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Abstract

Let E be an elliptic curve defined over Q which has good ordinary reduction at the prime p.
Let K be a number field with at least one complex prime which we assume to be totally imag-
inary if p =2. We prove several equivalent criteria for the validity of the 9y (G)-property
for Z,-extensions other than the cyclotomic extension inside a fixed le,-extension K« /K.
The equivalent conditions involve the growth of p-invariants of the Selmer groups over
intermediate shifted Z,-extensions in K, and the boundedness of A-invariants as one runs
over Zy-extensions of K inside of K.

Using these criteria we also derive several applications. For example, we can bound the
number of Z,-extensions of K inside K, over which the Mordell-Weil rank of E is not
bounded, thereby proving special cases of a conjecture of Mazur. Moreover, we show that
the validity of the 91 (G)-property sometimes can be shifted to a larger base field K’.

2020 Mathematics Subject Classification: 11R23 (Primary)

1. Introduction

Let p be a rational prime, and let E be an elliptic curve defined over Q with good ordinary
reduction at p. Let K be a number field with at least one complex prime which we assume
to be totally imaginary if p = 2. Denote by K, a Zf,—extension of K. In this paper we study
a property of the Selmer group of E over K, with respect to varying Z,-subextensions. In
order to be more precise, we introduce some notation.

Let S be a finite set of nonarchimedean primes of K containing all the primes dividing
p and all the primes where E has bad reduction. We let Kg be the maximal extension of
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K unramified outside S. Suppose now that L is a field with K C L C Kg. We let Gg(L) =
Gal(Kg/L) and for v € S we define J,,(E/L) = h_rI)l @wlv HY\(F,,E) [p°°] where the direct limit
runs over finite extensions F of K contained in L (see [9]). We define the p°°-Selmer group
of E/L as

0 —> Sel,(E/L) —> H'(Gs(L), E[p™]) — €D JL(E/L).

vesS

Let G := Gal(K/K). We denote the Iwasawa algebra A(G) =Z,[[G]] by Az.If o and =
are topological generators of G, then Ay =Z,[[T, U]] via the map sending o — 1 to U and
T—1toT.

Consider the set IP’I(Z,,) ={(a,b) € Zﬁ | p does not divide both @ and b}/ ~ where
(a1, by) ~ (ay, by) if there exists t € Z;f with a) = ta; and by = tb;. Then the Z,-extensions
of K which are contained in K are in bijection with the elements of IF’I(Z,,): every
element [(a, b)] € IP’I(ZI,) maps to the Z,-extension being the fixed field of K, of the closed
subgroup generated by o9°.

Let & be the set of all Z,-extensions of K. Greenberg [18] introduced the following topol-
ogy on & (which we call Greenberg’s topology). For L € £ and n a positive integer we define
EL,n):={L' € E|[L'NL: K] > p"}. This means E(L, n) consists of all Z,-extensions of K
which coincide with L at least up to level n. Taking £(L, n) as a base of neighbourhoods
of L gives us a topology on £ Now let EX=(K) be the subset of £ which contains the
Zp-extensions of K that are contained in the fixed Zf,-extension K~ of K. With the above
topology the bijection P! (Z) <> ESK=(K) becomes a homeomorphism. Indeed, if two Z,-
extensions L, L' € E<K~(K) of K correspond to [(a, b)], [(d/, V)] € P! (Zp), respectively, then
L' € &L, n) if and only if a=d’ (mod p") and b=b" (mod p™). This means that the above
bijection maps the open sets of P! (Zy) to the open sets of ESK~(K).

We let X(E/K) be the Pontryagin dual of Sel,eo(E/Kyo). Also if L e ESK(K), then
we let X(E/L) be the Pontryagin dual of Sel,~(E/L), and we denote the Iwasawa algebra
Zpl[Gal(L/K)]] by AGai/k) or when it is clear from context simply by A.

For any subgroup H of G we denote its fixed field by Kglo. We now define a certain subset
H of subgroups H of G. In view of the bijection P!(Z,) <> £K=(K), H will correspond to
a subset of Z,-extensions of K which have certain properties.

Definition 1-1. Let H be the subset of all subgroups H = (69t?) of G = Gal(Kx/K)
which are topologically generated by o for some [(a, b)] € IP’l(Zp) such that:

(a) No prime in S splits completely in Ké’o /K;
(b) Every prime of K above p ramifies in Kglo /K;
(c) X(E/Kglo) is a torsion A y-module.

In all that follows we will always assume that / is not empty. We shall show that in
this case (09t?) € H for all but finitely many [(a, b)] € P! (Zp) (Proposition 2-5). Moreover,
if Ko contains the cyclotomic Z,-extension K., of K and K/Q is an abelian extension,
then Hy. := Gal(Koo/Kcye) € H (Proposition 2-6), i.e. in this case H will be automatically
non-empty.

For H € H we define H, :=H"". For every n, we fix a finite extension Ky ,/K of
degree p” such that K — KH’,,KgO. Then Kglo” /Ku n is a Zp-extension. We will sometimes
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Fig. 1. Overview of the intermediate fields and Galois groups.

abbreviate KCI;IJ to F,, and write Fp = F in this paper. We summarise all these subfields
and the corresponding Galois groups in the field diagram given in Figure 1. The Galois
groups Gal(F/K) = Gal(F, /Ky ) are isomorphic to Z, and are abbreviated to I" in this
diagram.

We define Ay, = Zp[[Gal(Kggl /Kun)1l. For every n, we let Gy, = Gal(Koo /K 1)
and we write ugy,/H,(X(E /Ké?)) for the w-invariant of X(E /Kglo") as a Ap ky,-module.
When we are working with a fixed H € ‘H, then, to ease notation, we will sometimes drop
the subscript H from all the symbols in this paragraph.

We define X(E/Koo)r := X(E/Koo)/X(E/Koo)[p™] (this group was denoted Y(E/K) in
[10]). We similarly define X(E/Kglcg7 )r for any H € H and any n > 0. For any H € H one may
ask whether X(E/K )y is finitely generated over A(H) :=Z,[[H]].

Definition 1-2. For He H we say that X(E/K) satisfies the 9y (G)-property if
X(E/Kxo)y is finitely generated over A(H).

For H = H,y, this is conjectured to be true if p is odd (see [10]) and is known as the
M p(G)-conjecture. For instance, this conjecture holds true if X(E/Keyc) is Zp[[T]]-torsion
and has p-invariant zero. In this case it is known that there exists a Greenberg neighbour-
hood U of Ky, such that the Selmer group is cotorsion with p-invariant zero for each L € U.
It is natural to ask whether a similar fact is true for the 9Ug(G)-property, i.e. whether the fol-
lowing question can be answered affirmatively: Given that the 991 (G)-property is satisfied
for some H € H, can one find a neighbourhood U of K?O such that the 9y (G)-property is
satisfied for each Zy-extension in U? We will prove that this is indeed the case. The major
ingredient of our argument is a new criterion for the validity of the 915 (G)-property, which
is part of our first main result.

Suppose that X(E/Kx) is a torsion Agaik,,/k)-module, and let fo, be the characteris-
tic power series of X(E/K). If foo #0, write foo = p™ g0 Where m = ug(X(E/Kso)) SO
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that p{ goo. When foo =0, we set goo =0. If H € H, we let Ay be the lambda-invariant of
X(E /Kfo). The first main result of this paper is the following

THEOREM 1-3. Let H be as in Definition 1-1, and suppose that H is not empty. Then
X(E/Kso) is Aa-torsion, and for any H = (09t?) € H the following are equivalent:

(@) X(E/Kxo)r is finitely generated over A(H);
(b) n6(X(E/Kxo) = neu(X(E/KL));

(¢) foralln, X(E /KZ)") is a torsion Ay gy ,-module and

P G(X(E/Koo)) = 4G, /H, (X(E/KEn));

(d) either goo =0, or goo # 0 and the image of goo in A2 /pA» is not divisible by the coset
of 1+ UYA+T)Y —1(hereU=0 —1landT=1 —1);

(e) AMX(E/L)) is bounded as L varies through the elements in a neighbourhood of Kg’o.
If E(Koo)[p®°] is finite, the above are equivalent to:

(f) we have an injective A(H)-homomorphism
X(E/Koo)r = AH)™

with finite cokernel and a Aj-exact sequence

s t
0—> A — X(E/Ks) > @D Mo /f]" & @D Aa/p™ — B0,
i=1 j=1

where s < Ay, A and B are pseudo-null A,-modules with A annihilated by some power

of p, f; € Ay \ A(H) are irreducible power series and ug(X(E/Kso)) = th'zl m.

IfE(K)[p] =0, then X(E/Koo) has no nontrivial pseudo-null A,-submodules and so A =0
in (f).

The equivalences of (a), (b) and (c) above for Hey. = Gal(Koo/Kcyc) are proven using
methods from [10]. For H,y., the single implication (a) = (b) is also proven in special cases
in [8, 42]. Our proofs of the equivalences of (a), (b) and (c¢) for any H € H will follow similar
lines.

The main novelty of our approach is that it relates statements (d), (¢) and (f) to the
My (G)-property. As far as we know this has not been realised in the literature before. We
will be able to derive several interesting consequences for the 915 (G)-property by using
these conditions. For example, it is clear from (e) that the validity of the 9ty (G)-property
for some H € H, automatically guarantees the validity of the 9y (G)-property for each
Z,-extension of K which is contained in some small neighbourhood of K.

Moreover, as an easy consequence of part (d) above, we will show the following result
which provides strong heuristic evidence in favor of the 9y (G)-conjecture.

PROPOSITION 1-4. Assume as before that H is not empty. For all but finitely many H € H,
X(E/Koo)y is a finitely generated A(H)-module.
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We say a few words on the proof of the conditions (d), (¢) and (f) from Theorem 1-3. The
result stated in (f) is similar to Theorem 3-1 in the paper of Hachimori and Venjakob [25]; the
latter was proven in the setup of a Z, x Zy-extension containing Ky under the additional
condition that ;£(X(E/K,y.)) =0, whereas we make no assumption on the vanishing of the
(-invariant but work in a lej—extension. The main tools used to prove (@) = (f) are a control
theorem (X(E/Koo)f)H, — X(E /Ké{;' )r (see Proposition 4-2) and Theorem 8-1.

The implication (d) = (a) can be shown via purely module-theoretic arguments (see
Proposition 7-1). In order to obtain the reverse implication, we prove an asymptotic growth
formula for the g, /n, (X(E /Kgé’ )) which is an analog of a similar formula for class num-
bers due to Cuoco [12]. Finally, the equivalence of (d) and (e) is proven using the work of
Monsky [47].

The condition in (f) that E(K)[p°°] is finite is imposed in order to bound the order of
the maximal finite Apg g, ,- submodule of X(E /Kglg’) as n varies. Such a bound is proven
using the work of Hachimori and Matsuno [23]. This condition is mild as we will show in
Lemma 3-5.

Remark. If E(K)[p*°] =0, then E(Kx)[p>°]=0 since K, /K is a pro-p-extension (recall
that this condition is used in the last assertion of Theorem 1-3).

A well-known result of Iwasawa (see [28, Theorem 2]) states that the vanishing of the
Iwasawa p-invariant of the cyclotomic Zy-extension of a number field K implies that also
the p-invariant of the cyclotomic Z,-extension of any finite p-extension K’ of K vanishes.
In the good ordinary case the analog of this statement for Selmer groups is shown in
[22, corollary 3-4]. Using the equivalent conditions from our main result, we can derive
a similar result on the shifting of the Mty (G)-property (see Theorem 11-9 in Section 11).
In particular, this result can be used in order to deduce from the validity of the 97y (G)-
conjecture for K the validity of the 9ty (G)-conjecture for the larger base field K. The shift-
ing of the 91y (G)-property seems to be a very hard problem. We were able to prove its shift-
ing invariance only under certain additional assumptions (see Theorem 11-9 for the details).
We describe a natural setting where some of the additional hypothesis hold at the end of
the paper.

Now we describe further applications of our main results. We now specialise to an imag-
inary quadratic base field K, i.e. the Zg-extension K of K is now just the composite of all
Zy,-extensions of K. It contains the cyclotomic Z,-extension K.y of K, and also the anti-
cyclotomic Z,-extension K,.. We mention an application of Theorem 1.3 to the number of
L € &= ESK(K) where the rank of E stays bounded. As a first observation, it follows from
Proposition 2-3, Proposition 2-6 and Lemma 9-1 that the rank of E stays bounded in all but
finitely many Z,-extensions L € £. The precise number of Z,-extensions where the rank of
E stays bounded is predicted by Mazur’s growth number conjecture ([45, section 18]).

CONIJECTURE (Mazur). The Mordell-Weil rank of E stays bounded along any Z,-extension
of the imaginary quadratic field K, unless the extension is anticyclotomic and the root
number of E/K is —1.

It seems striking to us that the 91y (G)-property has relations to Mazur’s conjecture. Let ¥
be the set of all H € H such that X(E/K )y is a finitely generated A(H)-module. In relation
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to Mazur’s conjecture, using a slightly weaker version of Theorem 1-3(f) and a technique of
Bloom and Gerth [4], we will show

THEOREM 1-5. Let t be the number of Zy-extensions of an imaginary quadratic field K,
where the rank of E does not stay bounded. Then t <min{iy | H € X}.

In particular, if Ay =0 for any H € X (respectively, Ay =1 if the root number of the
L-function is —1), then Mazur’s Conjecture holds true. We provide explicit examples in
Section 9 where this happens, thus deriving sufficient criteria for the validity of Mazur’s
Conjecture, and we illustrate our results with numerical examples.

We now recall the following conjecture of Greenberg (see [19, conjecture 1-11]).

CONJECTURE (Greenberg). Let E be an elliptic curve which is defined over Q. If
Selyo<(E/Qcyc) is A-cotorsion, then there exists a Q-isogenous elliptic curve E' such that
Sel,(E'/ Q¢yc) has p-invariant zero.

In particular, if E[p] is an irreducible Gal(Q(E[p])/Q)-module, then Selpo(E/Qcy.) has
W-invariant zero.

Let us mention one final application. As mentioned above, when p is odd, it is conjectured
that X(E/K )y is finitely generated over A(Hy.). Assuming this, we use our main theorem
and a result of Pollack and Weston [50] on the vanishing of the w-invariant of X(E/K,.) to
prove a result (see Theorem 10-8), which establishes an interesting connection between the
My (G)-conjecture and the above conjecture of Greenberg.

This paper consists of 11 sections, including this introduction. Sections 2-8 are devoted
to the proofs of the equivalent conditions in our main theorem (in particular, we derive
the connection to the boundedness of A-invariants through analogues of results of Cuoco
and Monsky in Sections 6 and 7). In Section 9 and Section 10 we prove the applications
concerning the conjectures of Mazur and Greenberg. The final section is devoted to a study
of the shifting invariance of the 915 (G)-property.

The My (G)-conjecture plays a crucial role and in fact is an assumption in the formulation
of the noncommutative main conjecture (see [6, 17, 57]). John Coates strongly believed that
the 91y (G)-conjecture should be true and viewed the statement as a natural generalisation
of the celebrated conjecture of Mazur [19, Conjecture 1-3]. The Akashi series in [8] was
developed as a tool towards tackling the 91y (G)-conjecture. The authors therefore dedicate
this paper to the memory of John Coates and his contributions to Iwasawa theory.

2. Results on Selyo(E/L) for L= Koo and L € EK=(K)

This section is preliminary in nature and collects several auxiliary results, the most impor-
tant of which is our control theorem (Proposition 2-8) which works for non-cyclotomic
Zp-extensions.

Let K be as in Theorem 1-3. The following well-known result is easy to prove:

LEMMA 2-1. Let R be a Noetherian UFD of dimension at least two. Let W = @?:1 R/p:?"
where, for all i, p; is a prime ideal of height one. Then W has no nontrivial pseudo-null
R-submodules.

Proof. Assume that M is a pseudo-null submodule of W. Then, by the very definition of
what it means to be pseudo-null, we have that My, = 0 for all prime ideals p of R of height
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less than or equal to one. We now show that for any prime ideal p of R of height one and any
n > 0 the natural map ¥ : R/p" — S~!(R/p™) where S =R \ p is an injection. Applying this
to the prime ideals p; appearing in the decomposition of W shows that we must have M = 0.

To show the claim, assume that for some x € R we have {(x + ") = 0. Then for some
s € S we have sx € p”. Since R is a UFD, therefore p = (y) for some y € R (see [43, Theorem
20-1]). The element y is necessarily an irreducible(=prime) element of R. So y" | sx. Since
y1s and R is a UFD, therefore y" | x which shows that x € p”. O

Recall that there exists a bijection P! (Zp) < ESKx(K), i.e. each element [(a, b)] € P! (Z)
uniquely determines a Zp-extension of K inside Ko, via the subgroup H of Gal(K~/K)
fixing it. We need the following

LEMMA 2-2. Let [(a,b)] € IP’I(ZP) and let H= (c9tb) and T =1+ U1 +T) — 1. If
foo £ 0, then we have that X(E/K~o)y is a torsion A,/ Y -module if and only if foo and Y are
relatively prime.

Proof. To simplify notation, we will denote X(E/K«) by simply Xo. Assume that fo, 7 0.
Taking into account Lemmas 2-9 and 2.1, we have by [5, chapter VII, section 4-4 Theorem
5], that there exist irreducible power series f; € Zy[[T, U]], integers m;,n; and an exact
sequence

0—>W—>Xx—>B—0,

where W=@;_, A»/p™ & @;:1 As /];-nj and B is a pseudo-null Aj-module. From this
exact sequence, we get another exact sequence

B W/Y > Xo/T — B/Y — 0. (1)

Since B is a pseudo-null Aj-module, therefore it has Krull dimension at most one. So the
A>/Y-modules B/Y and BY=Y also have Krull dimension at most one and hence they are
Ay /Y-torsion.

Therefore, it follows from the sequence (1) that Xoo/Y and W/Y have the same
Ao/ Y-rank. Hence we must show that W/Y is A,/Y-torsion if and only if foc and YT
are relatively prime. Clearly if D= A,/p"™, then D/ is a torsion Az/Y-module. So we
see that W/ Y has positive A/ Y -rank if and only if A,/ (f-n 7.Y) has positive As/Y-rank
for some j and this is the case, if and only if, for some j, f; divides T (see [43, Theorem
17-4]). O

In the following, for L € £, we will abbreviate the Iwasawa algebra A(Gal(K /L)) to A.
Recall the definition of H from Definition 1-1.

PROPOSITION 2-3. Suppose that H is not empty. Then X(E/L) is a torsion A-module for
all but finitely many L € E<K=(K).

Proof. If L€ ESKx(K), consider the map (induced by restriction)
5 : Selyoo(E/L) — Selyoo (E/Koo) 8 Ke/L),
We have that ker s injects into

H'(Gal(Koo/L), E(Koo)[p™1) = ker (H'(Gs(L), E[p™]) — H'(Gs(Kwo), E[p™])).
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Since H'(Gal(Ks /L), E(Kso)[p™]) is clearly cofinitely generated over Z,, so is Kers.
Therefore by considering the dual of the map s, we see that X(E/L) will be a torsion
A-module if this is the case for X(E/Kxo)Gal(Koo /L)-

If foo =0, then X(E/K) is a pseudo-null Az-module. Hence it has Krull dimension at
most one. Therefore for any L € ESKe (K), we have that X(E /Koo)Gal(Ko /1) has Krull dimen-
sion at most one and hence is a torsion Z,[[Gal(K,/L)]]-module. Therefore in this case for
all L € £5K~(K), X(E/L) is a torsion A-module.

Now assume that f, 7 0. From Lemma 2-2 (and since A is a UFD), we see that the
desired result follows from the following lemma. 0

LEMMA 2-4. If [(a,b)] and [(c,d)] are two distinct elements of}P>1 (Zp), then 0%t — 1 and
ot — 1 are relatively prime elements of A(G).

Proof. Let G be the subgroup topologically generated by o%r? and o¢t¢. Then G has
finite index in G. Let Iy (resp. Ig) be the ideal of A(G) (resp. A(G)) generated by
o? —1,0%? — 1 and p. Since G is topologically generated by or? and ¢¢7?, there-
fore I has finite index in A(G). As G has finite index in G therefore A(G) is a finitely
generated A(G)—module. These two facts imply that I has finite index in A(G). By [43,
Theorem 17-4], this in turn implies that the sequence o%t? — 1,0¢t¢ — 1, p is regular. In

particular 097” — 1 and 6¢7¢ — 1 are relatively prime. O
The next proposition establishes the result mentioned in the introduction.

PROPOSITION 2-5. Suppose that H is non-empty. Then for all but finitely many
L € EK~(K) we have:

(a) no prime in S splits completely in L/K;
(b) every prime of K above p ramifies in L/K;
(¢) X(E/L) is a torsion A-module.

Proof. LetF = Kfo with H € H, and let L be given. Suppose v € S splits completely in L/K.
Since v does not split completely in F/K, therefore we see that the decomposition group
D, for a prime of K over v has Zj,-rank one. It follows from this that v does not split
completely for any L' € £5K=(K) with L’ # L. Since the set S is finite, (a) excludes finitely
many L € £5%>(K). Now let p be a prime of K above p. Since p ramifies in F/K, therefore
the inertia group I, of a prime of K, above p must have Z,-rank greater than or equal to
one. It follows from this that (b) excludes at most finitely many Z,-extensions. Proposition
2.3 shows that (c) excludes finitely many extensions. Putting all these results together gives
the proposition. O

PROPOSITION 2-6. Suppose that K. is contained in K, and K/Q is an abelian extension.
Then Heye € H.

Proof. We must show that:

(a) no prime in S splits completely in Ky /K;
(b) every prime of K above p ramifies in Ky /K;
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(c) X(E/Kcyc)is a torsion A-module. O

(a) and (b) certainly hold. (c) holds from results of Kato [32] and Rohrlich [52].
We need the following lemma for the proof of the next proposition.

LEMMA 2-7. Let H € H. Then for any n > 0, we have that E(ng‘)[poo] is finite.
Proof. This follows from [20, proposition 3-2(ii)]. O
PROPOSITION 2-8. Let H € H. The natural maps (induced by restriction):
Sn & Selyoo (E/KHm) — Selyoe (E/Koo)H"
have finite kernel and cokernel and their orders are bounded independently of n.

Proof. For simplicity, let F;, = Kfcf and F = Fy. For any n we have a commutative diagram
with vertical maps induced by restriction:

0 —— Sely= (B/ Koo)' —— H'(Gs(Koo), Bp™)) " —— @, c5 o (B/Koo)

| ] ]

0 —— Sely (E/F,) ——— H(Gs(F,), Elp™®]) —2—— @, s Jo(E/Fy)

By the snake lemma we have an exact sequence
0 — ker s, — ker g, — ker h,, Nimg 6, — coker s, — coker g,.

From this exact sequence we see that ker s, (resp. coker s,) will be finite and bounded
independently of n if we show that ker g, (resp. coker g, and ker #,) is finite and bounded
independently of n.

Let S, be all the primes of F), above those in § and S, ,, be the primes of S, above p. We
define the following groups:

(1) Ap:=H"(Hy, EKoo)[p™)):

(2) By :=H*(Hy, E(Koo)[p™));

3) Cu:=TITyess,n H' Has EKoo )P
@) Du:=Tlyes,, H' Huw, Etkoo)[p™D.

In (3) and (4) we have also written w for a fixed prime of K, above w and H,,, is the
decomposition group. ks is the residue field and E is the reduction of E over the residue
field.

Since all primes of K above p ramify in F (because H € H), the results of [7] allow us to
write

PrE/F)= [] H EunEP®) x [] H Fuuw EP™D.

vesS weSu\Sp.n WESpn

Here E denotes the reduction of the elliptic curve over the residue field. We can similarly do
the same for @,c5Jy(E/Koo)-
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From this and Shapiro’s lemma we can write ker i, = C,, x D,,. Also, we have ker g, = A,
and coker g, injects into B,,. Therefore, we only need to show that the groups A, B,, C, and
D, are all finite and bounded independently of n.

First we deal with A, : Let W = E(Ko)[p™]. If y is a topological generator of H, then
An=W/(y?" — 1)W. The kernel of y”" — 1 acting on W is E(F,,)[p°]. This is a finite group
by Lemma 2-7.

Let Wiy be the maximal divisible subgroup of W. Since Wy;y has finite Z,-corank and the
kernel of y"n — 1 acting on W is finite, it follows that (ypn — 1)Wgiv = Wgiy. Therefore we
see that H l(H,,, W) has order bounded by [W : Wy;y]. This takes care of the group A,,. As for
By, this group is zero for all n because cd,(Hy) = 1.

Now we deal with Cy;: let w € S, \ Sp 4. As primes in S do not split completely in F/K
(because H € H), Fp/(Kpn)w is a Zp-extension. This together with the fact that (Kg ).
has no Zg—extension implies that H,,, = 0. Therefore C, =0 for all n.

Finally we deal with D,: Let w € S, ,. Suppose first that the decomposition group of a
prime of K, above w is an open subgroup of Gal(K/K) so Hy,,, is isomorphic to Zj,. Since
primes of K above p ramify in /K, we see that the H,, ,,-invariants of E(koo,w)[p‘”] are finite.
Therefore, as in the proof for A,, we see that H 1(H,,,W, E(koo,w)[poo]) is finite and bounded
independently of n. Now let w € S, , be a prime such that the decomposition subgroup of any
prime of K, above w is not open in Gal(K/K). Since H is non-empty, the decomposition
group will have Z,-rank one. As there are only finitely many primes in F, above v (because
H € H), w splits completely in the Z,-extension Ko, /Fy, and thus H,,,, = 0. O

LEMMA 2-9. IfH is non-empty, then X(E/Ko) is a torsion Ay-module.

Proof. Choose some H € H, and recall that X(E/Kgo) is a torsion A-module. In view
of Proposition 2.8, it follows that X(E/Kx)y is A-torsion. Therefore the intended result
follows from [41, lemma 4-7]. ]

Recall that for H € H and n € N we abbreviate the Iwasawa algebra A(Gal(Kglg’ /Ku.n))
to Ak, (these fields have been defined in the introduction, just below the large field
diagram).

LEMMA 2-10. Let H € ‘H. For any n, consider the sequence

0 —> Selyc (E/KHr) — H' (Gs(KX), Elp™)) — €D Ju(E/KE) — 0.

00
vesS

This sequence is exact for n =0 and HZ(GS(K(';{O), E[p*]) =0. Furthermore, if X(E/Koo)r is
finitely generated over A(H), then for all n:

@) X(E/Kgo") is a torsion Ak, -module;
(2) the sequence is exact;
3) HXGs(KX), E[p™1) =0.

Proof. By Lemma 2-7 we have that E(Kglo")[pm] is finite for all n. Taking this into account,
we have that if X(E/ Kglé’) is a torsion Ag,-module, then from [25, Theorem 7-2] we get that
the sequence in the statement of the lemma is exact and also H 2 (GS(Kg{’), E[p®°]) =0 (note
that loc. cit. Theorem 7-2 requires p to be odd. However as K was assumed to be totally
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imaginary if p = 2, the proof also works for p = 2). Since for H € H we have that X(E /Kfo)
is a torsion A-module, we get the desired result for n = 0.
Suppose that X(E/K)r is finitely generated over A(H). To complete the proof, from

what we just observed, it will suffice to show that X(E /Kf,’g) is a torsion Ag,-module. To
prove this, we can proceed as in [10, proposition 2-5]. Consider the following commutative
diagram with exact rows

X(E/Ko)u, — (X(E/Kx)f)u, — 0

N

X(E/Kir) ——— X(E/KHr)y ——— 0

The map 5, is the dual of the map s, in Proposition 2-8 and 6, is induced by §,. By
Proposition 2-8, coker §, is finite and hence so is coker 6,. Since X(E/Ky )y is finitely
generated over A(H) and H, has finite index in H, therefore (X(E/Koo)f)n, is finitely gen-
erated over Z,. Thus we get that X(E /Kgo”)f is finitely generated over Z,. This implies that
X(E/ Kglo") is a torsion Ak, -module which completes our proof. 0

LEMMA 2-11. Let H € H. For any n, consider the sequence

0 —> Sel(E/Koo)™ —> H'(Gs(Koo), E[p™D ™" —> @D J(E/Kso) ™ —> 0.

vesS

This sequence is exact for n=0. If X(E/K)r is finitely generated over A(H), then the
sequence is exact for all n.

Proof. Now proceed as in [8, lemma 2-3]. Let H € H and n > 0. For simplicity, let F;,, = Kg;‘.
Let S, be the set of all the primes of F) above those in S and S, be the primes of §,
above p.

Consider the map induced by restriction

hy s @ INE/Fr) — €D Ju(E/Koo)™.

vesS vesS

We claim that #,, is surjective. By the same arguments as in the proof of Proposition 2-8, we
have that coker /4, is a submodule of

My= [] HHuwr EKeo)p™) x [ H Hypr Ethoo,)[p™D).

weSu\Sp.n WESpn

In each factor above, we have also written w for a fixed prime of K, above w and H,,,, is the
decomposition group. ks, is the residue field and E is the reduction of the elliptic curve.
Since cdy(H,,) < 1, we therefore see that M,, = {0}, whence 4, is surjective.

Consider the commutative diagram

HY(Gs(Kw), Ep™))"" — @, 5 Jo(B/Koo) ™

| ]

HY(Gs(Fy), Ep™)) —2— @, s Jo(E/Fy)
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The exactness of the sequence in the statement of the lemma is equivalent to the surjectivity
of p,. Since h,, is surjective, the commutative diagram shows that the surjectivity of p, will
follow if A, is surjective. Therefore, the desired result follows from Lemma 2-10. O

LEMMA 2-12. Suppose that H is non-empty. Then H*(Gs(Ko), E[p™]) = 0.

Proof. LetF = Kglo for some H € H. From Lemma 2-10, it follows that H2(Gs(F), E[p*>]) =
0. As cd,(H) = 1, the Hochschild-Serre spectral sequence implies that we have a surjection
H?(Gs(F), E[p>°]) = H*(Gs(Kso), E[p°°])".. This implies H*(Gs(Koo), E[p>]) = 0. O

The above lemma will allow us to show:

LEMMA 2:13. For any HeH we have H'(H,H (Gs(Kwo), E[p>®1) =0 for all i> 1.
Furthermore, if X(E/Kx)r is finitely generated over A(H), then for any n we have
Hi(H,, H(Gs(Kxo), E[p>®])) =0 for all i > 1.

Proof. We proceed as in [8, lemma 2-4]. Combining [48, proposition §-3-18] and the
previous lemma, we get that

H™(Gs(Ko), E[p™1) =0, m=2.

In view of this result, the Hochschild—Serre spectral sequence (see [48, lemma 2-1-3])
implies that for any i > 1 we have an exact sequence

H™T(Gs(Kn), E[p™]) — H(Hy, H' (Gs(Koo), E[p™1)) — H™(H,, EKZ)[p™®]. (1)

The group on the right vanishes because cd,(H,) = 1. For i > 2 the group on the left vanishes
by [48, proposition 8-3-18]. By Lemma 2-10, for i =1 the group on the left vanishes for
n =0 and assuming that X(E/K)r is finitely generated over A(H) it vanishes for all n. This
implies the result. 0

LEMMA 2-14. Let He M. We have H'(H, Selyoo (E/Koo)) =0. If X(E/Kxo)r is finitely
generated over A(H), then H'(H,, Selyoo (E/Koo)) =0 for all n > 0.

Proof. We proceed as in [8, lemma 2.-6]. Let n > 0 and assume that X(E/Kx )y is finitely
generated over A(H) if n > 0. Now consider the sequence

0 —> Sely=(E/Koo)™ —> H'(Gs(Koo), E[p™) " — @D JU(E/Koo) ™ — 0. (2)

vesS

We will show that H!(H,,, Sely~(E/Kx)) = 0 if the sequence (2) is exact. Therefore, the
lemma will follow from Lemma 2-11.
Assume that (2) is exact. Let

Aco = img (H'(Gs(Koo). EIp™1) —~ D) Ju(E/Ko0)).

veS

i.e. we have an exact sequence

0 —> Sely(E/Koo) —> H'(Gs(Kso), E[p™]) —> Ao —> 0.
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This exact sequence and Lemma 2-13 imply that we have an exact sequence
0 —> Selyoo(E/Koo)" — H'(Gs(Kso), Elp™ D — A — H'(H,, Sel,(E/Ko)) — 0.
The exactness of the sequence (2) implies that

Al = @ Ju(E/K)™,

vesS

whence it is clear that H' (H,,, Sel,(E/K~)) =0, as required. O

The final result in this section is:
PROPOSITION 2-15. Suppose that H is not empty. We have an exact sequence

0 — Sel,o(E/Koo) —> H'(Gs(Kso), E[p™)) oo, @ JW(E/Kso) —> 0.
veS
Proof. We proceed as in [8, proposition 2-9]. Let
Ao =img (hoo : H'(Gs(Kxo), E[p™]) = @ves/v(E/Kx))
i.e. we have an exact sequence
0 —> Selyo(E/Koo) —> H'(Gs(Kwo), E[p™]) —> Ao — 0.

Choose an element H € H, and let F = KL 1t then follows from the above sequence and
from Lemma 2-13 that

H'(H, Aoo) = H*(H, Sel,(E/Kxo)),

whence H'(H, Ax,) = 0 because cdp(H)=1.
Now let By, = coker Ao. Taking the H,.-cohomology of the sequence

0= Ao = EP Ju(E/Koo) = Boo — 0

vesS

and using Lemma 2-11, we get that Bgo injects into H'(H, Aso) = 0. Therefore, Bo, = 0. This
implies that Ao is surjective. O

3. The maximal finite submodule of X(E /Kglo”)

In this section we will use the work of Hachimori and Matsuno [23] to bound the order of
the maximal finite submodule of X(E/ ng’). This is used for the proof of Proposition 4-3 in
the next section which in turn is a key tool used in the proof of the implication (a) = (f) in
Theorem 1-3. Moreover, we prove Lemma 3-5, which shows that the additional hypothesis
in part (f) of Theorem 1-3 is rather mild.

If A is an abelian group, let Ag;y be the maximal divisible subgroup of A. First we need

LEMMA 3-1. Let L be a number field, L, /L be a Z,-extension with tower fields Ly, E an
elliptic curve defined over L and p a rational prime. Let s, : Selyoe (E/Ly) — Sel oo (E/ Loo)™™
be the map induced by restriction (here, I' = Gal(Loo/L) and T, =T?"). Then, for any n,
ker s, is finite of order at most [E(Loo)[p®°] : E(Loo)[P™°]aiv]-
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Proof. This follows from a similar argument to the one used in the proof of
Proposition 2-8. O

We now have the following important theorem.

THEOREM 3-2 (Hachimori—Matsuno [23]). We retain the setup and notation of the previous
lemma and assume that the Pontryagin dual of Selyoo(E/Lyo), denoted X(E[/Loo), is Zp[[T']]-
torsion. Then the maximal finite Zy|[T"]]-submodule of X(E/Lw) is isomorphic to l(in ker s,
where the inverse limit is with respect to the corestriction maps.

The following lemma is easy to prove. We leave the proof for the reader.

LEMMA 3-3. Let M > 0 be an integer. Then there exists C > 0 satisfying the following: If
(Bi, ¢ij), i € N is a projective system and for all i € N B, is finite of order at most M, then
l(ir_nBi is finite of order at most C.

Now we return to our setup and show:

THEOREM 3-4. Suppose that E(Kx)[p™°] is finite. Then there exists C > 0 satisfying the
following: Assume H € H and n> 0. If X(E /K{;IJ) is Ak, -torsion, then the maximal finite
Ak, -submodule ofX(E/KgJ) has order at most C.

Proof. Suppose that E(Kx)[p*°] is finite. Assume H € H and n > 0. Denote K by Leo
and Ky, by L. Then Loy /L is a Zy-extension with tower fields L,. Let s, : Selyoo(E/Ly,) —
Sel oo (E /Loo)™ be the map induced by restriction. Since E(Loo)[p™] is finite with
#E(Loo)[p™°] < #E(Koo)[p™], we get from Lemma 3-1 that ker s, is finite of order at most
#E(Koo)[p®°]. From this we see that the desired result follows from Theorem 3-2 and
Lemma 3-3. O

LEMMA 3-5. E(Kx)[p™°] is finite if either:

(1) E does not have complex multiplication;

(2) E has complex multiplication by the ring of integers of a quadratic imaginary field L,
[K:Q] <8andp > 5. In this case we have E(Kx)[p™] = 0.

Proof. (1) follows from Zarhin’s Theorem [58]. For (2) assume that E has complex multi-
plication by the ring of integers Oy, of a quadratic imaginary field L, [K: Q] <8 and p > 5.
To prove the desired result it will suffice to show that E(LK)[p*>°] = 0.

We now use an idea similar to the proof of [59, lemma 3-5]. Let A := Gal(L(E[p])/L).
According to [53, Corollary 5-20(ii)] we have an isomorphism A = (Or/pOr)*. As E has
ordinary reduction at p, p splits in L/Q. Whence we have A = (Z/pZ)* x (Z/pZ)*. Since
p =5, this implies that #A > 16. Combining this with the fact that [K : Q] <8 gives that
A’ := Gal(LK(E[p])/LK) is a nontrivial group whose order is prime to p. As Koo /K is pro-p,
we may identify Gal(LK~(E[p])/LK~) with A’.

Now assume that E(LK~)[p*>°] # 0. Then by an appropriate choice of a [F,-basis of E[p]
we have an injection from Gal(LK(E[p])/LK) to the subgroup of GL,(IF,,) consisting of
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la la
01 01
order p. It follows that Gal(LK~(E[p])/LK~) = A’ is trivial. This is a contradiction since
A’ is nontrivial of order prime to p by the above. O

matrices of the form ) where a € IF),. But if a # 0, then ( ) generates a group of

4. A control theorem for (X(E/Koo)f)H, — X(E/Kgg)f
In this section, for He€ H, we study the kernels and cokernels of the maps
On - (X(E/Koo)f)H, — X(E/ ng’ )r- The proof of a control theorem for this map is technically
quite delicate.
First, we need:

PROPOSITION 4-1. Let H € H and let n, m > 0 be arbitrary integers. The maps (induced by
the maps sy, in Proposition 2-8):

Sty Selpoo(E/KE) [p™ — Selyoo (E/Koo) ™ /p™
have finite kernel and cokernel and their orders are bounded independently of n and m.

Proof. For simplicity, let S, = Sel,o(E /Ké’g) and S = Selyo(E/K). Moreover, we let
m >0 be arbitrary but fixed, and we abbreviate s;l,m to s; for convenience. Consider the
following commutative diagram

0 —— p™(SI) S S fp™ ——0
0———p™S, S, K —

By Proposition 2-8, coker s, is finite and bounded independently of n. Since we have a
surjection coker s, — coker s/, therefore the same is true for coker s),.

By the snake lemma, we have an exact sequence ker s, — ker s), — coker 5,. Since ker s,
is finite and bounded independently of n by Proposition 2-8, therefore to show that ker s),
is finite and bounded independently of n, we only need to show that coker 5, is finite and
bounded independently of n. To this end, note that img 5, = p” img s,,. Therefore the mul-
tiplication by p™ map induces a surjection from coker s,, onto coker 5,. This implies that
coker 5, is finite and the order is bounded independently of n, because this property is true

for coker s, by Proposition 2-8. O

For HeH, we study the kernels and cokernels of the maps
On 1 (X(E/Koo)f)H, — X(E /Kfo” )r- We want to show that kerd, and coker 6, are finite
and bounded independently of x. In order to prove this, we require the following condition.

Condition Cg . There is an m > 0 such that X(E/Kx)[p™]1=X(E/Ko)[p™] and that
X(E/KE)p™1=X(E/K33)[p™] for all n.

At the end of this section, we shall show that this condition is met if X(E/K )y is finitely
generated over A(H) and E(Ko)[p®] is finite.

PROPOSITION 4-2. Let H € H. Assume that X(E/Kwo)s is finitely generated over A(H).
Then the maps (induced by the dual of the maps sy in Proposition 2-8)

O : (X(E/Koo)p)m, — X(E/KHn),
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have finite kernels and cokernels. Furthermore, if condition Cy,, is met then the orders of
these kernels and cokernels are bounded independently of n.

Proof. Assume that X(E/K)s is finitely generated over A(H). For simplicity, let
Fnszg’. Fix neN and let m >0 be such that X(E/Kx)[p™]=X(E/Kx)[p™] and
X(E/Fp)[p™]1=X(E/F,)[p™]. Consider the commutative diagram with exact rows

X(E/Koo)lp™]n, — X(E/Koo)n, —— (X(E/Keo)s)m, ——0

-

0—— X(E/F,)p"| — X(E/F,) —— X(E/F,)); ——0
From the snake lemma applied to this diagram, we get an exact sequence
ker ¢, — ker 5,, — ker 6,, — coker ¢,, — coker §, — coker 6,, — 0. 3)

By Proposition 2-8, both ker s, and coker §, are finite. This, together with the exact
sequence (3), implies that coker 6, is finite. Also since ker §,, is finite, the exact sequence (3)
shows that in order to show that ker 6,, is finite it will suffice to show that coker ¢, is finite.
We now proceed to show this.

Since X(E/Kxo )y is finitely generated over A(H) and H,, has finite index in H, therefore
(X(E/Kso)f)H, 1s finitely generated over Z,. Therefore ker 6, is finitely generated over Zj,.
From this fact and the fact that coker §, is finite, we see from the exact sequence (3) that
coker ¢, is actually finite (it is finitely generated over Z, and annihilated by p™).

From now on suppose that condition Cg ,, is met, and choose m accordingly. We want to
show that the orders of ker 6,, and coker 6,, are bounded independently of n. By Proposition
2.8, the cardinalities of ker §,, and coker §,, are bounded independently of n. Therefore the
exact sequence (3), implies that the order of coker 6, is bounded independently of n. Also
since ker §,, is finite and bounded independently of n, the exact sequence (3) shows that in
order to show that the order of ker 6, is bounded independently of n, it will suffice to show
that the order of coker ¢, is bounded independently of n.

Dualising ¢,,, we get

bn : Sely (E/Fy)/p™ — (Selye (E/Koo)/p™)n.

We will show that the order of ker ¢A>n is bounded independently of n. Consider the exact
sequence:

0 — p"Sel,oo(E/Koo) = Selyx(E/Koo) = Selyx(E/Koo)/p™ — 0.
For any n, this sequence gives us an exact sequence
0 — (p"Selp (E/Koo)™ — Selyoo (E/Koo) ™™ — (Sely (E/Koo)/p™) ™.
Therefore we have an injection

@n : Selyoo(E/Koo) T /(p™"Sel e (E/ Koo)' <> (Sel o (E/Koo) /p™) .
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We define the map

Y Selyoo (E/Fp)/p™ — Selyo(E/Koo) ™ /(0™ Sel oo (E/Koo)) .

Since ¢, is an injection, therefore ker v, = ker (¢, o V) = ker qASn. So we see that we
need to show that the order of ker ¥, is bounded independently of n. Consider the exact
sequence

0 — Selyo(E/Kxo)[p™] — Selyo(E/Kxo) r, p"Selyx(E/Koo) — 0.
This sequence induces an exact sequence
0 — p™(Sely(E/Koo) ™) — (p"Selyoo (E/Koo) " — H'(H,, Sely (E/Koo)[p™]) — 0.

We have a zero on the right because H Y(H,, Selyeo (E/Koo)) =0 from Lemma 2-14. This
exact sequence gives us an exact sequence

n

Sel, o0 (E/K o0 ) Sel, o0 (E /Koo )
elpe(E/Kx) T, elpe(E/Kx) L0 @

1 m
0— H (H,, Sely~(E/Kxo)[p™]) — ET P Sel (B Koo) .

Let s, : Sel,(E/Fy)/p™ — Selpoo(E/Koo)H" /P be the map in Proposition 4-1. Then
Y, = 1, o5, It is easy to see that we have an exact sequence

0 — ker s, — ker v, — ker 7, — coker s/,.
Taking the exact sequence (4) into account, the above exact sequence becomes
0 — ker s/, — ker ¥, — H' (H,, Sel oo (E/Koo)[p™]) — coker s,.

Recall that ker v, is finite for all n. We need to show its order is bounded.
According to Proposition 4-1, both kers/, and coker s, are finite and bounded inde-
pendently of n. Therefore by the above exact sequence, H 1(H,,,Selpoo(E/Koo)[p’”]) is
finite for all n and we need to show that its order is bounded independently of n. The
Pontryagin dual of Hl(Hn,Selpoo(E/Koo)[p’"]) is (X(E/Kso)/p™r. Since X(E/Kso) is
finitely generated over the Noetherian ring A,, therefore it follows that X(E/K)/p™
is a Noetherian A,-module. The A,-submodules (X(E/Koo)/pm)H" form an increasing
nested chain, the chain must stabilise and so the orders are bounded. This completes
the proof. O

We now show;

PROPOSITION 4-3. Let H € H. Assume that X(E /Ko )y is finitely generated over A(H) and
E(Koo)[p™] is finite. Then condition Cp p, is met.

Proof. Let H € H and assume that the hypotheses in the statement of the proposition are
true. As usual, let Fj, =K§o”. From Lemma 2-10 we get that X(E/F),) is a torsion Ag,-
module for all n. From Theorem 3-4 it follows that there exists 7 > 0 such that for all »n
the maximal finite Ag,-submodule of X(E/F,) is annihilated by p’. Also since X(E/Kxo)
is finitely generated over the Noetherian ring A, therefore X(E/Koo)[p™°] = X(E/Ko)[p™]
for some m > t. We will show that X(E/F,,)[p>®] = X(E/F,)[p*™] for all n.
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For any n>0, let Y(E/F,)=X(E/F,)/X(E/F,)[p"]. Then we have a commutative
diagram

0 — X(E/K)[p™u, — X(E/Kso)u, — (X(E/Kx) ), ——0

T

0—— X(E/F,)|p"| —— X(E/F,) ————— Y (E/F,) ——— 0

To see that the first map on the top row is an injection, we first note that since X(E/Kx)r
is finitely generated over A(H) we have by Lemma 2-14 that H(H,, X(E/Kx)) =
0. But X(E/Kx)r =p"X(E/K) which is a submodule of X(E/Ky). It follows that
H(Hy, X(E/K)r) = 0 because cd,(Hy) = 1. This shows that the first map on the top row
is in fact an injection. From the snake lemma applied to above diagram, we get an exact
sequence

0 — ker ¢, — ker 5,, — ker 6,, — coker ¢,, — coker §,, — coker 6,, — 0. (5)

By Proposition 2-8, ker §,, is finite. This, together with the exact sequence (5), implies
that ker ¢, is finite. Since X(E/K )y is finitely generated over A(H) and H,, has finite index
in H, therefore (X(E/Kxo)f)n, is finitely generated over Z,. Therefore, for all n, ker 6, is
finitely generated over Z,. Combining this with the fact that coker §, is finite by Proposition
2.8, the exact sequence (5) shows that coker ¢, is finitely generated over Z, and hence is
finite since the target group is annihilated by p™.

So we have shown that the map

b : X(E/Koo)[p" 1, — X(E/Fy)[p"]

has finite kernel and cokernel. In an identical way we can show that the map
by X(E/Koo)p™ 11, — X(E/Fn)[p™]

has finite kernel and cokernel. Combining this with the fact that X(E/Kuo)[p™]=

X(E/Kxo)[p™], we get that g, m, X(E/F)p™]) = uG,/n, X(E/Fu)[p™)).
Taking Lemma 2-1 into account, we have an exact sequence

0— @D A(Gu/Hy)/p"™ — X(E/Fy)[p™1— B0, (©)
i=1

where B is finite. This exact sequence induces the sequence

0— @D (AGu/H) /p™)p"] — X(E/F)lp™ — Blp™). %

i=1

Since we have ug,/n, X(E/F,)[p>]) = unc,/n, X(E/F)[p™]) we see from the exact
sequences (6) and (7) that we must have m; <mfori=1,...,s.
The exact sequence (6) induces an exact sequence

0— A" — X(E/F,)[p™] — €D AGn/Hy)/p" — B — 0, ®)

i=1
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where A’ and B’ are finite. By assumption, p’ annihilates A’ and m > 1. Also m; <m for
i=1,..,s. Therefore it follows that p?” annihilates X(E/F,)[p>°], i.e. X(E/F,)[p>]=
X(E/F,)[p*™]. This completes the proof. O

5. u-invariants and the My (G)-property

In this section, we prove results that will help to establish the equivalences (a) < (b) < (¢)
of Theorem 1-3. The first two results below are proven for H,y. in [10] and our proofs will
be very similar.

THEOREM 5-1. For any H € H we have
1G(X(E/Koo)) = ne/n(X(E/KL)) — pe/m(Ho(H, X(E/Koo)p)).-
Also, if X(E/Ko )y is finitely generated over A(H), then for all n > 0 we have

116, X(E/Koo)) = G, /1, (X(E/KHn).

Proof. We follow the proof of [8, proposition 2-12] closely. For simplicity, let F;, = Ké”g
with F = Fy. Also let Xoo = X(E/Ko). First, recall from [27, corollary 1-7] that if M is a
finitely generated A(G)-module, then

e =TT #H(G, MIp> D = % (G, Mp™)).

i>0

We have a similar formula when M is a finitely generated A(G/H)-module. From the
Hochschild—Serre spectral sequence it is easy to prove that

(G Xoolp™ D = [] x(G/H. Hi(H Xoalp® 1) V"

i=0,1
From this we get
16 Xoo) = e/a(Ho(H, Xoo[p™1) — e/u(Hi1(H, Xoo[p™1)). )
Consider the exact sequence
0 — Xoo[p™] = Xoo = Xooy — 0. (10)

Since cd,(H) =1, therefore the functor Hj(H, —) is left exact. On the other hand, one
has that X[p™°] € X0 and Xoo p = P'Xoo C Xoo for some big enough ¢. Therefore, combining
the above observations with Lemma 2-14, we have that H{(H, Xoo[p™]) = H1(H, X0 f) = 0.
This fact implies that we have a short exact sequence

0 — Ho(H, Xoo[p™1) = Ho(H, Xo0) = Ho(H, Xoo f) — 0. (11)
Taking (9) into account, we obtain
G Xoo) = uG/a(Ho(H, Xoo)) — uG/a(Ho(H, Xoo f))- (12)

But the quantity pg/p(Ho(H, X)) is precisely pg/p(X(E/F)) by virtue of the dual
descent map (Xoo)y — X(E/F) having finite kernel and cokernel (cf. Proposition 2-8).
Therefore we get the desired formula for n = 0.
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Now assume that X s is finitely generated over A(H). Then from Lemma 2-14 we get
that H{(H,, Xo0) = 0. Also, Lemma 2-10 gives that X(E/F},) is a torsion A(G,/H,)-module.
Therefore, the same proof above may be adapted to show that for any n > 0 that

16, Xeo) = G, H, X(E/F)) — 110G, H, (Ho(Hp, Xoo £)). (13)

But since X is finitely generated over A(H) and H, has finite index in H, there-
fore (Xoof)m, is finitely generated over Z,. In particular, this quotient is a torsion
A(G,/Hy,)-module and has pig,/n,-invariant zero. We see from this that the formula (13)
becomes

16, Xoo) = G, H, X(E/Fy)).
We also have kind of a converse to Theorem 5-1. O

COROLLARY 5-2. Let HeH. If uc(X(E/Koo)) = po/u(X(E/KL)), then X(E/Kxo); is
finitely generated over A(H).

Proof. According to the previous theorem, this equality implies that uG/u(X(E/Koo)f)n) =
0. According to Proposition 2-8, the map « : X(E/Kxo)g — X(E /Ké’o) has finite kernel and
cokernel. Since by definition of H, X(E /Ké’o) is a torsion A(G/H)-module, we get that
X(E/Koo)py is also a torsion A(G/H)-module. It follows that (X(E/K)r)p is also a torsion
A(G/H)-module. Therefore, since pug/u(X(E/Kxo)r)n) =0, we get that (X(E/Koo)f)n is
finitely generated over Z,. This implies that X(E/K )y is finitely generated over A(H). [

6. Asymptotic growth of Iwasawa invariants

In this section, we prove analogues of results of Cuoco on the asymptotic growth of
Iwasawa invariants in Zg-extensions. These results are interesting in their own right, but
they are also related to parts (b) and (c) of Theorem 1-3. We will use the main results of this
section in the proof of Proposition 7-1.

First, we describe the basic setting from [12]. We choose two independent Z,-extensions
koo and k of K (i.e., koo N kL, = K) such that Ko, = koo - k. Let ky, n € N, be the unique
subfield of ko, of degree p”" over K. Then we consider the sequence of Z,-extensions F, /kj,
where we let F,, = k., - k, for every n € N. In the notation of the introduction, k, = Kp , and
F,= ng, where H, = H”" and H = Gal(Ko /kL,), and we have the following diagram of
fields:

/
\

H __ 1./
o=k
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The classical Iwasawa—Greenberg module attached to F), (i.e., the projective limit of the
ideal class groups of the intermediate number fields of the Z,-extension F; /k;), which will
be denoted C, for the moment, is a finitely generated and torsion Ak, ,-module, where
Aky, = Zpl[Gal(Fy/ky)]], as in the introduction. Therefore it makes sense to define u- and
A-invariants for each C,,.

The main result of [12] describes the asymptotic growth of the p- and the A-invariants of
the C,:

THEOREM 6-1 (Cuoco). In the above setting (in particular, ki, = K% ), there exist constants
[, mg, my, c1 and cy which are independent of n such that for all sufficiently large n,

u(Cp) = mop" +min +c
and
MC) =1Ip" + .

Note that the base fields grow in the Z,-extensions F},/ky,, and that these fields, and there-
fore also the Iwasawa invariants u(C,) and A(C,), depend crucially on the fixed choice of
the subgroup H of G = Gal(Ks/K).

In subsequent work, Cuoco was able to describe the arithmetic meaning of the constants
mo, my and [, as follows. Let C = C(K,) be the projective limit of the ideal class groups of
all intermediate number fields contained in the Zﬁ—extension Ko of K. Then C is a finitely
generated torsion Az-module, and one defines the generalised Iwasawa invariants of C as
follows (cf. [13, definitions 1-1 and 1-2]). Let fc € A» be the characteristic power series of C,
and write fc = p" - gc, where g¢ is not divisible by p. Then my is nothing but the invariant
1c(C), where G = Gal(K»,/K). Moreover, we consider the image gc of gc in the quotient
Iwasawa algebra 2o = A, /p. Then we let

Io(C) = vp(gc),
P

where the sum runs over the prime ideals of the form P=(c — 1) € A, for elements
o € G\ GP. Note that this is a finite sum, since the ring €2 is a Noetherian UFD.

PROPOSITION 6-2 (Cuoco). Let C be as above, and consider the constants from Theorem
6-1. Then

my=puc(C), I(C)="Y_ mi(H),
HCG

where H C G runs over the subgroups of dimension 1 and my(H) is the constant from
Theorem 6-1, applied to H = Gal(K/kl,). In particular, Cuoco has shown that m(H) is
zero for all but finitely many H.

If Cy := C/C[p™] is finitely generated over A(H), then moreover the constant / from the
second growth formula in Theorem 6-1 satisfies

I = rankp (#)(Cy).
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In this section, we prove analogues of these results for Selmer groups. Recall the notion H
from Definition 1-1. It will turn out that the validity of the 9ty (G)-property for some H € H,
i.e. the quotient X(E/K); being finitely generated over A(H), is equivalent to having a
particularly uniform growth of the p-invariants (see the remark after Theorem 8-1 below).
In all what follows, we abbreviate X(E/Ks) to X.

THEOREM 6-3. Let E be an elliptic curve defined over K with good ordinary reduction at
p, let Ko be a Zg-extension of K, and let H C G be a subgroup of dimension 1. We let X,

be the Pontryagin dual of the Selmer group of E over the Z,-extension Fy /k,, where k, has

degree p" over K, F,, = Kglg’ and F, =k, - Kfo for every n, as in the introduction.

We assume that each X, is a finitely generated torsion A, := Zy[[Gal(F),/k,)]]-module,
and we identify each of these group rings with Ay = Z,[[T]]. Then we can define - and A-
invariants of the X,,, which we will denote by ,, and A,. Suppose that either of the following
conditions hold:

(1) HeH;

(2) H # O and the decomposition group D, C G of each of the primes v of K above p has
ZLy-rank two.

Then the following assertions hold.

(a) We have
pn = uGXp" +min+ O(1) (14)
and
o =Ip" +0(1) 15)
for suitable constants my and .

(b) The parameter my = m1(H) is zero for all but finitely many choices of H, and

> miH)=1(X),

HCG

where ly is defined as above and H runs over all dimension 1 subgroups of
G = Gal(K /K), as in Proposition 6-2.
(c) If Xy is finitely generated as a A(H)-module, then moreover

= rankA(H)(Xf).

Remark.
(1) We stress that the sum in (b) is taken over all H C G of dimension 1, not only over
H € H. This is one of two main reasons for us to prove the asymptotic formulas (14)

and (15) also for H ¢ H (under the assumption 2), although this will require to prove a
stronger control theorem (see Proposition 6-8 below). The second motivation to study
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also the case H ¢ H comes from Section 10 below: we will apply Theorem 6-3 to the
anticyclotomic Z,-extension K, of an imaginary quadratic number field. However,
we cannot ensure that the corresponding subgroup H of G, fixing K, is contained in
‘H, because some of the primes in S might split completely in K,.. Therefore it will
be very useful to have Theorem 6-3(a) available also for H & H.

(2) If Xy is finitely generated as a A(H)-module, as in part (c) of the theorem, then
the general hypothesis that each X, is finitely generated and torsion over A, is
automatically satisfied, by Lemma 2-10.

(3) Suppose that H € H and that X is finitely generated over A(H). Then Theorem
5-1 implies that actually u, = ug(X)p", and in particular m; = 0, in equation (14).
Moreover, we will show in Theorem 8-1 below that in this case A, = Ip” in equation
(15).

COROLLARY 6-4. In the setting of Theorem 6-3, suppose that K, contains only finitely

many primes above p. If the A-invariants of the X(E/L), L running over all the Z,-extensions
of K, are bounded, then m1(H) =0 for each H C G of dimension 1.

We will break up the proof of Theorem 6-3 and Corollary 6-4 into several lemmas. Fix
the Zy-extensions ko = | k, and k., = K%, and suppose that the topological generators o
andtof G= le, are chosen such that H = Gal(K/kL,) is generated topologically by o and
Gal(Kso/koo) is generated topologically by t. Then A(G) = Aj can be identified with the
ring of formal power series Z,[[T, U]] in two variables, where U =0 — land T =71 — 1.

The following two module-theoretic results are taken without changes from [12]. We
must, however, warn the reader that Cuoco’s notation differs from ours: in the current section
(as in the whole paper) the subgroup H denotes the subgroup of G = Gal(K,/K) which fixes
k.. In Cuoco’s paper, H corresponds to the quotient group Gal(k/,,/K) instead.

We will use the following notation: for any n € N, we let

m=U+ 1" —1. (16)

For two integers n and m with n > m, we define
an,m=Z—;=1+(U+1)"m+(U+1)"'"“+---+(U+1)””. (17)

If m is fixed, then o, is abbreviated to «,.

LEMMA 6-5. Let V be a finitely generated torsion Ar-module, and let N be a pseudo-null

submodule. Suppose that (Vy)nenN is a family of submodules of V and that there exists an
integer ng € N such that the following hold for each integer n > ny:

(1) Viw=o0tpg Vo and
(2) - V<V

Then (N 4+ V,)/V, is a finitely generated and torsion A(G/H)-module for each n > ny,
and the invariants uG/r((N + Vy)/Vy) and AG/g((N + V,,)/Vy,) become constant for suffi-
ciently large n.
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Proof. This is [12, lemma 2-8]. O
LEMMA 6-6. Let W be a finitely generated and torsion A>-module, and suppose that there
exists an integer ng such that the quotient W/a,W is a finitely generated and torsion

A(G/H)-module for each n > ng. Then there exist constants [, mg, m1, c| and ¢y, independent
of n, such that

uGHW /ayW) = mop" +mn + ci
and
rAo/HW [ay, W) =Ip" + 3

for each sufficiently large n € N. Here mo = jug(W) denotes the largest power of p which
divides the characteristic power series of W in A».

Proof. This follows from [12, proposition 2-1 and remark on p. 430]. O

Now we prove the first part of Theorem 6-3, namely the existence of the asymptotic
formulas in (a).

LEMMA 6-7. There exist constants such that equations (14) and (15) hold.

Proof. Fix a pseudo-isomorphism ¢ :X —> M, where M is an elementary torsion
As-module. We let N and R denote the kernel and the image of ¢. Then N and M/R are
pseudo-null A,-modules.

Recall the definitions (16) and (17) of 1, and o, 0 =1,/ U. Now we define ¥,, = n, - X for
every n € N, and we let W, = ¢(Y,), n € N. Then

W, = &po Wo
for each n € N, since ¢ is a A;-module homomorphism. The map ¢ induces surjections
On: X/Yy > R/W,

with kernel (N + Y,)/Y,, for each n € N.

We will prove a control theorem below (see Proposition 6-8) which is independent from
the results of Cuoco and which implies that the kernels and the cokernels of the canonical
maps

XY, =X/ X — X(E/F,) =X,

are torsion Zp[[T]]-modules, where we recall that X(E/F,) denotes the Pontryagin dual of
the Selmer group of E over F,, = Kglg’ (when H € H it follows from Proposition 2-8 that the
kernels and cokernels are even finite and of bounded order). In particular, since X(E/F,) is a
torsion Zy[[T]]-module by assumption, the same holds true for the quotient X/Y,,, n € N.
Therefore also R/W,, and (N + Y;)/Y, (i.e. the kernel and the image of @,) are torsion
Zpl[T]]-modules. Moreover, the additivity of u- and A-invariants on short exact sequences
of finitely generated torsion Z,[[T]]-modules imply that

wX/Yy) = puR/Wy) + (N +Y,)/Yy)
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and
AMX/Yy) = AR/ W) + AN + Yy)/ Yy).

Now we can apply Lemma 6-5 in order to conclude that the p-and A-invariants of the
quotients (N + Y,)/Y,, stabilise. Moreover,

W(R/Wy) = (R/Wo) + u(Wo /oty Wo)

for every n > 0, and a similar equation holds for the A-invariants.

Note that Wy C M is a finitely generated and torsion A;-module, and Wy /o, Wy C R/ W,
is a finitely generated and torsion Zy[[T]]-module for each n > 0. Therefore by Lemma 6-6
and the above we conclude that for sufficiently large n we have

wX/Yy) = pucX)p" +min+ci
and
MX/Y)=1p" + 2

for suitable constants my, [, ¢; and c¢5.
By Proposition 6-8 we have that

IAX/Yn) — A(X5)l
and

(X /Yn) — (X))

are both bounded independently of n. Combining this fact with the equations for w(X/Y;)
and A(X/Y},,) above, we get equations (14) and (15). O

The next result is a control theorem which works also if H ¢ H. For any n we let 1, be
defined as in (16) and ¢, : X/1n,X — X, to be the dual of the map (induced by restriction)
Sn : Selyeo(E/Fy) — Selyo(E/Koo ).

PROPOSITION 6-8. Suppose that the hypotheses from Theorem 6-3 hold. Then for any n > 0
the kernel and cokernel of the map ¢, : X /n,X —> X, are finitely generated torsion Z,|[T]]-
modules whose (1~ and \-invariants are bounded as n varies.

Proof. If H € H, we get the desired result from Proposition 2-8. Otherwise if H ¢ H, we
assume that 7 # ¢ and that the decomposition group of any prime of K, above p is an open
subgroup of Gal(K./K). In this more general setting the only concern is that one has to
take more care to prove that C,, and D,, (using the notation in the proof of Proposition 2-8)
are finite when primes in S, \ S, , split completely in F,/k,, and when not all primes in S,
ramify in F, /kj,.

Now consider the map

ha: @D INE/Fy) — €D Ju(E/Ko0).

ves vesS

By the proof of Proposition 2-8 we see that:
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(1) the Pontryagin dual of H l(Gal(K /Fn), E(Koo)[p™]) surjects onto coker ¢,,;
(2) ker ¢, injects into a quotient of the Pontryagin dual of ker A;,.

Let y be a topological generator of Gal(Ky/F,). We  have
H'(Gal(Kuo /Fp), E(Koo)[p™]) = E(Koo)[p™®1/(y — DE(Kso)[p™]. Therefore corankz,
(Hl(Gal(Koo/Fn), E(Kxo)[p™])) <2. It then follows from (1) above that coker ¢, is a
torsion Z,[[T]]-module with 4 =0 and A < 2.

Now we may write ker i, = @Ve s ker hy, ,. We now prove that ker ¢, is a torsion Z,[[T]]-
module whose - and A-invariants are bounded as n varies. From (2) above it will suffice to
show that for each v € § the Pontryagin dual of ker 4, is a torsion Z,[[T]]-module whose
u- and A-invariants are bounded as n varies.

First, consider a prime v € S that does not divide p. Assume that v does not split completely
in F/k. Then for any sufficiently large n, no prime of &, above v splits completely in F;, /kj,.
It follows then by the same argument as in Proposition 2-8 that we have that ker 4, , = 0.

Now assume that v splits completely in F/k. Let n > 0. We have that every prime of k,
above v splits completely in F},/k,. Recall from the introduction that we defined J,(E/F})
as J,(E/Fy) = 11_n>1 @wlv HY(L,,, E)[p>®] where the direct limit runs over finite extensions
L of k, contained in F,,. Had there been a finite number of primes of F, above v, we
could then write J,(E/F,) = @, H I(Fn,w, E)[p®°], where the sum runs over all primes w
of F,, above v. This was the case in the proof of Proposition 2-8 and so as in the proof we
were able to express ker A, as a finite direct sum of cohomology groups. However as v
splits completely in F,/k, we cannot write J,(E/F,) as a direct sum. This will make the
expression of ker A, ,, more complicated. Let / be the rational prime below v. If L is a finite
extension of Q, then by Mattuck’s theorem E(L) = 7, @ x T where T is a finite group.
Since [ # p, we get from this that E(L) ® Q,/Z, = 0. Therefore we have an isomorphism
HY(L, E)p*1=H L, E[p°°]). By taking direct limits, we have such an isomorphism for
any algebraic extension L of ;. Now let {F), ;,}nen be the layers of the Z,-extension F,, /k,,.
Using the isomorphism just mentioned as well as Shapiro’s lemma we can write

ker iy, =lim €5 H' (Gal(Koo,w,, /(Fom)in)s EK oo, D™D, (18)

WiV

where the direct sum runs over the primes w,, of F,, above v. In the above we have also
written w,, for a fixed place of Ko, above w;,. Now let {w}, w), ..., w.} be the set of primes
of F,0=k, above v. Let 1 <i<c. Since kn’w; is a finite extension of (Q; we have that
E(kn’w’( )[p°°] is finite. So it follows by the same argument as in the proof of Proposition

2-8 that Hl(Gal(KOO’W;/k,,’WE), E(KOO’W;)[pOO]) is finite. We can write

ti
H"(Gal(K 7 /Ky )» EKoo ()P = @D Z/p"V 2. (19)
j=1

For any m € N and wy,|wg|v, Hl(Gal(Koo,Wm/(Fn,m)wm), E(Koow,)[p*°]) is isomorphic to
H l(Gal(Koo,W0 J(Fn0)wo)s E(Koow)[p™]). Letting Uy, be the Pontryagin dual of ker £,,,, we
therefore see that from (18), (19) and [37, corollary A-8] that we have an isomorphism

c t

Uny 2D (B Z,11T11/p").

i=1  j=1
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We see from this that U, is a torsion Z,[[T]]-module with A-invariant ,,, =0 and p-
invariant p,, =) ord,(#H I(Gal(Koo,W /Fnw), E(Ksow)[p™1)), where the sum runs over
all the primes w of k,, dividing v (for any such w we have also written w for a fixed place of
Koo (and F,;) above w). Since H # @, therefore it follows that the decomposition group of a
prime v of Ko, in Gal(K~/K) has Z,-rank at least one. So as v splits completely in F/k, it
follows that the number of primes of &, above v is bounded independently of n. Therefore
we see from this that w,, is bounded independently of n.

Now let v € S be a prime above p. By hypothesis, the decomposition group of any prime
of K above p is an open subgroup of Gal(K/K). Therefore we can write ker &, =
@wv ker hy,,, where hy, :Hl(Fn,w,E)[poo] — HI(KOO,W,E)[pOO] is the restriction map (as
above, we have also written w for a fixed place of Ko, above w). We now determine the
structure of ker A, as a Zy,-module for any such w above v. Let

Knaw : E(Fpo) ® Qp/Zp — H' (Fyp, E[p™)),
kw : E(Koo ) ® Qp/Zp — H' (Koo EP™])
be the Kummer maps. Then the map Ay, is
hn,w : Hl (Fn,w’ E[Poo])/lmg Knw —> Hl (Koo,Wa E[Poo])/lmg K.

Now let C,, = F(m)[p>°] where m is the maximal ideal of K, and JF is the formal group
of E. The inclusion C,, C E[p°] induces maps

Ao HY (Fpgs Cp) = H (Fps, E[p™1),
At H' (Koo s Cip) = H' (Koo s E[p™1).

As H # 0, it follows from [7, Theorem 2-13] that the extension K /K, is deeply ramified
in the sense of [7]. Therefore by [7, proposition 4-3] and the discussion proceeding it we have
img k,, = img A,, and img «,,, € img A, ,,. Therefore &, ,, can be viewed as the composition
of the following maps:

ny  H (Fpyp, E[p™1)/img iy — H' (s, E[p™1)/img Ay,
by : H (Fpr E[p™1)/img Any — H (Koo, E[p™°1)/img A,,.

We will now show that ker ay, ,, and ker b, ,, are both cofinitely generated over Z,,.
First we deal with ker b, ,,. Let E be the reduction of E over the residue field of K,,. The
exact sequence

0— C,, = E[p>®]1— E[p™]1— 0
induces an exact sequence
0 — img Ay — H' (Fyp, EP™]) = H' (Fy0, E[p™]) — 0.

The last map is surjective because cd,(Fy,,) <1 (see [48, Theorem 7-1-8(i)]). Similarly,
we have an exact sequence

0 — img A,y — H' (Koo, E[p™1) = H' (Koo, E[p™1) — 0.

It follows that ker b,,, is isomorphic to H 1(Gal(Koo’W/F,W), E[poo]) which is clearly
cofinitely generated over Z, with corankzp( ker b, ) < 1.
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Now we deal with kera,,. Let L be a finite extension of K, contained in Fj,,. First
we note that Tate local duality [48, Theorem 7-2-6] together with the Weil pairing yields a
non-degenerate pairing

() HAX(L, Ty(Cy)) x H'L, E[p™]) — Q,/7Z,,

where T,(C,) is the p-adic Tate module of C,. If L'/L is a finite extension, let
res : H*(L, T,(Cy)) — H* (L, T,(Cy)) be the restriction map and cor: HOL', E[p™®]) —
HO(L, E[poo]) be the corestriction (norm) map. For a € H*(L, T,(Cy))and b € HO(L, E[poo])
a property of Tate local duality gives (res a, b) = (a, cor b). As above, we have maps

k. E(L) ® Qy/Z, — H'(L, E[p™)),
aL:HY(L, Cy) — H'(L, E[p™]).

For any Hausdorff abelian locally compact topological group A, let A denote its
Pontryagin dual. Taking into account [7, proposition 4-5], the proof of [7, proposition 4-6]

shows that we have an isomorphism 6z : img A7 /img KL:)E(kL)[pOO] where kj, is the residue
field of L. Taking into account the property of Tate local duality above and the description
of the map 6;, we have an isomorphism

—

img Apy/img Ky = limimg Ap/img kg = HmE(kL)[p>].

The limits are taken over all finite extensions L/K, inside Fj,,/K,; the direct limits are
taken with respect to restriction and inverse limits are taken with respect to corestriction.
As l(iilE(kL)[pOO] is a pro-p procyclic group, it is a quotient of Z, (see [51, proposition
2-7-1]). Therefore it follows from the isomorphism above that ker a,,,, = img Ap,,,/iMg Ky
is cofinitely generated over Z, with corankz, (ker a,,,) < 1.

We get from the above that the kernel of h,,,, = b;,, 0 a,,, is cofinitely generated over
Zyp with corankgz, (ker hp,,) < 2. By hypothesis, the decomposition group of any prime of
Koo above p is an open subgroup of Gal(K,/K). It follows that the number of primes w of
F, above v is finite and bounded by an integer M > 0. Therefore ker £, , = @le ker hy,
is cofinitely generated over Z, with corankzp(ker hpy) <2M. We see from this that the
Pontryagin dual of 4,,, is a torsion Z,[[T]]-module with p-invariant zero and A-invariant at
most 2M. This completes the proof. O

In order to finish the proof of Theorem 6-3, it remains to prove the following

LEMMA 6-9. The constants from Lemma 6-6 have the following arithmetic meaning:

(a) my =m(H) is zero for all but finitely many choices of the dimension 1 subgroup H of
G, and the sum of the m1-invariants equals ly(X);

(b) if Xy is finitely generated over A(H), then | = rank ) (Xy).

Proof. Going through the proof of [15, Theorem 2-4], one sees that m(H) can be described
in a module-theoretic way, as follows: write the characteristic power series fy € A of X as
foo = p“G(X) - 800, Where p 1 g0, and consider the class goo of goo in 22 = A2 /(p). Then we
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let

H(X) = vp(Zoo):
P

where P runs over the primes of 25 of the form P= (o — 1), 0 € H\ H? (if g0c =0, then
we define /7 (X) = 0). It has been shown in [15, Theorem 2-4] that

m(H) = Ig(X).

Assertion (a) now follows from [14, lemma 1].

In order to prove assertion (b), we assume that X is finitely generated over A(H), and we
recall that H, = H”" for each n € N. By a result of Harris (see [26]), we have the asymptotic
formula

rankz, (Xy)g,) = rank s (Xp) - p" 4 O(1).

On the other hand, we have shown above that

rankz,, (X¢)m,) = AMXg,) = MX/Yy)
satisfies the growth formula (15). Comparing coefficients proves that / =ranka#)(X). O

This also concludes the proof of Theorem 6-3, since Wy C M is pseudo-isomorphic to X.
Indeed, Wy = ¢(Yp) is pseudo-isomorphic to Yy, and the latter is pseudo-isomorphic to X
because the quotient X /Y is a finitely generated torsion A(G/H)-module by the above, and
thus is pseudo-null as a A>-module.

Proof of Corollary 6-4. Following the proof of Monsky in [47], one can prove that the
hypothesis from the corollary is equivalent to saying that [o(X) = 0. The assertion therefore
follows from Lemma 6-9(a). O

7. Characteristic power series and ,-invariants
The following short section is purely algebraic in nature. At the end of the section we
apply results of Monsky to our setting. We begin the section with the following proposition
that establishes a connection between parts (a) and (d) of Theorem 1-3. Let X = X(E/K),
and recall that foo =p™ - goo € A(G) denotes the characteristic power series of X (and
P18o0). We also recall that A(G)=Z,[[T, U]], where the two topological generators
0,7 €Gcorrespondto U+ 1 and T + 1.

PROPOSITION 7-1. For any H= (0%t?) € H, X(E/Kwo)s is finitely generated as a A(H)-
module if and only if either goo =0 or g0 # 0 and the image of goo in Ay /p is not divisible
by the coset of Y := (1 + U)*(1 + T —1.

Proof. Suppose first that X(E/Ky)r is finitely generated over A(H) and go #0. Then
Theorem 5-1 implies that

114G, (X(E/Ko0)) = G, /1, (X(E/Km))
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for every n > 0. It follows from Theorem 6-3 that m;(H) = 0. As we have seen in the proof
of Lemma 6-9(a), this means that the image of g in £ = Ay /p is not divisible by the
coset of Y.

On the other hand, suppose that the cosets of go, and T in €2, are relatively prime. If
8co =0, then X = X(E/Ko) is pseudo-null as a Ar-module. Therefore the quotient Xy of X
is also pseudo-null, i.e. it has Krull dimension at most 1. Moreover, multiplication by p is
injective on Xy by definition. Therefore Xr/p is finite by [1, corollary 11-9], i.e. in this case
Xy is a finitely generated free Z,-module, and therefore in particular it is finitely generated
as a A(H)-module.

Now we consider the case g, # 0. Let W be an elementary torsion Aj-module attached
to Xy. Then we have an exact sequence

0—A—Xr— W, (20)

where A C Xy denotes the maximal pseudo-null submodule. Since multiplication by p
is injective on A C Xy, it follows as in the first case that A is finitely generated over
A(H). On the other hand, Lemma 2.2 implies that X;/Y is a torsion A(G/H)-module,
and we have seen in the proof of that lemma that the same follows for W/Y. Since the
coset of go in 2 is not divisible by Y, it is immediate that pug/r(W/Y)=0. Since
W/Y is a finitely generated and torsion A(G/H)-module, it follows from the general
structure theory that W/ Y is a finitely generated Z,-module. Therefore W is finitely gen-
erated over A(H), and it follows from the exact sequence (20) that the same holds true
for X. O

For any a = [(a, b)] € P1(Z,), we define T, = (1 + U)*(1 + T)? — 1. With this definition,
if M is a finitely generated torsion Aj-torsion module, we let M, =M /Y,. So M, is a
Ao/ Yy-module. Let fjs be the characteristic power series of M. If fjs # 0, write fiy = p"' gu
with p 1 gyr. We have the following theorem of Monsky.

THEOREM 7-2. Assume that fyy #0. Let o EIPI(ZP) and assume that M, is a torsion
Ao/ Yo -module. Then the following statements are equivalent:

(@) AMMp) is unbounded as B runs over a neighbourhood of a;
(b) the image of gy in Ao /p is divisible by the coset of Y.

Proof. See [47, Theorem 3-3]. I
From this theorem, we can easily show

PROPOSITION 7-3. Assume that fso # 0. Let H = (09t?) € H. Then M(X(E/L)) is bounded
in a neighbourhood of Kfo if and only if the image of g~ in A3 /p is not divisible by the
coset of (1 + U)*(1 +T)P — 1.

Proof. Let H € H. According to Proposition 2-8, the kernel and cokernel of the map
X(E/Koo)r — X(E /Kg ) are finite. Therefore, considering both the domain and codomain
as A(G/H’)-modules, we see that their A-invariants are the same. Taking Proposition 2.5
into account, the desired result follows from the previous theorem. O
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8. The A(H)-structure of X(E/Koo)f and proof of Theorem 1-3

Let H € H. In this section, assuming that X(E/K )y is finitely generated over A(H), we
determine its structure as a A(H)-module. Moreover, we glue together the results from the
preceding sections to a proof of our main result.

The two key ingredients we need are Theorem 8-1 below and Proposition 4-2.

THEOREM 8:-1. Let H € H and assume that X(E/K )y is finitely generated over A(H).
Then for any n > 1 we have

rankz, (X(E/K%)p) = p"rankz, (X(E/KZ)p).

Proof. For simplicity, let F, =K§§’ with F'=Fy. Note that since X(E/K)s is finitely
generated over A(H), therefore by Lemma 2-10, for any n > 0, X(E/F}) is a torsion Ak, -
module so X(E/F,) is a finitely generated Z,-module. This makes sense of the statement
in the theorem. For any n > 0 the dual of the map s, in Proposition 2-8 induces a map
On 1 (X(E/Koo))H, — X(E/Fp)r. As X(E/K)y is finitely generated over A(H), Proposition
4.2 shows that ker 6,, and coker 6,, are finite. Therefore

rankz, (X(E/F,)y) = rankz, (X(E/Koo))H,). 1)

Since X(E/Kx )y is finitely generated over A(H), it is finitely generated over A(H,) and
from Lemma 2-14 we get that Hy(H,, X(E/Kx)) = 0. Now, X(E/Kuo)r = p"X(E/K) for
some m > 0 and so X(E/Kx)r is a submodule of X(E/K). Therefore, Hy(Hy, X(E/Koo)f) =

0 since H{(Hy, X(E/Kx)) =0 and cd,(H)=1. It then easily follows from this and the
structure theorem of X(E/Kx)r as a A(H,)-modules that

rankz (u,)(X(E/Koo)r) = rankz, (X(E/Koo)f)H,)- (22)
The theorem now follows from (21) and (22) because for any n we have
rank A (g,)(X(E/Koo)p) = p"'rank s i1y (X(E/ Koo ). O

Remark. Suppose that H € H and that X(E/K )y is finitely generated over A(H), as in
Theorem 8-1. Then Lemma 2-10 implies that X(E /Kglg’) is a torsion Ag,-module for every
n € N. Therefore it follows from Theorem 6-3 that

rankz, (X(E/KZ)p) = p" - rank p 1) (X(E/Koo)f) 4 O(1)

for every n € N. Theorem 8-1 provides a stronger statement, namely we get rid off the O(1)
error term. This follows by combining the statement of the theorem with equations (21) and
(22), both applied with n = 0.

In the introduction, we defined A g to be the A-invariant of the A(G/H)-module X(E/ Kfo).
Note: If X(E/Kx)y is finitely generated over A(H), it follows from Theorem 6-3(c) and
Theorem 8-1 (alternatively, from the proof of Proposition 4-2) that

Ay = rankA(H)(X(E/Koo)f)a
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provided that the latter is finite. We can now prove the following:

THEOREM 8-2. Assume that E(Koo)[p™] is finite and X(E /K )y is finitely generated over
A(H), then we have an injective A(H)-homomorphism

X(E/Koo)r <> AH)M

with finite cokernel and a Aj-exact sequence

N t
0—>A— X(E/Ko) > EP Mo /f]" & @D Aa/p™ — B0,
i=1 j=1

where s < Ay, A and B are pseudo-null Ay-modules with A annihilated by some power of p,

fi € A2\ A(H) are irreducible power series and uG(X(E/K)) = Z]t-zl m;.

Proof. Assume that E(K)[p™] is finite and that X(E/K« )y is finitely generated over A(H).
By Proposition 4-3 and Proposition 4-2 we get that the maps

O : (X(E/Koo))n, — X(E/KEm),

have finite kernel and cokernel and their orders are bounded independently of 7.

Recall that Ay is the same as rankzp (X(E/ Kglo )r). Taking into account Theorem 8.1, from
the control theorem above we get that (X(E/Kxo)f)H, = (Zp)p”*” x C, where C, is finite.
Because ker 8, has bounded order and X(E/ ng’ )r is Zp-torsion-free, it follows that the order
of C,, is bounded independently of n.

From the structure theorem of modules over A(H)( = Z,[[X]]), we see that X(E/Kx)r
is pseudo-isomorphic to A(H)* . Since X(E /Kxo)f is Zy-torsion-free, it cannot have any
non-trivial finite submodules. So we have a A(H)-exact sequence

0— X(E/Koo)f — AH)' — C, (23)

where C is finite. This proves the first statement.

Now we prove the second statement. First we note that X(E/K)r has no nonzero
pseudo-null Aj-submodules. To see this, assume that G is a pseudo-null A,-submodule of
X(E/Koo)y. Then G has Krull dimension at most one. Since multiplication by p is injective
on G C X(E/Kw)y, therefore by [1, Corollary 11-9] G/p is finite i.e. G is finitely generated
over Zjp. So G is torsion as a A(H)-module. The exact sequence (23) shows that X(E/Kxo)r
is A(H)-torsion free. Therefore G = 0.

Now we determine the structure of X(E/K)r as a Az-module. Taking into account
Lemmas 2-9 and 2-1, we have by [5, chapter VII, section 4-4 Theorem 5], that there exist
irreducible power series f; € Ay = Zy[[T, U], integers m;, n; and a As-exact sequence

0— W— X(E/Kx) — D— 0,

where W =;_; A/f{" and D is a pseudo-null Ap-module. From the exact sequence (23)
we have that X(E/Ky)r is A(H)-torsion free. This implies that for all i we have f; ¢ A(H).
Furthermore, the exact sequence (23) shows that rank s (7)(X(E/Kxo)r) = Ay. Since for any
i we have rank oy (A2 /f;") > 1, therefore we see that s < Ap.

Since both X(E/Kx)r and W are torsion Aj-modules and taking into account the fact
shown above that X(E/K~)r has no nonzero pseudo-null Aj-submodules, we also have a
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Aj-exact sequence
0— X(E/Ks)y > W— D' — 0, (24)

where D’ is a pseudo-null Az-module.

The prime ideals of height one in the support of X(E/Kx)[p>] (which is only (p))
are disjoint from the prime ideals of height one in the support of X(E/Ky)r. Therefore
as explained in [48, remark 2, p. 271] we have a Aj-pseudo-isomorphism X(E/Kxo) ~
X(E/Kxo)[p™] @ X(E/Kx)r. From this we see that the second statement of the theorem fol-
lows from the exact sequence (24). The fact that the pseudo-null A>-module A is annihilated
by a power of p can be seen as follows: Let 7 (A) be the image of A under the projection map
7 : X(E/Kx) — X(E/Koo)y. Then (A) is a pseudo-null submodule of X(E/K)r. Since as
shown above X(E/Kx)r has no nonzero pseudo-null Aj-submodules, therefore 7 (A) = 0.
This implies that the group A in the second statement is contained in X(E/K)[p*°] and
hence is annihilated by a power of p. O

We need one last result:

THEOREM 8-3. Assume that H is not empty. If E(K)[p] =0, then X(E/K~) has no
nontrivial pseudo-null A,-submodules.

Proof. This theorem follows from the work of Greenberg [21]. See [38, proposition 6-1] for
details. O

Proof of Theorem 1-3. X(E/K) is A»-torsion by Lemma 2-9.

(a) = (b) and (c) Lemma 2-10 and Theorem 5-1, noting that, since A(G) is a free A(Gy)-
module of rank p”, we have p"* uc(X(E/Ko)) = G, (X(E/Ko)).

(b) = (a) Corollary 5-2

(c) = (b) Clear

(f) = (a) Clear.

(a) < (d) Proposition 7-1.

(d) < (e) If foo = goo # 0 use Proposition 7-3. If foo =0, then X(E/K) is a pseudo-null
Ajz-module. As in the proof of Proposition 7-1, this implies that X(E/Kx)r € X(E/Koo)
is a finitely generated free Z,-module; we let r denote its rank. For any H € H we have
that X(E/Koo)y is finitely generated over A(H). Proposition 4-2 implies that the restric-
tion map 6y : (X(E/Keo)r)y —> X(E/ Kfo)f has finite kernel and cokernel. In particular,
rankz, (X(E /Kgo)f) = r for each H € H. Taking Proposition 2-5 into account, we get (e).

Assuming that E(K~)[p°°] is finite we get

(a) = (f) Theorem 8-2.

The statement about pseudo-null submodules is Theorem 8§-3. O

Proof of Proposition 1-4. Let Q2 = Ay /pA2( = F,[[T, Ul]). This is a UFD, so by Theorem
1-3(d), we only need to prove the following statement: if [(a,b)] and [(c,d)] are two distinct
elements of IP’I(Z,,), then 0%t? — 1 and 079 — 1 are relatively prime elements of 2;. This
can be proven in the same way as Lemma 2-4. O

9. Bounding ranks

In the next two sections, we derive the applications of our main theorem which we
announced in the introduction. We consider an imaginary quadratic base field K, so that
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the Zﬁ—extension K~ /K is just the composite of all Z,-extensions of K. In this section we
prove Theorem 1-5 on Mazur’s Conjecture. First we need

LEMMA 9-1. If L/K is a Zy-extension with X(E/L) a torsion A-module, then the rank of E
is bounded in L/K.

Proof. Let L, be a tower field of the extension L/K with corresponding sub-
group [',. Since rankzp(X(E/L)rn) is bounded independently of n and we have
an injection E(L,) ® Q,/Z, — Sely~(E/Ly), it suffices to show that the map
sy 2 Selpoe(E/Ly) — Sel,(E /L)F" has finite kernel. ker s, is contained in the kernel of the
map g, : H' (L, E[p*™°]) - H(L, E[p°°])". We have

ker g, = H' (T, E(L)[p™]) = coker (E(L)[p™] L EWD)[p™D,

where y is a topological generator of I',. This group is finite because
ker (E(L)[p™] L E(L)[p*°]) = E(K)[p™] is finite. O

Proof of Theorem 1-5. The proof uses a technique from the paper of Bloom and Gerth [4].
Let H € ¥ and denote K2 by F. We must show that ¢ < A. First we note that the rank of
E stays bounded in F. This follows from Lemma 9-1 since X(E/F) is a torsion A-module
(because H € H). Now we make the following claim: It suffices to show that the number
of Zy-extensions disjoint from F* where the rank of E does not stay bounded is at most
Ap. To see this, suppose that we have Ay + 1 Zj-extensions of K Ly, Lo, ..., Ly, 11, where
the rank of E does not stay bounded. By what we just mentioned, none of these extensions
equals F. Therefore Ug’;r ! (F N L;) = K,, where K,, is a finite extension of K. Now for each
i=1,.,Ag+1let L; = L;K,,. Then the fields L; are Ay + 1 Zy-extensions of Ky, that are
disjoint from F/K,, and the rank of E does not stay bounded in each L. However, the proof
below can easily be adapted replacing K by K}, to show that the number of Z,,-extension of
K, inside K, disjoint from F/K,, where the rank of E does not stay bounded is at most Ag.
This proves the claim.

By the claim above and Lemma 9-1, we only need to show that the number of Z,-
extensions L/K disjoint from F where rank (X(E/L)) > 0 is at most Agy. Choose o and t
to be topological generators of G = Gal(K,/K) such that H = Gal(K«,/F) is topologically
generated by 7. Then the Z,-extensions of K disjoint from F are the fixed fields of {oT9)
for a € Z,. The Iwasawa algebra A(G) is isomorphic to Z,[[T, U]] via an isomorphism that
takesotoU+landtto T 4 1.

Let L/K be a Zy-extension disjoint from F with rank s (X(E/L)) > 0. L is the fixed field of
(ot%) fora e Lp:

\/

/
\
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Consider the map s : Selyeo(E/L) — Sel,0(E/ Koo)?™) . We have that ker s is contained in

H'(Gal(Koo /L), E(Koo)[p™1) = ker (H' (L, E[p™1) — H' (Koo, E[p™1)).

As H'(Gal(Kso /L), E(Kso)[p™®))) is clearly cofinitely generated over Z,, it follows that
kers is also cofinitely generated over Z,. Dualising everything, we get that the cok-
ernel of the map §:X(E/Koo)/(0t® — DX(E/Kx) — X(E/L) is finitely generated over
Zp. Since ranka (X(E/L)) > 0, therefore the Q,-vector space X(E/L) ®z, Qp has infinite
dimension so

(X(E/Koo)p /(0T — DX(E/Koo)p) ®2, Qp = (X(E/Koo)/ (0T — DX(E/Ko0)) ®z, Qp

has infinite dimension as well.

Since H € X, therefore X(E/Koo)r/(0t — DX(E/Koo)r is a finitely generated A(H)-
module and by the above we see that it must have positive A(H)-rank. Let Q(A(H)) be
the field of fractions of A(H) and V(E/Kx) = X(E/Koo)r @A) Q(A(H)). So we see that
there must be nonzero z € V(E/Kso) such that

0=t = 1z=[(1+U)(1+ 1) — 1]z
This implies
Uz=[(1+T)"%— 1]z

Thus (1 + 7)7% — 1 is an eigenvalue of the endomorphism U of the Q(A(H))-vector space
V(E/Kso). So if L is the fixed field of (07¢) and ranka (X(E/L)) > 0, then (1 +7T)"% — 1
is an eigenvalue of the endomorphism U of V(E/Ky). The number of eigenvalues is at
most dimga ) (V(E/Kx)) and so to complete the proof it will suffices to show that
dimp(ay) (V(E/Kx)) < Ag. Under the assumption that E(Ks)[p®°] is finite, this would
follow from Theorem 1-3(f). However the condition that E(Koo)[p°] is finite is not needed,
since Proposition 4-2 shows that the map 6 : (X(E/Kxo)r)n — X(E /Kg’o)f has finite kernel.

Therefore, rank o (7)(X(E/Kx)r) < Ag. This completes the proof. O

We end this section by making some observations about Mazur’s conjecture (listed in
the introduction) in the cases when rank(E(K)) =0, 1. First, we list a few useful rela-
tions that we will need. Let EX) be the quadratic twist of E by K. From [49, lemma 3-1]

we have
rank(E(K)) = rank(E(Q)) + rank(E®(Q)). (25)
If p is odd, we have
Sely<(E/K) = Sel, (E/Q) @ Sel,~(EX) /Q), (26)
LI(E/K)[p™] = LI(E/Q)[p™] ® LIEX /Q)[p™]. 27)
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If p is odd and Q. is the cyclotomic Z,-extension of Q, then the extensions Qc,./Q
and K/Q are disjoint. Therefore we may identify the Galois groups Gal(Qc./Q) =
Gal(K¢yc/K) = I¢ye. Similar to (26), we get from loc. cit. the following

LEMMA 9-2. Assume that p is odd. Then we have an isomorphism of T cyc-modules
Selpoo (E/Keye) = Selye (E/Qpye) X Selpoo(EX) /Qy).

Also, we have the following relationship between L-functions

L(Ek, s) = L(E, s)L(E®, s). (28)

If Sel,- (E/K) is finite, then the above relations together with the proven parity conjecture
([16]) allow us to deduce that the root number of L(Ek, s) is 1 as follows: First, by (26) both
Selp (E/Q) and Selpoo(E(K) /Q) are finite. Then from [16, Theorem 1-4] we have that the
root numbers of L(E,s) and L(E®), s) are both 1. It then follows from (28) that the root
number of L(Eg, s) is also 1.

We will continue to assume that E has good ordinary reduction at p. In the rank(E(K)) =0
case we have the following theorem.

THEOREM 9-3. Assume that p is odd. If rank(E(K)) =0 and III(E/K)[p®] is finite, then
Mazur’s conjecture is true.

Proof. We have that Sel,~(E/K) is finite. As explained above this implies that the root
number of L(Eg, s) is 1. So Mazur’s conjecture predicts that in this case the rank of E stays
bounded along every Z,-extension of K.

We now show this. Let L be a Z,-extension of K with I' = Gal(L/K). By Mazur’s control
theorem ([44] or [19, Theorem 1-2]) the map (induced by restriction)

Seloo(E/K) — Selyo(E/L)"

has finite kernel and cokernel. Therefore, as Sely<(E/K) is finite, it follows that
Sel,eo (E/ L)' is finite. This implies by the structure theorem for X(E/L) as a A-module
that X(E/L) is a torsion A-module. The desired result then follows from Lemma 9-1. O]
Now we deal with the case rank(E(K)) = 1. In this case, we combine results of Kundu—
Ray [39] together with Theorem 1-5 to prove Mazur’s conjecture under various assumptions.
Let us first fix some notation. For an elliptic curve E'/Q, let R,(E’/Q) be the p-adic regulator.
Recall that if rank(E'(Q)) = 0, then R,(E’/Q) = 1. Also, for any rational prime ! we let ¢;(E)
be the Tamagawa number of E’ at [. Let N be the conductor of E. The result in this case is

THEOREM 9-4. Assume that p is odd and unramified in K/Q. Also assume that
rank(E(K)) = 1, IL(E/K)[p™] = 0, v,(R,(E/Q)R,(E®) /Q)) < 1 and all the primes dividing
N split in K/Q. Furthermore, suppose that p does not divide any of the following:

(1) TTy ci(B) - el ER);
(2) #EF,) - #EX(F ).

Then Mazur’s conjecture is true.
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Proof. Note that rank(E(K)) =1 implies by (25) that rank(E'(Q)) =1 for precisely one
of E'=E or EX). Therefore vp(Rp(E/(@)Rp(E(K)/Q)) <1 is the same as saying that
vp(Ry(E'/Q)) < 1.

Since all the primes dividing N split in K/Q, therefore the root number of L(Ek, s) is —1.
So Mazur’s conjecture predicts that in this case the rank of E stays bounded along every Z,-
extension of K except the anticyclotomic one. Let K, be the anticyclotomic Z,-extension
of K with tower fields K, ,. Using Theorem 1-4 of [S6] together with the main result of [3]
it follows that rank(E(K,c,)) =p” + O(1), so the rank of E is in fact unbounded along the
anticyclotomic Z,-extension of K.

Let E,E; € (E, E®} with rank(E;(Q))=1 and rank(E»(Q))=0. Taking (27) into
account, the conditions of the theorem together with [39, theorems 3-7 and 3-13] imply
that Sel,oo(E2/Q,y.) =0 and the Pontryagin dual of Sel,(E|/Q;y.) has p-invariant zero
and A-invariant one. Therefore by Lemma 9-2 w(X(E/K.yc)) =0 and AMX(E/K¢y)) = 1. The
fact that (W(X(E/Kcyc)) = 0 implies by Proposition 2-8 that X(E/Koo)h,,, is finitely gener-
ated over Zy. So X(E/K«) is finitely generated over A(Hcy.) whence also X(E/Koo)r is
finitely generated over A(Hy). Therefore by Theorem 1-5 the number of Z,-extensions of
K where the rank of E does not stay bounded is at most A(X(E/Kyc)) = 1. This completes the
proof. O

We now list some examples satisfying Theorem 9-4. The following computations were
done in SAGE [54].

(1) Let E=43al (Cremona labeling [11]) and K = Q(+/—3). One can choose p =
11,13,17,19.

(2) Let E=58al and K = Q(+/—7). One can choose p =5, 11, 13, 17.
(3) Let E=61al and K = Q(i). One can choose p =5, 11, 17, 19.

10. Deriving the triviality of the p-invariant for the cyclotomic Z,-extension from the
vanishing of the p-invariant for the anticyclotomic one

In this section we let K, be the ij,—extension of an imaginary quadratic field K. Recall
that Ky, Kae € Koo denote the cyclotomic and anticyclotomic Zj,-extensions of K. The main
goal of this section is to prove Theorem 10-8, which establishes a connection between the
My (G)-conjecture and Greenberg’s Conjecture from the introduction.

We begin this section by recalling the definition of the component group and Tamagawa
number of an abelian variety (at a prime).

Definition 10-1 Let A be an abelian variety defined over L, a finite extension of Q, (p a
prime), let A be the Néron model of A over the ring of integers of L and let k be the residue
field of L. Let Ay be the special fiber of A and .A? its connected component of the identity.
The group ®4 = A/ Ag of connected components is a finite étale group scheme over k.
This group scheme is called the component group of A, and the Tamagawa number of A is
ca =#Dy (k).

Now suppose that A is an abelian variety over a number field L, then for any
non-archimedean prime v of L the Tamagawa number of A at v, denoted c4, or simply
¢y, is the Tamagawa number of Ay, where L, is the completion of L at v.
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PROPOSITION 10-2. Let A be an abelian variety defined over L, a finite extension of Q, (p
some prime). If L' /L is an unramified extension, k’ the residue field of L’ and G = Gal(L' /L),
then: HY(G,A(L)) = HY(G, ®(K)).

Proof. See [44, proposition 4-3]. O

Let Heye =Gal(Koo/Keye), Hae =Gal(Koo/Kye), Teye = Gal(Keye/K) and  Tge =
Gal(K,./K). We denote the Iwasawa algebras of "¢y and I'yc by Acyc and A, respectively.
Let X(E/K,) be the Pontryagin dual of Sel,~(E/K,.) and let N be the conductor of E. We
say that (E, p) satisfies () if N is relatively prime to the discriminant of K and for any
prime v of K lying above a rational prime ¢ dividing N that is inert in K/Q we have p 1 c,.

PROPOSITION 10-3. Assume that (E, p) satisfies (x) and that X(E/Kg) is a torsion A gc-
module. Then ur,.(X(E/Ky:)) = 0 implies that pg(X(E/Ks)) = 0.

Proof. Assume that (E,p) satisfies (x), X(E/K,) is a torsion A,.-module and
ur,.(X(E/Ku))=0. Let L/K be a finite subextension of K4,/K disjoint from K,./K. We
define L, := LK, and identify ', with Gal(L,./L). Let H = Gal(L,./K,.). By a similar
line of proof as [22, corollary 3-4] we now show that X(E/L,.) is a torsion A,.-module
with u = 0. We claim that the map ¢ : Sel oo (E/Kyc) — Selpoo(E /Lac)™ has finite kernel and
cokernel.

For this proof we fix S to be the set of all primes of K dividing Np. We first note that
since all primes of K above p ramify in K,./K, there are a finite number of primes of K,
above p. Also by [2, Theorem 2] there are a finite number of primes of K, above any prime
[ dividing N that splits in K/Q. However any prime v of K lying over a prime [ dividing
N that is inert in K/Q will split completely in K,./K. Let {K4cm}men be the tower fields
of the Z,-extension K,./K and let S, be the set of primes of K, lying above a prime /
dividing N that is inert in K /Q. From the previous observations it follows as in the proof of
Proposition 2-8 (see also the case when a prime v of k splits completely in F/k in the proof
of Proposition 6-8), that to prove the claim, it will suffice to show that for any m € N and any
prime w € S, we have that H 1(Gal(LaC,w J(Kaem)w)s E(Lacw)[p™]) = 0, where we have also
written w for a fixed prime of L,. above w.

Letm e Nand w € S),. By [7, proposition 4-1] it follows that

H"(Gal(Lac,w/(Kaem)w)» E(Lacy)[p™1) = H' (Gal(Lac.v/(Kae.m)w)s E(Lac))-
By Proposition 10-2,

Hl (Gal(Lac,w/(Kac,m)w)’ E(Lac,w)) = Hl (Gal(Lac,w/(Kac,m)w), Dr(ly))
= H'(Gal(Lyc.yw/ Kacm)w)s PE() ™),

where [, is the residue field. The last equality follows from the fact that
Gal(Lgc,w/(Kaem)w) 18 pro-p. Since (E, p) satisfies (), therefore & £, [po°] 08l Lacw/Kw) —
Orky)[p>™1=0 (k, be the residue field of K,). Therefore ®g(l,)[p>*]=0 and
so H! (Gal(Lac,w/(Kacm)w)s ELacyw)p™]) = Hl(Gal(Lac,w/(Kac,m)w)’ Sp(l)p™D) =0 as
desired. Thus we have now shown that ker ¢ and coker ¢ are finite.
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Since X(E/K,) is a torsion A,.-module with =0, therefore it is a finitely generated
Zy-module. So since coker ¢ is finite, this implies that the H-coinvariants of X(E/L,) are
finitely generated over Z,. Therefore by Nakayama’s lemma X(E/L,) is finitely generated
over Zy,[H]. In particular, X(E /L) is finitely generated over Z,. This implies that X(E /L)
is a torsion A, .-module with u =0.

As Ky contains K., therefore by Proposition 2-6 it follows that H # (). Also by [46,
lemma 3-1], the decomposition group of any prime w of K, above p is an open subgroup of
Gal(K/K). These facts allow us to apply Theorem 6-3. In the notation of Theorem 6-3 what
we proved above gives that u,, =0 for all n. Therefore by equation (14) we can conclude
that ug(X(E/Kso)) = 0 as desired. ]

We now need the following important theorem on the vanishing of the p-invariant of
X(E/K,4c) which is due to Pollack and Weston.

THEOREM 10-4. Let p>5 be a prime where E has good ordinary reduction and assume
that the discriminant of K is relatively prime to pN. Write N = NTN~ where all the prime
divisors of N (respectively N~ ) are split (respectively inert) in K/Q. Assume that N~ is a
squarefree product of an odd number of primes. Furthermore, suppose that

(1) If p>1, then E[p] is an irreducible Gal(Q(E[p])/Q)-module and if p =25, then
Gal(Q(E[p)/Q) = GL(FFp).
(2) If g| N~ and g =+£1 (mod p), then q ramifies in Q(E[p])/Q.

(3) ap # %1 (mod p).
Then X(E/Kgc) is a torsion A .-module with p-invariant zero.

Proof. See [50, Theorem 1-1] and [31, corollary 2-3]. O

LEMMA 10-5. Assume that p > 5. Let q be a rational prime dividing N that is unramified in
K/Q. The following are equivalent:

(a) The Kodaira type of E at q is I,, with p | n;
(b) q does not ramify in Q(E[p])/Q;
(c) p|cy forany prime v of K above q.

Proof. From [29, Theorem 1-1] we get the equivalence of (a) and (b). By [55, p. 448] we
have that p | ¢, if and only if the Kodaira type of E and v is I, with p | m. Therefore the
equivalence of (a) and (c) follows from [30, table 1 on p. 556-557]. ]

From Theorem 10-4 and Lemma 10-5 we get

COROLLARY 10-6 Let p > 5 be a prime where E has good ordinary reduction and assume
that the discriminant of K is relatively prime to pN. Write N =NTN~ where all the prime
divisors of Nt (respectively N~ ) are split (respectively inert) in K/Q. Assume that N~ is a
squarefree product of an odd number of primes. Furthermore, suppose that
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(1) If p>1, then E[p] is an irreducible Gal(Q(E[p])/Q)-module and if p =15, then
Gal(Q(E[p])/Q) = GLx(F)p);

(2) N~ is the product of all primes q dividing N such that the Kodaira type of E at q is I,
with p{n;

(3) ap #=x1 (mod p).

Then X(E/K,¢) is a torsion A4c.-module with p-invariant zero. Moreover, (E, p) satisfies
(%), Le. for any prime v of K dividing N~ we have pt c,.

Combining the above corollary with Proposition 10-3 and Theorem 1-3, we get:

THEOREM 10-7 Suppose the assumptions of Corollary 10-6 are met, and further assume
that X(E/Koo)r is finitely generated over A(Hcyc). Then pr,, (X(E/Kcyc)) = 0.

We can now prove the following result, which we alluded to in the introduction.

THEOREM 10-8. Assume that X(E/Koo)y is finitely generated over A(H,y) for all quadratic
imaginary fields K, all elliptic curves E/Q and all primes p > 5. Under this assumption,
let p>5 be a prime and E/Q an elliptic curve with conductor N having good ordinary
reduction at p. Suppose that

(1) If p>1, then E[p] is an irreducible Gal(Q(E[p])/Q)-module and if p =5, then
Gal(Q(E[p])/Q) = GLa(F)p)

(2) The number of primes q dividing N, such that the Kodaira type of E at q is I, with
ptnisodd

(3) ap # %1 (mod p)

Then Selp(E/Q,y.) is A-cotorsion with p-invariant zero. Here, Q. is the cyclotomic
Zp-extension of Q.

Proof. X(E/Q.y) is a torsion Ay.-module by the results of Kato [32] and Rohrlich [S2].
Under the assumptions in the statement of the theorem, let N~ be the product of all primes
g dividing N such that the Kodaira type of E at q is I, with p{n. Let N = N/N~. We may
apply the Chinese remainder theorem to obtain an imaginary quadratic field K such that all
the prime divisors of N* (respectively N ™) are split (respectively inert) in K /Q. The desired
result now follows from Theorem 10-7 and Lemma 9-2. O

11. Shifting the My (G)-property

In this final section we prove a result on the shifting of the 9ty (G)-conjecture. Let K, be
a le,—extension of a number field K, and let E be an elliptic curve defined over K. If p =2,
then we will always assume K to be totally imaginary. In this section, we want to derive from
the My (G)-property for E over K (i.e. the condition that X(E/Ko )y is finitely generated over
A(H), H = Gal(Kx/Kcyc)) that the same property holds for each suitable finite p-extension
K’ of K such that K’ N K, = K (for the hypotheses which have to be satisfied we refer to
Theorem 11-9 below).

The main result of this section is Theorem 11-9 where we consider, more generally, arbi-
trary groups H € ‘H instead of H = Gal(Koo/Kyc) (here H is defined as in the introduction),
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i.e. we do not assume that K, contains Ky.. To this end, we use the equivalent formula-
tions of the My (G)-property from Theorem 1-3, and in particular parts (b) and (e): under
the hypothesis that the A-invariants of the Pontryagin duals X(E/L) are bounded as L runs
over the Z,-extensions of K which are contained in Ko and coincide with F =K up
to at least a certain layer, we want to prove that a similar statements holds true for the
shifted Z,-extensions L'/K’, where L' =L -K'. Alternatively, under the assumption that
nc(X(E/Kwo)) = W(X(E/F)), we prove that an analogous equality holds for F' € K.

The task of shifting the 9ty (G)-property turned out to be much more involved than we
would have thought at first glance. We cannot prove this result without assuming that several
additional hypotheses are satisfied. In the course of the proof we will explain where these
hypotheses are used.

In the following, we denote by A the Galois group of K’ over K, which is a finite p-group.
As in the introduction, we denote by ESK~(K) the set of all Zp-extensions of K which are
contained in K.

We summarise the fields under consideration in the following diagram.

(AN
\

F=KZ |a=z

We start with the following lemma.

LEMMA 11-1. Suppose that A is a finite p-group. There exists a neighbourhood U C
ESKoo (K) of F such that the kernel and the cokernel of the natural map

sL: Selyoo (E/L) —> Sel(E/L)"
are finite and of bounded order as L runs over the elements in U.

Proof. Since H € ‘H, we know that no prime of S splits completely in F/K and that every
prime of K above p ramifies in F//K. We therefore can pick a layer F,, (n > 0) such that the
primes of F,, above S do not split at all in F'/F, and that every prime of K above p ramifies
in F,/K. Let U contain only the Z,-extensions L C K, of K which coincide with F at least
up to layer n + 1. Then for any L € U we have:

(1) the number of primes of L above S is finite and bounded on U,
(2) every prime of K above p ramifies in L/K.

Taking into account the properties (1) and (2) above, we see by arguments similar to
those used in the proof of Proposition 2-8, using the snake lemma, that it suffices to bound
the cohomology groups Hi(A, E(L)[p™]) for i=1,2, and the local cohomology groups
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HY(L,,/L,,A) where w | v runs over the primes of L’ and L above S, A = E(L,)[p™] if w
does not lie above p and A = E(I,)[p™] if w does lie above p; here 7, is the residue field
of Lj,.

Now each of the groups E(L")[p®] is cofinitely generated over Z, of rank at most two.
Since all the cohomology groups H(A, E(L)[p™]) are annihilated by |A|, it follows that
each of these cohomology groups is actually finite, and that their orders are bounded as L
runs over the elements from U. A similar argument shows that H 1(LCV/LV,A) is finite of
bounded order. 0

Dualising, we obtain the following:

COROLLARY 11-2. Let meN, and let U be as in Lemma 11-1. Then the kernels and the
cokernels of the maps

oL X(E/L")a — X(E/L)
are finite and of bounded order as L runs over the elements in U.

In what follows, we will repeatedly use the following auxiliary result. The main reason for
hypothesis (3) in Theorem 11-9 is that we cannot prove the following technical result without
posing additional assumptions on Z, and condition (3) seems the most natural condition
under which this result holds true (cf. also the remark after Lemma 11-3).

LEMMA 11-3. Let Z be a Zp| Al-module such that pZ =0, and write |A| = p". Assume that
Z is finite. Then Z is finite and

vp(IZ]) < p"vp(1ZA D). (29)

Proof. Choose x1, x2, ..., X, € Z such that their images in Zx form an F-basis of Zx. Then
by Nakayama’s lemma xi, x2, ..., X, generate Z as an IF,[ A]-module. Since |A|=p", the
result follows. I

Remark. If pZ # 0, then the statement of Lemma 11-3 is wrong in general. In fact, the
cardinality of Z can be arbitrarily large even if we fix the cardinality of Zx, by the following
example.!

Suppose that |A| =p, let o be a generator of A, and write

N=ol""4oP 2+ .. 4o +1

for the norm element in the group ring Z,[A]. Now let t € N be arbitrary but fixed, and
define

Z:=7,[A)/(p, N).

Since Z,[A]/(N) is a free Z,-module of rank p — 1, the cardinality of Z is equal to pie=b,
i.e. |Z| — oo as t — o0. On the other hand, we have

Za =Zp[A)/ (' 0 — 1,N) =Z,[Al/(p', 0 — 1, p)

! We are grateful to Cornelius Greither for explaining this example to us.
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for any ¢, since N=p(mod o — 1). This shows that the cardinality of the quotient of
coinvariants is equal to p for any .

In other words, although the cardinality of Z, is fixed, the cardinality of Z can be arbi-
trarily large without further information on the action of A on Z. This is why we stick to the
pZ =0 case in all what follows.

Using the arguments from Proposition 4-1, we immediately derive from Corollary 11-2
the following special case of the main result of this section.

THEOREM 11-4 Let K'/K and Ko /K be as above (in particular, we assume that
H = Gal(Kx /F) is contained in H), and suppose that W(X(E/F)) = 0. Recall that E has
good and ordinary reduction at the primes above p. For any Z,-extension L € U of K, we
write ' =LK',
Then X(E/L') is A-torsion and w(X(E/L")) vanishes for each L € U, and there exists some
constant C € N such that
MX(E/L)) <C

foreach L e U.

Proof. Write
rank,(N) = dime (N/pN)

for every abelian group N such that the quotient N /p is finite. It follows from Corollary 11-2
that the kernels and the cokernels of the maps

oL (X(E/L)a)/p — X(E/L)/p

are bounded as L runs over the elements from U. Since X(E/F) is A-torsion and E(F)[p°] is
finite because H € H, it follows from [34, Theorem 4-5] that there exist constants Cy, Cr» € N
such that the cardinalities of the kernels and cokernels of the natural maps

SLa : Selyoo (E/LAL1y — Sel oo (E /L)L

are bounded by C; and C; for each n € N and for every L € U, where we denote by Hy ,
the Galois group Gal(L/K)”" = Gal(L/L,) over the n-th intermediate layer, respectively. In
[34, Theorem 4-5] this is phrased in terms of so-called Fukuda modules. For the purpose of
this paper it suffices to think of a Fukuda module as a collection of Iwasawa modules along
a Zp-extension (e.g. the Pontryagin duals of the Selmer groups of E along the layers of a
Zp-extension L/K) for a which a control theorem holds.

If U=&Kso,m) and n<m, then L, =F, equals the n-th intermediate layer of the
Zy-extension F'/K, and therefore

rank,(X(E/Ly)) = rank,(X(E/Fy)) < rank,(X(E/F)) + C3

for each L € U and some fixed constant C3. Now we use [34, Corollary 3-8] (applied to
A=X(E/L)and I = (p) C A, respectively) in order to deduce that rank,(X(E/L)) is finite and
bounded for each L € U, provided that this neighbourhood is sufficiently small. Therefore
X(E/L) is A-torsion and u(X(E/L)) =0 for each L € U. Moreover, since

(X(E/L)A)/p = X(E/L)/p)a,
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it follows from Corollary 11-2 and Lemma 11-3 that rank,(X(E/L’)) is bounded as L runs
over the elements from U. This implies that X(E/L") is A-torsion and w(X(E/L")) =0 for
each of these L, and that A(X(E/L’)) remains bounded. Indeed, if Z denotes any finitely
generated and torsion A-module such that rank,(Z) is finite, and if £z denotes an elementary
A-module attached to Z, then rank,(E7) is also finite, and

rank,(Ez) < rank,(Z)

(see [33, proposition 3-4]). Note that rank,(E7) is finite if and only if «(Z) =0, and in this
case we have rank,(Ez) = A(Z). O

We want to prove a similar result which also holds in situations where the p-invariant
of X(E/F) is not trivial. In this case we cannot consider p-ranks because the quotient
X(E/F)/p will not longer be finite. However, we can exploit the Galois module structure of
our Iwasawa modules. Recall that K’ N Ko, = K. Therefore the extension K /K is abelian
with Galois group isomorphic to

G x A,
where G = Gal(K[,,/K") can be identified with Gal(K,/K). Similarly,
Gal(L'/K) =T x A

for each L € U, where I'y = Gal(L/K) = Zj,. This implies that the map ¢; from Corollary
11-2 is a homomorphism of A-modules (the action of A commutes with the G-action). As
in Proposition 4-1, we may thus derive the following

COROLLARY 11:5. Letme N, let v € A be an arbitrary element, and let U be as in Lemma
11-1. Then the kernels and the cokernels of the maps

oL (X(E/L)A)/v — X(E/L)/v

are finite and of bounded order as L runs over the elements in U. The upper bounds for the
cardinalities do not depend on the choice of v.

We are now ready to prove the main ingredient of our shifting result.

THEOREM 11-6. Let K'/K and K~ /K be as above (in particular, we recall that
A = Gal(K'/K) has order p"), and let E be an elliptic curve defined over K. For any Z,-
extension L of K, we write L' = L - K'. We assume that E has good ordinary reduction at the
primes above p, and that F = Kg’o is a Zp-extension of K inside K. Suppose that H € H,
and that X(E/F") is A-torsion.

We assume that

X(E/K)p™1=X(E/Kso)lp] and  X(E/K)p™1=X(E/K)Ip].
Then there exists a neighbourhood U C E<K=(K) of F such that
WX(E/L)) < p" - wW(X(E/L))

for all but finitely many L € U.
If moreover X(E/F")[p™] = X(E/F)[p], then

WX(E/F)) <p" WX(E/F)).
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Proof. We will use Corollary 11-5 with the choice

(T+1y" -1

V=V (1) = Trr —1

€ZpTIC A

for suitable integers m > n. Since X(E/F’) and X(E/F) are both A-torsion in view of our
hypotheses, the quotients X(E/F)/v and X(E/F’)/v are finite for all sufficiently large m
and n (the polynomials v, ,(T) are pairwise coprime as n runs over the natural numbers,
and therefore the v,,, will be coprime with the characteristic power series of X(E/F) and
X(E/F’) for sufficiently large m and n). Fix m and n for the moment (a more concrete choice
will be made below), and let I € A be the ideal generated by p and v, ,,. As in the proof
of Theorem 11-4 it follows from [34, Theorem 4-5 and Corollary 3-8] that U can be made
small enough to ensure that, for some constant C , we have

vp(IX(E/L)/1]) < v,((X(E/F)/I)) + C (30)

for each L € U. These results can be applied because X(E/F) is A-torsion, E has good ordi-
nary reduction at the primes above p and E(F)[p°°] is finite (because H € H, see Lemma
2.7). Note that the constant C is independent from m and n. Indeed, according to [34, corol-
lary 3-8] the choice of C depends only on the number of generating elements of the ideal /,
which is two for any choice of n and m.

Corollary 11-5 implies that there exists a constant C € N such that

Vo(X(E/LY )/ (Ps vin))) < vp(IX(E/L)/ (P, vi)]) + C (31)

for each L € U. Recall from Lemma 11-3 that for any finite Z,[A]-module Z which is
annihilated by p, we have

vp(IZ]) = p" - vp(I1ZaD.

We apply this to the module Z =X(E/L")/(p, vm.,) in order to conclude that, for a suitable
constant C’, we have

Vp(IXE/LY/ (P, vu))) < P - vp(IXE/L)/ (D, vim))) + C' (32)

for each L € U. Indeed, let A = {071, ..., 0,}. Then

(X(E/L/)A)/(p9 vm,n) = X(E/L/)/(Ul -1,..., Opr — laP’ l)m,n)
= (X(E/L/(, vin)) A

since A and I' commute. Therefore we can combine equations (29) (with
Z=X(E/L)/(p, vmn)) and (31) in order to obtain the desired inequality.
Now we need two auxiliary lemmas.

LEMMA 11-7 Let L= KgQL. Then it follows from the assumptions of Theorem 11-6 that
WX(E/L)) = w(X(E/L)/p)
holds as soon as Hy € H and X(E/Kxo)r is finitely generated over A(Hp).

Therefore this equation holds for all but finitely many L € £~ (K).
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Similarly,
WX(E/L")) = W(X(E/L')/p)
holds for all but finitely many L’ under the assumptions of Theorem 11-6.

Proof. Suppose that L = KgloL for some Hy, € H, let m > 2 be arbitrary, and consider the map

$0 : X(E/Koo)[p" 1, —> X(E/L)[p™].

If X(E/Koo)r is finitely generated over A(H}), then it follows from Proposition 4-2 that the
cokernel of ¢ is finite. Since X(E/Kqo)[p"] = X(E/K~)[p], it follows that

X(E/Dp"1\ X(E/L)[p]

is finite. The first part of the lemma now follows from the general structure theory of A-
modules.

We already know from Proposition 1-4 that the 9)t5(G)-property holds for all but finitely
many H € &, provided that H is non-empty. The latter holds for both Zﬁ—extensions Kso/K
and K/ /K’ in view of the hypotheses from Theorem 11-6. The last assertion of the lemma
thus can be proved analogously. O

LEMMA 11-8 Let Z be any finitely generated torsion A-module such that Z[p™] = Z[p).
For each m,n € N such that vy, is coprime with the characteristic power series of Z, we
have

M(Z) : (l?m _pn) = Vp(lz/(pa Vm,n)l)-
Proof. Let Ez be an elementary torsion A-module attached to Z, and write
Ez =E| @ Es,

where p - E; = {0}, and where multiplication by p is injective on E;. Then [35, lemma 3-7]
implies that

Vp(|Z/(p9 Vm,n)D = Vp(|E2/(pv vm,n)D-

Since Z[p*™]=Z[p] and therefore p-E, ={0}, the right hand side of this inequality
equals

W(Z) - deg (Vmn) = w(Z) - (™ = p").

Now suppose that L € U is such that X(E/K)r is finitely generated over A(Hy), and let
M=6B;_,A/@Pp & EB;ZI A/(f;) be an elementary A-module attached to X(E/L) (here we
use Lemma 11-7). We choose n large enough to ensure that

MX(E/L) <p™' —p",
and we let m = 2n. Then

APy Vips fi) = A/ (p, TEE D)
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for each j, and therefore

Vvp(IM/(p, v n)]) = W(X(E/L)) - (p*" — p") + MX(E/L)).

Let ¢ : X(E/L) — M be a pseudo-isomorphism. Then the kernel and the cokernel of ¢ are
finite, and it follows from [35, lemma 3-8] that there exists a fixed constant D such that

Vp(IM /(s vimn)) — vp(IX(E/L)/ (P, vimn) D = D
for each m,n.
Using equation (32), it follows from the above that there exists some constant C” such
that

Vo (XE/L/ P, v = 9" (RXE/LY) - 0 = p") + MK (E/L) +C”
for every n € N. We enlarge n if necessary to ensure that
PrAMXE/L) +C" < p" =t
Now consider an elementary A-module
r w
N=P r/e" P r/s)
i=1 j=1

attached to X(E/L’). In view of Lemma 11.7, for all but finitely many L € U, we may
assume that n; = 1 for each i. Recall that w(X(E/L)) - ¥ —p") < vp(IX(E/L") /0, vinp)])
by Lemma 11-8. The first statement of the theorem is now immediate from our choice of n.

The proof of the second statement is analogous — if X(E/F")[p®°] is annihilated by p,
then the assertion w(X(E/F')) = w(X(E/F")/p) from Lemma 11-7 clearly holds for F~ even
although we do not know whether X(E/K/ ) is finitely generated over A(Gal(K},/F")).
(This is important since our major goal is to prove the My (G)-property for F’). O

We now prove the main result of this section.

THEOREM 11-9 Let Koo /K, F = Kg’o, K'/K and the neighbourhood U be as in Theorem
11-6. In particular, we assume that H € H and that X(E/F") is A-torsion. Suppose that:

(1) X(E/Kxo)r is finitely generated over A(H);
(2) uc(X(E/Ky) =I[K": K] nG(X(E/Kwo)); and that
(3) X(E/Kso)[p™°], X(E/F)[p*™] and X(E/K,)[p*°] are annihilated by p.

Then X(E/K); is finitely generated over A(H) (here we identify Gal(K),/F') with H).

Proof. We will actually give two arguments, using Theorem 1-3, and in particular the
equivalence of (a) with () and (e), respectively.

First recall from Theorem 5-1, Corollary 5-2 and Theorem 1-3 that

WX(E/L)) = n6(X(E/Ko))

for each L = KfoL, H; € H, with equality iff X(E/K )y is finitely generated over A(H). A
similar fact holds for the Z,-subextensions L’ of K/ . Now choose a neighbourhood U of F
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as in Theorem 11-6. In view of hypothesis (1) and Proposition 1-4, we may and will assume
that X(E/Kx)r is finitely generated over A(Gal(K, /L)) for each L € U. For all but finitely
many of these L (including F by (3)), we thus have

5-1
UGX(E/KL)) = uX(E/L))
'S K K] w(X(E/L))

13
= K K] wG(X(E/Kx))
(@)
= UGX(E/K,)).
First approach to prove the theorem: in fact, it follows from this chain of inequalities that
we must have equality everywhere. Looking at the first line, the case L = F yields the first
proof of the theorem.

Second approach to prove the theorem: now we consider the Zy,-extensions in the neigh-
bourhood U of F. We will study the boundedness of A-invariants. To this purpose, we will
show that, if U is sufficiently small, then

MX(E/L) =C

for each L € U, for some fixed constant C. Then the statement of the theorem will follow
from the implication (¢) = (a) of Theorem 1-3.
Recall from the above that

WX(E/L)) = no(X(E/KL))

for all but finitely many L € U, including L = F. Since H € ‘H, it follows from Lemma 2-7
that E(F")[p] is finite. Moreover, X(E/F’) is A-torsion by assumption. Therefore [34,
Theorem 4-11] implies that in a possibly smaller neighbourhood U’ C U of F’, we have
that

AMX(E/L)) < MX(E/F")

for all but finitely many L'. This proves that the A-invariant of X(E/L’) is bounded on U. [J

In the remainder of this section, we want to describe a natural setting where the second
condition from Theorem 11-9 is satisfied. We restrict to the case [K’ : K] = p. The idea is to
kind of use Theorem 1-3 for a vertical’ second le,—extension of K which contains F and K’.

LEMMA 11-10 Let Koo, K/, F and F' be as in Theorem 11-6, and suppose that [K' : K] =p
and that X(E/Kwo)y is finitely generated over A(H). We assume that K’ is contained in
a Zy-extension M of K, and we let Koo = KoM (this is a Zg—extension of K). Write
G = Gal(Ky/K) and G' = Gal(FM /M).

Suppose that:

(a) X(E/FM)y is finitely generated over A(Gal(FM /F)), and
(b) ncX(E/Kx)) = pe (X(E/FM)).
Then

n6X(E/KL)) =p - n6(X(E/Kxx)).
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Before we start with the proof of the lemma, we would like to make plausible that such
auxiliary ‘vertical’ Zﬁ—extensions do exist naturally. Let K., be the cyclotomic Z,-extension
of K. We assume that Ky is contained in the ‘vertical’ Z[z,-extension FM of K. Then it is
plausible in view of Proposition 1-4 that F can be chosen such that hypothesis (a) from the
lemma is satisfied. Moreover, suppose that rank s (X(E/Ky.)) = w(X(E/K¢ye)) =0 (or that
the analogous properties hold for any other Z,-extension FM™, H € H, of K contained in
FM). Then it follows from Theorem 5-1 that

ne (X(E/FM)) =0.

Analogously, one can show (by using [36, corollary 3-15(a) and (b)] for example) that
ULG(X(E/Ks)) = 0. Therefore hypothesis (b) from Lemma 11-10 is satisfied.

Proof of Lemma 11-10. The main part of the proof will focus on the following auxiliary
statement: we show that there exists a neighbourhood U = &(F, n) N ESK~(K) of F such
that:

(1) Gal(Koo/L) € H;
(2) Gal(K.,/L') € H and
(3) nX(E/L))=p - w(X(E/L))

foreach L e U.

This statement will imply the assertion of the lemma. Indeed, we recall that the equivalent
conditions from Theorem 1-3 hold for all but finitely many L € £5%=(K) and for all but
finitely many L’ € EQK/OO(K/ ) (cf. Proposition 1-4). Therefore Theorem 1-3,(b) and the last
assertion of the auxiliary result yield the lemma.

It follows from Proposition 2-5 and our hypotheses on F' and F’ that the first two con-
ditions of the auxiliary result are satisfied in each sufficiently small neighbourhood of
F.

Since X(E/FM)y is finitely generated over A(Gal(FM/F)) and as K’ corresponds to the
first layer of the Z,-extension M /K, it follows from the implication (a) == (c) of Theorem
1-3 that

WX(E/F))=p - WX(E/F)).

We will now show that for each L which is contained in some sufficiently small neighbour-
hood U of F, X(E/LM)y is finitely generated over A(LM /L); by the above, this will conclude
the proof of the lemma.

To this purpose, we consider the Zg—extension Koo =Kso M of K (recall that

K’ N Ko = K). Choose topological generators o, T and p of Gal(Ky/K) = Z; such that
_elo) _ meloT)
Koo =Kg', M=Ky .
Moreover, we can assume that H = (t), i.e. F = Kéf)). For any intermediate field Z of the
Z;—extension Ko /K, we denote by Fix(Z) C (o, 7, p) the subgroup such that Z = KEE“Z).

Then

Fix(F - M) = Fix(F) N Fix(M) = (t, p) N {0, 7) = (7).
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Suppose that U =E(F,n) N ESKeo(K). Then any Zy-extension L € U of K is a subfield of
Koo which is fixed by an element of the form 0“7, a € p"Z,. Therefore

Fix(L - M) = Fix(L) N Fix(M) = (097, p) N {0, T) = (0%7).

We summarise the fields in the following diagram.

Now fix Le U, L= Kégaﬂ. We have that Gal(K»/L) € H. This allows us to replace K
with L M in Lemma 2-12 and Proposition 2-15 to show that H*(Gs(LM), E[p*°]) =0 and
that we have an exact sequence

0 —> Sele(E/LM) —> H'(Gs(LM), E[p™]) 2= P JuE/Lm) — 0.

vesS

Therefore [40, proposition 4-8] can be applied to the Z,-extension K,/LM in order to
deduce that

nG(X(E/Kso)) = ncairm /gy X(E/LM)) — puGawm k) (X(E/Koo)f) (oar))

(note that both K, and LM are ’admissible’ extensions in the sense of [40] although
they might not contain the cyclotomic Z,-extension of K, since they contain L = KfOL with
H| € H; also note that Lim assumes p to be odd, but as K is assumed to be totally imaginary
if p =2 his proof also works for p =2).

It therefore follows that

MG X(E/Kxo)) < pGaiwm/k)(X(E/LM)) (33)

with equality iff pGawa /) (X(E/Koo)r)(oar)) =0.

In the following chain of equations, we will, by abuse of notation, denote any two-variable
Iwasawa algebra by A, and any one-variable Iwasawa algebra by A;. Moreover, we will
repeatedly use the equivalence (a) < (b) from Theorem 1-3, which will be abbreviated by
the symbol (). Recall that X(E/K)r is finitely generated over A(Gal(Ky,/F)) by assump-
tion and that it follows from Theorem 1-3, (a) < (e) that the same holds true for each L € U,
provided that U has been chosen small enough. On the other hand, X(E/FM); is finitely
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generated over A(Gal(FM/F)) in view of hypothesis (a). Therefore

1, (XEJFM)) 2 i, (X(E/F))

@ i, (X(E/Koo)

@ a, (X(E/L)
L i, (X(E/LM))

33)
> ne(X(E/Keo))

© jun, (XE/FM)).

It follows that we have equality everywhere. In particular,

ma, X(E/LM)) = pa, (X(E/L))

for each L € U (provided that U has been chosen small enough), and therefore, for each
such L, Theorem 1-3 implies that X(E/LM)y is finitely generated over A(Gal(LM/L)). This
concludes the proof of the auxiliary statement and therefore also the proof of Lemma 11-10.

O
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