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CONTINUITY OF MEASURABLE COCYCLES
CHRISTIAN ROSENDAL

Abstract. Suppose G ~ X is a Polish group action. H is a Polish group, and G X X Y Hisa
cocycle that is continuous in the second variable. If y is either Baire measurable or is 4 X u-measurable
with respect to a Haar measure 4 on G and a fully supported o-finite Borel measure u on X, then y is
jointly continuous.

§1. Introduction. This article establishes some new instances of topological
rigidity of cocycles in the context of Polish groups and their actions. For the setup, let
us recall that by a Polish group action we understand a continuous action G ~ X by
a Polish group G on a Polish space X, that is, such that the actionmap G x X — X
is jointly continuous. Also, if G ~ X is any action by a group G on a set X, a group

valued cocycleisamap G X X s H with values in another group H such that
wlgf.x)=wlg fx) w(f.x)

for all g, f € G and x € X. For example, if X 2L H is any function, then the
differential

de(g.x) = ¢p(gx) "' ¢(x)

defines a so-called trivial cocycle, but general cocycles need not be that simple. The
principal example of a nontrivial cocycle comes from calculus. Namely, if we let
Diff' (R) denote the group of C!-diffeomorphisms of R, then the chain rule simply
expresses that the map

(f.x) € Diff'(R) x R — f'(x) € R*

is a cocycle for the tautological action of Diff'(R) on R. Nevertheless, f/(x) is not
a function of (x, fx), so the cocycle fails to be trivial.

A third example of cocycles arises when H acts freely on some set ¥ and X' Ly
is a map so that

XEExy = ¢(x1)Ef¢(xa).
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2 CHRISTIAN ROSENDAL

where E} and E}} are the orbit equivalence relations induced by the actions G ~ X

and H ~ Y, respectively. Indeed, in that case, a cocycle G x X Y5 His uniquely
defined by the requirement that

w(g. x)o(x) = o(gx).

We note that this cocycle is trivial, although to write it as a differential requires us
finding a transversal for the orbit equivalence relation E}.

There are several results in the literature on the continuity of cocycles under
various notions of measurability (see, for example, [1]). Our main result, however,
is most closely related to a recent result by T. Meyerovitch and O. N. Solan
[5, Theorem 1.6].

To state this precisely, suppose G x X Y Hisa cocycle for a Polish group
action G ~ X with values in a topological group H. Then, for fixed g € G and

x € X, we may define the section maps X —% H and G 2 H by we(z)=wlg.2)
and v, (f) = w(f. x), respectively. We say that y is continuous in the second variable

if the maps X Y%, H are continuous for all g € G. Similarly for the other variable
or for notions of measurability. Let us remark that the relationship between joint
and separate measurability is in general more subtle than that of continuity. Indeed,
ifamap G x X s H is continuous, then it is automatically continuous in each
variable. However, if G x X Yy His only assumed to be Baire measurable, then it
need not be Baire measurable in any of the two variables. Similarly, if G x X —~» H
is just assumed to be measurable with respect to a product /4 x u of o-finite Borel
measures on G and X, then it need not be measurable in any of the two variables.

In this language, [5, Theorem 1.6] states that, if G, H, and X are locally compact
Polish, G x X > H isa cocycle for a continuous action G ~ X, y is assumed to
be continuous in the second variable, and y, is Haar measurable for every x € X,
then w is continuous. We extend this result in multiple directions.

THEOREM 1.1. Let G ~ X be a Polish group action and suppose that G x X 5 H
is a cocycle with values in a Polish group H. Assume also that v is continuous in the
second variable. Then y is continuous in each of the following cases:

(1) w is Baire measurable;

(2) w. is Baire measurable for a dense set of x € X ;

(3) Gis locally compact and v is Haar measurable for a dense set of x € X:

(4) Gislocally compact with Haar measure . and there is a fully supported o-finite
Borel measure y on X such that y is 2 X u-measurable.

Observe, in particular, that case (3) is a direct extension of [5, Theorem 1.6]
discarding the hypothesis of local compactness of H and X and weakening the
measurability assumption on . Note also that the measure u in (4) is not assumed
to be invariant or even quasi-invariant under the G-action.

ReEmaRrk 1.2. For completeness and later use, we mention that the assumption
of continuity in the second variable can be slightly weakened. In fact, it suffices to
assume that y, is continuous for all g belonging to a set X that generates G. If v,

and y; are continuous, then so are wyr = yg(f )y, (-) and y, 1 = (wg(g ~))71
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Thus, for example, it is enough to assume that y, is continuous for a comeagre set
of g € G or, in the case of locally compact groups, a conull set of g € G.

Even in the case of trivial cocycles, Theorem 1.1 provides nontrivial information,
assuming that we restrict ourselves to transitive Polish group actions G ~ X.

Observe first that, if X %, H and g € G, we may define the directional differential
in the direction of g to be the section map dy¢ = (d¢),. Since d, ¢ is itself a function
from X to H. this means that we can iterate this procedure to get higher order
directional differentials. Thus, for example,

dgp(x) = plgx) ' ¢(x).
drde¢(x) = ¢(fx) " dlgfx)¢(gx) " b (x).
drdydgd(x) = ¢(kx) "' ¢(gkx)p(g fhex) " o(fhx)(fx) ' p(gf x)p(gx) " p(x).

THEOREM 1.3. Suppose G ~ X is a transitive Polish group action and that X S H
is a Baire measurable function with values in a Polish group H. Then the following
conditions are equivalent:

(1) ¢ is continuous:

(2) d¢ is continuous;

(3) there is a comeagre set of g € G such that dy¢ is continuous:

(4) for every proper subgroup F < G, there is some g € G\ F so that dy¢ is
continuous;

(5) for any infinite sequence g1, g3, ... € G, there is some n so that

dgydy | ...dy

n " 8n-1
Is continuous.
Similarly to [5, Theorem 1.6], Theorem 1.3 has consequences for the notion of

polynomial maps between groups, which is due to A. Leibman [4] and is especially
useful in the setting of nilpotent groups, but which applies to all groups in general.

Suppose G . Hisa map between two groups. Viewing G as a G-space under the
action G ~ G by left multiplication, we may define the differential G x G Y H as
before. For k > 0, amap G %, H between two groups is said to be a polynomial of
degree < k in case

dgk ...dg0¢ = IH

for all gy, ..., gr € G. More generally, we may define G % H tobea polynomial
of potentially transfinite degree provided that, for all g¢. g1, g2.... € G, thereisa k
such that

dy, ..dgd = 1.

It follows immediately from the definition that ¢ has degree < 0 if and only if ¢
is a constant map. Similarly, ¢ has degree < 1 if and only if ¢(1)¢(-) ! is a group
homomorphism.

Because constant maps G — H are obviously continuous, the following is an
immediate consequence of Theorem 1.3.

https://doi.org/10.1017/js1.2025.10168 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2025.10168
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COROLLARY 1.4. Every Baire measurable polynomial G 5 H between Polish
groups is continuous.

§2. Measurable cocycles. In this section we prove Theorem 1.1. Observe first that,

ifGx X - Hisa cocycle associated with a group action G ~ X, then by applying
the cocycle equation to g = f = 1 we have that y(1,x) = 1 forall x € X.

LemMA 2.1. Let (Q.S) be a measurable space and X, Y be separable metrisable

topological spaces. Assume also that Q x X 25 Y is a map such that w.,: X — Y is
continuous for all w € Q. whereas y.: Q — Y is measurable for a dense set of x € X .
Then w: Q — Y is measurable for all x € X .

PrOOFR. Let X C X be a countable dense subset such that . is S-measurable for
all z € X. Suppose also W C Y is a given non-empty open set and find a countable
collection V of open subsets V' C W so that W = oy, V = Uy ey, V.- Also. fora
given point x € X, let \ be a countable neighbourhood basis for x.

Then, for any w € Q, we have by the continuity in the second variable that

wecy (W) e ylox)eWw
AV eV ylo.x)eV
IV eV WeN y[{o}xU]CV
=3IV eV IVeN VzeUNX ylwz)eV

soclJ U N w'o

Vey UeN zeUnX
=3IV eV IUeN y[{o} xU]CV
=3y eV ylowx)eV
=wcy (W)

It thus follows that

vim = U N »'

Vey UeN zeUnX

is S-measurable. =

LEMMA 2.2. Let G ~ X be a continuous action by a topological group G on a
topological space X and suppose that G x X YsH isa cocycle with values in a
topological group H such that y is continuous in the second variable. Assume also
that, for some x € X, the map . is continuous at a single point in G. Then vy is
continuous at every point of G.

PrOOF. Suppose y, is continuous at some point f € G and let g € G be any

given point. To see that w, is also continuous at gf. suppose that k; — gf is a
convergent net. Then g 'k; — f and hence
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wigf.x)=wlg fx) w(f.x)
=limy(g. g 'k;x) - limy(g k. x)
= lim (W(g,g’lkm : V/(g*'kf,X))
= lim y (gg 'ki. x)
=limy(k;, x),

showing continuity of w, at g f . -

LEmMa 2.3. Let G ~ X be a continuous action by a topological group G on a

topological space X and suppose that G x X S Hisa cocycle with values in a Polish
group H such that y is continuous in the second variable. Then, if v is continuous at
some point (f, x), w is in fact continuous at every point of G x Gx.

ProoF. We first show that, if the cocycle i is continuous at a point (£, x). then it
is also continuous at all points (g f, x) for g € G. To see this, suppose that k; — gf
and x; — x are convergent nets. Then g 'k; — f and hence

w(gf.x)=ylg fx) w(f.x)
=limy(g. g 'kix;) - limy(g ki x;)
= lim (l//(g, g kixi) - wlg ki, xz-))
=limy(gg 'ki. x;)
1
= hm l//(kl Xl‘).
1
We next show that, if the cocycle y is continuous at a point ( f, x), then it is also
continuous at all points (f, gx) for g € G. To see this, suppose that f; — f and

y; — gx. Then f,g — fg and g 'y, — x. Because y is continuous at (f'g, x). it
follows that

w(f.gx)=w(feg " gx)

w(fg.g'gx) w(g' gx)
w(fg.x) w(g' gx)
limy(fig.g" yi) - limy (g™ y)

= lim (t//(fig, glyi) - wle J’i)>
= limy(figg™". y:)
= li}n w(fi yi).
The lemma now follows from the conjunction of these two facts. -

PrOOF OF THEOREM 1.1 (2). Recall that we are given a Polish group action G ~ X
andacocycle G x X . H withvaluesin a Polish group H such that y is continuous
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6 CHRISTIAN ROSENDAL

in the second variable. Furthermore, i, is assumed to be Baire measurable for a
dense set of x € X. Thus, by Lemma 2.1, v, will be Baire measurable for all x € X.

We first show that, for any x € X, the function w, has a point of continuity in G.
To see this, note that, for any fixed g € G, v, is continuous at g if and only if, for
every open identity neighbourhood W C H, there is some & € H such that

g€ int(t//;l (h W2)).

Indeed, the sets of the form AW?2, where W C H is an open identity neighbourhood
and h € H is such that y,(g) € hW?, form a neighbourhood basis at the point
wx(g).

Thus, by the Baire category theorem and first countability of H, it suffices to show
that, for every open identity neighbourhood W C H, the open set

U int(wi (w2

heH

is dense in G.

So let I be given and fix some countable dense subset H C H. Assume also that
O C G is a given non-empty open set and find non-empty open subsets U;, U, C G
so that U; U, C O. Then,

U, € | v (hw)
heH

and hence there must be some /#; € H such that U, N 1//;1 (hy W) is nonmeagre.
Choose now some open identity neighbourhood W’ C H so that W’h; C hy W
and fix an element f € Uy Ny ! (h W) so that Uy Ny, (h W) is comeagre in
a neighbourhood of f. As above, we may then find some /4, € H so that U N
v\ (haW') is nonmeagre.
Fix a countable neighbourhood basis V for f consisting of open sets. We claim
that

y/}k(th’) C U lg€G|Vk eV ylg.hkx)e W'}
vev

Indeed, suppose that g € l//}]x(hz W') is given. Then w(g. fx) € hh W' and so.
because  is continuous in the second variable, there is some V' € V such that
y(g.kx) € hy W' for all k € V', which proves the claim. Because Ui Ny | (ha W)
is nonmeagre, it follows that there is some V€ V such that

Un{geG|VkeV ylgkx)ehW')

is nonmeagre.
Let now G be a countable dense subset of G and observe that

le€G|VkeV ylgkx)emW'} C ﬂ wi (W)
kevng

lg€G|Vk eV ylg.kx) e W'}

N
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Indeed, the first inclusion is immediate and to verify the last inclusion assume
w(g. kx) € hW'forallk € V NG. Thenevery k € V is the limit of some sequence
(k,) € V NG and therefore

w(g. kx) =limy(g. k,x) € W' = hy W'

as claimed. We thus conclude that
U n ﬂ l//lz‘lc(hz W/)
kevng

is nonmeagre.
Observe that the two factors in the product

a=(vin ) vidGew)) - (Govaw!mw)
kevng

are both nonmeagre sets with the Baire property. By the Pettis theorem [6] (see
[7. Lemma 2.1] for the exact statement needed), the product 4 therefore has non-
empty interior. Moreover, for

geUin ([ vl
kevng
and
keUnVnyll(hw).
we have
w(gk.x) = y(g.kx) - w(k. x)
S th /N4
C hohy w2,

In other words, A C ' (lohy W?). Asalso ) # intA C A C U U, C O, we see that
Unen int(z//;l(h W2)> is dense in G.

‘We have shown that, for every x € X, the map w is continuous at some point of G.
Therefore, by Lemma 2.2, . is continuous at every point of G. By the assumptions
of the theorem, G x X —25 H is separately continuous.

‘We may now apply [3, Theorem 8.51] to conclude that there is a comeagre subset
Z C G x X such that the section

z*={geG|(g.x)eZz}

is comeagre for every x € X and so that w is continuous at every point of Z.
In particular, this shows that, for all x € X there is some g € G such that y is
continuous at (g, x). By Lemma 2.3, it follows that y is continuous at all points of
G x X. 4

ProoF OF THEOREM 1.1 (3). The proof of this is very similar to that of
Theorem 1.1 (2), so we will keep the same notation and just point out the small
changes that are needed. We begin by fixing a left-invariant Haar measure 4 on G.
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As before. we must show that the open set |, int(l//;] (h Wz)) intersects some

given non-empty open set O C G. We choose U U, C O as before and find h; € H
so that U, Ny (-l W) is non-null.
Again we find W' satisfying W'h; C h W. Define now

D =U{U C X open | A(UNUyNyy (mW)) =0}.

Then D is open and A(D N U> Ny (il W)) = 0. Because U, Ny ' (h W) is non-
null, we may therefore find some f € (U, Ny, (h W))\ D. which means that
U, N w1 (h W) has non-null intersection with every neighbourhood of f.

Choose then /#, € H so that Ui N 1//}&,(112 W') is non-null and find an open
neighbourhood V of f so that ‘

U N ﬂ l//kx th
kevng

is non-null. Then the two factors in the product

(uin ) widtew) - (Gnw! W) nv) < wl(hw?)
kevng

are both non-null Haar measurable sets. It follows therefore that the product has
non-empty interior (see, e.g.. [7, Theorem 2.3]). The rest of the proof remains
unaltered. o

Proor oF THEOREM 1.1(1). Let W be a countable basis for the topology on H.
Then, for every W € W. the inverse image ! () has the Baire property in G x X
and therefore, by the Kuratowski-Ulam theorem [3, Theorem 8.41], there is a
comeagre subset Zy C X such that

(W), ={g€G|(gz) ey (W) =y (W)

has the Baire property in G for all z € Zy,. Thus, for all z belonging to the comeagre
set (Ve Zw andall W e W, w.' (W) has the Baire property, whereby v is Baire
measurable. The result now follows from Theorem 1.1(2). -

ProOF OF THEOREM 1.1(4). Let W be a countable basis for the topology on H.
Then, for every W € W, the inverse image w ! (W) is a 4 x u-measurable subset
of G x X. Because both 1 and u are g-finite Borel measures, it follows from the
Fubini-Tonelli theorem that there is a u-conull subset Zy C X such that, for all
z € Ly,

v'W).={geG|(gz) ey (W)} =y (W)

is a A-measurable subset of G. Thus, for all z belonging to the wu-conull set
Z =Nwew Zw and all W € W, y.'(W) is 2-measurable. So y. is A-measurable
for all z € Z. Because u is fully supported, we see that Z is dense in X and the
conclusion now follows from Theorem 1.1(3). o
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§3. Differentials and polynomial mappings.

ProOF OF THEOREM 1.3. Assume G ~ X is a transitive Polish group action and
that X —%+ H is a Baire measurable function with values in a Polish group H.
d
We first show that the differentials G x X % H and X ﬁ) H are Baire

measurable for all g € G. So let g € G be fixed and let U C H be open. Because
the group operation in H is continuous, we have that

{(hkye HxH |h'keU}=]V.x W,

for some sequence of open sets V,, W, CH.If G x X -2+ X denotes the action
map, it follows that

(deg) " (U) = {x € X | d(gx) € Vs & ¢(x) € W)
~U(e'mang e r)

and

(de) (V)= J{(f.x) e Gx X | fx e ¢ (V) & x € ¢ (W)
U@ ) n(@ < e (m)).

Because ¢ is Baire measurable, the sets ¢ (V) and ¢! (1,,) have the Baire property.
This shows that d,¢ is Baire measurable. Furthermore, because the action map
G x X - X is surjective, continuous, and open, the inverse image a™' (¢! (V},))
will also have the Baire property, whereby d¢ is Baire measurable.

Secondly, it is immediate that (1) implies (2)—(5). Conversely, to see that (2)
implies (1), suppose that d¢ is continuous and that x, — x. Since the action
G ~ X is transitive, the orbit map g € G — gx € X is open by Effros’ theorem
[2. Theorem 2.1] and so there is a sequence (g,,) in G converging to 1 with x,, = g,x.
So, by the continuity of d¢, we have that

li,5n¢(xn>7l¢(x) = 1i£n¢(gnx)7l¢(x) = li£nd¢(gn,x) = d¢(1,x) =1,

whence ¢(x,) — ¢(x), showing continuity of ¢.
Observe also that, because (d(;S)g = d,¢. each of (3) and (4) imply that the set

2 ={g € G | (d¢), is continuous }

must generate G and hence, by Remark 1.2 and Theorem 1.1(1), that d¢ is
continuous. So (3) and (4) each imply (2).

To see that (5) implies (1), assume that (1) fails. Then, by the implication (4)=(1).
there is some g1 € G so that also d,, ¢ is discontinuous and still is Baire measurable.
Continuing like this, we may in fact choose an infinite sequence g, g2, €3, ... so that
dy, ...dgy ¢ is discontinuous for all k£ > 0. whereby also (5) fails. 4
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