost every x we have

d, () = dyu(x) = &, (0) + ().

More precisely, it is established in [8] that Eu < d,, + d;; p-almost everywhere and
it is proven in [2] that d,, > d,, + dj; for pi-almost every point. It should be noted that
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in [8] the authors consider a more general class of measures, for which some values of the
Lyapunov exponent may be zero. On the other hand, Ledrappier and Young require the
diffeomorphism £ to be of class C2. The only place in [8] where f is required to be of
class C? concerns the Lipschitz regularity of the holonomies generated by the intermediate
foliations. In the case of hyperbolic measures a new argument was given by Barreira ef al
in [2] establishing the Lipschitz regularity for C'*¢ diffeomorphisms. This ensures that
the inequality Eu < de + d,; of Ledrappier and Young holds even when f is only of class
C1+e. See [2] for details.

Combining Theorem 12 with Proposition 3 yields the following formula for the
Hausdorff dimension of a hyperbolic measure.

COROLLARY 13. If f: M — M is a C'*¢ diffeomorphism and 1 is a compactly
supported f-invariant hyperbolic probability measure then

dimyu = ess sup{d;(x) + dﬁ(x) 1x € M}.
Under the hypotheses of Corollary 13, when M is a surface it follows from work of
Ledrappier and Young in [8] that
hu(x) hu(x)
)‘s (x) )\u (x)

for pu-almost every x € M, where As(x) and A, (x) denote the negative and positive values
of the Lyapunov exponent at x. Therefore

d;(x) =— and d)(x) =

dimgp = esssup{hu(x)(%(x) 5 l(x)) 1X € M}. 42)

This formula can now be used to establish the behavior under ergodic decompositions for
hyperbolic measures. We say that a hyperbolic measure p on a surface M is of saddle type
if for pu-almost every x € M there exist one positive value and one negative value of the
Lyapunov exponent.

COROLLARY 14. Let f be a C'*¢ surface diffeomorphism and ju a compactly supported
f-invariant hyperbolic probability measure of saddle type. Then, for any ergodic
decomposition T of u we have

dimgu = ess sup{dimygv : v € Mg},
with the essential supremum taken with respect to T.

Proof. The argument is a modification of the corresponding argument in the proof of
Theorem 10. Let X be a full u-measure f-invariant set of points for which As(x), A, (x),
and £, (x) are well defined. By (42) one can write

dimgu = esssup{hu(x)(%(x) 5 l(x)) 1X € X}.

Fix ¢ > 0. For each x € X we define

) ={ye X :|a0Q) — A <& M) — X)) <e,
and |h, (y) — h,(x)| < e}
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Now, choose points y; € X fori = 1, 2, ... such that the f-invariant sets I'; = ['(y;)
satisfy u(I';) > O for each i, and (J;cyI'; has full p-measure. We can now repeat
arguments in the proof of Theorem 10 to show that

dimgp < esssup{dimyv : v € MEg}.
This completes the proof. a

We emphasize that in Corollary 14 we are not assuming the measure u to be absolutely
continuous with respect to the volume, and thus the number of ergodic components may
not be countable up to a zero measure set (this should be compared with the discussion
in §2).

The statement in Corollary 14 easily extends to higher-dimensional manifolds provided
that for p-almost every x there exist numbers Ag(x) and XA, (x) such that all negative
values of the Lyapunov exponent at x are equal to Ay(x) and that all positive values of
the Lyapunov exponent at x are equal to A, (x). This can be considered as a certain notion
of conformality in the non-uniformly hyperbolic setting.
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