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ABSTRACT 

In this technical note, a compound path integral solution (CPIS) method is utilized to calculate the re-
sponse exceedance probabilities of a nonlinear compliant offshore structure subjected to slow drift wave 
force excitations.  The structure’s slow drift response exceedance probabilities have also been calculated 
by using the original PIS method for comparison purpose.  It is found that the efficiency of the CPIS 
method for predicting the structure’s slow drift response exceedance probabilities is higher than that of 
the original PIS method. 
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1.  INTRODUCTION 

In order to design a compliant offshore structure with 
high reliability, accurate prediction of the slow drift 
responses (especially the exceedance probabilities) of 
the structure system is necessary.  This technical note 
solely deals with the methods for predicting the slow 
drift response exceedance probabilities of a compliant 
offshore structure moored in random seas. 

Methods based on the Markov diffusion process the-
ory are frequently used for predicting the slow drift 
responses of a compliant offshore structure.  Martin-
sen [1] has investigated the dynamics of slow-drift os-
cillations with non-linear restoring forces.  The prob-
lem was formulated in terms of a three-dimensional 
Fokker-Planck equation in the Markov process theory 
and solved by using a Galerkin method.  However, the 
results obtained were unable to predict the response 
probability densities at high response levels.  Johnsen 
and Naess [2] showed that the path integral solution 
(PIS) method based on the Markov process theory can 
be used to solve the full three-dimensional Fokker- 
Planck equation of similar problems with high accuracy.  
Naess and Johnsen [3] applied the PIS method based on 
a cubic B-spline interpolation scheme for calculating 
the slow drift response statistics of a moored offshore 
structure.  It is shown in their paper [3] that the PIS 
method is capable of providing response statistics that 
are accurate to very low probability levels.  Recently 
Karlsen and Naess [4] applied the PIS method based on 
a cubic B-spline scheme for studying the slow drift re-

sponse statistics of a moored large volume floating 
structure.  However, it should be noted that cubic B- 
spline is a high order interpolation scheme, and the 
computational time for spline interpolation increases 
exponentially with the number of dimension.  There-
fore, the amount of computer time required to obtain an 
accurate estimate of the slow drift response statistics 
was found to be excessive in [3] and the PIS technique 
in [3,4] is therefore not well suited to the initial design 
stage. 

Yu et al. [5] had proposed a PIS method based on the 
implicit Gauss-Legendre integration rule for improving 
the computational efficiency and accuracy of the path 
integration.  Their PIS procedure based on the Gauss- 
Legendre scheme was applied in studying the slow drift 
extreme responses of moored ocean structures [6,7], 
and it was found that the computation efficiency can 
indeed be improved if the researchers have rich experi-
ence on the engineering problem being tackled so that 
they can make a good estimation of the initial response 
probability density.  If a bad estimation on the initial 
probability density were made, the computation time 
for the path integral solution would have been signifi-
cantly increased.  To find an optimal way for choosing 
the initial probability density in order to further im-
prove the efficiency of the PIS method, the author of 
this technical note first proposed a compound path in-
tegral solution (CPIS) method [8].  In this technical 
note, the motion response of a compliant offshore 
structure driven by slowly varying wave drift forces 
will be modeled as a nonlinear oscillator with Duffing 
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type restoring force, and the structure response ex-
ceedance probabilities will be calculated by utilizing 
the CPIS method proposed in [8].  To the best of the 
author’s knowledge, this is the first effort to apply the 
CPIS method based on the Gauss-Legendre scheme for 
predicting the response exceedance probabilities of a 
compliant offshore structure.  The work presented here 
will likely to offer a valuable tool to the practicing en-
gineers for predicting slow drift response exceedance 
probabilities of an offshore structure in the initial de-
sign stage. 

2.  THE DYNAMIC MODEL OF THE SLOW 
DRIFT MOTION 

The example studies in this technical note are con-
cerned with the horizontal wave drift motions of a 
compliant offshore structure moored in random seas.  
The nonlinear random differential equation of motion of 
the structure can be written in the form [8]:  

 3
1 3 | | ( )DMx Dx C Rx x K x K x cW t         (1)  

This equation may represent the surge motion of a 
moored SPAR platform or a semi-submersible.  In the 
above equation, M is the structure total mass; x is the 
structure surge displacement; the symbol (˙) denotes 
differentiation with respect to time; D is the wave drift 
damping coefficient;  is the sea water density; CD is 
the Morrison drag coefficient; R is the structure charac-
teristic dimension; K1 is the linear restoring force coef-
ficient; K3 is the nonlinear restoring force coefficient; 
W(t) is a unit Gausssian white noise; c is the strength of 
the white noise.  Figure 1 shows the simulated time 
histories of the slow drift wave force random excitation 
W(t). 

Writing the quadratic damping term in Eq. (1) as the 
sum of a linear term and a cubic term as in [9] and rear-
ranging the equation, we obtain: 
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To get the surge response exceedance probabilities of 
the compliant offshore structure, the author of this 
technical note once used a path integral solution (PIS) 
method [7].  However, the efficiency of applying the 
PIS method is largely dependant on whether a good 
estimation on the initial response probability density 
values can be made or not.  Recently, the author of this 
technical note first proposed a compound path integral 
solution (CPIS) method [8] for predicting the slow drift 
response statistics of a compliant offshore structure.  
The accuracy and efficiency of the method of com-
pound path integral solution have been validated in [8].  
In the following sections, the theoretical background of 
the CPIS method will be briefly introduced, and the 
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Fig. 1 Simulated time histories of the slow drift wave 

force W(t) 

response exceedance probabilities of a compliant off-
shore structure driven by slowly varying wave drift 
forces will be calculated by utilizing the compound path 
integral solution method. 

3.  THEORETICAL BACKGROUND OF THE 
COMPOUND PATH INTEGRAL SOLUTION 

The approach of the path integral solution is based 
on the path integral representation of the Fokker-Plank 
equation, which is the governing equation of the transi-
tion probability density for a Markov process.  The 
numerical method involves a stepwise algorithm that 
computes the evolution of probability distribution p(x, t) 
from an initial probability distribution p(x0, t0), which is 
estimated by the researcher based on his (her) experi-
ence.  We can express a typical evolution of a prob-
ability from ti 1 to ti as follows: 

( ) ( ) ( 1) ( 1) ( 1)
1 1( , ) ( , , ) ( , ) i i i i i

i i i iRp x t p x t x t p x t dx    
   (3) 

where R is the reduced integration range, provided that 
the probability evolution outside this range is negligible.  
The essential features of the Gauss-Legendre-based 
algorithm will be illustrated for a one-dimensional sys-
tem.  In this case, integral (3) can be discretized into 
the following composite Gauss-Legendre quadrature 
form: 
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where K is the number of sub-intervals, dk is the length 
of the sub-interval k, Lk is the number of quadrature 
points in sub-interval k.  Each ckl is the quadrature co-
efficient of a Gauss quadrature point, and xkl is the po-
sition of the quadrature points.  Equation (4) can be 
used to calculate the probability density at any point x(i) 
at step i provided that the probability density at the 
Gauss quadrature points are known at step i 1.  In 
order to obtain the probability density at any point x(i ) 

at step (i 1), the following probability densities at the 
Gauss quadrature points need to be calculated:  

( ) ( 1) ( ) ( 1)
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with the assumption that the transition probability den-
sities ( ) ( 1)

1( , , )i i
i iklp x t x t

  and ( ) ( 1)
1( , , )i i

mn i iklp x t x t
  

are Gaussian distributed when ti ti1 is sufficiently 
small,  computer programs can be developed to solve 
Eqs. (4) and (5).  When using the above path integral 
solution method for solving the motion response statis-
tics of a structure, the initial probability density p(x0, t0) 
of the response of the structure is estimated by the re-
searcher based on his (her) experience.  Whether a 
good estimation is made or not will have big influence 
on the computer running time of the path integral solu-
tion.  If a bad estimation of the initial probability den-
sity were made, the running time of the path integral 
solution would have been significantly increased.  
Here, the estimation of the initial probability density 
means to estimate the values of the mean and standard 
deviation in the probability density formula.  To find 
an optimal way for estimating the initial probability 
density p(x0, t0), the CPIS method proposed in [8] tries 
to first estimate a rough initial probability density using 
small number of Monte Carlo simulations and the 3 
sigma rule of Normal Distribution [10].  The 3 sigma 
rule tells us that if the probability distribution of a ran-
dom variable is approximately Normal, then there are 
about 99.7 of the values of this random variable are in 
the scope of 3 times standard deviation from the mean.  
This rule is shown in Fig. 2.  In Fig. 2,  represents 
standard deviation.  represents mean.  

After a small number of Monte Carlo simulations 
have been performed on the structure equation of mo-
tion, the initial response displacement and velocity 
probability density curves of the structure can be ob-
tained.  According to the 3 sigma rule of Normal Dis-
tribution, we can promptly obtain the mean and stan-
dard deviation values of these two curves.  Subse-
quently, we can construct the formula of the initial joint 
probability density which will not have a big difference 
from the final response probability density values.  
The constructed initial probability density formula is 
then inserted into the source code of the original path 
integral solution program.  Good prediction of the 
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Fig. 2 Three-sigma rule of the Normal (or approxi-
mately Normal ) probability distribution 

response statistics can then be achieved by running the 
modified computer program in a relatively short time 
compared to the one used by the original PIS method.  
We see that the above compound path integral solution 
procedures have taken the advantage of the method of 
Monte Carlo simulation, whose strength is in predicting 
the central part of the response probability density 
curve.  The CPIS procedures have also taken the ad-
vantage of the method of path integral solution, whose 
strength is in predicting the extreme responses (the tail 
regions of the response probability density curve). 

4.  APPLICATION OF THE COMPOUND PATH 
INTEGRAL SOLUTION 

We will now apply the compound path integral solu-
tion method for predicting the response exceedance 
probabilities of a compliant offshore structure subjected 
to slow drift wave force random excitations.  Here we 
first give the Rice formula [11] which can be used to 
calculate the mean level up-crossing rates: 

  
 

{ }{ } 0
( ,  )   ( ,  ,  ) X XE n t xp x t dx



        (6) 

where E[n+(, t)] denotes the mean rate of  up- cross-
ings by a stochastic process X(t).  If the stochastic 
process X(t) is the response displacement process of a 
structure, then in the above equation, { }{ } ( ,  ,  )X Xp x t   
denotes the joint probability density of the response 
displacement and velocity. 

Let PF(T) = PF(T, ) denote the probability that X(t) 
exceeds the value  during a period of time of length T, 
then [11]: 

   ( ) 1 exp ( ,  ) ( )FP T E n t TC      (7) 

The above equation is the formula for calculating the 
exceedance probabilities for a specified period of time 
of length T.  In the above equation C() is an optional 
function which describes the relative proportion of level 
 crossings considered statistically independent.  A 
unitary value of C()�indicates statistical independence 
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of successive peaks, a reasonable assumption for a high 
excursion level. 

We now utilize the compound path integral solution 
method to calculate the response exceedance probabili-
ties of a compliant offshore structure driven by slowly 
varying wave drift forces described by Eq. (2).  Spe-
cifically we will calculate the structure response level 
up-crossing rates and exceedance probabilities.  The 
specific structure we will study is the Faltinsen and 
Løken moored floating cylinder [3].  The total mass 
per unit length of the cylinder is M  3.21 105kg/m, 
and the radius of the cylinder is R  10m.  The drag 
coefficient CD is equal to 0.6.  The undamped natural 
frequency is chosen to be 0(K1/M)0.5  
0.06rad/s,and the ratio of the stiffness parameter to the 
total mass is K3 /M = 2.5  105m2s2.  The wave drift 
damping coefficient is chosen to be constant, corre-
sponding to a damping ratio  D/20 M 0.05.  The 
c/M value is chosen to be 0.0245.  Equation (2) can 
now be written as:    

3 30.021 0.005 0.004 0.000025 0.0245 ( )x x x x x W t      
  (8) 

The equations for the first and second order moments 
of x(t) in Eq. (9) can be obtained using the well known 
Gaussian closure as: 
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where  [ ,  ]i j
ijm E x x  .  The moments obtained from 

solving Eq. (9) for a short time step are used to form the 
two dimensional Gaussian transition probability den-
sity.   

The initial probability density distribution is esti-
mated by Monte Carlo simulation 50 times and the 3 
sigma rule.  According to the 3 sigma rule of Normal 
Distribution, we can quickly obtain that the mean value 
of the marginal probability density is m1  0.50, and 
the standard deviation is 1  6.3/3  2.1.  Similarly 
we can obtain the mean value and standard deviation of 
the response velocity marginal probability density curve: 
m2  0.1, 2  0.17.  Thus, we have obtained the fol-
lowing initial probability density via Monte Carlo 
simulation 50 times. 
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Using the above formula, we can quickly modify the 

source code of the original path integral solution 
method.  The evolution of the structure response 
probability density is then computed using the CPIS 
program with a time step of t  1s, and within a reduced 
state space [10, 10]  [1, 1], which was divided into 
40 uniform sub-intervals in the direction of response 
displacement with two Gauss quadrature points in each 
sub-interval, and was divided into 4 uniform sub-  
intervals in the direction of response velocity with two 
Gauss quadrature points in each sub-interval.  Nor-
malization procedure is adopted during the calculation 
process in order to avoid diffusion of the final result.  
Running the CPIS program 10 times, we have obtained 
the joint probability density values of the response dis-
placements and velocities of the offshore structure.  
Wang has compared the structure’s extreme response 
probability density values predicted via 158 minutes 
Monte Carlo simulation, 12 minutes PIS solution and 6 
minutes CPIS solution (CPIS 7 times) when the struc-
ture system has analytical solutions in a special case, 
and it is found that the results obtained by applying the 
CPIS method are much more accurate [12] (Wang 
Yingguang, 2008).  With this fact in mind, we can 
conclude that the joint probability density values of the 
response displacements and velocities of the offshore 
structure obtained from 10 times CPIS solution are suf-
ficiently accurate. 

Having obtained the above results, we have calcu-
lated the moored floating cylinder’s slow drift response 
level up-crossing rates according to Eq. (6).  Then the 
cylinder’s slow drift response exceedance probabilities 
for a time period of 3 hours are calculated according to 
Eq. (7) in which a unitary value of C() is chosen.  In 
order to demonstrate the accuracy and efficiency of the 
CPIS method, the cylinder’s slow drift response ex-
ceedance probabilities have also been calculated by 
using the original PIS method for comparison purpose.  
The calculation results are shown in Fig. 3. 

In Fig. 3, the red curve with solid circles represents 
the logarithm of the cylinder’s response exceedance 
probabilities via 10 rounds path integrations.  The 
green curve with solid up triangles represents the loga-
rithm of the cylinder’s response exceedance probabili-
ties via 20 rounds path integrations.  The blue curve 
with solid down triangles represents the logarithm of 
the cylinder’s response exceedance probabilities via 
100 rounds path integrations.  The 100 rounds path 
integrations costs about 29 minutes on a Dell Dimen-
sion 5150/E510 desktop computer.  The black curve 
with solid squares represents the logarithm of the cyl-
inder’s response exceedance probabilities via 10 times 
compound path integral solutions.  It takes about 7 
minutes to finish the 10 rounds CPIS solutions on a 
Dell Dimension 5150/E510 desktop computer.  We 
notice the tendency in Fig. 4 that as the path integration 
time is prolonged, the results from the PIS solutions get 
more close to the results from the CPIS solutions.  The 
results from 29 minutes PIS solutions agree considera-
bly well with the results from 7 minutes CPIS solutions.  
Obviously, the efficiency of the CPIS method for pre-
dicting the structure’s slow drift response exceedance 
probabilities is higher than that of the PIS method. 
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Fig. 3 Comparison of the logarithm values of the 
path integral solutions and the compound path 
integral solutions of the extreme response ex-
ceedance probabilities 

5.  CONCLUDING REMARKS 

In this technical note, the theoretical background of 
the compound path integral solution method is eluci-
dated.  The compound path integral solution proce-
dures have taken the advantage of the method of Monte 
Carlo simulation, whose strength is in predicting the 
central part of the response probability density curve.  
The CPIS procedures have also taken the advantage of 
the method of path integral solution, whose strength is 
in predicting the extreme responses.  

To demonstrate the usefulness of the compound path 
integral solution (CPIS) method, the motion response 
level up-crossing rates and exceedance probabilities of 
a nonlinear compliant offshore structure driven by 
slowly varying wave drift forces are calculated by util-
izing the CPIS method.  The structure’s slow drift re-
sponse exceedance probabilities have also been calcu-
lated by using the original PIS method for comparison 
purpose.  We notice the tendency that as the path inte-
gration time is prolonged, the results of response ex-
ceedance probabilities from the PIS solutions get more 
close to the results from the CPIS solutions.  The re-
sults from 29 minutes PIS solutions agree considerably 
well with the results from 7 minutes CPIS solutions.  
Therefore, the efficiency of the CPIS method for pre-
dicting the structure’s slow drift response exceedance 
probabilities is higher than that of the PIS method.  
The compound path integral solution method can be 
utilized as a valuable tool to the practicing engineers for 
predicting slow drift response exceedance probabilities 
of a compliant offshore structure in the initial design 
stage. 
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