Math. Proc. Camb. Phil. Soc. (1986), 100, 161 161
Printed in Great Britain

Sequence spaces defined by a modulus
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Ruckle[4] used the idea of a modulus function f (see Definition 1 below) to construct
the sequence space

L(f) = fo = @): £ 1) < o). ®

This space is an FK space, and Ruckle proved that the intersection of all such L{f)
spaces is ¢, the space of finite sequences, thereby answering negatively a question of
A.Wilansky: ‘Is there a smallest FK-space in which the set {e,, €,, ...} of unit vectors
is bounded ?’

The space L(f) is closely related to the space I, which is an L(f) space with f(x) =«
for all real z > 0. Thus, Ruckle proved that, for any modulus f,

L(f)y<!l, and L(f)* =1, (2)

where L(f)* = {y = (y,): Z|y, 2] < oo for all ze L(f)} is the a-dual of L(f).

In the present note we introduce and examine some properties of three sequence
spaces defined using a modulus f, which generalize the well-known spaces w,, w and w,,
of strongly summable sequences (see, for example, [2], [3], [5]).

Definition 1. Let f: [0, 00) — [0, 0). Then f is called a modulus if

(i) f(x)=0ifand onlyifz = 0,
(ii) f(x+y) < flx)+f(y), forallz > 0,y > 0,

(iii) fis increasing,

(iv) fis continuous from the right at 0.

It is immediate from (ii) and (iv) that f is continuous everywhere on [0, c0).

If we take f(x) = 27 (0 < p < 1) then the space L(f) in (1) is the familiar space ,,.

Later we shall make use of the function f given in the next proposition.

ProrosrrioN 2. There is a modulus f such that f (xy) < f(x)+f(y) forx > 0,y > 0.

Proof. Define f(x) = log (1+ ). Then f is a modulus, subadditivity following from
the fact that 1 +x+y < (1+2x)(1+y)forz > 0,y > 0. The other property of f follows
from 1+xy < (1+2) (1 +y).

We now introduce the generalizations of the classical spaces of strongly summable
sequences.

Definition 3. Let f be a modulus. Denote by s the space of all complex sequences
z = (z,) and write e = (1,1, 1, ...). Define

tal) = 11 3 £(|zel),
k=1

wo(f) = {xes: t,(x) > 0 (n > 0)},
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w(f) = {xes: x—lecwy(f) for some number I},
Welf) = {xes: sup, ¢,(x) < oo}.
If we take f(x) = 2P (0 < p» < 1) in Definition 3 then we obtain the familiar spaces of
strongly summable sequences with index p. For 0 < p < 1, the space w ,, = w(f), with

f(z) = 2?7, is important in connection with Kuttner’s theorem (see [1-3], [5]).
In contrast with the first inclusion of (2) above, we have:

TurEOREM 4. For any modulus f we have

wy, < w(f). (3)
Proof. Let € wy, so that

n
8, =n1Y |z, -1l >0 (n-—>o0).
k=1

Lete > 0andchoose dwith0 < 8 < 1suchthatf(t) < efor0 < ¢ < 6. Writey, = |z, —1|
and consider

5 fe) = 51+ Se
k=1

where the first summation is over y,, < & and the second over y, > 8.Then 3, < en, and
for y,, > & we use the fact that

Yr < Ui/0 < 1+[y:/8],
where [¢] denotes the integer part of ¢. By Definition 1, (iii) and (ii) we have for y, > 4,

F@) < (L+[3/8Df (1) < 2f (1) /8.

Hence 3, < 26-1f(1) ns,, which together with 3}; < en yields (3).
If we write wy(f) = wyand w,(f) = w, in the case when f (z) = z, then the method of
proof of Theorem 4 shows that, for any modulus f, we have

wy < wy(f) and we S Wy(f).
For the space L(f) it is easy to see that the space of multipliers of L(f) is [, i.e.
{aes: ax = (apz,)eL(f) for all ze L(f)} = lo.
Some information on multipliers for w,(f) is given below. For any set E of sequences
we denote by M(E) the space {acs: axe E for all z€ E}.

THEOREM 5.

(i) For any modulus f we have 1, € M(wy(f)) < wolf).

(ii) If f is bounded then M(w.(f)) = wo(f) = 8.

(iii) If f is unbounded and there is a positive constant c such that f (xy) = of (x)f (y) for
allx > 0,y > 0then M(w,(f)) = lo.

(iv) There exists an unbounded f withl, + M(we,(f)) = wol(f)-

Proof. (i) ael,, implies |a,| < 1+ [H] for some H > 0 and all k. Hence z€w,(f)
implies
t(az) < (L+[H])t,(2),
which gives the first inclusion. The second inclusion follows from the fact that
e=(1,1,1,...)ew.(f).
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(ii) If fis bounded then, for any z€s,

ta(®) < sup{f(y): y > 0}
so that w,(f) = s.
(iii) In view of (i) we need only show that M(w,(f)) < l.
In what follows we use the fact that e w,(f) if and only if

1
sup, 5 Z,f ({#) < oo,

where X, denotes a sum over 27 < k < 27+L.
Also, we denote by max, |y,| the maximum taken over 27 < k < 2+1,
Now suppose, if possible, that there exists a € M(w,(f)) with (M (r)) unbounded,
where
M(r) = max,f(|a))-

If the maximum occurs for k = k(r), then there exist r, < 7, < ... with f(|ay,,|) > ¢ for
1 > 1. Also there exists y, with f(y,) = 27i.
Define x;, = y, for k = k(r,) and z;, = 0 otherwise. Then

sup, 27X, f(|z;]) = 1,
but for r = 7,

2E, f(|azil) > ci

contrary toa € M(w,(f)). Hence we must havesup, f(|a,|) < cowheneverae M(w,(f)).
But it is easy to see that, since fis unbounded, sup, f (|a,|) < cois equivalenttoael,.

(iv) Define f(x) = log (1 +z) as in Proposition 2 and take a, = k for k = 2" with
a;, = 0 otherwise. Then a e M(w,(f))\l, since xew,(f) implies

2%, f(|ag2,)) < 277(log 27+ f (|z|))
< o(1)+27Z, f (| ])-

Finally, if a and z are in w,(f) it follows from Proposition 2 that
2 Erf(lakxkl) 2"E,f([ak|)+2 ’zrf(lxkl)

whence w,(f) < M(w,(f)), which completes the proof.

We note that the restriction of Theorem 5 (iii) is not necessary for M(w,(f)) = lo-
For example, if we define g(x) = x+ x4 then there is no ¢ with g(zy) > cg(z) g(y) for all
z 2 0,y > 0. But a slight modification of the argument of Theorem 5 (iii) shows that
M (we(g)) = lo. Infact for this particular g is it is also true that w,(g) = w,, so the result
follows from Theorem 5 (iii) with f(z) = z.

The next theorem shows the relation between w,(f) and w,(g) for moduli f and g.

THEOREM 6. w,(g9) © we(f) if and only if

f @)
oz) <% @

Proof. It is trivial that (4) is sufficient for the inclusion.

Conversely, let the inclusion hold. In case g is bounded it follows from Theorem 5 (ii)
that w,(g9) = sand so w,(f) = 8, which clearly implies that f is bounded. Consequently
(4) must hold.

lim sup

6-2
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Now suppose that g is unbounded and that (4) fails. Then there exists z, > 0 with
Jf(z,) > 2g(x,) > 22 Let (1) be the natural number such that

2"(1)—1 < g(a'l) < 2"(1).

Then (1) > 1. Also, there exists x, > 0 with f(z,) > 4g(x,) > 4-2"®, so if 7(2) is the
natural number such that 2r®-1 < g(x,) < 2"® we have 7(2) > r(1). Proceeding
inductively, we determine z; and 7(¢) with 7(¢) > (s — 1) such that

f(x;) > (20)g(x;) > (26) 26D and 201 < g(x,) < 29,
Let us define y, = z, for k = 2 and y,, = 0 otherwise. Then for r = r(¢) we have
2"2,g(|yk|) <1 and 2—'ng(|yk|) > i:

contrary to the fact that w,(g) = w,(f).
COROLLARY 7. We(9) = we(f) if and only if

0< hmmff( ) hmsupf

(@) _

oo §(®) g(x )
If, for example, we take f(z) = /(1 + )} for z > 0, it is easy to check that f is an
unbounded modulus such that f(zy) > f(x)f(y) forallz > 0,y > 0. By Theorem 5 (iii)
it follows that M(w,(f)) = l,. But Corollary 7 shows that w.(f) = w,(g), with

g(x) = z¥, whence w,(f) is the space
f: 275 JmJt = 0(1))

for which it is obvious that M(w.(g)) = .

Also, it is worth observing that if f is any modulus which satisfies f(zy) = f (z)f(y)
for all x > 0 and y > 0, then f is necessarily of the form f(x) = 27 for some p with
0 < » < 1. This follows by considering g: R — R given by

g(x) = logf(e”)

and using the fact that g is additive and continuous, which implies, as is well known,
that g(z) = zg(1).

It is interesting to ask whether there is a modulus f such that f satisfies the condition
of Theorem 5 (iii), so that M(w,(f)) = ., butissuch that w,(f) does not coincide with
any wy(g), where g(x) = 2 (0 < p < 1).

I wish to thank Dr D. H. Armitage for supplying me with the following example of
such a modulus:

[ () = z/(log (x + €?)).

In this case we have f (zy) > f(x)f(y), and it follows from Corollary 7 that w.(f) is not
Wy(g) for any g(x) = 2?7 (0 < p < 1).

In conclusion we consider the metrization of the w(f) spaces—these spaces, given
in Definition 3, are obiously linear subspaces of s with the usual coordinatewise
operations.

Recall that a paranormed space (X,g) is a topological linear space whose metric
topology is given by a paranorm ¢ (a real subadditive function with g(fd) =0
g(z) = g(—z) for all xe X and with continuous scalar multiplication).

https://doi.org/10.1017/50305004100065968 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100065968

Sequence spaces defined by a modulus 165
It is natural to metrize w,(f) and its subspaces wy(f) and w(f) by

g(x) = sup, 2-rzrf(|xk|): (5)

where the sum is over 2" < k < 271,

In the next result we use the terms paranorm and metric in connection with g given
by (5).

THEOREM 8.

(i) wy(f) and w(f) are paranormed FK spaces.

(il) wolf) 18 a complete metric topological group with continuous coordinates, in which
the map x - Ax is continuous at x = 0 for each fixed scalar A and the map (A, z) > Ax is
continuous at A = 0, x = 6. In general, w(f) 18 not paranormed by g.

Proof. (i) The statements about w,(f) are easily proved, so we consider w(f), where
only completeness and the continuity of Az (z fixed, A — 0) are not entirely obvious.
Suppose that (2™) is a Cauchy sequence in w(f). Then there is a sequence = = ()
such that 24 — x, (n — 00, each k) and g(z™ — z) — 0 (n — o0). Also, for each n, there
exists I™ with
27, f(|zi ~ 1)) > 0 (r - o),

whence f(|{™ —[™)|) — 0 (n,m — o) and so (I™) converges to [, say. Consequently
2~ f(|z,—1|) > 0 (r—>o0),

so that e w(f) and the space is complete.
Now fix zew(f), so that we have

a, =272, f(lz, =) >0 (r—>o0). (6)
For each R, by continuity of f,
oR+1
b(R,A) = f(|Al)+ kZ_‘.lf(Wkl)->0 (A ~>0). (7

Also, for |A| < 1andall 7 > 0,
27Ef (| A) < a, +£([A)). ®)

Let¢ > 0and choose Rsuch that» > Rimpliesa, < ¢/2. Then choose 8 < 1such that
[A] < & implies b(R, A) < /2. It follows readily from (6)—(8) that g(Az) - 0 (A - 0).

(ii) We deal with the last sentence only, where we show that in order that g should
be a paranorm it is necessary, but not sufficient, that f should be unbounded.

Suppose fis bounded and takez = (1,2,3,4,...)in w,(f). Forany A > 0 we choose k

such that kA > 1, whence g(Az) > f(1), and so g is not a paranorm.
Finally, consider the unbounded modulus given by f(z) = log (1 +z) and define

z,=¢€ fork=2r and =z, =0 otherwise.
For any A > 0 we find that
275 f(Az)>1 (> ),

whence g(Az) > 1, and so g is not a paranorm.
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