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BOUNDARY LAYER GROWTH
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I. INTRODUCTION

When relative motion of a viscous incompressible fluid of constant density and
an immersed solid body is started impulsively from rest, the initial motion of the
fluid is irrotational, without circulation. This is shown by observation, and may
be seen in many of the published photographs of fluid flow. The theoretical proof
is exactly the same as that given, for inviscid fluids*, in treatises on hydro-
dynamics; for it may be assumed that the viscous stresses remain finite. The fluid
in contact with the solid body is, however, at rest relative to the boundary, whilst
the adjacent layer of fluid is slipping past the boundary with a velocity deter-
mined from the theory of the velocity potential. There is thus initially a surface
of slip, or vortex sheet, in the fluid, coincident with the surface of the solid body.
In other words, there is a "boundary layer" of zero thickness. The vorticity in
the sheet diffuses from the boundary further into the fluid, and is convected by
the stream. The boundary layer grows in thickness. (The same results follow
from a consideration of the equations for the vorticity components in a viscous
incompressible fluidf, or of the equation for the circulation in a circuit moving
with the fluid!.)

In any region along the boundary where the fluid is flowing against a pressure
gradient, the forward stream will, after a time, leave the boundary (if the pressure
gradient extends far enough), and the boundary layer will be continued, as a
vortex-layer, in the main body of the fluid. Downstream of the position of
separation, there will be a slow back flow along the boundary.

Up to the time when separation begins, the velocity and pressure outside the
boundary layer may be taken to be the same as those at the surface in the irro-
tational motion without circulation, since this assumption provides a very close
approximation to the facts. The pressure may also, as in boundary layer theory
generally, be taken as constant throughout any section of the boundary layer.
Separation begins when the velocity gradient normal to the boundary vanishes

* See, for example, Lamb, Hydrodynamics (1932 edition), p. 11. It is assumed that any
extraneous impulsive body forces acting on the fluid are conservative,

f Lamb, Hydrodynamics (1932 edition), p. 578.
j Jeffreys, Proc. Cainb. Phil. Soc. 24 (1928), 477-9.
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at the boundary. For two-dimensional motion, the time, T, that elapses before
separation begins, and the distribution of velocity in the boundary layer, may be
approximately calculated. The second approximation to the velocity, sufficient
to give a first approximation to T, were calculated for an impulsive start by
Blasius*, who applied his results to the motion of a circular cylinder. He also
obtained the third approximation to the velocity distribution, and the second
approximation to T, for a uniformly accelerated motion. For a circular cylinder,
separation begins at the rear stagnation point, and Blasius appears to have
thought that this would hold for a symmetrical cylinder of any section. Tollmienf
pointed out that this is not the case: for an elliptic cyUnder with its major axis
across the stream, for example, it is untrue if the ratio of the squares of the axes
exceeds 4/3.

In what follows, we have found the third approximation to the velocity dis-
tribution, and the second approximation to T, for an impulsive start. Since the
formulae may be more briefly expressed than in the original, we have first sum-
marized the results of Blasius for the second approximation.

For the first approximation to T, separation always begins where the velocity
gradient is a maximum, but unless this point coincides with a stagnation point,
this is not accurately true for the second approximation, in contradiction to
certain published statements. It was partly to obtain some notion of the change
in the position of initial separation in passing from the first to the second approxi-
mation that this work was undertaken.

Until recently, the formulae derived by Blasius had been applied to sym-
metrical cylinders only, but Mr Howarth has recently applied the first approxi-
mation for an impulsive start to motion past an elliptic cylinder, with axes in
the ratio of 1:6, and with its major axis at an angle of 7° to the streamj. The
application of the results obtained here to the case of a circular cylinder is noted,
and then second approximations, both for an impulsive start and for uniformly
accelerated motion, are obtained for the case of the elliptic cylinder considered
by Mr Howarth.

After separation has once begun, the position of separation moves upstream.
The movement could be followed theoretically on the assumption that the velocity
and pressure outside the boundary layer continue to be the same as in the
irrotational motion without circulation; but this assumption would no longer
be valid, and the results would have at best only a qualitative value—and then
only for flow past a symmetrical cylinder, for example, since for an asymmetrical
cylinder, the circulation around the cylinder begins to grow as soon as separation
starts. Even for a symmetrical cylinder, the thickening of the boundary layer

* Zeitschr.f. Math. u. Phys. 56 (1908), 20-37.
t Handbiwh der exper. Phya. 4, pt. 1 (1931), 272-9.
t Proc. Camb. Phil. Soc. 31 (1935), 582-4.
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beyond the position of separation—or, rather, its projection into the main body
of the fluid—and the consequent formation of a wake, deprive results obtained
on the above assumption of any quantitative value.

II. PREVIOUS INVESTIGATIONS

We assume that at time t = 0 a cylinder starts to move in a straight line with
velocity V, and that this velocity remains constant thereafter. We take a frame
of reference fixed relative to the cylinder. If x is distance along a section of the
cylinder from the forward stagnation point, and y distance normal to the surface
of the cylinder, the approximate equation of motion in the boundary layer is

du du du Idp dH TJdU dhi , v

+ U + V = + V = U + V ( 1 )

where (u, v). are the velocity components in the direction of x and y increasing,
respectively, p is the pressure and U the velocity just outside the boundary, and
p is the density and v the kinematic viscosity of the fluid. The equation of con-
tinuity is approximately ou zv

5-+3r=0- (2)
ox ay

Initially the boundary layer has zero thickness, and at the beginning of the
motion the diffusion far outweighs the convection and the influence of the
pressure gradient, i.e. the convection terms in the acceleration on the right can
be neglected compared with du/dt, and the term UdU/dx can be neglected com-
pared with vd2u/dy2. The equation for ult the first approximation to u, is

y
and the solution required is

4
This solution makes ux = 0 when 77 = 0, ux practically equal to U when r\ is large
and theoretically equal to U when rj = co, and makes the thickness of the boundary
layer zero when t = 0.

The first approximation to v must satisfy (2) and must vanish when 77 = 0. It
is therefore given by

»1=-2VH)l7'[i?erfi7-»r-*(l-e^)], (5)
where the dash denotes differentiation with respect to x. When r)->co,

and becomes infinite. The solution therefore fails theoretically for infinite values
of 77. But for moderate values of ri, at which ux is practically equal to U, v1 is of
order (v<)* U'.
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To find a second approximation, put

v = vx + v2 (6)

in (1). 2*2/% a n d V2lvi wm be °f order tU', and to find u2 it is sufiicient to solve
the equation

i+v

= UU' [erf27? - 27r-*r?c-'?2erf 7j - 1 + 2TT-* (e -^ + e-^2)]. (7)

Write u2 = tVU%(r,). (8)

Then /2' + 2T?/2-4/2 = 4[erf2Tj-27r-*7?e-'»2erfij-l + 27r-1(e-'J2-c-2')!!)]) (9)

where dashes now denote differentiation with respect to 17. The solution of this
equation is

, (10) .

(11)

where 12 = \ (2tf- 1) erf2^ + SiT-l-qe-v'eTf t] + 1

n2 = \R-+ (2rj2 + 1) erf 7) + r,e-n\

and a and /3 are constants to be chosen so that ux = 0 at 17 = 0 and at 17 = 00. These
conditions require

(12)

The position of separation of forward flow from the wall is given by du/dy = 0, or
du/d7] = 0, at 17 = 0; and the time at which separation occurs at any particular
place is therefore given by

Separation will occur where U' is negative, and will occur first where V has its
greatest negative value. The interval to separation is given by

T = 0-70205/(-C7')max. (14)
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III . THE THIRD APPROXIMATION TO THE VELOCITY DISTRIBUTION

The value of u2 is given by (8), (10), (11) and (12). The value of v2 must satisfy
(2) and must vanish at -q = 0; and is given by

pa-«qt-prJ, (15)

where p2 = (l2dr) = £ (2TI3 - 3-q) erf2?/ - £77-* [4 - (4TI2 - 11) e^2] erf 17

=L2dr, = £TT* ( V + 3rj) erf T, +§ (T;2 + 1) e~v\

(10)

[When

To find a third approximation, write

Then us/u2, v3jv2 will be of order tU', and to find u3 it is sufficient to solve the
equation

dhi3 du3 du2 dut du2 ou^

= tU*U"Q(r,) + tUU'2{Q(r,)+<!>(r,)}, (18)

where 0(77) = (£2 + am2 + /}re2)erf7? + 277~*

?2 + 1) - 1 * - * (2r,3 - 12ij) e-1?2} erf2.,?

+ {2aij2 + a + 1 - IPrfe-n* - JTT-1 (4^2 - 17) e-27>2} erf 77

7-1 e~ - § « • - *

and
(19)

® (l) — (h + aTO2 + P71*) eT^V — bl er^V — 7r~i ( l ~ e~7)2)] 3~ (h + a w 2 + Pn2,)

= - i (2TJ2 + 1 )e r f 3 77 - fa-*{2-nPif -4TJ-7rj3-4773e~'?2}erf2TJ

- {2a772 - 2/STJ - a - 1 + ^ T T - 1 ( 14TI2 + 977/377 + 1) e-1?2 - 77-1 (4T72 + 1) e-21)2} erf 77

+ 477-Ja7i + 2jS(27i + 77-5)e- ' ' 2- |7r-J(777 + 377/S)e-2i'2 + 277-*77e-3''2. (20)
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The solution of (18) is u3 = t2[U2U"f3\r,) + UU'2Fa(r,)], (21)

where f% + 2,/J - 8/, = 40 (,), (22)

J" 3 +2^3-8- f3 = 40('?) + 4<l>^). (23)

Complementary functions of either of these equations are given by

«j, = V + 1 V + 3, ' (24)

n3 = (i-q* + 12T?2 + 3) erf v + n~i (irj3 - IOIJ) e"^. (25)

From the nature of 0 (rj) it appears that there will be a particular integral of (22)
of the form

, (26)

where X, Y, Z, T do not involve erf rj explicitly. Write

54"8- (27)
Then, if/3 is given by (26),

P (/,) = erF,, P (X) + erPT? [P (7) +

+ erf7, [P (Z) + 8n-ie-v"-Y' +

+ [P(T) + 4TT-ie-r>'Z' + 8n-1e-^2Y]. (28)

If the right-hand side of (28) is equal to 40 (r/), we must have

P(X) = 4 ,«-2 , (29)

P(Y) + lZir-ie-^X' = 2w»j8 (2r?2 + 1) - |w-* (2T?3 - 12^) e~^, (30)

P (Z) + 8n-ie-v2Y' + i^n-^e-^X

= 8a>?
2 + 4a + 4-|/87?

3e-'':'-|7r-1(47?
2-17)e-2^) (31)

P(T) + ±ir-ie-v*Z' + STT-i-e-^ Y = - ^ ^ ?
3

-|7r-*(2a7T7?3-2T?-j377)e-'/2-|7r-*/3(r?
2+ lJe-V-fTr-^Tje-3"2. (32)

A solution of (29), not involving erf -q explicitly, is

X = - 7 ?
2 + ̂ (47?*+121j

2 + 3), (33)

where A is an arbitrary constant. With this value of X, (30) becomes

P (Y) = 2pir*(2rj2+l)-%n-i {(2+ 1444) ̂ - ( 3 0 - 216^4) -rfie.-*. (34)

A solution of (34), not involving erfr; exphcitly, is

3), (35)

where 5 is also an arbitrary constant. With these values of X and Y, (31) becomes

P (Z) = 8o»72 + 4a + 4 - 4 {(§£ + 32.&n--*) rj3- (4j8- 48Bn-i) rj\ e-12

+ I7T-1 {(73-4684)-(56+1444)^ +(4+144^)1?
4}e-2')2. (36)
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A solution of (36) which is a sum of polynomials and products of polynomials
and negative exponentials is possible only if A=^. With this value of A, a
solution of (36) not involving erf -q explicitly is

+ TV ft2!8 + 96577-J) rf - (15/3 - 24O5TT-

+ \TT-l(4^f-5)e-^\ (37)

When the values of X, Y and Z are substituted into (32), we find that the
resulting equation for T has a solution not involving erf 17 explicitly only if
B = ^TT-*. The constant C remains indeterminate, but the terms in the particular
integral (26) for/3 which involve C are, in fact, Cn3, where n3 is the complementary
function given in (25), so that it is sufficient to put C = 0. The solution for T with
these values of B and C is given below (eq. 39).

Collecting our results, we find that the solution for/3 is

f3 = XerPv+YeTf2
v + ZeTfr) + T + ym3 + Sn3, (38)

where m3, n3 are given in (24) and (25), and

Y = Jw»/3 (4T,4 + 4:V* - 1) + -JLTT-* (147?3 -

Z= - \ (4arj2 + 2 a +

T = aV"* I10!3 + ( 2 0 - 15a) ij - 8£] C"7)2

+ §77-^ (r,2 + 1) e-25)2- ^ - ^ (18ij8 +

(39)

^ y 77-1 e-"2 erfV2>? - ^ ^ {^ + 12T,2 + 3) e

When i} = 0, / , = |w-*/3 + 3y. (40)

(41)

S ince / 3 must vanish a t -q = 0 and TJ = oo, we must have

In exactly the same way, we find that

^3 -fa = ̂ * erf3
 v + Y* erf21, + Z* erf r, + T* + Tm3 + An3, (43)
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where

T* = - frr-* ow? - fw"* {(077* - a) ij +

T-*(54773+125rj)e-V +

« - 2 ) -

L(47j4+127j2+3)e;

r=——+—=
" " 977

8
2 7 T 7 2

i = -0-12551.
4

(44)

Correct to the third order of approximation the velocity in the boundary layer
is therefore u

( 4 g )

Some numerical values of the various functions are given in the accompanying
table, and the results are shown diagrammatically in Fig. 1. For all practical
purposes the functions may be assumed to have their asymptotic values by about

V

00
0-5
10
1-5
2-0

All)

0-000
0-520
0-843
0-966
0-995

AW
0-000
0-381
0-269
0098
0020

f,(v)
0-000

- 0 0 3 1
-0-243
-0021
-0016

0-000
-0-127
-0-392
-0122
-0047

Fig. 1.
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Separation commences where (3M/3TJ)7)=0 = 0, that is, where

i.e. l + l-4244£7'<-{0-05975t7f/"-l-0-21987£7'2}<2 = 0. (47)

IV. APPLICATIONS TO A CIRCULAR CYLINDER AND

A SPECIAL CASE OF AN ELLIPTIC CYLINDER

The solution of (47) is

- = -0-7122E7'+V{0-7271*7'2-t-0-05975*7C7"}. (48)
t

t has its least value where — U' is greatest if, and only if, U is zero there. As
pointed out in the introduction, we may take U to be the velocity at the surface
in an irrotational motion without circulation. Then for a circular cylinder, for
example, — V is greatest at the rear stagnation point, and separation begins
there both on the first and second approximations. If r is the radius of the
cylinder, ~

C7 = 2Fsin-, (49)
r

and the time that elapses from the beginning of the motion until separation first

begins is given by FT^O-35/-, (50)
for the first approximation, and VT2 = 0-32r (51)

for the second approximation. The left-hand sides give the distance travelled by
the cylinder from the commencement of the motion, and the second approxima-
tion is about 9 per cent, less than the first.

For uniformly accelerated motion, we must write

V=fi, U=Wt, (52)

and Blasius found that the time to separation is given by

1 + 0-427W't2 - {0-010WW" + 0-026.JF'2} t* = 0. (53) •

For the circular cylinder, separation begins again at the rear stagnation point for
either the first or second approximation, and we find that

0-585r, (54)

j = 0-52r. (55)

The left-hand sides again give the distance travelled by the cylinder from the
commencement of the motion, and the second approximation is about 11 per cent,
less than the first.
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Mr Howarth has lately considered the case of an ellipse with axes in the ratio
1:6, and with its major axis at an angle of 7° to the stream. For the irrotational
motion without circulation the rear stagnation point is at a distance of 0-0224c
from the end of the major axis, towards the upper side of the ellipse, where 2c is
the distance between the foci. For the first approximation, for an impulsive start,
he informs us that he found that separation begins at a distance of 00175c from
the rear stagnation point towards the lower side of the ellipse, after a time given by

F77
1 = 0-0160c. (56)

Mr Howarth kindly placed values of U, U', U" at our disposal, from which it
appears that for the second approximation for an impulsive start, separation
begins at 0-0172c from the rear stagnation point after a time given by

F27
2 = 0-0146c. (57)

The position of initial separation is not much altered. The interval is again
reduced by about 9 per cent.

Similarly, for uniformly accelerated motion, we find that for the first approxi-
mation, separation begins at 00175c from the rear stagnation point after a time
interval given by i/T? = 0-02675c, (58)

and for the second approximation at 0-0171c from the rear stagnation point after
a time interval given by y?2 = o-O237c. (59)

The position of initial separation is again not much altered; and the distance
traversed before separation begins is reduced by about 11 per cent., as for the
circular cylinder. Since the position of initial separation is not much altered in
either case, the terms in UU" or WW" in (48) or (53), in fact, make very little
difference, and the same percentage reduction would always be found.

PSP xxxn, 3 2 7
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