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Abstract. The finite Pfaff lattice is given by a commuting Lax pair involving a finite
matrix L (zero above the first subdiagonal) and a projection onto sp(N). The lattice admits
solutions such that the entries of the matrix L are rational in the time parameters t{, f2, . . .,
after conjugation by a diagonal matrix. The sequence of polynomial t-functions, solving
the problem, belongs to an intriguing chain of subspaces of Schur polynomials, associated
to Young diagrams, dual with respect to a finite chain of rectangles. Also, this sequence of
t-functions is given inductively by the action of a fixed vertex operator.

As an example, one such sequence is given by Jack polynomials for rectangular Young
diagrams, while another chain starts with any two-column Jack polynomial.

1. Introduction

1.1.  Self-dual partitions. For positive integers n and n|k, define the following sets of

partitions,
Y={A=OQ1,A2,...), A1 =X >--- >0}
Yk={)»€Y7|)~|=Zki:k}
A=A A2, .. k) € Vi, A <,
v = 2k 1
¢ )»i+)»n+1i=—,1§i§|:n+ }
n 2
with

|:n +ki|

n _ 2 n

#Yk - n+1
2

Throughout the paper [a] denotes the largest integer <a.
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These are a few examples:

@ _
Yg© =

v = N

— ’ 3

Let s, (¢) := det(s;,—i+;(¢))1<i,j be the Schur polynomials corresponding to A, with s; (t)
being the elementary Schur polynomials, defined by

o
exp <ZtiZi) = 25,- (t)zi with s; () = 0 fori < 0.
i>

The linear space

Ll(f) = { Z a,sy | ay € (C}

AEY,({")

will play an ubiquitous role in this work.

1.2.  The finite Pfaff lattice. The (N x N) skew-symmetric matrices

0 1 0
-1 0
, for N even,
0 0 1
-1 0
J = (1.1)
0 1 0
-1 0
, for N odd,
0 0 1
-1 0
0
satisfy
—1Iy, for N even,
72={[{-In_1 O 1.2
N=1 , for N odd. (12)
(0] 0
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Also consider the Lie algebra ¢ of lower-triangular matrices of the form

a O
0
0 a
, for N even,
0
% a[n /2]
0 awy
= (1.3)
a O
(0]
0 a
, for N odd.
a0
0 awy
* A(N+1)/2
For each a € gl(N), consider the decompositionf
a=(a)¢+ (@)n
= mga + Tna
= ((a= = J(a)"J) + Y(ao — J(ap) "))
+ ((ag + J@p) ") + Lao + J @) T ). (1.4)

For N even, this corresponds to a Lie algebra splitting, given by

¢ = {lower-triangular matrices of the form (1.3)}
gl(N)=t+n (1.5)
n = sp(N) = {a such that Ja'J =a}.
For N odd, this is merely a vector space splitting
t = {lower-triangular matrices of the form (1.3)}
gl(Ny=¢t+n ) (1.6)
n = span{my(a) witha € gl(N)}.

T a+ refers to projection onto strictly upper (strictly lower) triangular matrices, with all (2 x 2) diagonal blocks
equal to zero. a refers to projection onto the ‘diagonal’, consisting of (2 x 2) blocks.
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The Pfaff lattice is defined on (N x N) matrices L of the form

0o 1
—d| aj o
d; 1
—dr ap
, for N even,
dp
* Cooaw-p
dn-22 1
0
L = (1.7)
0o 1
—d|; aj 0]
d; 1
—dr ap
, for N odd,
dp
* 1
—diNn-1)2 aN-1)/2
din-1)/2
namely,
oL . .
Prl [—(L")g, L] (the Pfaff lattice). (1.8)
i
Given arbitrary, but fixed, parameters
bo,...,b[u] e C, (1.9)
2
consider the skew-symmetric antidiagonal initial condition,
o bin-2)2
b
0 ., for N even,
—by
—bn-2)2 o
mpy(0) = (1.10)
0 bn-3)/2
by
0 , for N odd,
—by
—bwv-3)2 o
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and its time evolution (respecting the skew-symmetry),
me(t) = E¢.n(Omy0)E] (1), (1.11)

where
o
e A
Eyn(t) = <exp( El LA >> L (1.12)
L,...N

The Pfaffian pf my(t) of the skew-symmetric matrix m,(¢) will play an important role in
this paper.

1.3.  Rational solutions to the Pfaff lattice.

THEOREM 1.1. Modulo conjugation by an (N x N) diagonal matrix D(t) (see the remark
below), the finite Pfaff lattice

oL .
o= [—(L")¢, L1 (the Pfaff lattice)
i
has rational solutions in t1, to, . . ., i.e. the matrix
D' (LD = Q(AQ(H) ™! (1.13)

is rationalinty, t, ..., with Q(t) a lower-triangular (N x N) matrix with rational entries,
obtained by Taylor expanding 1o, (t — [z~ inz !, withtg =1,

2n
~ ~ ; _ . N -1
Gon(t:2) =Y _ Qony1,j11(02 = 2"t (t = [z7']) with0 <n < [T]
=0
2n+1

- . 0
Gont1(t; 2) == Z Ot j+1 (D7) = 7" <Z + 8_t1) o (t — [271), (1.14)
=0

with (see the definition of the L-space at the beginning of this section)

1 (t) = pf(Ee.n(Omy(0)E, y (1))

£/21 0<t<N-—1
Z (l_[bkii+é[(N+1)/2])S)~(t)’ for '

7 1 even
reYyn oy

0)
€ Lily—o)2- (1.15)

The polynomials gy = Dy gy (in z) of degree 0 < k < N — 1 are ‘skew-orthonormal’ with
respect to the skew inner-product (7, 7)) = m;j(1), i.e.

(gi>qj) = Jijs (1.16)

and the N-vector (qo, ...,qn—1)" is an eigenvector for the matrix L, with modified
boundary conditions. The fact that Q2 2n—1 = 0 defines the skew-orthogonal polynomials
in a unique way, up to £1.

T A is the finite shift matrix A := (§; j—1)1<j, j<n and (A) |, ¢ denotes the matrix formed by the first £ rows
and first N columns of A. 1..N
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Example. For £ = 2, we have

(N=2)/2
X(; biSNT—2+i’NT—2_i(t), for N even,
1=l
() = (1.17)
(N=3)/2
2 biS#Jri,NT_}fi(t)’ for N odd.
1=l

Remark. The matrix D(t) in the statement of Theorem 1.1 has the following form

1 1 1 1 1 1
dia , ) ) yeees ) )
g <«/Tofz JI0T2 /T2T4 /T2T4 IN-2TN JTszN)

for N even,
D) =

1 1 1 1 1
diag < , ey , , ) )
JToT2 J/ToT2 VINZ3TN-1 JTN-3TN-1 /TN-1
for N odd.

1.4.  Duality. For the case of odd N, we can even define t,(¢) for odd £ by the second
identity of (1.15), or by slightly deforming the initial moment matrix my (0). In §6, we
prove a duality between these t;’s for k even and odd, as follows:

(N-3)/2

fg(;)z(—l)“NW( I1 bi)(rNg(—t)Ibi_)b__|), for £ odd.
0 l

1.5. Fay identities.

THEOREM 1.2. The sequence of functions

[£/2]
0<t<N-1,
Te(t) = Z < l_[ b;\,-—i+/3—[(1v+1)/2]>5x(f), - (1.18)
1

) £ even,
)‘EYZ(N—Z)/Z

together with the ‘boundary condition’
(N=2)/2

N = 1_[ bi, for N even,
0

=1 and (1.19)

tv4+1 =0, for N odd,

satisfies the the ‘differential Fay identity’:

{T2u (¢ =[u]), T2 (0 =[WD}H (™" =07 (220 (¢ =[] T20 (¢ = [V]) = T2 (1) T20 (t =[] —[0]))
=uv(u —v)12,2(1 — [u] — [V 120 42(1).  (1.20)

+ Define the Wronskian {f, g} = (3f/dt1)g — (9g/dt1) f.
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1.6. Vertex operator constructions of the rational solutions. Consider the vertex
operator acting on functions f(¢) of t = (¢, t2, ...) € C*, namely

X(: 2) :exp(ztﬂl) exp <‘ZZT£) (1.21)
1 l

1

and the vector vertex operator

X(t; 2) :ATexp<ZtiZi) exp (—Zi—,%)x(z), (1.22)
1 1

1

acting on vectors of functions F = (fo(t), f1(¢),...), with x(z) = (zi)izo. Then the
composition X(¢; A)X(z; n) is a vertex operator for the Pfaff lattice, i.e. for any r-vector
= (19, T2, T4, . . . ) of the Pfaff lattice,

(1) + aX(t; WXt M), aecC
is again a t-vector of the Pfaff lattice, or coordinatewise
A _ _ ; ; _ _
T +a (1 - ;) 22 2 exp (Y57 + 1)) Taamat = A7 = (71D

provides a new sequence of Pfaff t-functions.
In terms of the distributional weight, with the b; as in (1.9),

Pl(,e)(x) = Zla,'(x*"*1 —x"), for N even,
i>0
op(x) == _ '
Pl(,o)(x) =x"1/2 X:bi(x*l*1 —x*h,  for N odd.
i>0
and
N
ﬂ:=3—€+1, (1.23)
we define the integrated vertex operator, in terms of the vertex operator (1.21), as

= X (1 0D dydz
Yp(1) := i) 7{00 7{00 Xt v)X(t;2) P07

and the integrated vector vertex operator, in terms of (1.22), as

200V (1.24)

1
Yn(t) = i) foo foo X(t; y)X(#; 2)

In both cases, the double integral around two contours about co amounts to computing
the coefficient of 1/yz.

THEOREM 1.3. For a given set of b;, the sequence of t-functions 1g, 12, T4, . . ., defined
in (1.15), is generated by the vertex operators Yg; to be precise, inductively

Y(nj2)—er1Te—2 = L0
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COROLLARY 1.4. The vector of T-functions

12
I =y, I, 1y,...), withly = (E)!‘L’g
is a fixed point for the vertex operator Yy, namely
YnIl)e =1y, forfeven.

The rational solutions to the Pfaff lattice can be g-deformed; this will be reported on at
a later stage.

1.7. Example 1: Rectangular Jack polynomials. Jack polynomials are symmetric
polynomials in the variables x;, which are orthogonal with respect to the inner-product

<p)” pﬂ> = 5AM(1”112”12 .. )m”m2| .. .a)‘r’

where m; = m;(A) is the number of times that i appears in the partition A and where
A A
Dh(X1,X2,...) == pa Doy = Zx,-‘ inzm .
i i

Precise definitions and properties of Jack polynomials can be found in [4, 6-9].
PROPOSITION 1.5. When

by — 2i +1, for N even,
"2 +2, for Nodd,

then the 12, (t)’s are Jack polynomials for rectangular partitionst

L ki=Xxi—i4+2n
)= Y []ki —kanr1-i)si(t),  where { o

n 0 < 2n < N,
)‘EY;Z(N)—Zn) !
= pfman (1)
1 n o0 .
= ) At l_[ exp <2 Zt,-d() SN2y dzy
’ k=1 1

2
= P Oymryiyy i fork =N =2n,...,N —2n)

n

where the my, (t)’s are the (2n x 2n) upper-left-hand corners of
mN(t) = ((.] _i)gNiiijil)Ofl',ij—l (125)

upon setting S, (t) := s, (2t).

¢ d\ . .
1 Note §¢ )(x) = (K) §(x), where 8 (x) is the standard delta-function.
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1.8.  Example 2: Two-row Jack polynomials.

PROPOSITION 1.6. For N even, choosing¥

bo=---=bpp-1=0
b= LK D NZ2-p (1.20)
(p/D+k = Mot pt e =0,..., 3 ,

one finds the most general two-row Jack polynomial for t, for arbitrary «,

n(t) = pfma(r)

_ /e
= (VA p-2)/2.0n—p-2)/2 /)

dx dy (y—x)*™
2mi 2mi (xy)et(V/2)

o0 ) ) X p/2 y
X exp (Zti(xl +y')> <;> 2 F <a, —p;l—a—p; ;). (1.27)
1

Then 14(t) for £ > 4 is given by an integral of the same hypergeometric function in the
integrand above (see §7).

2. The vector fields dm /3ty = A¥m + mA ™% and the finite Pfaff lattice
The (£ x N) matrix defined in (1.12) reads

L osi(®) sa®) ... se—1(®) | se® ... sy—1(0)

0 1 s1(t) ... sp_2(t) | se—1(t) ... sy—2(t)
E¢n() = : : : :

0 0 0 o s1(t) So(t) ... Sn—e+1(2)

0 0 0 1 si(t) ... sy—¢ (1)

The main claim of this section can be summarized in the following statement.

PROPOSITION 2.1. The commuting equations (for the definition of A, see footnote on

p. 1369)
a
N — Ay +myATE, @2.1)
oty
with (N x N) skew-symmetric initial condition m(0), have the following solution:
my(t) = Ey N(Omy(0)Ey y (). (2.2)
In particular, each (£ x £) upper-left block of m(t) equals
me(t) = E¢ n(my () E/ 5 (0). (2.3)

Proof. Define mo,(0) as the semi-infinite matrix formed by putting m y (0) in the upper-
left corner and setting all other entries equal to zero and let Ay, be the semi-infinite shift
matrix. Then the solution to the differential equations

Moo

M — N+ AT 2

f@r=T@+k)/T@=a@+1)---(a+k—1).
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is given by
o0 o0
Moo (t) = exp( Z tkA];o)moo(O) exp <Z tkA;k). 2.5
1 1

Result (2.1) follows from the Taylor expansion

o o
exp(ztkAgo> = sunak,
1 k=0

which is an upper-triangular semi-infinite matrix, and considering only the upper-left
(€ x £) block. Each upper-left (¢ x £) block of ms(¢) for £ < N equals

me(t) = E¢00()Moc(0)E/ (1)
= Eqn(Omy(0)E] y (1),

from which (2.3) follows, as does (2.2) setting £ = N. O

Remark. The flow (2.4) maintains the finite upper-left-hand corner of m, and on that
locus it is equivalent to the finite flow (2.1). Therefore, the whole semi-infinite theory can
be applied to this case. It is possible to give a proof of Proposition 2.1 purely within finite
matrices.

THEOREM 2.2. Consider the commuting equations on the (N x N) matrix in

amN
dt;

= Almy +myA! (2.6)

with skew-symmetric initial condition my (0) and its ‘skew-Borel decomposition’
_n-lyp-1T
my=Q JQ , for Q € Gy. 2.7

When N is odd, we further impose the differential equations for the last entry Qnn of Q:

00NN
dt;

1
= —EQN,N—:'- (28)

Then, for arbitrary N > 0, the matrix Q evolves according to the equations

9 .
a_tQ_Q—l = —m(QA Q) (2.9)

and the matrix L := QA Q™! provides a solution to the Lax pair

oL

o= [—meL, L] = [ma L', L. (2.10)
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Proof. For a matrix A, consider the projections

* *
(0]
* *
% ok
(0]
% %
Ag =
* *
(0]
* *
% %
0]
* ok
and
Ag, for N even,
* *
(0]
* *
Ago =
* %
(0]
* %
The main point is to prove that}
00 :
0=— el
o 0 + e
_ 99
a 0t;
= A.

Also define

<L" + QQ‘) —J (L" + @

dt;

t Ll = (LY and L] := (LT),.

https://doi.org/10.1017/50143385702001025 Published online by Cambridge University Press
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We have, setting - = 9/91;,

0= Q(Aim+mATi _?)_’t") QT
= (A QYT +I0 AT QT+ (0o Yy +u07 QT

=L +00 HI+JsL +00HT.

Hence+
0= <Q <Aim +mAT — a—’") QT)
=(((L'+00H—JL'+00 HT N0
=((L"+00 H—JL +00 HT N0
= B_0J.
Therefore
B_, for N even,
0=—B_gJ* = In.1 O
0 B_ 00 N-l , for N odd,
o 0
and so
B_ =0 and By =0. (2.11)
But
Bo=(L'+00 ' —JL)H"I)-
= QO Ho +(LH-—aLDHTD
—A_ (2.12)
and

Boo =2(Q0 Moo + (L' — J(LHT T)oo
= 2A00. (2.13)

Then, by (2.12) and (2.13),
0=B_+ 1By =A_+ Ao =A_+ A+ A4, since Ay = 0.
Therefore, when N is even, A = 0 and the proof is finished. When N is odd, we have
A =0, exceptfor the (N, N)th entry.
But since Q is lower-triangular, the (N, N)th entry of L is given by

L)y = (QATQ My = ZN=i,
OnN

TA— 00 =A-+ Ago.
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and thus we have, using the fact that the (N, N)th entry of J(L')oJ vanishes,

d 1 .
Ayy = —1 + (L'
NN o 0g OnNN 2( )NN

1 (3QNN
ONN 0t

=0, by the assumption (2.8),

1
+ 3 QN,N—i) ,

thus ending the proof of Theorem 2.2. O

3. The solution to the Pfaff lattice with anti-diagonal skew-symmetric initial condition

Consider the equations

9 . .
"IN _ Almy +myAT 3.1
dt;
with initial condition,
o b(n-2)2
bo
, for N even,
_bo
—bn-2)2 0
my(0) = (3.2)
0 bn-3)2
bo
0 , for N odd.
—by
—bw-3)2 o

PROPOSITION 3.1. The system of equations (3.1), with initial condition (3.2), has for
solution the matrix my (t), with entries, for0 < £ <k < N,

[(N=2)/2]-k
mex(t) = — Z SiSN—t—k—j—1(byn=2)/21-k—j — bN=2)/21—2—})
=0
[(N=2)/2]-¢
- Z S;iSN—t—k—j—1(=by(N=2)/2]—t—})- (3.3)
[(N=2)/2]—k+1
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In particular,

(N-2)/2

Z biSNT—2+i)¥7i(t), for N even,

i=0
o1 (t) =
(N=3)/2

Z bisn-1,; n-3_;(t), for N odd.
2 > 2

i=0

Proof. Equation (3.3) is established by explicit computation of

my(t) = Ex N(Omy(0)Ey n(t) "

N—(—1
=( D siOpive, 1k (0)s; (1)

i,j=0

From (3.3), one computes, for N even,

o1 (t) =sosn—2(bny2y—1 — bny2y—2) +s1S8v—3(bv/2)—2 — bv/2)—3)

)OSZ,kSNl

+ - Sv/2) 28 2) (b1 — bo) 4 (S 2)-1)%bo

(N/2)-1

= Z bi(S(Nj2)—1-iS(N/2)—1+i — S(N/2)—2—iS(N/2)+i)

i=0
(N/2)—1

= Z biS(N/2)—14i,(N/2)—1-i (1),

i=0
and for N odd,

mo1(t) = soSn—2(b(n=3)2 — b(n=5)/2) +s1Sn-3(b(n—5),2 — b(n=7)/2)
+ -+ S(v_s)28(W+1)/2(b1 — bo) + S(v—3),28(N—1)/2b0

(N-3)/2

= Z biS[(N=1)/21+i,[(N=3)/21—i (1),

i=0
ending the proof of Proposition 3.1.

Definef

mpy(0; z) :=mpy(0), for N even,

mpy(0; z) :=mpy(0) + Z28(N+l)/2,(N+1)/2

—bwv-3)/2
for N odd.

T &;, j denotes the matrix with all zero entries, except for a 1 at the (i, j)th entry.
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PROPOSITION 3.2.

det '/2(E¢ x ()mn (0; D) E/ 5 (1))

[£/2]
= 71V.0 Z ( l_[ bk,-i+£[(N+1)/2]>Sk|z~»zk@(t),

(£) 1
reYyn_p 2

with
1, for N and { odd,
n(N, t) = .
0, otherwise.

LEMMA 3.3. Consider an arbitrary (N x N) matrix A = (A;j)1<i,j<N, Withr = [N /2]
and Ay := (A;j) 1<i<¢ and consider the anti-diagonal matrix

1<j<N
Cr
0]
€1 , for N even,
—C1
(0]
my = Cr
(0]
Cl
5 , for N odd.
Z
(0]
_Cr
SettingT
mi(z) == Agmn(2)A[
and

Py = Z Ciy = Ciggy

1<iy<--<ijgj <r

det(Ae) (r—ippa+1,....r—it+1,r+i1,.or+ipa)s  JOr N even, £ even,
X 4 det(Ae) (r—igyp+1,....r—iy+Lr4ir+1,.or iy +1), - for N odd, £ even,
det(Ae) (r—ijg o +1,...r =iy +1r+Lr+iy+1,.r+ipe+1)»  Jor N odd, € odd,
3.6)

T B(j,...., j,) denotes the matrix formed with the columns jy, ..., ju of B.
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we have

0, for N even, £ odd,

(pfm})?* = (Py.o)?,  for N even, { even,
72 P]%/,e’ for N odd, ¢ odd,

(pfmg‘(()))2 = (PN)()Z, for N odd, ¢ even.

A _
detm, =

Proof. Let w; € C! be the columns of Ay for N odd
A¢ = [wo, wi, ..., war],
and observe that

mi(z) = Agmn(2)A] = Ae(Z%ers141 +my(0)A]

= 22w, ® w, + m(0).
Let U be an (£ x £) matrix, rational in a;;, such that
Uw, =ae;, detU =1.

Then, using U(x ® y)V = (Ux) ® (VTy) and setting M := U mg‘(O)UT, which is
skew-symmetric, we find

detm?(z) = det Um?(z)UT
= det(z>U(w, @ w)U T +UmPO)UT)
= det(z%a%e; ® e; + UmP(O)U )

(za)? | Mz Miz ... My

—Mi> 0 Mys ... My
=det| —Mi3|—My

—Mie | —Mpe ... 0
= (za)* det(M;j)a<i j<e + det(Mij)1<i j<,

with M;; = —M ;. Therefore

detmf(0) = (pfm{(0))?, for € even,

2 det(Mij)a<i i<t = o 2 forf odd G-D
(zar) et(Mtj)th,jfé—(Za Pf(Mu)Zg:,.;gf) , or £ odd,

detmi(z) =

the latter being the square of a polynomial depending on z, the ¢; and the entries of the
matrix A.
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Using the Cauchy—Binet formula twice, one computes, say, for N and ¢ odd,

detm{ (z) = det Agmy (2)A]

= Z det((A)ia;)1<i,j<e det((Agm " )ia;)i<i j<t

1<aj<---<ay<N

-
= Z det((Ae)i,a;)1<i,j<e det((Ap)ip;)1<i,j<e det((m ") g a;)1<i, j<t
<oy <---<ay<N
I=<fi<--<Pe<N
ai+Br—iv1=N+1

= > det((Ag)ia,;)1<i,j<e det((A)ip;)1<i, j<e det(me,;, ;) 1<i,j<t
1<aj<---<ag<N
1=pi<--<Be=N
aj+pfe—i+1=N+1
for 1<i<¢

Z + Z det((Ae)ia;)1<i,j<e det((Ap)ip;)1<i,j<¢
1<ay<-<ay<N 1<ay<-<ay<N
I<pi<--<pe=N I<pi<--<Be<N

(a1,eces00)=(B1,-.B0)  (1,.cs0)#(B1s-, Be)
ajt+pfe—i+1=N+1 aj+Pe—i+1=N+1
for 1<i<¢ for 1<i<¢

x det(me; p;)1<i,j<t

) Z o2 o2
=z {(N+1)/2}—a) {(N+1)/2}—ae—1))2
I<ap<--<a@-12<(N+1)/2

Q(e+1)/2+i TOe+1)/2}—i =N+1
for 0<i<({—1)/2

x det*((Ag)ia ) 1<ij<e + -

Il
]

CUN+1)/2}=ay * " C((N+1) 2} —a@—1)2
lfol]<---<0((g_])/2<(N+1)/2
(e 1) /21 Ty 2)-i=N+1
2

x det((Ag)ia;)1<i,j<t using (3.7)

Z Ciqg—y2 * " Ciy
I<ij<-<ig-12<(N=1)/2

X det(A¢) (N+1)/2)=i(e—1) /2. wers (N1 /2) =i (N1 /2, { (N /2) i e (N4 /2) i1y 12

In = we have used the fact that

a2+ T aqern2—i = N+ 1,
for0<i<(-1)/2 (3.8)

Bi—i+1 =N +1—q.

(ar,...,a) = (B1,..., Beo)
o + Be-it1 =N +1

https://doi.org/10.1017/50143385702001025 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702001025

1382 M. Adler, V. B. Kuznetsov and P. van Moerbeke

Indeed, for N odd, consider sequences «;; symmetric about

N +1
Q= ———, (3.9)
Z 2
i.e.
. =1
a%+i+a%ﬂ.=N+l, forOflfT. (3.10)
Then, using (3.8) and (3.10)
:3%4 =N+1 Touly =aa g,

thus implying
(ar,...,a¢) = (Br, ..., Bo).

Vice versa, the latter implies (3.8) and thus (3.9). This establishes Lemma 3.3 for the case
N and ¢ odd; for the other cases, one proceeds in a similar fashion. O

Proof of Proposition 3.2. Apply Lemma 3.3 to Ay = E¢n() = (Sj—;) 1<i<¢, With

I<j<N
1<k <ky <--- <kg:
Ski—1 --+ Sk —1 Skp—1
det(A¢),,...k, = det . .
Sky— -+ Skg_1—€ Sky—t
Ske—t Ske—e+1 Ske—1
Skp_1—€  Sky_;—£+1 Sko_1—1
= det . .
Sk —¢ Sk —1
= Sky— b,k 41,k —C(E—1)
= Sh==h
=S (3.11)
where
Ai=ke—iy1—C+i—1, forl <i<{. (3.12)

In order to apply Lemma 3.3, the k; inherent in formula (3.6) must be like those in
formula (6.4), i.e. setting r = [N /2], the k;’s must satisfy the two relations

£+ 1

N
kj= I:—:| —ipp—jr1+1=N+1—-ki_jpq, forl <j< [T:| (3.13)

2
and thus, as in (3.6),

2

. N+1
ife2141—j — 1 =kgy1—j — [ ] -1
+

N

2

1
=Aj4L—j— —}
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Therefore, formula (3.6) can be applied with
. £
Citgo—j41 — b)»_/+€*j*[(N+1)/2]’ forl<j< 21

From (3.12) and (3.13), it follows that

Ai+Aepi—i =kgr1—i+ki—€—1=N+1-£—-1=N—{,

showing that
0
reYyn_p
establishing Proposition 3.2. a
4. Proof of Theorem 1.1
j
. . .. 5 /_/% .
Using the standard notation for the partition 1/ = (1, ..., 1), we state the following.
LEMMA 4.1. ~
Si(—0)sy; (1) _
3 su(0) = (—1)'sy-i (1). 4.1)
0t; I

Proof. Using the usual inner-product between symmetric functions, we have

si ()8 (1) = (si(t +u) - 1,8;(t +u))
(sj(t+u),si(t+u)-1)

(sj—i(t +u), 1)

= (1,8 (t +u))

=s8;j—i(t +u)lu=0

=s;-i(1)

and so, changing t — —f1,
Si(—0)sj(—=1) =s;_i(—1),
from which this first relation follows upon noticing that
sj(—1) = (=1)7s; (). (4.2)
This last relation (4.2) also leads to the second identity (4.1), using (9/9¢)s;(t) =
Sj—i (1). O
Proof of Theorem 1.1. By Proposition 2.1, the equation for the (N x N) matrix my

am
N _ AkmN + mNAk,
daty

with skew-symmetric initial condition m y (0) has the following solution

my(t) = Ee nmy (0)E{ 5 (1),
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which remains skew-symmetric in time. Define a t-dependent skew inner-product such
that (y', z/); = m;;(t),i.e.T
v xv (@)1 = my ().
Performing the skew Borel decomposition
my(t) =0 ') JO™'T, with Q@t) € G (4.3)

is tantamount to the process of finding a finite set of skew-orthonormal polynomials; that
is, satisfying
(gi(t:2), g DD1<ij<n = J.

Indeed, the polynomials ¢; (¢; z) in z, depending on ¢,

q0 1

q1 Z

. |=2f .
gdN-1 N1

satisfy

(qi(t; ¥), gt DNo<i,j<n—1 = QO xn (¥), Q) xn(2))
= (0N, xn @ QT (1))
= 0OV, xn@)0T (1)
= Q0(Omy®Q ' (1)
=J.

According to [2], upon using the remark after (2.5), the skew-orthogonal polynomials are
related to the T-functions (19 = 1, Ty = ¢)

T¢(t) = pfm(t)

as follows:
2n
Z _
Gon = ————712a(t — [27])

A T2nT2n+2

Z211

v 2nT2n+42

This ends the proof of Theorem 1.1 for N even, upon using Proposition 3.2 and
Theorem 2.2. However for N odd, we must verify condition (2.8) of Theorem 2.2. This
requires knowing gy—_1(¢; z) explicitly. For later purposes we shall also need gy_1(t; 2)
for N even.

For N even, gy—_1 takes on the form

d
qon+1 = (z+§> ot —[z7'), 0<2n<N-2.
1

)= ( + a) (it — 12"
N—1U;2) = ——— | < — | IN2U — |Z s
1 JIN-2TN ot

Fx =0,y ..07.
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with (using Proposition 3.2)

(N=2)/2
N2(t) = Z ( l_[ bk;i+(N/2)2>SA(t),
rey(? 1
where

Y& = (V2 @ 1V, @2 1N0), L @ 1INy
For N odd, gny—1 has the form

LN-1 |
N-1(t;2) = N—1(t = [z77])

1 A IN—-1
with

TN—1(t) = bo - - bN-3)/2 Sqv-n/2) (D). (4.4)
Indeed, observe that the set of partitions

N _yW-h {()»1, S AN—1) € Y(Nl)/z}
K(Nz—() Y=N—1 (N-1)/2 with )"i +)"€+l—i =1
— {1(N71)/2}

consists of one element 1N =1/2_ Therefore, setting A; = 1 for 1 <i < (N — 1)/2, one
finds, again by Proposition 3.2,

TN-1(1) = bo - - Dn=3)72 Sqv-1/2y (7).

The last row of Q is given by

N—-1

A j —1 -1
> Onjnzd =Ny - 1271
0

N-1 y '
=Y si(=Hn_1(ON
i=0
N—1 } '
=bo---bn-3)2 Z si(—9)sqwv-np) (N1
i=0
(N=1)/2 ) )
=bo-bv-m Y, (=D sguw-nm0 ),
i=0
using Lemma 4.1, and so
(N=3)/2

ON.N—i =(—1)[( l_[ bk)s(uwn/zw)-

0
Therefore, the last row of O reads

(N=3)/2

bi | 0,...,0, (=)N=D2 (—1)NV=3/2, (1),
——
(N=1)/2

(—1)(N75)/25(12)(t), e S(IIN-D)/2) (1)
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and the last row of Q = DQ is

(N—3)/2b )S(l((Nl)/Z)i)(t)
0| ——

ONN—i = (DQINN-i = (—l)i( l_[ JIN-T

0
( 1)1-((Nﬁ)/2b )1/2 Sy ()
= (= k P — 7
0 (Srv-n/2) (1)) 12
and so, using Lemma 4.1,

IOvN (=) (N_3)/2b Y2 sqivvmn @1
a 2 g (S(1<N—I>/2)(l))1/2_ 2

N,N—i-
0

Having checked (2.6)—(2.8) (in the odd case) of Theorem 2.2, we have found a solution of
the Pfaff lattice. This finally concludes the proof of Theorem 1.1. a

Proof of Theorem 1.2. According to [2], Pfaff r-functions satisfy bilinear relationst: for
all ¢, ¢’ € C* and m, n positive integers,

f Tt = (27 DTamp2(t’ + [z ) exp [Z(n - t,-’)z’}zz"—z'"—z dz
=00 i=0
+ f T2t + [2DTam (' — [z])exp[Z(r{ - r,->z’}z2"2m dz = 0.
z=0 i=0

Shifting appropriately and taking residues leads to the ‘differential Fay identity’ (see [1])

{T2u (¢ =[u]), T2 (0 =[WD} (™" =071 (220 (¢ =[] T20 (¢ = [V]) = T2 (1) T20 (t =[] —[V]))
=uv(u — V)220t — [u] — [V 120 42(1), (4.5)

and the Hirota bilinear equations, involving nearest neighbors,

x 19 9 ~
S ) — -— . = s (0 - Top—2. 4.6
(k+4( ) X 8tk+3) T2p + T2n = Sk(0) T2n+42 - T2n—2 (4.6)
It only remains to check the ‘boundary condition’:
(N-2)/2
N = b;, foreven N,
N l;[ ’ (4.7)

tnv+1 =0, forodd N.

Indeed, for N even, using det Eyy (f) = 1 and the matrix (3.2), we have that

(N=2)/2
(pfmy(1))* = det(En v Omy () Ey v (1) = detmy(©) = [ bi.
0

Moreover, for N odd, according to (4.4), Ty—1 is a pure Schur polynomial, which is
known to satisfy the standard Fay identity, i.e. the equation (4.5), without right-hand side.
This justifies setting ty4+1 = 0 for odd N. a

T3 = (9911, (1/2)d/dtp, (1/3)8/0t3,...); D = (Dy, (1/2)Da, (1/3) D3, ...) is the corresponding Hirota
symbol, P(D)f - g = P(3/dy1,(1/2)d/dya,...) f( + y)g(t — y)|ly=0; and s are the previously defined

elementary Schur functions, Zl?io Sk k= exp(zioi 1 tizi). For further notation, see Dickey [5].
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In the next proposition, we show that the finite vectors of skew-orthogonal polynomials
form an eigenvector of the matrix L, with a modified boundary condition.

PROPOSITION 4.2. For N even, the skew-orthonormal polynomials q = (qo, . . ., qN_l)T
=0, ...,z YT are eigenfunctions for L, with the boundary condition
(N=2)/2 \-1/)2
Lg=2zq—(0,...,0, ZN)\/pmez( I1 b,-)
0

Proof. Indeed

1
Lg=0A0Q7'0]| :
ZNfl
1
=QA| :
ZNfl
1
=0z N2
0
q0
q1
=2Z .
qN-2
qdN -1

=z +z20,...,0,gnv-1 —gn-1),

where gy_1 is the same as gy—_1, but without the leading term, i.e. gyn—1 = gn—1 —
OnnzV ™!, where by (1.14), the remark after (1.17) and (4.7) we have

=3 (N=2)/2 \-1)2
Onn =/ = \/meN2< I1 bi) ;
™

0
ending the proof of Proposition 4.2. a

5. Vertex operators
The purpose of this section is to prove Theorem 1.3 and Corollary 1.4. Define, as in (1.23),

N
pi= — L1 (5.1)

Remembering from (1.21) the vertex operator X (¢; z), consider now its formal expansion
in powers of z

X(t;z2) = exp( Z tizi) exp <— Z Z%%) =: Z BiZ', 5.2)
1 1

1 i€’
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with differential operators (see footnote on p. 1386)
B == B,-(a)la:1 and Bi(“) = ZSH_j (at)sj(—ady). (5.3)
j=0
Also define as in (1.22) the vector vertex operatorf
- 00 ) 00 Z—i 9
X(t;2) =A 7' — —_— . 5.4
(t;2) eXp<21:zz)eXp( Z l. atl_)x(z) (5.4)

Also remember the definitions of the integrated vertex operator, in terms of the vertex
operator (5.2) and a function pp, defined in (5.8) below,

1 . . pp(y/2)dydz
0= Gaiy 72 72 XX D00

and the integrated vector vertex operator, in terms of (5.4),

1 dyd
VN = s foo foo X(t: y)X(¢: z)%. (5.5)

In both cases, the double integral around the two contours about co amounts to computing
the coefficient of 1/yz. The next theorem is nothing but a rephrasing of Theorem 1.3 and
Corollary 1.4.

THEOREM 5.1. For a given set of b, the sequence of T-functions 1o, 12, T4, . .., defined
in (1.15), is generated by the vertex operators Yg:

Ygtp—o = L1y. (5.6)

The vector I = (ly, Ip, 1a, ...), with Iy = (£/2)!t¢ is a fixed point for the vector vertex
operator Yy, namely
YnID)e =1y, forteven. 5.7

We shall first need a few propositions.

PROPOSITION 5.2. Defining

Plge)(x) = Zb[(x_[_l —xh, for N even,
i >0
ob(x) == = : . (5.8)
P () i=x7V2Y i (x 7T = X for N odd,

i>0
we have
_ 1 , A\ Po(y/2)dydz
) = a2 foo foo XEX D508

E bj(Bgt+jBg—j — Bg_j_1Bgyjt1), for N even,
j=0
_ (5.9)

ij(Bﬁ-i-j-i-%Bﬁ—j—% — Bg_j_3/2Bgyjy3n), for N odd.
Jj=0

X (@) = (@)i=o0-
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Proof. For N even, compute

X, y)X(t;z . .
MZZW $3 it

(yz)ﬂ i€Z JEZ
=2 Bpiy' - ) Bpyjz
i€Z JEZ
yi
=D BpriBp- o
i,jeZ
_ZBﬁﬂBﬁ J< > Z au 2
JEZ i#jelL
and so
© <X) X1 9)X (15 2)
" \z 2(y2)P

-+ [C) -] (Bom () + 2 o7)

yz(zb (Bg+jBp—j — Bp—j- IB/S+/+1)>+ Z cijy Tl

jz0 iorj#0
Therefore, upon taking the double residue,
f f P (y/DX (1 WX (15 2) dy dz

N = b(B Ba_: — Ba_: 1B . )
22 (y2)P (2mi)? ; J\BB+jBp—j = Bp—j—15p+j+1

For N odd,

Xt y)X(t;2) v\ y
)P (y/2)1/? _j%Bﬁ*%*-"Bﬁ‘%‘f <Z + Z i j

i#jel
and so
X(t; y)X(; 2)
(0)
Iob < >7 - b(B 471—37.733 . 3)
z 2(y2)P yz;) B+i+57B—i=% = Up=j=3"p+i+3
Z Cijy';lzjfl.
iorj#0
Therefore,
(0)
pp (/)X )X (t;52) dydz .
yg f 22(yz)# Qri)? ;)bf(BﬁJerr‘zBﬁfjf% — By ; 3Bgi ;i3
ending the proof of Proposition 5.2. a

Defining the set

01 >02>--+>0¢,0; €L

N : (5.10)
<oi+i< [3}

0 . _
s@ =

12
2
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the map
¢ ¢ . N +1
o Yé&vZ)/2—>S§V):)u—)o()»):(ki—z—i—ﬂ—[TiD (5.11)
1<i<n/2
is a bijection.
Indeed, Ay > X > --. implies at once the strict inequalities o7 > o2 >

and, together with the fact that for A € Y/(ZQV—Z) 2 and 1 < i < £/2, it also implies
2Xi = Aj +Apqr1—i = N — L and, clearly A; < N — £.

Conversely, every o € §%) comes froma X € Y%\,_ 02

LEMMA 5.3. For a given partition

(£-2)
A= ()\l = )\2 R }\872) € Y((?2)(}v,g+2)/2

and j > 0, the following holds:
0, ifB+j=somekr,—v—1
forl1 <v<¢/2—10rifj>=N/2,

S, fB+jFeveryry —v—1
forl<v<g/2—1,

Bp1jBp—jsi = —Bp—j-1Bp+j+15. =

(5.12)
where

V=0 —=22-- 20 -22+j+v=hpp1 -1 = hep-1—1
2hp—12 2k —12N=OH—=B+j+V)=he—1—p =+ = Ag—2)

(0
€ Yiy_o2- (5.13)

Moreover, for j’s such that B + j # every A, — v — 1, the maps Bg j Bg— j induce maps

L y€=2) O] .
BgyiBg—j : Y(Z—Z)(N—E+2)/2 — YE(N—E)/Z A — A (5.14)

having, as a whole, a ‘surjectivity property’, meaning that to each X' € Yﬁ( N—0))2 there

are £/2 choices of j > 0 and A € YE?:%;(NJH)/Z mapping to A', by means of the map

Bﬁ+jBﬁ,j, asin (5.12).
At the level of the S-spaces, the maps Bgy j Bg_ j induce maps

§%72) — §%) L0 = (01, ey G(gfz)/z) > 0’/ = (0’1, ..., 0y, j, Oyl .-+, O’(gfz)/z),
(5.15)
having the same ‘surjectivity property’ as above.
For N odd, all the formulae above remain the same, except for the substitution
jr j+%in(5.12)and (5.13).

Proof. Extending a classic identity (see MacDonald [8]) to arbitrary sequences
(A1, ..., An), we have

By, ..., By, (1) = (A1, ..., Ap) :=det(sy, 1 j—i (D)1<i, j<n
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and, in particular, for a partition (A; > Xy > --- > Ay), we have, for an arbitrary choice of
j =0,

BpyjBE—jS(h1,.hi_2) = S(B+j,B—j ki)

Sp+j Sp+j+1  Sp+j+2 -+ Spyjte—1
Sp—j=1  Sp—j  Sp—jtl .- Sp—j+e-2
= det Sr1—2 Sri—1 S oo Su+e=3 L (5.16)
Sho_p—t+1 e . e Sho_s

Using the value (5.1) of 8, it is immediately clear, from the matrix (5.16), that for j > N /2
the second row of the matrix (5.16) vanishes and therefore the determinant also vanishes.
Therefore, we assume 0 < j < (N/2) — 1. We give the proof for N even; for N odd, it is
identical with j — j + 1/2.

The first column of the matrix above involves the indices

N N . ¢
R I e R R Y R R A

Consider now an arbitrary integer j > 0 and an arbitrary partition

£-2)

( .
A €Y 5y (N—t42))25

it has the property that
)
Mi+Ar—1—i=N—-L+2 forl <i< —
Hence, fori = (£ —2)/2
2Xe/2 S A1+ Aepp=N—L£+2,
and so
N—-t+2

A < ;
¢2 = >

thus, for the arbitrary j > 0 chosen above

N N :

Ap—L2—1< ——L<——L+j+1

2 2
The partition Ay > Ay > --- implies the strict inequalities
AM=1=1>x—-2-1>23-3=-1>--->hp -+ =1>--->p—£/2-1
and, therefore, there exist 0 < v < (£/2) — 1 such that

N .
kv—v—125—5+1+12)\v+1—v—2.

These inequalities together with the fact that

M+ A1y =N—L+2, A1 +r—2-y=N—-L+2
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also imply
N .
A2y — (L —=1-v) > E_E_] > A—1-y — (£ — V).

Therefore, the indices (5.17) of the first column of the matrix (5.16) are now rearranged by
order, as follows:

M—2>Mm—3>--->A —v—1

N ) £ £
2?—€+1+]Z)»v+1—v—2>--->)»(g/2),1—5>)»@/2—§—1
> o> Moy —C—1-v)
>E—£—j
-2
>Mgy—(E—=v)>- o>k —L+1. (5.18)

Notice that the determinant (5.16) vanishes if any of the equalities hold in (5.18) above,
as claimed in (5.12). Therefore, we may assume strict inequalities. Upon rearranging the
rows of the matrix (5.16) according to the order in (5.18), we now list the corresponding
partitions by looking at the indices on the diagonal. This amounts to adding i — 1 to the
ith entry of (5.18), thus leading to

N
MN=GA1 —2>1 —2>--->1, —225 —l+1+j+v=hpy — 1> = A—1—1

T l I vTrl UIZ 6/}\2
N
>hp =122l oy =12 —j—v—=12k 1> >Ag-2).
e/2T+1 —2-v+1 —2-v42 —2-v+3 E

(5.19)

The rearrangement does not change the sign of the determinant (5.16). Knowing that

S YE?:%; (N—(+2)/2» W NOW prove that )/ is the new partition (obtained in (5.19)),

/o w®
M eYyn_pn

i.e. where we prove

®

4 -2
D= M-2v—(-2-2v)+ ﬁ—e+1+j+v + ﬁ—j—v—l
— e 2 2

N s

)\;+)‘/e+1—i=N_e foralll <i <
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e.g.
M4 i =Ai—2+x 1 i=N—t forl <i<v,

/ ! N . N .
)\'V+1+)\'@—V: 3—€+1+]+v —+ 3—]—1)—1 =N—€,
MoAN i =hici— 1+ i—1=N—t forv4+2=<i=<{/2

So far, we have shown that to an arbitrary integer j > 0 and a partition

(£=2)

A= ()\l = )\2 R )%72) € Y(€72)(N78+2)/2’

such that the inequalities in (5.19) are strict, there corresponds a new partition

(]
V=0 == € Yy n—r)/2:

with 2’ totally determined by (5.19). Then £/2 different choices of & € Y(;75) y_y.)/
and j > 0 will lead to the same sequence of numbers (5.19), as appears from the next
argument.

In view of the o-map in (5.11), it is obvious that the (v + 1)th number in A’ of (5.19)

gets mapped by o into j, namely

N ; .
E—Z—i—l—i—]—i—w—)],

and, in general, (5.15) holds. The ‘surjectivity property’ is straightforward in this
description, since given a sequence o’ € S%) you may choose j to be any of the £/2
numbers appearing in ¢’; then o is the sequence formed by the remaining numbers in
order. This establishes Lemma 5.3. a

PROPOSITION 5.4. Given positive integers N and € with £ even and the operator

ij(BﬂJerﬂ,j — Bﬂ,];]BﬁJerrl): N even,
j=0

X(:)bf(Bﬂm%Bﬂ—j—% — By ; 3Bgjv3), Nodd,
Jj=

Yg

we have

Y(N/2)—e+1Te—2 = LTp.

Proof. The indices of b; in the £th t-function can now be expressed in terms of the o-map
as follows:

¢/2 42
Te(t) = Z <l_[bx,i+e[(1v+1)/2]>5/\(f)= Z <l_[bo,-(x))s,\(t)-
1

0] 1 )
)“EYK(N—()/Z reYyv_py 2

We give the proof for N even. From (5.15), it follows at once that

(t=2)/2 )
bi 1 oy =]]beion- (5.20)
1 1
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Setting Yg = Zizo b;iT";, one computes, using Lemma 5.3, (5.20) and in Z the £/2-to-1
‘surjectivity’ of the maps (5.14) or (5.15),

(£=2)/2
Y(Nj2)y—e1Te—2(t) = Z ( l_[ U,(A))Yﬂ(sk(t))
1

£=2)
)‘EY(zfz)(Nfzfz)/z

(t=2)/2
Z < l_[ cr,<x>>bj1"j(sx(t))
0

(-2) 1
reY oyt 2)/2]_

¢ £/2
%
=7 X H boy (31253 (t)
N EY((N 02
= Lre(),
ending the proof of Proposition 5.4. a

Proof of Theorem 5.1. Formula (5.6) follows at once from Propositions 5.2 and 5.4.
To prove (5.7), first notice that, upon setting I, := (£/2)!zy,

X(t; Xt Do = y 272X 1 )X (15 2) L.

Then
1 pp(y/2)dydz )
Y(@) ), = X(t; VX(t; 1) —————7—1
(YO 1) ((2 S p e O e
dydz py(y/2) ) )
(Zm) 56 7{ 2z2(yz)N/2~ 202 (e X VX Dl
= 5 (v/2)—e+11e—2, by definition (5.5) of Y,
1 £=2),
= Y-t A
¢ .
= (§>!Tg, using (5.6)
=1,
ending the proof of Theorem 5.1. a

EXAMPLE. For b; =2i + 1 and N even, the function pp(x), defined in (5.8), equalsT

, . 1+x 1 +x7!
— hix T = ——— 5.21
pp(x) = éo (x x) d—x2 % a=x12 (5.21)

The corresponding vertex operator (5.9) takes on a particularly simple form
Yv/2)—e+1 = 2By 500 = 26N /Rdu SV ()24 x D (), (5.22)

T pp(x) is actually a distribution!
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where 8N =2) is the (N —2)th derivative of the customary 8-function, where cy is a constant
depending on N and where the B(Z) are the differential operators (5.3) in t;,

2
B =) siv(20)s;(=200),
j=0
given by the coefficients of the expansion in powers of 7 of the vertex operator

o0 . o —l 8 .
@y = i (2) i
X'(z) = exp(ZZt,z)exp( 22 - 8t,) ZBI» z.

i€Z

Proof. Formula (5.21) follows immediately from the series

1+x

m=1+3x+5x2+7x3+---.

Setting, for convenience,
0 0 —i —i
i i y otz Gl
X(t;y,2):=¢e (G +7) |exp| — LA P
(#y,2) XP|: El i(y —l—z)} XP[ El < ; )Bt,}

and using X(r; )X(t;2) = (1 — (z/y)X(#; v,2) and X(1;z,2) = XP(r;z), one
computes (B = (N/2) — £+ 1)

(e)
P/, .
Vs = (Zm) 7{ % (yz)Pz2 —— 55 X)Xt 2)dydz
_ z(+z/y)  A+y/2)\A—-2z/y)
N - X(t;y,2)dyd
(27Ti)2 foo%oo <y(1—z/y)2 (1—y/z)2> 22(zy)P (#;y, ) dydz
z I+z/y) A —=2z/y)
(2m‘)27§ %X,y(l_z/y)z z(zy)ﬁ (t;y,z)dydz
(1+z/y) dz
—X(t _ | ==
f <% G = Dzypr Y93 )z,n
-2 Xt;z,2) dz.
B o 2L 2mi
_, XOw) dz
B 00 228+ 27
= 235/2; =28 rean = 2CN/RdM SN=2 (1) 24 X D (4. 1),
establishing (5.22). .
6. Duality

PROPOSITION 6.1. For N odd and ¢ odd, the following holds:

(1) ==z~ L det "2 (Eg v (0)(mn (0) + Z2e(v41)2.(v+1)/2) By (0)

[€/2]
= Z (l_[bkii+£[(N+1)/2]>SA|2---ZAg(t)~ (6.1)

(0) 1
reY iy 02
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Then the functions

(N=3)/2

fg(t)z(—l)‘Z(N—WZ( I b,‘)(‘[]v_g(—tﬂbiﬁbll), for € odd, (6.2)

0

are the t-functions ty(t) (in reverse order and modulo a multiplicative factor) of the Pfaff
lattice for N odd and k event, with t — —t, and with initial condition

—1
0 bin_3)2

0 . (6.3)

—1
~biv_3n 0

Remark. Note that the matrix appearing in (6.1) is not skew-symmetric; so det'/Z in (6.1)
is not a Pfaffian.

In order to state Lemma 6.2, one defines k; and k,.T by

No=ki—LC+i, A =k — (N —0)+i; (6.4)

]

it is easy to see the one-to-one correspondence between

y®

N—-1>ki>ky>--->k >0
LN=0)/2

withk; + kgyr1—i=N—-1forl <i <+ 1)/2

and also between

) N—1>kl >k] >-->ky ,>0 65
UN=D/2 with k| +kj_,,,_;=N—1lforl <i <(N—40)/2
LEMMA 6.2.

(1)  The following correspondence holds:

« 5 AT e YO (6.6)

(0
reyY LN—£))2"

LN=0)/2

(2)  Using the correspondences (6.5), we have, for » and A" as in (6.6), the following
disjoint union:

ey > > kyU{k] > >ky_,}=1{0,1,...,N —1}. (6.7)

T Notice that k = N — £, which of course is even.
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Proof. Considering
A zraz- =) € Yﬁ(/v,g)/g,

we have
)\sz...z)\AT/Z =,
T T
Mgt =0 =y == L
T T
Mo ==AL L, ==, (6.8)

and so, since
ki=N-—-1-kit1-i=N—-1—(Qpt1-i +€— L+ 1-1))
=N — (heg1-i + 1),

we have, on the one hand,

ki=N—-2—1>ky=N—-Ap_1 —2>kz3=N—Xp_2—3, (6.9)
and, on the other hand, using (6.4) and (6.8),

szN—l>k;—=N—2>~~>k(;r=N—a>~'>k)T4=N—)»g>
kKl g=N—-—=2>->kg=N—-f—1>->kl =N-)dpi1—1>
K, g=N-h1=3>>k =N—y=2>->kl =N-d-2>:-
(6.10)

So the gaps in (6.10) coincide with the sequence (6.9). This ends the proof of Lemma 6.2. O

Proof of Proposition 6.1. One checks, using Proposition 3.2, that

£=1)/2
Te(t) = Z (l_[ bki—i+£—(N+l)/2)5k(t)
1

()
AEY@(N%)/z

(-1/2
=D (H bk,.wm/z)skr(—r)

0] 1
reYynp 2

(N=3)/2 (N=£)/2 -1
= (_1)M< I1 b") > ( I1 bk,-T—(N+1)/2> $,7(=1),
1

0 )
reYyv_py 2

using (6.6) and (6.7),

(N=3)/2 (N—0)/2
— (M . -1 _
—0 (T ) % (T 8 30

0 (N—0) 1
)‘TEYZ(N—Z)/Z

using (6.6)
(N=3)/2

— (_I)Z(N—f)/2< l_[ bi)(TNﬁ(_t)‘b,-»b,‘])’

0
which is, using Theorem 1.1, the r-function (modulo a constant) for the case where N is
odd and N — ¢ even, concluding the proof of the proposition. a
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7. Examples
7.1.  Example 1: Rectangular Jack polynomials

PROPOSITION 7.1. When

M. Adler, V. B. Kuznetsov and P. van Moerbeke

= 2i + 1, for N even, 7.1
2i +2, for N odd,
then the 12, (t)’s are Jack polynomials for rectangular partitions, withn < [N /2],
T2n (1) = pfman(1)
n
= Z l_[(ki — kopg1—i)Sa(t),  whereki = Ai —i + 2n
)‘EY;Z(HN)—Zn) !
_ 7(1/2) ) o _ Y
=J, (x)lt,:(l/i) L for the partition A = (N — 2n)
1 4 . - 2
_ | (N=2)
=l A2) ][[1 exp <2 Zt,zk) 8 (zx) dz. (7.2)
Then
me(t) = Egn(Omy0)E] (1),
with
0 N —1
N -3
1
. , for N even,
—N+3
—N+1 0
my(0) =
o N -1
N-3
2
0 , for N odd,
-2
—N+3
—N+1 0
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where (setting $,(t) = s,(2t))

mpy(t) = ((j —i)Sn—i—j—1)0<i,j<N—1

0 SN_2 2SN_3 ... (N=2)s N —1
—SN_2 0 SN—4 ... N-=-3
—2S5y-3  —SN-4 0 ’
1
= _1 N

—(N —-2)§§ —N+3

0

—N +1

for N even,

0 SN_2 2SN—_3 ... (N—=2)s; N -1
—SN_2 0 SN_4 ... N-=-3
—28y-3  —Sn-4 0
2
0
) ’
—(N —2)§§ —N+3
(0]

—N+1
for N odd. (7.3)

Proof. Setting

we have

eXP(ﬁ i th") = ew(ﬁ 21: i %(m)")
¢ | 8
[(eo(250))
ﬁ(l —x;2)7F.

i=1
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According to Awata et al [4], the Jack polynomials for rectangular partitions s” have the
following integral representation (for connections with random matrix theory, see [10]):

| I
ehl” = f @1 HZ e 51_[(1 —xizj) ﬂanzj
<1

—“‘=Zn—

_ —(n=1)p—s dz;
= f;]:”:zn_o|A<z)|2’f’]_[ ; exp (ﬂZtkz )27”’]
=cn/ 120 (2)] ﬂﬂcxp(ﬁZmz )5‘“" DB(z;)dz;.

j=1

Setting 8 = 2, s = N —2nand 2 < 2n < N in the last integral, we have, using the
standard derivation of the ‘symplectic’ matrix integral (see [2]),

1

n o
— [ aj@][Tew (2 > tkz’}> M2 (2)) dz;
n: JRe k=1 k=1
o0 .
= pf( / " yYexp (2 Zny’) aW‘”(y)dy)
R i— 0<k,£<2n—1

f((k z)/ ke 1exp( Zty) 5N~ 2>(y)dy>
i=1 0<k,£<2n—1
_ k—¢ S 5 i+k+l=15(N=2) ) 4 )
pf(( );s(o]%y () dy

= pf(=DV 72N = 2)!(k — O3N—1—k—e(1))0<k,e<2n—1
=cNapf((L —k)Sy—1—k—e(t))o<k,e<2n—1. (7.4)

In order to find the initial condition m y (0), one sets # = 0 in the last matrix appearing
in (7.4), to yield
(€ = k)SN—1-k—2(0))o<k,e<N—1.

All entries of this matrix vanish, except the antidiagonal, from which one reads off the b;’s.
For N even, we have b; = 2i + 1 and thus

N
by—ive—np2 =2 <A,~ —i+l— ?) +1

=X —Ag41—i — 20 +€+1 usingA; +Apy1—; =N —¢
=ki —k¢t1—; usingk; =X —i 4+ 2n.

For N odd, we have b; = 2i 4+ 2 and thus

N +1
bi—ito— (N+1)/2—2<?» —l+f——>+2

2
Mi—Aepi—i —2i+L+1 using A +App1—i =N —¢
= ki — k¢r1—is
ending the proof of Proposition 7.1. O

https://doi.org/10.1017/50143385702001025 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702001025

Solutions to the Pfaff lattice and Jack polynomials 1401

Example. For N = 4 and bg = 1, b; = 3, the solution to the system (1.8) is given by

0 1 0 0
| f 2t — 17) V3 0
= 16 (7.5)
n+? | -1  ——nn 20— 1
(&2 1) \/g 1 \/g 1
—31 —23(t, — 17) 31 0
Indeed
0 —s 28§ -3
_ & 0 -1 0]_ 4 -1
a % 1 o o2 72
3 0 0 0
with
1 0 0 0
0 1 0 0
=D V=1
0 1 =28 s O
0 -3 0 s
where
D — di ( 1 1 1 1 >
= dia T = = —> =
g S V/S2 3% V3%
Therefore
L=0AQ"!
0 1 0 0
251 4G, — ) -2v3% 0
1 4 ~ ~ 851 ~ ~2 ~ ~2
== | =G-85 ——@%-5) —4G-% 1
S% \/g 1 \/§ 1 1
6 _ 2 . ., -
——S5] ———(Sp — §7) 68 0
NG V3 1
leads to formula (7.5).
7.2.  Example 2: Two-column Jack polynomials
PROPOSITION 7.2. For N even, choosing
bo=-=bpp-1=0
b s LD N2 (7.6
PR = et p+ D I T
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one finds the most general two-row Jack polynomial for t, for arbitrary «,

n(t) = pfma (1)

)
= J(N£p-2)/2.(N—p-2)/2 /)

dx dy (y—x)*
27i 27i (xy)@t(N/2)

x T/ x\PP y
X exp[Zti(x’ + yl)i| (;) 2 F (oz, —p;l—a—p; ;) 7.7
1

and, for general £ > 2,

2¢ [ (—z)* ! [z r/2 22
=3P ———7 | — 2Fi|la,—p; 1 —a—p; =
£ 22(z122)* 21

22
2/2
y Hiiz p(22i/z2i-1) l—[ (1 B ﬁ) ﬁ exp (itkzk> dz;
€/2 (N/2)=2i+3 (N/2)—=2i+1 . J 1’
HiLl Z;if/l) a Z;i [ l<i<j<t L7 =i k=1 2yl
(7.8)
where
(N=2)/2 ) '
px)= Y bix7h—x). (7.9)
i=0

Proof. According to a formula by Stanley [9], two-column Jack polynomials can be
expressed as a linear combination of two-column Schur polynomials. So, setting in the
end2s = N — 2 — p, we have by (1.17)

(N=2)/2

() = Z brS{(N=2)/2)+k,{(N=2)/2)—k(t),  with by asin (7.6),
=0
Y21 - i pa(p + Dippp(=DV 2

= S{(N=2)/2}+k,{(N=2)/2}—k (1)

N-=2)/2
N2 1= aip(p+ Di_pp2

(N—p=2)/2 (1

Soi(v—2)/2-k) 2 (—1)

—a)k(p+ 1)1<S
o ket p+ Dy

D (N=2)/2—k—p/2} 1 2k+p (—1)
_ XS: (I —o)(p+ Dy
£ Kl + p+ i

= ;g])p(_t) (Stanley’s formula)

Sos—k 1 2k+p (—t)

_ 0/

(pts.s)t/@)  (using duality),

showing that any two-row Jack polynomial can serve as the Pfaff r-function 5.
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According to [4], Jack polynomials also have an integral representation, and so 7,(¢)
can also be expressed as

1
0(t) = I8t a)

_ )2« —S,—p OO . .
zclyg d)f dy’ dz‘ (x =™y exp[Zti(x’+y’)i|
T

2wix 2wiy 2mwiz ((x — 2)(y — 2))¢
d d
— = e

2wix 2mwiy

X exp [Zw" + y")}Dé’((x -
1

: dx dy (x—y)>*
=c(a)p - -
2mix 2miy (xy)etsyp

o0
X exp[Zti(xi +yi)j|2F1 (Ol, —p; 1l —a—p; %),
1

where we used the identity

z=0

DY ((x —2)(y — 2)) “l:=0

- (xy)“Dz”< (1-3)" (1 - é)_a> _

o 2\ (e () ZFFE
= (xy) Df( > Wﬂ)

K=0 A Xty

=p!(xy)_a Z (Ol)k(a)ex_ky_g

12!
L, ke

o — (a)k () k
= plxy)~ pz Zy(]; l]’()"‘ (y)

z=0

p

B o (@k(=pk (Y

= (@)p(xy) "y’ ]; k(1 —a — p)i ( )
p!(Ol)pfk _ (—Pk

(p—k)@), (I—a—pk

Cy y
= (@)p(xy) %y P2F (a,—p;l—a—p; ;).

using

This proves identity (7.7), with ¢ = ¢/(«) .
Applying Theorem 1.3, we find the higher 7;’s, by applying the integrated vertex
operator

Y((N=2)/2)—2(t)

1 7{ 7{ pb(22j42/22j41) dz2j+2 dz2j41
= - X(t; 22j+2) X (t; 22j+1) , (7.10)
(27”)2 00 J oo / ! Z2]+1(Z2]+1Z2]+2)[(N D/21-2j
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forj=1,2,...,(¢ —2)/2to 7y (see formula (7.7)); so, one finds}

2
T = WY(N/Z)—Z-H s Yivoy—sY(nj2)—3T2

2l (z2 —z21)% 21 P/2 Fila —p1—a—np 22
= G122 \ 2, 26 » =D p; =
5 p(ze/ze-1) -+ p(z4/23)
(2325 -+ 2e-1)*(2324) VD73 (2526) VD73 - o (21 2g) VD=L

0 4
dz;
x X(t; X(t;zo—-1) - X(1; X (t; e te (25 k =L
(t5 20) X (75 2¢—1) (75 z4) X (15 23) XP[Z "(Z1+Z2)Ll:[12ni
2@, [ (2 — 2PN/ 21 P2 Fila—pl—a—p 2
= (2122 F D = 2I » —Ds p; 2
-1 .
§ (l_z_l) U/;(z;/u_l) paa/2) I <1_z_,>
2 V25 (Raim122) N/DT2HL Gy %
¢ 1\ dz)
x 0wzt | —%
[Tew (30437
j=1 1
2 (@)p [ (z2—z) ! (21 \P/? 2
= i oFi o, —p; 1l —a— p; —
1l 2(z122)*7" \22 21

£/2 J4 00
[1:25 p(z2i /z2i - Zi dz;
o) (11;/22;0—(2[3 (IIV/;))—ZH-I l_[ (1 - ) HCXP (Zth];) =,
Z i 2wA/—1

[1i5 20 2; I<i<j<t

establishing formula (7.8). O

7.3. Alternative formula. The following formula has the advantage of being more
symmetric, but the disadvantage of having many more integrations:

[ )
Tf(t) :fl_[ l_[ (l])
i=1 j=1 %;
k k
. N [Tie Tz =k = @728
Ok i#)
xnexp[Ztk(z- ) j| — oo Knpe(Z)
1 — nﬁzinl?ifktla—(z;“/z; )
<j<

+ Replacing x, y in tp with zy, z5.
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with
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(N-=p)/2—1 p+1
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(M=) (5=)
Hz_l Hl (l)
2/2 i @)
1_[ =1 Z l_[/—l <;
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Knpe=

Acknowledgements. MA and PVM acknowledge the support of grant #DMS-01-00782
from the National Science Foundation. VBK acknowledges grants from FSR, Université de
Louvain, Belgium and EPSRC, UK. PVM acknowledges grants from NATO, FNRS and the
Francqui Foundation. This work was carried out whilst VBK was visiting the University
of Louvain and Brandeis University. We thank Michael Kleber for useful discussions and
insights.

(1]
[2]
[3]
[4]

(51
(6]

(71
(81

91
[10]

REFERENCES

M. Adler, T, Shiota and P. van Moerbeke. Pfaff t-functions. Math. Annal. 322 (2002), 423-476 (arXiv:
s0lv-int/9909010).

M. Adler and P. van Moerbeke. Toda versus Pfaff lattice and related polynomials. Duke Math. J. 112
(2002) 1-58 (arXiv: solv-int/9912008).

M. Adler, E. Horozov and P. van Moerbeke. The Pfaff lattice and skew-orthogonal polynomials. Int. Math.
Res. Notices 11 (1999), 569-588.

H. Awata, Y. Matsuo, S. Odake and J. Shiraishi. Excited states of the Calogero-Sutherland model and
singular vectors of the Wy algebra. Nucl. Phys. B 449 (1995), 347-374.

L. Dickey. Soliton Equations and Integrable Systems. World Scientific, Singapore, 1991.

V. B. Kuznetsov and E. K. Sklyanin. Separation of variables in A type Jack polynomials. RIMS
Kokyuroku 919 (1995), 27-34.

V. B. Kuznetsov and E. K. Sklyanin. Factorisation of Macdonald polynomials. Symmetries and
Integrability of Difference Equations (London Mathematical Society Lecture Note Series, 255).
Eds. P. A. Clarkson and F. W. Nijhoff. Cambridge University Press, Cambridge, 1999, pp. 370-384.

1. G. MacDonald. Symmetric Functions and Hall Polynomials. Clarendon Press, Oxford, 1995.

R. P. Stanley. Some combinatorial properties of Jack symmetric functions. Adv. Math. 77 (1989), 76-115.
P. van Moerbeke. Integrable lattices: random matrices and random permutations. Random Matrices and
Their Applications (Mathematical Sciences Research Institute Publications, 40). Cambridge University
Press, Cambridge, 2001, pp. 321-406.

https://doi.org/10.1017/50143385702001025 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702001025

