Econometric Theoryl8, 2002 169-192 Printed in the United States of America

REGRESSION QUANTILES
FOR TIME SERIES

ZoNGwu CAl
University of North Carolina at Charlotte

In this paper we study nonparametric estimation of regression quantiles for time
series data by inverting a weighted Nadaraya—Wat88NW) estimator of con-
ditional distribution functionwhich was first used by HalWolff, and Yao(1999
Journal of the American Statistical Associatiéd, 154—163. First, under some
regularity conditionswe establish the asymptotic normality and weak consis-
tency of the WNW conditional distribution estimator fermixing time series at
both boundary and interior pointand we show that the WNW conditional distri-
bution estimator not only preserves the biariance and more importantauto-
matic good boundary behavior properties of local linear “double-kernel” estimators
introduced by Yu and Jong4998 Journal of the American Statistical Associa-
tion 93, 228-237, but also has the additional advantage of always being a distri-
bution itself Secondit is shown that under some regularity conditiptiee WNW
conditional quantile estimator is weakly consistent and normally distributed and
that it inherits all good properties from the WNW conditional distribution estima-
tor. A small simulation study is carried out to illustrate the performance of the es-
timates and a real example is also used to demonstrate the methodology

1. INTRODUCTION

In nonparametric estimation of regression functimost investigations are con-
cerned with the regression functiomx), the conditional mean of given value

x of a predictorX. See for example the books by Wahb&1990, Wand and
Jones(1995, and Fan and Gijbel§1996 for good introductions and interest-
ing applications to the general subject areas and H&®¥80, Engle and
Granger(1991), and Granger and Terasvira993 for applications to econo-
metrics in particularHowever new insights about the underlying structures
can be gained by considering the other aspects of the conditional distribution
F(y|x) of Y givenX = x other than the mean function(x). Regressioricon-
ditional) quantilesg,(x), 0 < p < 1, of Y givenX = x, the topic of this paper
coupled with the conditional distributioR(y|x), are key aspects of inference

in various statistical problems and are of particular interest in econometrics
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Although some individual quantilesuch as the conditional mediaare some-
times of interest in practicenore often one wishes to obtain a collection of
conditional quantiles that can characterize the entire conditional distribution
More important another application of conditional quantiles is construction of
prediction intervals for the next value given a small section of the recent past
values in a stationary time seri€¥,...,Y,}, which motivates this work
Estimation of conditional quantiles has gained particular attention during the
recent three decades because of their useful applications in various fields such
as econometrics and finance and also the related fialdsough Hogg(1975
uses the idea of regression quantile technique to study salary Kiag¢aker
and Bassetf1978 first introduce regression quantiles and provide detailed back-
ground and motivation from econometri¢®enker and Bassetl 982 use their
proposed techniques to test heteroskedastiaitg Powell(1986 applies the
ideas to consider censored data in econometiFias and Gijbel$1996 p. 229
use them to study the change pattern of family income during the Reagan ad-
ministration (1981-1988 For more applicationssee Cole(1988, Cole and
Green(1992, Yu and Jone$1998, and Hall Wolff, and Yao(1999. Of par-
ticular interest is the median functi@p,,(x) for asymmetric distributionwhich
can provide a useful alternative to the ordinary regression based on the mean
Regression quantiles can also be useful for the estimation of predictive inter-
vals For examplein predicting the response from a given covarixte= X,
estimates ofy,/»(x) andq;_,/»(x) can be used to obtain(@ — «)100% non-
parametric predictive intervalVe refer to the papers by Koenké&r994) and
Zhou and Portnoy1996 for detailed discussions on the advantages of the di-
rect use of regression quantiles to construct confidence and prediction intervals
and other aspects
For cases wheX andY satisfy a linear model with independent and identi-
cally distributed(i.i.d.) errors Hogg (19795 and Koenker and Bassd{t978
develop innovative proceduresalled regression quantilef®r inference about
gp(x); Koenker and Basse(il982 use them to test heteroskedastici®owell
(1986 extends them to censored dakaenker(1994) and Zhou and Portnoy
(1996 discuss how to use them to construct confidence &t nonparamet-
ric setting several authors study the asymptotic properties of nonparametric
estimation of conditional quantilesuch as kernel and nearest neighlaclud-
ing Stone(1977), Lejeune and Sardél988, Troung (1989, Samanta1989),
Bhattacharya and Gangopadhy&y990, and Chaudhuri{199) for i.i.d. er-
rors Roussa$1969 and Roussa&l991) for Markovian processesnd Troung
and Stong1992 and Boente and Fraimdi995 for mixing dependencédt is
well known that kernel type procedures have serious drawbadhksasymp-
totic bias involves the design density so that they can not be adaptidehey
have boundary effects so that they require boundary modificalimattenuate
these drawbacksecently some new methods of estimating conditional quan-
tiles have been proposethe first onga more direct approach using the “check”
function such as a robustified local linear smootherprovided by FanHu,
and Troung(1994 and further extended by Yu and Jon@®9£97, 1998. An
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alternative procedure is first to estimate the conditional distribution function
using the “double-kernel” local linear technique of Faao, and Tong(1996
and then to invert the conditional distribution estimator to produce an estima-
tor of a conditional quantilewhich is called the Yu and Jones estimateee Yu
and Joneg1997 1998 for details A detailed comparison of these two meth-
ods can be found in Yu and Jon€k997, 1998. According to Yu and Jones
(1998, a particular preference is the Yu and Jones type estimator

As pointed out by Hall et al(1999, although local linear estimators of the
Yu and Jones type have some attractive properties such as no boundary ef-
fects design adaptatigrand mathematical efficiencisee e.g., Fan and Gij-
bels 1996, they have the disadvantage of producing conditional distribution
function estimators that are not constrained either to lie between zero and one
or to be monotone increasing although some modifications in implementation
have been addressed by Yu and JofE898. In both these respegtshe
Nadaraya—WatsoNW) methods are superiodespite their rather large bias
and boundary effectsThe properties of positivity and monotonicity are par-
ticularly advantageous if the method of inverting the conditional distribution
estimator is applied to produce an estimator of a conditional quamblever-
come these difficultigsHall et al (1999 propose a weighted version of the
NW (WNW) estimatoy which is designed to possess the superior properties
of local linear methods such as bias reduction and no boundary effect and to
preserve the property that the NW estimator is always a distribution function
Also, Hall et al discuss the asymptotic normality of the WNW estimator for
B-mixing under some stronger assumptidisee Remark ,1which follows).
However they do not provide rigorous theoretical justificaticand they do
not discuss the boundary behaviBurthermoreHall et al (1999 conduct an
empirical study on the comparison of WNW with other methods such as NW
local logistic and local linearThe basic techniques are not novel to this pa-
per because the WNW method was first used by Hall gtbait many details
and insights are

The goal of this paper is twofoldrirst, we establish asymptotic normality
and weak consistency for the WNW estimator of conditional distribution for
a-mixing under a set of weaker conditions at both boundary and interior points
It is therefore showyto the first orderthat the WNW method enjoys the same
convergence rates as those of the local linear “double-kernel” procedure of Yu
and Joneg1998. An important consequence of this study is that the WNW
estimator has desired sampling properties at both boundary and interior points
of the support of the design densityhich seems to be seming&econdwe
derive the WNW estimator of the conditional quantile by inverting the WNW
conditional distribution estimatoiWe show that the WNW quantile estimator
always exists as a result of the WNW distribution being a distribution function
itself and that it inherits all advantages from the WNW estimator of conditional
distribution as we describe later

Although our interest in conditional quantile estimation is motivated by fore-
casting from time series datare introduce our methods in a more general set-
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ting (@-mixing) that includes time series modeling as a special c&se
theoretical results are derived undera@mixing assumption

For reference convenienose first introduce the mixing coefficientet 7P
be theo-algebra generated HyX,,Y,)}’_,. Define

a(t) = sup{|P(AB) — P(A)P(B)|:Ae F° ,B € F"}.

This is called the strong mixing coefficient of the stationary process
{Xe, YO 2o If a(t) = 0 ast — oo, the process is called strongly mixing or
a-mixing.

Among various mixing conditions used in the literatugemixing is reason-
ably weak and is known to be fulfilled for many time series mod&sro-
detskii (1977) and Withers(1981) derive the conditions under which a linear
process isv-mixing. In fact, under very mild assumptions linear autoregressive
and more generally bilinear time series models @mixing with mixing co-
efficients decaying exponentiallpuestad and Tjagstheinl990 provide illu-
minating discussions on the role @fmixing (including geometric ergodicijy
for model identification in nonlinear time series analy§iben and Tsay1993
show that the functional autoregressive process is geometrically ergodic under
certain conditionsFurthermore Masry and Tjgsthein{1995 1997 demon-
strate that under some mild conditiot®th autoregressive conditional hetero-
skedastidARCH) processes and nonlinear additive autoregressive models with
exogenous variablegparticularly popular in finance and econometyiage sta-
tionary anda-mixing.

The plan of the paper is as followls Section 2we concentrate on the WNW
estimator of conditional distributiorin Section 3 we discuss the WNW esti-
mator of conditional quantilesn both sectionsthe asymptotic normality and
weak consistency of the estimators at both boundary and interior points are
stated and an ad hoc estimator of the asymptotic variance is also presémted
Section 4 a small simulation study is carried out to illustrate the estimated
the methodology is also applied to a real examplktechnical proofs are given
in the Appendix

2. CONDITIONAL DISTRIBUTION ESTIMATE

2.1. Weighted Nadaraya-Watson Estimate

Let pi(x), for 1 =t = n, denote the weight functions of the dafg,..., X, and
the design poink with the property that eacpx(x) = 0, >, p,(x) = 1, and

Zl(xt = X)p(X)Kp(x = X;) = 0, (1)

whereK (-) is a kernel functionK;,(-) = K(-/h)/h, andh = h,, > 0 is the band-
width. Motivated by the property of the local linear estimatoonstraint(1)
can be regarded as a discrete moment condits@® Fan and Gijbeld996
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(3.12), p. 63). Of course {p;(x)} satisfying these conditions are not uniquely
defined and we specify them by maximizinfl;_, p,(x) subject to the con-
straints The weighted version of the NW estimator of the conditional distribu-
tion F(y|x) of Y; given X, = x is defined as

21 P () Kp(x = X )1 (Y, =y)
F(y|x) = —
Z:l P (X)Kp(x = X4)

Note that 0= F(y|x) = 1 and it is monotone iry. We show in Theorem,1
which follows that F(y|x) is first-order equivalent to a local linear estimator
which does not enjoy either of these properti&sd more importantin Theo-
rem 2 thatF (y|x) has automatic good behavior at boundaries

A question naturally arises regarding how to choose the weigits idea
is from empirical likelihood Namely by maximizing>_, log{p,(x)} subject
to the constraint®;_, p,(x) = 1 and(1) through the Lagrange multipliethe
{p:(x)} are simplified to

P(X) = n"H1+ A(X, — X)Ku(x — X} 4

where A, a function of data ana, is uniquely defined by(1), which ensures
that X" ; p,(x) = 1. Equivalently A is chosen to maximize

1 n
La(d) = — leog{l + AX¢ = X)Knp(x = Xp)5. (@)

In implementationthe Newton—Raphson scheme is recommended to find the
root of the equatior.;,(A) = O.

2.2. Sampling Properties

In this sectionwe establish weak consistency with a rate and asymptotic nor-
mality for the WNW estimatoF (y|x) undera-mixing although Hall et al(1999
gave asymptotic normality fg8-mixing without detailed proofs under a set of
stronger conditionsFor expositional purposgsve consider only the special
case thaiX is a scalarWe first introduce some notatiomhet g(-) denote the
marginal density ofX,. Define u, = fu?K(u)du and v, = [K?(u)du. Let
FO(y|x) = (3/0x)'F(y|x). We now impose the following regularity conditians

B1l. For fixedy andx, g(x) > 0, 0 < F(y|x) < 1, g(-) is continuous ax,
andF(y|x) has continuous second-order derivative with respest to

B2. The kernelK(-) is a symmetric bounded and compactly supported
density
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B3. The proces$(X.,Y;)} is a-mixing with the mixing coefficient satisfying
a(t) = O(t~ @) for somes > 0.

B4. Asn — oo, h — 0 andnh — oo.

B5. Let gi+(-,-) be the joint density oX; and X, for t = 2. Assume that
|01t (U,v) — g(u)g(v)| =M < oo for all uando.

B6. nh'*2/° — oo,

Remark 1 Note that condition B3 is weaker than that in Hall et @999
for B-mixing, which is stronger thar-mixing. Because B6 is satisfied by band-
widths of optimal sizdi.e., h ~ n=%®) if § > 3, we do not concern ourselves
with such refinements

THEOREM 1 Suppose that conditions B1-B5 hold. Then, as no,
A 1
F(y[x) = F(y[) = = h?u,F@(y|x) + 0,(h?) + Oy((nh)~2), (3)
and in addition, if B6 holds,

VRR[F(y|x) = F(y|x) = B(y|X) + 0,(h?)] 25 N(0,a2(y|x)), (4)

where the bias and variance are given, respectively, by

1
B(y|x) = = h?u,F@(y|x)
and

a?(yIx) = voF(y[x)[1— F(y[x)]/g(x). (5)

Remark 2 It may be seen from Theorem 1 that firshe WNW estimator
F(y|x) = F(y|x) in probability with a ratewhich, of courseimplies thatF (y|x)
is consistentAlso, to the first orderthe WNW method enjoys the same con-
vergence rates as those of the local linear “double-kernel” procedure of Yu and
Joneq1998, under similar regularity conditionslowever Yu and Jone$1998
treat only the case of independent data

As for the boundary behavior of the WNW estimatae offer Theorem 2
which follows Without loss of generalitywe consider the left boundary point
x=ch, 0 < c < 1. From Fan et al(1994), we takeK(-) to have supporit—1,1]
andg(-) to have supporf0,1]. First, we introduce the following notatiorLet

(¢ uK(u)
Le(A) = f_l 1— AUK(u)

and A, be the root of equatioh.(A) = 0, namely L.(A;) = 0. For example
Ac~ 1.8 forc = 0.5 andA. =~ 1.1 for ¢ = 0.6. Figure 1 depicts the solutions of
L.(A) = 0O for c taking values from @& to 1 with increment Q.
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Ficure 1. Plot of L.(A) versusa for c taking values from & to 1 with increment Q.

THEOREM 2 Suppose that the conditions of Theorem 1 hold. Then,

Vnh[F(y|ch) — F(y|ch) — By(y) + 0,(h?)] = N(0, 5 &(y)), (6)
where the bias term is given by
h?Bo(c)F? (y|0+)
2p4(c)
and the variance is
B2(0)F (y|0+)[1— F(y|0+)]

BC(Y) =

o(y) = B2(c)g(0+)
with

_[fvKw [
Bo(C) = fl - aouk( M and Ao = fl 1= Ky

j=land2.
Of course, g0+) = lim,09(2).

Theorems 1 and 2 reflect two of the major advantages of the WNW estima-
tor: (a) no dependence of the asymptotic bias on the design degéityand
indeed its dependence on the simple conditional distribution curvef(#g- |-);
and(b) automatic good behavior at boundariasleast with regard to orders of
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magnitudewithout the need of boundary correctigxiso, we remark that a sim-
ilar result(6) holds for the right boundary poixt= 1 — ch. If the point O were
an interior poingthen the expressio(®) would hold withc =1 andA. = 0. Fur-
thermore note that because the proofs of Theorems 1 and 2 are simitar
present only the detailed proof of Theorem 1 and give a brief outline of the proof
of Theorem 2 in the Appendix

The explicit expression of the asymptotic varianceFdfy|x) given in (5)
gives a more direct and simpler way to construct the estimate26§|x), as
follows:

G2(y1x) = vo F(y[0[1— F(y|x)]1/§(x), 7

where§(x) is any consistent density estimator @(fx) that might be obtained
by a local linear procedure

3. QUANTILE ESTIMATE

Our interest here is to estimate tph conditional quantile function,(x) of Y;
given X, = x for any 0< p < 1, defined by

0p(x) = inf{y € N:F(y|x) = p},

which is assumed to be uniguks demonstrated in Section the WNW esti-
mator of the conditional distribution functioR(y|x) possesses the following
advantagesdesign adaptation and no boundary effeethich are the same as
the local linear counterparand more importantbeing between zero and one
and monotongtwo properties that the local linear estimator does not ey
thus define the WNW type conditional quantile estimadgix) in principle to
satisfy F(§,(x)|x) = p so that

Go(x) = inf{y € R : F(y|x) = p}=F *(p|x). (8)

We remark thatj,(x) always exists becausé(y|x) is between zero and
one and monotone ig, and it involves only one bandwidtiso that it makes
practical implementation more appealirig contrast the “double-kernel” es-
timator of Yu and Jone$1998 has some difficulty inverting the conditional
distribution estimator because of lack of monotonicéwnd it requires choos-
ing two bandwidthsalthough the second bandwidth should not be very sensi-
tive. Furthermorewe show in Theorems 3 and which follow, that the WNW
estimator@,(x) maintains the aforementioned advantageslf()ﬂx). To this
end we need the following additional conditians

C1 Assume thaf(y|x) has a conditional densitiy( y|x) andf (y|x) is con-
tinuous atx.

C2 f(gy(x)[x) > 0.
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THEOREM 3 Suppose that conditions B1-B5 hold. Then, as no,
Go(X) = Gp(x)  in probability. (9)

In addition, if conditions C1 and C2 are satisfied, then,

VNh[G,(X) = G(X) = By(X) + 0,(h?)] = N(0, 5 2()), (10)
where the bias and variance are given, respectively, by
B(0p(X)|X) o 2(gp(x)[x) vop[1—p]
= - d o2(x)= = .
%0 = " F 000 2™ YT g0 T Pe,(0109(6,00)

An important way of assessing the performancéytk) is by its asymptotic
mean squared errqAMSE). As an application of Theorem, 3he AMSE of

Go(X) is given by
h4

AMSE(6,(x)) = 7{

w2 F @ (gy(x)]%) ]2 1 vop(1—p) (12)

f(gp(2)[x) nh £2(g,(x)[)9(gp(x))”
Comparing(11) with Theorem 1 in Yu and Joned 9998 for the “double-
kernel” estimator reveals th&t1) does not have the extra two terms from the
vertical smoothing “in they direction” Minimizing AMSE in (11), therefore
yields the optimal bandwidth
21E (2 2 115
t: ma{F 2 (g, () [X)} s
P vop(1 - p)/g(gy(x)

In the same manner as (i), the consistent estimate crﬁ(x) is

vop[1—p]
f2(a,(X)[X)8(0p(x))’

wheref (y|x) can be obtained by using the local linear “double-kernel” method
of Fan et al (1996.

Similar to Theorem 2we consider the boundary behavior of the WNW esti-
mator g,(x) in the following theoremThe proof of Theorem 4 is omitted be-
cause it is similar to that of Theorem ®hich can be found in the Appendix

G2 (x) =

THEOREM 4 Suppose that the conditions of Theorem 3 hold. Then, as
n— oo,

VARG, (ch) — ap(eh) — By e+ 0,(1)] 2> N(0, o),
where the bias and variance are given, respectively, by

__ B(G(04) _ h2B,(c)F®(g,(0+)[0+)
PE o 1(gy(04)[0+) 231(c) f(0,(0+)|0+)
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and

Lo _eGO4) Bo(0)p[1 - p]
P€ £2(p(0+)[0+)  BE(c)F?(gy(0+)|0+)g(y(0+))
Similarly, we can derive the AMSE ddj,(ch)

B2(c)F @ (q,(0+)|0+) }2
B1(c)f(g,(0+)[0+)

L1 Bo(0)p(1—p)
nh B2(c)f2(qy(0)[0+)g(ay(0+)”

h4
AMSE((,(ch)) = —!

4

and the corresponding optimal bandwidth is

_ [ BE@{F P (gy0+)[0+)}7 |2 e
SOP 1 Bo(c)p(L — p)/g(y(0+)) '

Remark 3 As mentioned earliethe WNW method involves only one band-
width in estimating the conditional distribution and quantAs for the band-
width selection issuebecause the WNW estimate is a linear smoqther
recommend using the optimal bandwidth selectalled the nonparametric
Akaike information criterionproposed by Cai and Tiwa(2000, which is used
in our implementation in Section. 4

Remark 4 From the foregoing discussionis appears clear that one of the
advantages of the conditional distributimuantile technique is to cope with
heteroskedasticity automaticallywhich is particularly relevant for prediction
in ARCH modeling Also, it is convenient to use the conditional quantile for
detecting conditional heteroskedasticityp this end we assume thay; is re-
lated toX; through the model

Yy = n(Xp) + o (Xp)ey, (12)

wherew(+) is the mean functiano2(-) is the variance functigrand X; and &,
are independeniThe conditional distribution and quantile 8f given X; = x
are

F(ylx) = F{(y — u(x)/o(x)} and g,(x) = u(x) + o (x)q,(p),

whereF,(-) is the distribution ofe; andqg,(p) is the pth quantile An informal

way to test conditional heteroskedasticity is to use a grdfpthe curves of
F(y[x) or gy(x) for different values ofx are parallel this indicates thatr(-)
should be a constantVe hope to report in greater detail on a formal test for
heteroskedasticity using a regression quantile technique for time series in fu-
ture work
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4. EXAMPLES

We now illustrate the methods discussed earlier with a small simulation and a
real data set for time serieBhe purpose of the examples is to demonstrate that
the foregoing methods work reasonably well for time series data in terms of
predictive utility and detecting heteroskedasticity graphicallyroughout this
section the Epanechnikov kerndéd(u) = 0.75(1 — u?), is used

4.1. A Simulated Example

We begin the illustration with a simulated example of the ARCH modé¢l i)
with X; = Yi_q:

Y, = 0.6Y1 + o (Yi-1)e,

whereo (x) = V0.5(1 + x?) and{g,} are ii.d. N(0,1). Heren + 5 data points
are generatedThe first n observations are used for estimation of the condi-
tional distribution and quantijend the last 5 observations are left for construc-
tion of predictive intervalgPl). Sample sizes are = 100 300 and 500 The
95% prediction intervaldo ozs( Yn+j—1), o.975( Yn+j—1)] for Yo, (L=j = 5) are
computed Finally, for eachn, 500 replications are performgdnd the ratio of
the length of PI versus the range of data and the coverage frequencies are re-
corded In Table 1 we present the median of the 500 values for ratios and cov-
erage frequencies for eaolandY,,.; with its standard deviation in parentheses
The ratio of the length of Pl versus the range of data decreases wiven
creasesand the coverage frequency increases and is close to 95% when
increasesFigures 2a and 2b display the WNW estimates of conditional dis-
tributions F(y|x) = ®((y — 0.6x)/o (X)) (solid line in Figure 2aof Y; given

X; = x and their quantiley,(p) = 0.6x + o (x)® 1(p) (solid line in Fig-

ure 2b, dotted line(x = —1.76) and dashed linéx = —0.75), based on a ran-
dom sample withn = 500, where ®(-) is the standard normal distribution
Clearly, Figure 2 shows that the two curves of conditional distributmurantile

for two different values ofX; are not parallelwhich implies that the condi-
tional variance is not a constarthis example shows that the performance of
the WNW estimate is reasonably good

TaBLE 1. The postsample prediction for the ARCH model

n Yo+1 Yn+2 Yn+3 Yn+4 Yn+5

Ratio of length 100 @6(0.19) 0.49(0.18 042(0.18) 0.45(0.18 0.44(0.17)
of Plvsrange 300 (29(0.15 0.30(0.14) 0.30(0.15 0.30(0.16) 0.28(0.13)

of data 500 (@®3(0.13) 0.25(0.12) 0.24(0.14 0.24(0.12 0.23(0.10
Coverage 100 090(0.300 0.90(0.300 0.88(0.32) 0.88(0.33) 0.91(0.29
Frequencies 300 .94(0.23) 0.93(0.26) 0.95(0.22) 0.91(0.29) 0.92(0.27)

500 Q94(0.23 096(0.21) 095(0.22) 0.95(0.22 0.95(0.23)

https://doi.org/10.1017/50266466602181096 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466602181096

180 ZONGWU CAl

(a) The conditional CDFs
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FIGURE 2. (@) Conditional distributions and their WNW estimatés) Conditional quan-
tiles and their WNW estimateSolid ling, true function dotted line(X; = —1.76), and
dashed ling X; = —0.75).

4.2. A Real Example

Finally, we consider the International Airline Passenger Qakat = 1,...,144}

of Box and Jenking1976 p. 531) (monthly totalgin thousandkof passengers
from January 1949 to December 196This data set has been analyzed exten-
sively in time series literaturésee e.g., Brockwell and Davis1991, Faraway
and Chatfield 1998. The previous work focuses mainly on linear or nonlinear

https://doi.org/10.1017/50266466602181096 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466602181096

REGRESSION QUANTILES FOR TIME SERIES 181

autoregressive moving avera@®@RMA) modeling The main purpose of this
analysis is to use the regression quantiles technique to construct prediction in-
tervals and to check heteroskedasticity graphically without making any model
assumptionsFigure 3a shows clearly that variability increasedJasncreases
(called multiplicative seasonalityand also shows treado eliminate the tread
and seasonalifyfollowing the convention in the literatureve consider trans-
formations We first use the logarithmic transformation beca{ldg is a series
whose standard deviation increases linearly with the m&he transformed
seriesV; = log(U,), shown in Figure 3bdoes not display increase in variability
with V; but clearly shows a linear treaBecond by following the analysis in
Brockwell and Davis(1991 pp. 284-287, we apply the difference operator
(1 - B)(1 — B*?) to {V,} to obtain the new serie¥ = (1 — B)(1 — B*?)V,,
shown in Figure 3cwhich does not display any apparent deviations from sta-
tionarity. The first 125 transformed observations are used for estimadiod
the last 6 observations are left for predictiarhe WNW estimates of condi-
tional distribution ofY; given X, = Y,_, are depicted in Figure 3d for two dif-
ferent values oK, (0.0086 —0.0501), and Figure 3e gives the WNW estimates
of two conditional quantilesFigure 3f presents the estimated surface of the
conditional quantileBoth Figures 3d and 3e indicate that two curves are al-
most parallel which implies that there is no clear indication that there exists
heteroskedasticity ofY;} given X;. Now we consider the forecasting for the
last 6 observations based on both the WNW and NW estimatdngeh are
computed by using the same bandwidth for each.cBise 95% prediction in-
tervals are reported in Table %hich shows that the WNW method outper-
forms the NW approachalthough all predictive intervals based on both methods
contain the corresponding true valugse average lengths of the intervals for
WNW and NW are (L66 and 0179 respectivelywhich are 587% and 63%%

of the range of the dat& herefore we can conclude that without making any
complex model assumptiorthie prediction intervals based on the WNW method
for time series data work reasonably well

TABLE 2. The postsample predictive intervals for airline data

Observation True value IPfor WNW PI. for NW

Y126 0.001

[-0.101, 0.045]

[-0.101, 0.045]

Yir ~0.046 [-0.101, 0.055] [-0.101, 0.067]
Yizg 0.012 [—0.102 0.131] [-0.102 0.131]
Yize 0.032 [-0.101 0.042] [—0.101 0.042]
Yiz0 —0.050 [-0.086 0.044] [—0.086 0.044]
Yia1 -0.010 [—0.054 0.131] [—0.115 0.141]
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(a) Time series plot for airline data (b) Time series plot for log-transformed data (c) Time series plot for differenced log-transformed data
)

cs8l
300 400 500 600

ssa.d Alssanun sbprique) Ag auljuo paysiiand 96018120999¥99205/£101°0L/B10 10p//:sd1y
200

100

0
(<]

o
S

0.0 0.05
I
b o

ot
o——1

L
—)
=

= 2o
= o
=
=
5 °
=%,
=2 o
—=%
" o

-0.05
1

-0.10

T T T T T T T T
0 20 40 60 80 100 120 140 6 25 4‘0 éo So 160 1§0 14‘10

-0.15


https://doi.org/10.1017/S0266466602181096

ssald AusiaAun aBpuguied Ag auluo paysiiand 96018120999¥9920S//L0L°01/610"10p//:sdny

€81l
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Ficure 3. (a) Time series plot of Airline data(b) Time series plot of log-transformed data) Time series plot of twice-differenced log-
transformed datdd) WNW estimates of conditional CDF’s for two different values of covarp§t€0.0086 —0.0501). () WNW estimates of
conditional quantiles for two different values of covarixg0.0086 —0.0501). (f) Estimated conditional quantilg(p) of Y; givenY,_1 = x.
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APPENDIX

Note that we use the same notation as in Sections 2 abelt3; = | (Y; =y) — F(y|X;)
and

-1

00 k- X0 | (A1)

o) = [1 2029(X)

wherev, = [u?K?(u) du. Then

h 2 12
J= = 2b(NeKyx—X)=—= X &, (A.2)
N =1 n¢=1
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where, = Vhb(x)g, K, (x — X;). Let C denote a generic constant that might take a
different value at different places

LEMMA 1. Under assumptions B1-B5, we have

var(Jy) = vo F(y[X)[1— F(y[x)]g(x) = o2(y|x)g?(x) = 6% (y|x).
Proof. It is easy to see thd[{;] = 0 becausé&[g|X;] = 0 and

5 n t—1
var(Jy) = E[{A]+ X (1- n cov({y, <) (A.3)
t=2
A straightforward manipulation yields

E[£#] = hE[bZ(x)e2KZ(x — X)] = o 2(y[x)g*(x) + 0(1).

Choosed, = O(h~¥(2+%2) and decompose the second term on the right-hand side of
(A.3) into two terms as follows

d

=}

t=2 t=

n n
+ > =3+ I
2 t=d,t+1

For Jy4, it follows by condition B5 thatcov({1, ;)| = Ch, so thatd;; = O(d,h) = o(1).
For J;», condition B2 implies thak;,(-) = Ch™! and|(X; — X)Kn(x — X;)| = C, so that
|£| < Ch=Y2, Then it follows from Theorem 12.1 of Ibragimov and Linnik(1971,
p. 306) that

[cov(¢y, 6] = Ch™ta(t — 1),
which implies that

J,=Ch 1> «a(t)=Ch td; 1" =0o(1).

t=d,

This completes the proof of the lemma n

LEMMA 2. Under assumptions B1-B5, we have

hu,9' (x)
A= —m {1+ 0,(} and p(x) = by(x){1+ 0, (D)}.

Proof. Defing for1=j =3,
12 o
A== (X=X TKp(x = X)).
Ni=1
Using the same arguments as those in Lemmaelhave

1
A = -3 m2h?g’(x) + 0,(h?), A, =hr,g(x) + 0,(h?), and  Ag;=0O,(h?).

(A.4)
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By (6.4) in Chen and Hal(1993,

Al = L = Op(h).
Ay — Cl‘A:L'
By a Taylor expansian
0=A;— M, + A2A;— A3A, + -,
so that
A A A
A, A, A,

Therefore substituting(A.4) into the preceding equatipmwe prove the lemma n

Proof of Theorem 1. It follows from Lemma 2 that

M:

l[l (Ye=y) = F(Y[X)]p (0 Kn(x = X,)

F(ylx) — F(ylx) = -
21 P (X)) K (X = X;)

={(nh)™2J; + L,}35 {1+ 0, (D)},

where
1 n
J = E %[F(th) = F(y[X¥)]pe(X) Kp(x — X;)
and
1 n
3= = 3 B(0Kn(x = X0).

t

I
i

By condition B1 and1) and also by the Taylor expansione have
1 n
= 2 F@y0 (X = %)% () Kp(x = X;) + 05(h?) = B(y[x)g(x) + 05(h?)
t=1

by following the same line as that used in the proof of Lemm&ifnilarly,

J; = g(x) + 05(2). (A.5)
Therefore
Vnh[F(y|x) = F(y|x) = B(y[X) + 0,(h?)] = g~*(x)J; + 0,(1). (A.6)

This, in conjunction with Lemma limplies (3). To prove(4), it suffices to establish the
asymptotic normality of); by (A.6). To this end we employ Doob’s small-block and
large-block techniquésee e.g., Ibragimov and Linnik 1971 p. 316). Namely partition
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{1,...,n} into 2q, + 1 subsets with large block of size= r,, and small block of size
s=s,. Set

"
fn + Sh0J

a-a-| (A7)

where| x| denotes the integer part &f Define the random variablefor0=j =q— 1,

jr+s)+r—1 (j+D(r+s) n—1
n = 2 &, fj: E & and Nq = E i
i=j(r+s) i=j(r+s)+r i=q(r+s)
Then

1 q-1 gq—1 1
3= W{JE n + fj“‘”’)q} Eﬁ{Qn,l+Qn,2+Qn,3}'

j=0 j=0

We show thatasn — oo,

1 1
CE[Q)P 50 CE[Qul? -0 (A8)
q—1
Elexp(itQn, )] — [] El[exp(itn, )]‘ -0, (A.9)
j=0
192
- EO E(m?) - 6%(y|x), (A.10)
e

wheref?(y|x) is defined in Lemma 1 and

197

= 3 ElHIm| = e0(y10N)] - 0 (A11)
i=0

for everye > 0. Expression(A.8) implies thatQ, , and Q. ; are asymptotically negli-
gible in probability Expressior(A.9) shows that the summandgin Q,; are asymptot-
ically independentExpressiongA.10) and (A.11) are the standard Lindeberg—Feller
conditions for asymptotic normality @@, ; for the independent setup

Let us first establisHA.8). To this effect we define the large-block sizg by r, =
[(nh,)¥2] and the small-block sizs, = | (nh,)¥?%/logn|. Then asn — o,

s$./frh—>0 and (n/r,))a(s,) — 0. (A.12)

Observe that
g-1

E[Qn,2]2 = 2 var(§;) + 2 2 cov(¢i, &) =F, + F,. (A.13)
j=0 O=i<j=qgq-1

It follows from stationarity and Lemma 1 that

Sh
Fy = gnvar(é,) = qnvar< > Q) = Gn S [0%(y[X) + 0(D)]. (A.14)
j=1
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Next consider the second teiffig on the right-hand side afA.13). Letr;" = j(r, + s,);
thenr; —r* = r, for all j > i. We therefore have

Sh S n—rn n
|Fl=2 2 E 2 |C0V(§ri*+rn+h,fri*+rn+j2)| =2 E 2 |COV(§]‘1,§]2)‘-
0=i<j=q-1 j;=1 j,=1 J1=1 jo=iatrn
By stationarity and Lemma, bne obtains
n
[Fol=2n X [cov(y,4)| = o(n). (A.15)
j=rp+1
Hence by (A.12)—(A.15), we have
1 2 -1
- E[Qn2]*=0(d, s, n*)+0(1)=o0(D). (A.16)
It follows from stationarity (A.12), and Lemma 1 that
N—=0n(rn+sn)
var[Q, 5] = var< > s“j) =0(n = qgy(r, +s,)) = o(n). (A.17)
j=1

Combining(A.12), (A.16), and(A.17), we establish(A.8). As for (A.10), by stationar-
ity, (A.12), and Lemma lit is easily seen that

190 Un Gnfn 1 u
= D EMP) = —EmH=——-—var| X ¢ |- 0%(ylx.
n % n nor, o

To establish(A.9), we make use of Lemma.ll of Volkonskii and Rozanoy1959 to
obtain

gn—1

E[exp(itQn1)] — HO Elexp(itn;)]| = 16(n/ry)a(s,)
j=

tending to zero byA.12).
It remains to establisfA.11). To this end we employ Theorem.4 of Shao and Yu
(1996 and condition B4 to obtain

ElnfI{In.l = e0(y[x)Vn}] = Cn=2E(|ny|?*?)

= O o/2r 2402 (|4 229} 2 (A.18)
It is easy to see that
E(]£,]#%) = Ch, 2, (A.19)
Therefore by (A.18) and(A.19),

Elnf1{In.] = e0(y|x)Vn}] = Cn=%2r2oy2p arorz,
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Thus by (A.7) and the definition of,,, and using condition B6ve obtain

19t

= 3 E[n?1{Im] = s0(y[)NA}] = Cri/2n-#/2h; 179/ = C(nht+2/2) /4 0,
j=0

This completes the proof of the theorem u
To prove Theorem 2we need the following lemma
LEMMA 3. Under assumptions B1-B5, we have

p(ch) = n™*bf(ch){1 + o, (1)},

where

bE(X) = [1+ A(X; — X)Kp(x — X)] 7L
Proof. Let A = argmaxLn(A) so thatL,(1) = 0, whereL,(-) is defined in(2).

It suffices to show thafh — A in probability To this end denote byS, the interval
Ac = e. We show that for any sufficiently smadl the probability

supL,(A) = Ln(Ac)
AES,
tends to oneBy the Taylor expansign

1 1
Ln(/\) - Ln(/\c) = L/n(/\c)()\ - Ac) + 5 I—/r;()\c)()t - /\0)2 + é L/r;,()\*)()\ - Ac)s

with A* lying betweenm and A.. It is easy to show that
Lh(Ae) = 05(1),  Li(Ae) = —B3(€)g(0+) +0,(1),  and L (A") = Oy(1),

where

B c UZKZ(U)
Balc) = f [1— ruk(w)?

This concludes with probability tending to one that whems small enoughfor all
/\ S S;"

Ln(A) - Ln()‘c) = Oa
which completes the proof of the lemma u

Proof of Theorem 2. By replacingb(x) in {; by b¢(ch) and following the same
arguments as those used in the proof of Theorenwel can prove the theorem via
Lemma 3 =
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LEMMA 4. Under assumptions B1-B5 and C1, we have, for &ny O,

F(y+ 8,1%) — F(y|x) = f(y|x)8, + 0,(8,) + 0,((nh)"2/2).

Proof. Let
1 n
A= 0 Elbt(X)[l Yy =y+38,) — 1 (Y, = yIKy(x = X).
t=
Then
F(y+8,%) — F(yx) = J,d5 {1+ 0,(D} (A.20)

It is easy to see that

E(Js) = E[{F(y + 8,[%) = F(y[X)}Hb (X)Kn(x = Xp)] = F(y[X)g(x) 8, + 0(5,).
Similarly,

var(J,) = O(8,(nh)™1).

Therefore

J, = f(y[%)9(x)8, + 0,(8,) + 0,((nh)~V2).

This, coupled with(A.5) and(A.20), proves the lemma |

We now embark on the proof of Theorem 3

Proof of Theorem 3. First, we prove(9). To this end by (3), we have for all x
andy,

F(y|x) = F(y|x) in probability

It follows by Theorem 1 of Tucke(1967 pp. 127-128 that

sup|F(y|x) — F(y|x)| = 0 in probability (A.21)
yenR

becausd=(y|x) is a distribution functionThe assumption thai,(x) is unique implies
that for any fixedx, there is ane = £(x) > 0 such that

6 = 6(e) =min{p — F(qgy(x) — &[x), F(q,(x) + &]x) — p} > 0.

It is easy to see that the following inequalities hold
P{p(X) — 0p(X)| > &} = P{|F(G,(x)|x) — p| > &}

< P{sun F(ylx) — F(ylx)] > 6},
y
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which tends to zero byA.21). Therefore (9) holds We now prove(10). For anyu, let
8n = Bp(X) + (nh)"¥20,(x)u. Then

Qn(u) = P[Vnhoy, *(x){6,(X) = go(X) = By(X) + 05(h?)} = u]
~ P{0y(X) = 0(X) + 85} = P{F(gp(X) + 8,/X) = p}
~ P{F(gp(3)[%) = —f(q(x)|X)8, + p}
by Lemma 4 Therefore
Qn(u) = P[Vnho ~(g,(x) ) {F (ay(x)|X) = p = B(gp(X)[x)} = —u] = @ (u)

by Theorem 1lwhere®(-) is the standard normal distributiomherefore we finish the
proof of the theorem |
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