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Abstract. Multiscale modelling is a powerful technique, which allows for computa-
tional efficiency while retaining small-scale details when they are essential for un-
derstanding a finer behaviour of the studied system. In the case of materials mod-
elling, one of the effective multiscaling concepts is domain partitioning, which im-
plies the existence of an explicit interface between various material descriptions, for
instance atomistic and continuum regions. When dynamic material behaviour is con-
sidered, the major problem for this technique is dealing with reflections of high fre-
quency waves from the interface separating two scales. In this article, a new method
is suggested, which overcomes this problem for the case of magnetisation dynamics.
The introduction of a damping band at the interface between scales, which absorbs
high frequency waves, is suggested. The idea is verified using a number of one-
dimensional examples with fine/coarse scale discretisation of a continuum problem
of spin wave propagation. This work is the first step towards establishing a reliable
atomistic/continuum multiscale transition for the description of the evolution of mag-
netic properties of ferromagnets.
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1 Introduction

Experimental investigations of the magnetisation dynamics is currently a most active and
challenging research field [1–6]. The scientific questions which are addressed in these
studies focus e.g. on advanced magnetic materials for data storage and magnetic mem-
ories, with the aim of understanding the fundamental limit of magnetisation switching
and reversal. Technical avenues to reach this fundamental limit are pursued experimen-
tally, e.g. using optical control, current induced phenomena and all-thermal switching,
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and several breakthroughs have been reported. In these experimental works it has been
found that a Laser pulse can be used to demagnetise a ferromagnetic sample on time
scales of picoseconds down to femtoseconds [1–6]. These studies are still on a very fun-
damental level and for practical aspects it can be argued that in device design a setup
involving a Laser might be a hinder.

On the theory side methodologies have been developed that are based on the concept
of micromagnetism [7,8], which provides a framework for understanding magnetisation
dynamics on length scales of micrometers and in which the magnetisation is considered
as a continuum variable. In this approach, the magnetism is treated as a continuum
vector field on a relatively large length scale. The power of being able to couple such
continuum based theories to the recently emerging atomistic theory of magnetisation dy-
namics [9] is obvious. One could then treat larger sections of the simulation box that have
less structure or detail using the continuum model, while smaller regions with more de-
tail could be treated on an atomistic scale. However, it is not straightforward to take the
necessary step in this multiscale approach to magnetisation dynamics. Nevertheless, a re-
liable theoretical tool which could serve as a complement to modern experimental works
on magnetisation dynamics and ultrafast switching phenomena is highly desirable, both
when it comes to understanding the mechanisms which play role, but also for predicting
phenomena and novel materials/concepts.

There are multiple ways of performing multiscale simulations, one of which is do-
main partitioning, where there is an explicit interface between various material descrip-
tions. Models of coupling atomistic and continuum descriptions were initially developed
to describe the mechanical behaviour of solids [10]. There is a wide variety of methods,
which are applicable in the case of quasistatic behaviour [11], however, modelling the
dynamic behaviour is more problematic, in particular, wave reflections from the inter-
face between two descriptions present a challenge for multiscale techniques. Recently a
significant progress has been made in this area [12, 13]; a modification of the equation of
motion of atoms in the proximity of the atomistic/continuum interface was suggested,
such that high frequency waves are damped in this region.

There are also multiscale techniques, which are developed for the simulation of the
magnetic material properties. In [14], some aspects of constructing continuum micro-
magnetic description and estimating its parameters based on atomistic spin dynamics
were discussed. In [15], a way of coarse-graining from the atomistic to micromagnetic
description, with a gradual transition of discretisation between descriptions, was pre-
sented. However, the proposed method was limited to the static problem of finding
equilibrium states in the domain partitioned into atomistic and micromagnetic regions.
Recently a way of constructing a transition between two descriptions for dynamic prob-
lems was published [16]. This approach suggested an overlapping of the atomistic and
the continuum regions where the exchange energies of the two models are mixed. The
model was used to describe the dynamics of Bloch points, which were surrounded by
the atomistic description, while the rest of the material was modelled as a continuum.
However, the continuum model still had to be discretised down to the atomistic scale,
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which limits the gain in efficiency.

The aim of this work is to investigate a way of interfacing two scales, where both fine
scale and coarse scale regions are represented by the continuum description and where a
sharp transition between scales might exist. Although the scope of this article is limited
to the use of the continuum description at the fine scale as well, the proposed coupling
method is designed to be valid also when the atomistic description is adopted at the fine
scale, since the discrete equations from the well-resolved continuum description are of
the same type as the atomistic description. As outlined above, when dynamic systems
are considered, the major problem for multiscale methods is dealing with reflections of
high frequency waves from the interface separating two scales. Domain partitioning into
coarse and fine regions, where the latter isolates the source of waves or a heterogeneity in
the material, implies that such high frequency waves are significant only in the fine region
and are neglected in the coarse region. The justification of this disregard originates from
the fact that for systems with physical damping, high frequency waves are attenuated
faster than low frequency waves and have a limited range. Therefore, to avoid wave
reflections from the interface in the partitioned domain, high frequency waves have to be
damped at the interface.

There are methods of wave absorption at the boundaries for PDEs, such as the Per-
fectly Matched Layer (PML) technique. However, these methods rely heavily on the
specific form of the PDE to which they are applied and modification of the underlying
PDE requires re-derivation of the PML terms. Moreover, such methods were initially
developed for linear PDEs and it is known, that application of these methods to non-
linear cases often leads to non-linear instabilities. In the current study, the proposed
method should be applicable not only for the continuum case, but also for the atomistic
case and has to remain valid when the governing equations are extended with various
additional terms modifying the material description. Therefore, a relatively simple, but
robust, absorbing layer (damping band) is proposed here and its numerical efficiency is
investigated in detail.

In this article, the modification of the Landau-Lifshitz equation in the vicinity of the
interface is proposed, thereby introducing a damping band that absorbs high frequency
waves, based on the idea of [12]. To investigate the behaviour of the introduced damping
layer, a one-dimensional domain is considered, which is illustrated in Fig. 1b. In Section
2, the modification of the Landau-Lifshitz equation is discussed and a particular case of
small-amplitude spin waves (Fig. 1a) is analysed analytically. In Section 3, propagation
of spin waves, which are generated in the fine scale, and of wave packets resulting from
heterogeneities in the initial conditions is investigated computationally.

2 Methods

The dynamics of volume-averaged magnetisation in the case of a one-dimensional do-
main and absence of physical damping is described by the following equation [7]:
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Figure 1: Schematic representation of spin wave in a one-dimensional domain (a) and the separation of the
domain into different regions, where the coarse scale is represented by the continuum model and the fine scale
is represented by either atomistic or continuum description (b). In the fine-scale region, additional damping is
introduced near the interface. In the coarse-scale region, the absorbing layer near the right boundary is added
to avoid wave reflections from the boundary (only in some computational examples in this article).

∂

∂t
~m=−βL~m× ∂2

∂x2
~m, x∈ [xl;xs]∪[xi;xr], (2.1)

where ~m is the normalised magnetisation, such that |~m|=1, and βL is a scaled gyromag-
netic ratio†. Note that ~m is a three dimensional vector, albeit with a one-dimensional
argument, x. The domain xl≤x≤xr is considered to be split in two sub-domains with the
interface at x=xi (see Fig. 1). In the region adjoining the interface, xs<x<xi, an additional
damping is introduced into the equation describing the magnetisation dynamics:

∂

∂t
~m=−βL~m× ∂2

∂x2
~m−γD~m×(~m×~mA), x∈ (xs;xi), (2.2)

where γD is the strength of the damping inside the damping zone and ~mA is an average of
the magnetisation over a certain region. Note that ~m and ~mA are in general not parallel,
and that both are functions of x. The last term in the Eq. (2.2) “forces” ~m and ~mA to
become parallel acting effectively as a low-pass filter. The detailed expressions for γD and
~mA are given in Section 2.4, following the analysis of special cases of small amplitude spin
wave propagation (Section 2.2) and, in particular, high frequency waves (Section 2.3).
Although the selection of the damping method is based on the example of stationary
spin waves with small amplitude, it is computationally shown that such a damping zone

†In this article, emphasis is made on the numerical technique, therefore all quantities, including x and t, are
considered to be dimensionless, which is common in numerical analysis [17]. This nondimensionalisation is
performed by scaling parameter βL.
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works well in other cases (see Section 3). Parameters xl, xs, xi and xr (see Fig. 1) are
only introduced for descriptive purposes. In the subsequent sections, the width of the
damping zone, s, is used. In the next section, Eqs. (2.1) and (2.2) are re-written in terms
of two angles, θ and φ, which is convenient for the analysis of spin waves.

Although the separation of the domain into the fine scale and the coarse scale regions
has already been mentioned, the actual discretisation is introduced in Section 3.2, where
numerical examples are discussed. The domains are assumed to be strongly coupled,
i.e. the interface point (xi) is the right boundary for the fine scale domain and the left
boundary for the coarse scale domain.

2.1 Spin waves

To analyse the propagation of the spin waves through the domain, ~m is represented
through two angles:

~m=~ex sinθcosφ+~eycosθ+~ez sinθsinφ, (2.3)

where θ is the amplitude of the spin wave and φ is the phase. When the expression for
~m in the form of (2.3) is substituted into (2.1) and (2.2), the following equations for the
amplitude and the phase are obtained:

∂θ

∂t
=−2βL

∂θ

∂x

∂φ

∂x
cosθ−βL

∂2φ

∂x2
sinθ+Γθ , (2.4)

∂φ

∂t
sinθ=−βL

(

∂φ

∂x

)2

sinθcosθ+βL
∂2θ

∂x2
−Γφ, (2.5)

Γθ =

{

γD

(

mAxcosθcosφ−mAysinθ+mAzcosθsinφ
)

, x∈ (xs;xi),
0, x∈ [xl;xs]∪[xi;xr],

(2.6)

Γφ=

{

γD(mAxsinφ−mAzcosφ), x∈ (xs;xi),
0, x∈ [xl;xs]∪[xi;xr].

(2.7)

The stationary solution for the amplitude and the wave number correspond to the case
when

∂θ

∂t
=0,

∂φ

∂t
=−ω, (2.8)

where ω is the angular frequency of the wave and the time derivative of φ is negative
due to section of~ey to be an axis around which ~m is precessing.

2.2 Small amplitude waves

For waves with small amplitude, Eqs. (2.4) and (2.5) can be linearised with respect to
the amplitude, θ. Using Eq. (2.8), the following equations for stationary amplitude and
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wavenumber in the region without the damping, i.e. for x∈ [xl;xs]∪[xi;xr], are obtained:

2
dθ

dx

dφ

dx
+

d2φ

dx2
θ=0, (2.9)

d2θ

dx2
−
(

dφ

dx

)2

θ+
ω

βL
θ=0. (2.10)

It can be shown that the general solution of (2.9) and (2.10) is the following:

θ2=
√

E2+C2+Esin(2νx+D) , (2.11)

φ=arctan

(√
E2+C2

C
tan

(

νx+
D

2

)

+
E

C

)

+F, ν=

√

ω

βL
, (2.12)

where C, D, E are constants that are obtained from the boundary conditions and F is a
function‡ that is independent of x. Hence, in general, the amplitude of the spin wave is
not constant and has a periodic component, the scale of which depends on the boundary
conditions. Since at x= xs the damping band begins, these oscillations in the amplitude
are reflections from the damping zone and since the damping region was introduced as
a part of a numerical method which provides the coupling between scales, the damping
zone parameters should be selected such that these reflections remain small. In the case
when a continuous sub-domain is considered, for example x∈[xl;xs], it can be shown that







∂θ
∂x

∣

∣

∣

x=xs

≤A,

∂2θ
∂x2

∣

∣

∣

x=xs

≤B
⇒ E≤

2G+
√

4G2+16θ0
2ν2(θ0G+A4)

8θ0ν2
, (2.13)

where G = 4θ0 A2+θ0B2+A2B and θ0 is the boundary condition for θ at x = xl. Thus,
if first and second derivative of the spin wave amplitude at the right boundary of the
sub-domain is small (A→0 and B→0), then the oscillations in the amplitude inside the
sub-domain are also small (E→ 0). This means that the damping zone should be of the
finite width, such that the spin waves are attenuated over relatively large region, thereby
resulting in small values of spatial derivatives of the amplitude and leading to a small
change of the solution in the region preceding the damping zone. Therefore the width
of the damping zone depends on the prescribed accuracy. Moreover, small values of
spatial derivatives of θ at the beginning of the damping zone can be achieved by select-
ing inhomogeneous damping strength, which starts from zero and increases towards the
interface.

2.3 Damping of high frequency waves

In the region with damping, x∈ (xs;xi), for high frequency waves the average magneti-
sation vector is approaching a constant vector, provided that averaging region is suffi-
ciently large. This can be seen when magnetisation vector, represented via angles θ and

‡From Eq. (2.8) it is seen that F=−ωt+F1, where F1 is a constant.
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φ, see Eq. (2.3), has fast changing values of cosφ and sinφ, which leads to the constant
value of the average magnetisation, ~mA=~ey. Using this and the assumption of the ampli-
tude being small, Eqs. (2.4) and (2.5) are linearised with respect to θ, which results in the
following equations:

2
dθ

dx

dφ

dx
+

d2φ

dx2
θ+

γD

βL
θ=0, (2.14)

d2θ

dx2
−
(

dφ

dx

)2

θ+
ω

βL
θ=0. (2.15)

Note that compared to Eqs. (2.9) and (2.10), Eqs. (2.14) and (2.15) have only one additional
term.

A particular solution of the system (2.14) and (2.15) can be obtained by taking φ =
kx−ωt, which leads to

θ= θ0 exp

(−γD

2βLk
x

)

, k2 =
ω+

√

ω2+γD
2

2βL
. (2.16)

For this particular solution, it can be observed that for high ω the decrease of the am-
plitude is small within the limited interval x∈ (xs;xi), i.e. high frequency waves are not
damped efficiently§. Alternative explanation of this effect results from the group velocity
of spin waves being dependent on the wave frequency and for the particular solution
(2.16) the group velocity is the following:

vg
2=8βL

ω2+γD
2

ω+
√

ω2+γD
2

, (2.17)

which means that high frequency waves move relatively fast through the damping band
without being significantly affected. To avoid this effect, γD should be dependent on ω,
which can be realised by the introduction of the dependency on time derivative of ~m,
which for the case of spin wave is the following:

∣

∣

∣

∣

∂

∂t
~m

∣

∣

∣

∣

= |ωsinθ|, (2.18)

assuming that stationary solution is considered, see Eq. (2.8). The details of the selection
of the damping parameters are presented in the next section.

2.4 Damping band

As shown above, to avoid significant change of the spin wave amplitude in the region
preceding the damping band, the amplitude should be attenuated slowly in the begin-
ning of the damping region. This can be achieved by gradual increase of the damping

§Although here a particular solution is discussed, this can also be demonstrated numerically for the general
case.
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strength. Moreover, the damping strength should be proportional to the angular fre-
quency of the wave, such that high-frequency waves are subjected to stronger damping,
which can be achieved by introduction of the dependence on the time derivative of ~m.
Taking this into account, the following expression for the damping strength is proposed:

γD= gD (x−xs)
2

√

∣

∣

∣

∣

∂

∂t
~m

∣

∣

∣

∣

, (2.19)

where gD is a constant determining the damping strength and xs is the coordinate of the
beginning of the damping zone.

Within the damping band, magnetisation is damped to an average value ~mA, which
is calculated over a certain region. To obtain a normalised vector, such that |~mA|= 1, a
non-normalised quantity ~m∗

A is introduced at first. Its components are calculated in the
following way:

m∗
Aν= aνx2+bνx+cν, ν={x,y,z} , (2.20)

where coefficients aν, bν and cν are functions of x and are determined by fitting to the
magnetisation ~m in the following way:

Fν(aν,bν,cν,x)=
∫ x+sA/2

x−sA/2

(

mν(ζ)−aνζ2−bνζ−cν

)2
dζ, ν={x,y,z} , (2.21)

(aν,bν,cν)=argmin
aν ,bν,cν

Fν(aν,bν,cν,x), (2.22)

where mν(x) are components of ~m. Thus for each x within the damping band, ~m∗
A con-

tains components that are points of the quadratic functions, which are fitted to the com-
ponents of ~m in the interval of size sA (averaging interval). In the discrete case such a fit
becomes a weighted least square fit. Finally, ~mA is obtained by normalisation:

~mA=
~m∗

A
∣

∣~m∗
A

∣

∣

. (2.23)

3 Computational examples

In this section, at first, the stationary solution of the modified equations describing the
system with the damping band in the case of one uniformly discretised domain is in-
vestigated. The influence of the damping band parameters on the solution is quantified.
Following this, the domain is discretised piecewise-uniformly with two sub-domains:
fine and coarse (see Fig. 1). At this step additional effects of interfacing domains with
different mesh sizes is characterised. After that the case when initial conditions con-
tain inhomogeneities, which create waves of multiple frequencies, is analysed. Finally,
physical damping is introduced into the system to demonstrate limited range of high-
frequency waves, which is the common reason for the increase in coarseness of spatial
discretisation, and the ability of proposed method to handle these waves.

https://doi.org/10.4208/cicp.120615.090516a Published online by Cambridge University Press

https://doi.org/10.4208/cicp.120615.090516a


M. Poluektov, O. Eriksson and G. Kreiss / Commun. Comput. Phys., 20 (2016), pp. 969-988 977

In Section 3.1, a stationary example is considered, i.e. the computed quantities (ampli-
tude and wavenumber) are time independent. Moreover the LLG equation is re-written
in terms of angles (see (2.4) and (2.5)), therefore none of the numerical methods often
used for the dynamic LLG equation [8] is required. The spatial derivatives are discre-
tised using finite differences and the resulting system of non-linear equations is solved
using the Newton-Raphson method. Starting from Section 3.2 the time-dependent so-
lution is investigated and therefore a geometrical integration method for LLG equation
is adopted. More details regarding the method including accuracy and stability can be
found in [18].

Here multiscale examples with a sharp interface are considered, i.e. the interface
between uniformly meshed domains with a different step size, which is intentionally cre-
ated to localise the problem of wave reflection. Obviously, in the case of a mesh with
gradually varying spatial step, waves with different wave lengths are reflected back at
different locations. Thus such meshing requires a wider damping region if the contami-
nation of the solution in the fine scale region is to be avoided. In order to illustrate effects
from different scales clearly, the scale difference of one order of magnitude was selected
for the examples in this section. The actual scale difference depends on the application
of the multiscale method, i.e. the size of the features, which are to be represented on the
coarse scale.

3.1 Amplitude-frequency

To investigate the behaviour of the system where the damping band is introduced,
Eqs. (2.4) and (2.5) in the case of stationary solution (2.8) are solved numerically. The
following boundary conditions are imposed:

θ|x=xl
= θ0, φ|x=xl

=−ωt+F1; (3.1)

dθ

dx

∣

∣

∣

∣

x=xr

=0,
d2φ

dx2

∣

∣

∣

∣

x=xr

=0. (3.2)

In this particular example, the behaviour of the damping band region is investigated,
therefore it is convenient to have constant amplitude and wavenumber in the region fol-
lowing the damping band, i.e. the right part of the domain (see Fig. 1). For a spin wave
of a given frequency, equating derivatives of the amplitude and wavenumber to zero at
the right boundary results in a constant solution in the adjoining region, which follows
from the analytical solution, see Section 2.2. Thus boundary conditions in the form of
(3.2) represent non-reflecting boundary conditions for the case when the solution is a
spin wave. Note that such boundary conditions will not act as non-reflecting in the gen-
eral case, since the superposition principle is not applicable to the solutions of the full
LLG equation due to its non-linear nature. The initial phase, which is determined by the
constant F1, is taken to be 0.

To obtain a numerical solution for θ and φ, the domain xl ≤ x≤ xr is discretised into
N+1 points, the spatial derivatives are approximated using sixth order finite differences
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Figure 2: Spin wave amplitude (a) and wavenumber (b) for the case of gD=103, sA=0.3 and θ0=π/12. The
damping band is starting at xs =1.5 and has a width of s=0.5. The scale of the oscillations of the amplitude,
ER, is marked in the figure.

(central finite differences are used inside the domain and forward/backward finite dif-
ferences are used near the boundaries) and the integrals in (2.21) and (2.22) are calculated
using the midpoint method. The solution of the discretised system is obtained using
Newton-Raphson method. To ensure convergence, N is increased until solutions θC and
θF with (N+1) and (N/0.7+1) discretisation points respectively do not differ by more
than 1%, i.e. max

∣

∣θC−θF
∣

∣/θ0 <0.01.
The example of the solution for the amplitude and the wavenumber is shown in Fig. 2.

Here xl = 0, xr = 3.5 and the damping zone starts at xs = 1.5 and has a width of s =
0.5. As outlined in Section 2.4, the damping strength is quadratically increasing with x,
therefore at xs the amplitude is decreasing slowly. Within the damping band the solution
is damped towards the average which is calculated in the window of size sA = 0.3. As
was shown in Section 2.2 for small amplitudes, in the domain without the damping the
solution (the amplitude and the wavenumber) does contain periodic components, which
depend on the boundary conditions. Spin waves are attenuated in the region xs ≤ x ≤
xi, thus for xl ≤ x ≤ xs there are periodic changes in the amplitude, i.e. the solution to
the left of the damping band is influenced by the reflections from the damping band.
The wavenumber is influenced as well, however the largest change in wavenumber is
observed within the damping band.

The influence of the damping band on the solution can be characterised by the de-
pendence of the amplitude to the right of the damping band and the size of oscillations
in the amplitude to the left of the damping band, ER, on the frequency of the wave. In
Fig. 3, these amplitude-frequency characteristics are illustrated, where the wave length
of the non-damped wave,

λ=2π

√

βLcosθ0

ω
, (3.3)

is used as an argument on the horizontal axis, as opposed to the frequency. The damping
band is seen to be acting as a low-pass filter, which attenuates waves with wave length
that is lower than a certain “cut-off wave length”, while waves with high wave lengths
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Figure 3: Dependence of spin wave amplitude to the right of the damping band, scaled by θ0 (a), and the
magnitude of the oscillations in the amplitude to the left of the damping band, ER, scaled by θ0 (b), on wave

length for the case of gD=103, sA =0.3 and s=0.5.

are unaffected by it. Although presence of the damping region creates perturbations in
the amplitude to the left of it, the magnitude of these oscillations is negligibly small for
both high and low wave lengths and is significant only in the region of the “cut-off wave
length” (see Fig. 3). As was outlined in Section 2.2, these reflections depend on the size
of the damping band, s, and decrease with increasing s.

In Figs. 3, 4 and 5, the influence of θ0 (boundary condition amplitude), gD (damping
strength) and sA (width of region in which ~mA is calculated) respectively on the spin
wave amplitude is shown. It is seen that the magnitude of the wave amplitude hardly
influences the factor by which it is decreased by damping or the scale of the reflections
from the damping band, see Fig. 3. There is only a small increase of the oscillations
of the amplitude due to reflections for large θ0. Therefore it can be concluded that the
proposed damping method works efficiently for the spin waves with both small and
large amplitudes.

As shown in Fig. 4, the damping strength (gD) significantly influences the amplitude
of spin waves with high frequency, while low frequency waves are not damped even for
the case of high damping strength. The scale of the reflections is decreasing with damp-
ing strength. In Fig. 5, it is demonstrated that change of the width of region in which
average magnetisation, ~mA, is calculated produces horizontal shift of the dependency
of amplitude on the wave length and decrease of sA leads to decrease of “cut-off wave
length”. Moreover, large values of sA result in an increase of wave reflections from the
damping region.

Non-smoothness of the dependencies in Figs. 3-5 is the result of the relation between
the size of the domain in which the wave is propagating and the wave length. For ex-
ample, for the small-amplitude waves, it can be seen that size of amplitude oscillations
in the sub-domain without damping, ER, depend on boundary conditions for the phase,
φ, non-linearly, see Eq. (2.12), which in their turn depend on relation between size of the
sub-domain and the wave length.
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Figure 4: Dependence of spin wave amplitude to the right of the damping band, scaled by θ0 (a), and magnitude
of oscillations in the amplitude to the left of the damping band, scaled by θ0 (b), on wave length for the case
of θ0 =π/12, sA=0.3 and s=0.5.

Figure 5: Dependence of spin wave amplitude to the right of the damping band, scaled by θ0 (a), and magnitude
of oscillations in the amplitude to the left of the damping band, scaled by θ0 (b), on wave length for the case

of gD =103, θ0 =π/12 and s=0.5.

3.2 Two length scales, spin waves

To investigate the case of inhomogeneous discretisation, a method of numerical solution
of Eqs. (2.1) and (2.2) was implemented. Time-stepping was performed using mid-point
method [18]. Second order central finite-difference method was used to spatially discre-
tise the equations. The following initial and boundary conditions were used:

~m|x=xl
=~ex sinθcosφ+~eycosθ+~ez sinθsinφ, φ=−ωt, (3.4)

d~m

dx

∣

∣

∣

∣

x=xr

=0, (3.5)

~m|t=0=~ey, (3.6)

where θ|t<T = θ0t/T, θ|t≥T = θ0 and T = 2π/ω. Moreover, to avoid reflections from the
right boundary, an additional damping region was introduced, i.e. Eqs. (2.1) and (2.2)
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were modified further in the following way:

∂

∂t
~m=−βL~m× ∂2

∂x2
~m−γb~m×

(

~m×~ey

)

, γb=
gb (x−xb)

2

√

2πTβL cosθ0

, x∈ [xb;xr]. (3.7)

Frequency-dependent damping, γb, was used. This region is effectively creating an ab-
sorbing boundary at x= xb and it was introduced solely to avoid back-reflected waves.
For the simulations gb=40 was used.

The domain 0≤ x≤4 was split into two sub-domains with 0≤ x≤2 being a fine-scale
domain having ∆xF=1/160 and 2≤x≤4 being a coarse-scale domain having ∆xC=1/16.
At the interface (xi = 2), the second derivatives were approximated using second order
irregular grid central finite differences, which use three grid points: (xi−∆xF), xi and
(xi+∆xC). The damping band in the fine-scale domain starts at xs = 1.5 and ends at
the interface. As was outlined above, there is an additional damping region starting at
xb = 2.5 to absorb waves in the coarse-scale region. Fixed time step was used in the
simulations, ∆t=T/48. The spatial and time discretisations were selected based on the
convergence study. The wave lengths that were used in the simulations ranged from
λ=0.1 to λ=1. Thus waves with the highest wave length had sufficient resolution in the
coarse scale region, while waves with the lowest wave length were resolved only in the
fine scale region. The simulation was performed for 0≤ t≤3tp, where

tp=(xr−xl)

√

T

8πβL cosθ0
(3.8)

is the time required for the non-damped wave to propagate from xl to xr. After ap-
proximately 2tp the stationary solution is observed, i.e. amplitude and wavenumber are
almost constant.

In Fig. 6, influence of the damping strength (gD) and width of the averaging region
(sA) on the scale of the oscillations of the spin wave amplitude to the left of the damp-
ing band is shown. Values of ER are averages calculated for 2tp ≤ t≤ 3tp. Compared to
Figs. 4 and 5, it can be observed that for the case when the damping zone precedes the
coarse scale, high-frequency spin waves should be sufficiently damped, otherwise wave
reflections from the fine-coarse interface are observed. Therefore low damping strength
or width of averaging region lead to large error due to non-damped waves that are re-
flected from the interface. High values of these parameters result in strong damping,
which leads to the reflections from the damping zone. Optimal values for these parame-
ters corresponding to the selected width of the damping zone, s, and difference between
scales, can be found computationally.

In addition to the case when waves are generated in the fine scale region, a case of
waves being generated in the coarse scale region was analysed. Only one wave length,
λ=1, was used, since only low frequency waves are well-resolved in the coarse scale. For
this problem the absorbing boundary was moved to the left, i.e. modification (3.7) was
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Figure 6: Magnitude of oscillations in the amplitude to the left of the damping band, scaled by θ0. Average for
2tp≤ t≤3tp is taken. Variation of gD with sA=0.3 (a) and variation of sA with gD=103 (b) are shown. Other
parameters are θ0 =π/12 and s=0.5.

introduced for the region x∈ [xl;xb], where xb = 1.5. It was observed that the reflections
from the interface and the adjacent damping zone in the case when low frequency waves
are propagating from the coarse into the fine region is almost the same as when waves
are propagating from the fine into the coarse region. In the former case ER/θ0=5.5% and
in the latter case ER/θ0=4.9% for the damping zone parameters gD=103 and sA=0.5 and
the waves with the wave length of λ=1.

3.3 Two length scales, inhomogeneous initial conditions

To validate the scale coupling, Eqs. (2.1) and (2.2) are solved with inhomogeneous initial
conditions. In this section an additional absorbing zone in the region xb ≤ x≤ xr was not
used. The following initial and boundary conditions were used:

d~m

dx

∣

∣

∣

∣

x=xl

=0,
d~m

dx

∣

∣

∣

∣

x=xr

=0, ~m|t=0=~ex sinψ+~eycosψ, (3.9)

ψ=

{

π
4 cos2

(

π
2a

(

x−xp

))

,
∣

∣x−xp

∣

∣≤ a,
0,

∣

∣x−xp

∣

∣> a,
(3.10)

i.e. reflecting boundary conditions on both left and right boundaries were used. The
initial inhomogeneity results in waves of various frequencies.

The same numerical method as in previous section is used here, as well as the same
size of the domain and the same discretisation. The damping strength and the width of
the averaging region were selected to be gD=103 and sA=0.3 respectively. Three different
cases corresponding to the following initial conditions were analysed: inhomogeneity of
the small scale, which creates high frequency waves that cannot propagate into coarse
scale domain (xp=1.45, a=0.05); inhomogeneity of the large scale (xp=0, a=0.5); the in-
termediate case between the first and the second variants of the initial conditions (xp=0,
a = 0.2). The time step was selected such that change (rotation) of ~m at any point and
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Figure 7: Evolution of x component of ~m with time in the domain with reflecting boundary conditions. Initial
conditions contain inhomogeneities of size 0.05 (a-d), 0.2 (e-f) and 0.5 (g-h). Three cases are compared: fine-
coarse discretisation with the damping band, fine scale in the entire domain without the damping band and
fine-coarse discretisation without the damping band. Note that the vertical scale in figures is varied for better
data representation.

during any time step is less than 7.5◦. Results are shown in Fig. 7, where figures a-d cor-
respond to small scale inhomogeneity, figures e-f correspond to the intermediate case and
in figures g-h large scale inhomogeneity is shown. Moreover two additional cases where
damping is absent (gD = 0) are presented in Fig. 7: one with the same fine-coarse dis-
cretisation and one with uniformly discretised domain (fine-scale spatial discretisation),
which is used as a reference solution. Results indicate that for any type of inhomogene-
ity in the initial conditions the solution in non-uniformly discretised domain with the
damping band at the interface matches the solution in uniformly discretised domain in
the region to the left of the damping band, i.e. no reflections from the interface are ob-
served. The large-scale features propagate into the coarse scale, while small-scale features
are damped. In the case when there is no damping band at the interface, components of
mx with high spacial frequency cannot get through the interface, since they cannot be rep-
resented on the coarse scale, and are reflected back to the fine scale thereby introducing
an error in the fine-scale solution.
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Note that in order to evaluate the efficiency of the damping band, it is the fine scale
region one should focus on. The course scale region is less relevant, since this region is
designed to not be able to represent fine scale features. In Fig. 7 it is clear that simu-
lations with a fine-coarse discretisation without the damping band (yellow curve) have
unphysical oscillations to the left of the interface between the two regions. These oscilla-
tions are absent both in the simulations where the same fine scale was used throughout
the simulation region (results that could be seen as numerically exact), as well as in the
simulations with fine-coarse discretisation, when the here suggested damping technique
is introduced.

3.4 Two length scales, spin waves and physical damping

To illustrate the advantages of domain separation into the coarse and the fine regions
and applying damping at the interface, a realistic materials case, in which the physical
damping is present, was considered. Here the standard physical (Gilbert) damping term
[7] was added to the equations, resulting in the following system:

∂

∂t
~m=−βL~m× ∂2

∂x2
~m−αL~m×

(

~m× ∂2

∂x2
~m

)

−Γ, (3.11)

Γ=

{

γD~m×(~m×~mA), x∈ (xs;xi),
0, x∈ [xl;xs]∪[xi;xr].

(3.12)

The physical damping (term containing αL) is present in the entire domain while the
numerical damping (term containing γD) is present only within the damping band at the
interface. The same initial and boundary conditions as in Section 3.2 were used here, see
Eqs. (3.4), (3.5) and (3.6), i.e. initially all magnetic moments are aligned with ~ey and the
spin wave excitation is driven at the left boundary. The absorbing zone was not used in
these simulations, thus waves were reflected from the right boundary. For this example,
the size of the coarse scale was extended, xr=8. The same time and spatial discretisation
as in Section 3.2 was used. Physical damping parameter (αL) was selected to be 0.01.

Two different frequencies were selected, which correspond to waves with wave
lengths of λ=0.1 (Fig. 8), which cannot be resolved in the coarse scale, and λ=1 (Fig. 9),
which is adequately represented at the coarse scale, see Eq. (3.3). Evolutions of spin wave
amplitudes with time are shown in Figs. 8 and 9 for these two waves. Fine scale discreti-
sation in the entire domain without the damping band provides the reference solution,
where the wave freely propagates through the entire domain with decaying amplitude
reaching the right boundary. Small transient oscillations in the amplitude due to initial
excitation are present at the wavefront, as is clear e.g. in Fig. 8. Comparing Figs. 8 and
9 it can be observed that high frequency waves have a limited range, i.e. the decrease
of the amplitude with x due to Gilbert damping is higher than of low frequency waves,
thus they can be “cut off” by the introduction of the coarse scale. Note that since these
are dispersive ways the low frequency wave travels slower and therefore the time scales
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Figure 8: Evolution of spin wave amplitude with time in the domain with right reflecting boundary (a-e). Spin
wave with a wave length λ= 0.1 is excited at the left boundary. Evolution of energy of the system with time
(f). Three cases are compared: fine-coarse discretisation with the damping band (red), fine scale in the entire
domain without the damping band (blue) and fine-coarse discretisation without the damping band (yellow).

Figure 9: Evolution of spin wave amplitude with time in the domain with right reflecting boundary (a-b).
Spin wave with a wave length λ= 1 is excited at the left boundary. Three cases are compared: fine-coarse
discretisation with the damping band (red), fine scale in the entire domain without the damping band (blue)
and fine-coarse discretisation without the damping band (yellow).

in Figs. 8 and 9 are not the same. When fine-coarse discretisation with an explicit inter-
face between discretised areas and without the damping band at the interface is used,
significant amount of wave reflections from the interface between the scales is observed
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for the high frequency waves, which is illustrated in Fig. 8. Because of the interference
of the reflected components with the fine-scale solution, the solution is dominated by the
numerical error and in this case the amplitude-frequency representation is not applica-
ble. The presence of damping band does not affect the solution to the left of the damping
region and completely attenuates high-frequency waves (Fig. 8) while not affecting low-
frequency waves (Fig. 9).

By performing such damping of high frequency waves, the energy of the system,
which is calculated as

E=
∫ xr

xl

(

(

∂

∂x
mx

)2

+

(

∂

∂x
my

)2

+

(

∂

∂x
mz

)2
)

dx, (3.13)

is decreased as shown in Fig. 8f. The part of the wave, which in the undamped case
is located to the right of the interface, does not contribute to the total energy when the
damping band is considered¶. This should be taken into account for energy estimations
in the systems with multiple scales. In the case without damping band and with multiple
length scales, Fig. 8f shows that energy does not reach a steady state, due to instabilities
of the solution caused by the boundary of fine and course scales.

4 Conclusions

In this article, a method establishing a transition between different scales, which are in-
volved in modelling of magnetisation dynamics, was suggested. A way of introduction
of a damping region in the proximity of the interface between two scales, which was
originally proposed for coupling atomistic dynamics and finite-element regions in me-
chanics [12], is reformulated for the Landau-Lifshitz equation, which describes motion of
the magnetic spins of atoms in its discrete form or behaviour of magnetisation as a vector
field in its continuous form. This work is an initial step in realising multiscale modelling
of magnetisation dynamics, by allowing course and fine grade simulations within the
continuum model.

By using an example of small amplitude spin wave propagation in one-dimensional
domain it was analytically shown that such damping zone at the interface should be of
the finite width, which influences the amount of reflections from the interface and adjoin-
ing damping region. The increase of the width of the damping zone leads to the decrease
of wave reflections, i.e. waves should be attenuated gradually. For the same reason, non-
constant damping strength, which starts from zero at the beginning of the damping zone,
further minimises wave reflections. Moreover, the dispersive nature of the spin waves re-
quires the introduction of the dependence of the damping strength on wave frequency,
which is technically realised by using the time derivative of the magnetisation.

Computational examples of spin wave propagation were used to study the efficiency
of the introduced modification of the Landau-Lifshitz equation. It was shown that for

¶Numerically integral in (3.13) was calculated by trapezoidal rule.
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particular width of the damping zone and particular difference in scales there are opti-
mal values for the parameters of the damping zone, which minimise the scale of wave
reflections from the interface and the damping band. This is a critical step in perform-
ing multiscale modelling of magnetisation dynamics and allows for seamless connection
between different length-scales in such simulations.

The ultimate objective of the proposed method is to absorb waves at the atom-
istic/continuum interface in the case of dynamic material behaviour, although all the
analysis in the current article was performed for the coupling of fine scale and coarse
scale continuum descriptions. A natural extension, outside the scope of the current study,
would be to replace fine scale continuum with the atomistic spin dynamics, where the
material behaviour is represented by the set of atomistic LLG equations (instead of the
PDE) where unknowns are the magnetic moments of the discrete set of atoms (instead of
the vector field) and the sum over neighbours is used instead of the spatial derivatives,
for details see [9].

The proposed method should be also valid in 2D and 3D cases, however preliminary
data suggests it would have a lower efficiency due to the existence of the waves with
a propagation direction not parallel to the interface normal. Since it was demonstrated
that the efficiency of the proposed damping method depends on the width of the damp-
ing band, in higher dimensions, a wider damping band is required to achieve the same
efficiency as in 1D case. A more detailed investigation of the current methodology for
higher dimensions is underway.
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[15] T. Jourdan, A. Marty, and F. Lançon. Multiscale method for Heisenberg spin simulations.
Physical Review B, 77(22):224428, 2008.
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